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1 Introduction
The current work concentrates on the existence and uniqueness of solutions for a cat-
egory of singular nonlinear fractional differential equations (NFDEs) subject to integral

boundary conditions (BCs). Specifically, we discuss the problem

°D§.x(t) =f(t,x(2)), O0<t<l,
x(0) =x'(0) =0, (1.1)
x(1) = [} x(z) dr,

where °Dg, stands for the Caputo derivative of order o, o and y are real numbers satisfying
2 <a <3and 0 < y < 1, respectively, and the function f (¢, x(¢)) has singular characteristics
limg_ o+ f(£,2(2)) = limg—1- f (¢, %(¢)) = o0.

In recent decades, great growth has been attained on the theory and applications of
fractional calculus. There is a vast literature on this subject, where the basic concepts,
properties, and applications of fractional-order operators are introduced [1-6], and the
related initial and boundary value problems are studied [7—21]. Darwish and Ntouyas [16]
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verified the existence of solutions for the BVP

CDg+x(t) =f(t,x(), 0<t<1l,0<gq<1,
x(0) +af:x(r)dr =x(1), O<p<v<l(u#v),

where °Df, stands for the Caputo derivative, and f : [0,1] x R — R is a continuous func-
tion. Various fixed point theorems state the existence and uniqueness of solutions.

BVPs for singular NFDEs have become a hot research topic in recent years [22—-28]. For
example, Qiu and Bai [25] discussed the problem

Dg.y(t) =f(t,y(2), 0O0<t<1,
¥(0) =y'(1) =y"(0) = 0,

where 2 < & < 3, D, stands for the Caputo derivative, and f : (0, 1] x [0, +00) — [0, +00)
satisfies lim;_.o+ f(¢,-) = +00. They hypothesized that t°f (¢, y(£)) is continuous on [0, 1] x
[0, +00) and employed nonlinear alternative and Krasnoselskii’s fixed point theorem to
extract two positive solutions to this problem.

Several papers have dealt with problems for singular NFDEs containing integral bound-
ary conditions [29-33].

He [29] discussed the existence and multiplicity of positive solutions for NFDEs with
integral BCs

D*y(t) +f(t,y(t) =0, O0<t<]l,
¥'(0)=y"(0) =0,
Y(0)=y(1) =1 [y y(z)dz,

where ¢D” stands the Caputo’s fractional derivative of order o, 3 < <4,0<n<2,and f
can have a singularity at u = 0.
Vong [32] verified the following nonlocal BVP for a class of singular NFDEs:

D*y(t) +f(t,y() =0, O0<t<l,
Y(0) ==y D(0) =0,
y(1) = [y y(z)dr,

where n > 2, @ € (n — 1, n), u(s) denotes a bounded-variation function, which can be sin-
gularatt=0.

Motivated by all the mentioned studies, we aim to demonstrate the existence and
uniqueness of solutions to problem (1.1). We use some typical fixed point theorems and
the generalized Holder inequality to obtain fundamental results.

2 Preliminaries
This subsection contains the required concepts and features of the fractional calculus and

some lemmas necessary to prove our essential results.

Definition 2.1 ([1]) Let Q = [a,b] (00 < a < b < +00) be a bounded interval on R. The
Riemann-Liouville fractional integrals I, f and I}_f of order a € C (M(«) > 0) can be rep-
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resented as

(1%.f) () = Fl C IO 4 (e asni@) > 0)

(Ol) a (x_t)lia
and

A0

BN® =105 ). Tonra

dt (x <b;R(x) > 0),

respectively, where I is the gamma function.

Definition 2.2 ([1]) If y(x) € AC"[a, b], the Caputo derivatives (°Dg.y)(x) and (°Dj_y)(x)
exist almost everywhere on [a, b].
(a) When a ¢ Ny, (°Dg.y)(x) and (°Dj_y)(x) are definedd as

1 P AU0)
Fn-a)t, (x—t)rt

(‘D.y)(x) =

and

SV
Flr-a) Jo e=aprt

(‘D§-y)(x) =

respectively, where D stands for the derivative operator, and n = [(«)] + 1, « € C,
R(a) > 0.
(b) If @ € Ny, then (°D%, y)(x) = ¥ (x) and (Dj-y)(x) = (=1)Py (x).

Lemma 2.1 ([1]) The general solution of the fractional-order equation (°DS,y)(x) = 0 can
be obtained as

n-1 (i) )
=2 @ (x-a.
k=0

i!
In particular, for a4 = 0, it can be presented as

Y(x) = co + 1 + Cox® + -+ - + X",

(i)
where ¢; = 2 ©) (i=0,1,...n—1) stand for certain constants.

il

Lemma 2.2 Let y(t) € C[0,1]. Then the BVP

‘Dy.x(t) =y(t), O0<t<l,
x(0) = /(0) = 0, (2.1)
x(1) = [} x(z)d,

has a unique solution

3 ) fo A -0y dr

_ L ! _ a-1
0= @ fo =D G a1

Page 3 of 16
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3¢2 ' a-1 312 4 N
_mfo -0 y(’)dt‘mfo (v = 0)y(v)dr.

where2<a <3and0<y <1.

Proof By Lemma 2.1 we easily get

1 t
x(t) =I5 y(t) + co + c1t + ot = F_) / (t—7)* Yy(r)dt +co + 1t + ot
@) Jo

and

1

t
x'(t) = F(T—l)/o (t—7)*2y(r)dt + ¢ + 2¢ot

for some ¢y, ¢1, ¢ € R. From the BCs in (2.1) we have ¢y = ¢; =0 and

1 1
sz_ﬁfo (l—T)D‘_IJ’(T)dT"'/): x(7)dr.

Hence

_L t —r)ed _i ! _\a-1 2 !
I~(0l)‘/‘0(t ) y(r)de I‘(a)/o 1-1)* 'y(r)dr +¢ K/ x(v)dr. (2.2)

Integrating both sides of (2.2) from y to 1 yields

/lx(t)dt
Y
:%/ [/ (t— 1) 1y(1:)d7:i| _%/ tdt/ (1= 1) y(r)dr
+/y1t2dt/): x(t)dr

1 1 o
:ozl"(a)/o (I-7)%y(r)dr - oT (@ )/ (y —o)%y(r)dt

1 1
_1- v’ /(; (1-7)"Yy(r)dr + -y / x(t)dr.
¥

3 («)
By switching and rearranging this equation we have

1 3 1

/ (y —t)%y(r)dr

(2+y3)Foz+1

1 4 a-1
W/ (I—T) y(T)dT

Substituting this equation into equation (2.2), we get

3 ) f A -0y dr

_ L ! _ a-1
x(t) = ) fo (t-t) y(r)dr + —(2 TesD )y



Yan Boundary Value Problems (2022) 2022:3 Page 5 0of 16

3¢ ' 1 3¢2 Y
T L T () 1-17)* ar - —MM )\ dr.
2+ 3 () /0 1 -1)*""y(r)dr 2 @) fo (y —0)*y(r)dr
The proof is finished. .

The conclusions of this paper are mainly derived from the following fixed point theo-

rems.

Lemma 2.3 ([1] Banach’s fixed point theorem) Let (U, d) be a nonempty complete metric
space,let 0 <w<1,andlet T : U — U be a mapping such

d(Tu, Tv) < wd(u,v)
forallu,v e U. Then T contains a unique fixed point (FP) u* € U, that is, Tu* = u*.

Lemma 2.4 ([34] Krasnoselskii’s fixed point theorem) Let M be a closed, bounded, con-
vex, and nonempty subset of a Banach space X. Let A and B are mappings satisfying the
following conditions: (a) Ax + By € M for x,y € M; (b) A is compact and continuous; (c) B
is a contraction. Then there is z € M such that z = Az + Bz.

Lemma 2.5 ([35] Schaefer’s fixed point theorem) Let X be a Banach space. Let T : X — X
be a completely continuous operator,and let V ={u € X | u = Tu,0 < p < 1} be a bounded
set. Then T has a fixed point in X.

Finally, we introduce some basic knowledge of L? space and present the Holder inequal-
ity and its generalized form [36].

Let Q C R” be an open set (or a measurable set), let f(x) be a real-valued measur-
able function on Q. For 1 < p < 00, since |f(x)|” is also measurable on €2, the integral
/: o If ®)? dx makes sense. Then the function space L7(£2) is defined as follows:

LP(Q2) = {f(x)|f(x) is measurable on 2,and fQ [f ()P dx < oo}.

For f € I7(2), the following norm can be defined:

11, - ( | lf(x)|"dx)up.

We call 1 < p, g < 0o conjugate exponentials of each other if}% + é =1.
Lemma 2.6 ([36] Holder’s inequality) Let 2 C R" be an open set, let p, q be conjugate

exponentials, let f (x) € LP(2) and g(x) € L1(S2). Then the function f(x)g(x) is integrable on
Q, and

[ e ds|ax < 171, gl
Q
This inequality can be generalized as follows:
50 i) dal s < il il
Q

provided that f(x) € LPi(Q), 1 <p; < 00,and y ;_; - = 1.

1
bi
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3 Fundamental results
Let X = C([0, 1], R) be the Banach space of real-valued continuous functions on [0, 1] en-
dowed with norm ||x|| = max;ejo,1] [#(2)].

Throughout this paper, we make the following assumption on the singularity of nonlin-
ear function f(¢,x(¢)) in (1.1):

(H1) f(¢ () has a singularity at £ =0 and ¢ = 1, that is,

lim f(¢,-) = oo, lim f(¢,-) = oo.
t—0t t—1~
Moreover, there exist constants 0 < 6; < 1 and 0 < 6, < 1 such that %1 (1 — £)%f(¢,x(2)) is
continuous on [0, 1].
Based on condition (H1), we know that there is a positive constant M such that

€11 - %f (t,x())| < Mo, x€X,te[0,1]. (3.1)

Let A = 2% By Lemma 2.2 the operator A : X — X can be represented as
+y

1 [t A2 !
(Ax)(t) = m /0 (t- t)“_lf(t,x(t)) dt + m /0 1- r)“f(r,x(t)) dt

A2

! -1
—m/(; (1-7)* Y (r,%(r)) dr

A2 v
"T(e+1) /(; (y - 0)*f(z,x(x)) dr. (32)

Then the solutions of problem (1.1) include the FPs of A.

Lemma 3.1 Suppose 0< 6, <1 and 0 <60, < 1. Then the integral operator ] defined as

J(t) = j:(t —)* (1) dr, tel0,1]

has the following specifications:
(1) limg o+ J(2) = 0;
(2) @) =J(to)| < (¢ —1)B(1 - 01,0 — 05— 1)|t — to| forall t, ¢ € [0,1],
where B(-, -) denotes the beta function.
Proof (1) By Lemma 2.6, forany p; > 1, p5 > 1, p3 > 1 such that pil +

p%+pi3=1,0<p191<1,
and 0 < p»6, < 1, we have

t 1/p1 t 1/p2 t 1/p3
J(®) < [/ TP dr] ’ [[ (l—r)mg?dr} ’ [[/ (t—r)‘”B(“l)dr] ’
0 0 0

1 tq1/p1 1 tq1l/pa
— [7.51—17191 i| [_ (- r)l—m@z :|
1-pi6; 0 1 - pab, 0
1 tq1/p3
. [_7“ _ .L.)l+p3(a—1) :|
1+ps3(e-1) 0

= 1 1 1 Y 1-p161
R/1—=p101 B/1=p10> 2/1 + p3(a — 1)

Page 6 of 16
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SR — (1 =) ;b Y plps(e-D),

Since J(t) > 0, and lim,_, o+ (/17101 . /1 — (1 — £)1-P202 . 2/tl4p3e-1)) = 0, we get
lim J(¢) = 0.
t—0t
(2) By the expression of J(£) we easily get
t
J (@) =(a- 1)/ (t-1) 201 -1)%dr
0
1
<(ax- 1)/ Q-1 "1 -1)"dr
0
1
=(x - 1)/ (1-7)¥ %2270 g
0
= (Ol - I)B(l - 91,0[ - 92 - 1)
Hence the mean value theorem gives us
(&) =T (to)| =T ()1t = tol < (& = D)B(L = 61,0 = 6, = 1)|£ — ko),

where the number & is between ¢ and ¢. O

Lemma 3.2 Let 2 < o < 3, and let g : (0,1) — R be a continuous function such that
lim;_, o+ g(£) = 00 and lim,_, - g(t) = co. Suppose that there exist two constants 0 < 6 < 1
and 0 < 0, < 1 such that t" (1 — t)%g(t) is continuous in [0, 1]. Then the function

= 1 ' a-1 2 1 o
G(t) '_Ta)fo (t-7)* glr)dr + r(a+1)/0 (1-1)g(r)dt
A [t - e )
T f, 4 e [ - e

is continuous in [0,1].

Proof Based on the expression of G(t), we easily find G(0) = 0. As "1 (1 — £)*g(t) is con-
tinuous in [0, 1], there is a positive constant M; such that [t (1 — £)%g(¢)| < M; for all
t €[0,1]. For all ¢, € [0, 1], we will prove the continuity of G(¢) in three cases.

(@) tp =0, t € [0,1]. We have

|G(t) - G(0)|

_ L ¢ B a-1_-061 _ 60y _01 _ 0y
= F(a)/o(t ) (1 - 1) 2% (1 - 1) 2g(r) dt

a1
+ I‘(TZI) ,/0 Q-0 "1 -1)? "1 -1)?g(r)dr

A2

1
a-1_-01(1 _ \-0a-01(1 _ +\62
- m/{; 1-7) (1 -1)?2t"(1-1)%g(r)dr

Page 7 of 16
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Tax 1) / )71 - 1) 2% (1 - 1)2g(1) dr

o & AMtE [t
F(a)/(t 7)* 1-1) dr+F( D),

)1 -1)%dr

AM £ AM R (Y
[t 2t [ oo
() +1)

2
My, AMlt /(1 P g 4

< ( )a 621 —91 dr
r( ) F( ) /
)\.Mltz 1 ()t—92 _01
" Ca+1) Jg (A=) e
M 20 M £2 AM; t*
= t B(1-01,0—-6,+1 B(1-04,a0 -6
1ﬂ((){)/()+r(05+1) (1-0,a-0+1)+ @) (1-61,a-06,)

—0 (t — Iy = 0)
(b) to € (0,1], t € [0, £p). Then

|G(2) - G(to)|
| [P et L L
_‘W) /O (o - glr)dr - /0 (-0 g(r) dr
2 2 _ 42 1
Jr‘fgfl’ (1-7)g(r)dr + “Fo(a)” fo (1- 1) lg(r)dr
e -12)
F(a+1)/ -1
< ‘% /0 (G- =t - 1) g(x)dr + F(la) /t (=) g(r) dr

AMy(to +8) (o —8) [! a0y 0
+W/ 1-7)*"2c™dr

A.Ml(to + t)(to - t)

1
a—6y _—61
) f(l—r) T dt
AM(to +t)(to — ¢ a6 )
+W/ (y-o)ft "1 -1)"dr

@ / (to S 1:)""1]1’91(1 -17)%dr

-1_-61 )
+F(a)/t (to - 1) 1T (1 - 1) " de

2AM(tp — ¢t 2AM;(tg — t)
B T e
o+

T
+%/ A-1)r " (1-1)%dr

_ Ml fo _ a—1_-61 _ —
= I‘(a)/o' (t() T) T (1 T)

2AM (Lo — ¢ 2AM (¢
+ éf (1-1)* 2% dr + L / (1-1)* %%y
IMNa+1)

1 ! a—1_-61 _ 2\t
T /. t-1)" ™1 -1)"dt

- T
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20M(to — ¢t
+ 1 )/ (I—T)a 02_’:791 dr

o + 1
M AAM, (L — 1)
= m[](to)—](t)] + WB(I —0,a -6y +1)
+ %B(l — 01,0 — 0y +1).

By the second result of Lemma 3.1 we have

ol —1) + 41 + 20
I +1)

’G(t) - G(t())} <M, B(l -0, — 0y + 1)(t0 —t)—> 0t~ t()).

(c) to € (0,1), t € (ty, 1]. Since the proof for this case is the same as that in case (b), we omit
it. O

Lemma3.3 Let2<a <3,andletf :(0,1) x R — R be a continuous function satisfying the
singularity condition (H1). Then the operator A : X — X is completely continuous.

Proof According to Lemma 3.2, A : X — X is continuous. Let D C X = C([0,1],R) be a
bounded set, that is, there is a positive constant L; such that ||x|| < L, for all x € D.
Relations (3.1) and (3.2) give

1|t A !
|Ax| < @ / (t -7 f (z,2(z)) dr +T+1)‘/ (1-7)% (1,(x)) dr
e / (-0 (r.x(0)) dr | + = f (v =0 (v.2(0)) de
5%[0 o) (1 - )2 dr + a+1)/ 1-0)c "1 -7)"dr
" % /01(1 —T) (1) dr
N Féx‘)l) /Oy(y Cor (- 1) % de
< F]\foj) 01(1_r)“-"2-1r-"1 dr + F&A?D o e
S [ gy P [ g
= %3(1 —0,a—6y) + %B(l—el,a —0y+1):= Ly,

that is, ||[Ax|| < L, for all x € D. Thus the operator A is bounded on D. This yields the

compactness of A. For every ¢ € [0, 1], we have
, 1 g . 2t 1 o
|(Ax) (t)| = ‘T—l)/ (t—‘L’) Zf(‘[,x(‘[))df‘l'm/.g (1—1') f(T,x(T))dT

¥
ZM / 1-7)* 1f(r x(7) ) (i}f 1)/0 (y - r)"‘f(r,x(t)) dr

0 a=2_-01(1 _ )02
SF(a—l)/(;(t_T) Tl -1)"2dr

Page9of 16
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20.M !
+ —0/ Q-7 "1 -1)"dr
F((x + 1) 0
2AM, (!
)0/ Q-0 1 -1)"dr
0
20M 14 o, 0
—-7) 1- 2d
+F(a+1)/o<y (1 - o) dr
Mo ! —0r—2_—0 20Mo / ! —0y _—0
< 1- =02 ld 1-— a—6y 1d
_F(a—l)/o( D ey ), T
2AM, (! 2AM, !
0/ 1-1) %21 gr 4+ 0 /(1—1)“‘921‘91 dt
) Jo Cla+1) Jo

Mo B(1-6 0, —1) Mo B(1-6 6, +1)
= o — + = -0, 00— 0y +
Ta-1) ! 2T D+ 1) ! 2

, 2Mo
" T

B(1-61,0—6;):=Ls.
Now the following inequality holds for ¢, £, € [0,1] and #; < £,:

|(Ax)(8) — (An)(11)| = / " (Ax)/(s) ds

t

<Ls(t, — t1).

Therefore A is equicontinuous on D. Thus, by the Arzela—Ascoli theorem the operator A
is completely continuous on X. O

Now we present and demonstrate our fundamental results. The first result deals with
the existence and uniqueness of the solution to problem (1.1).

Theorem 3.1 Let 2 <« <3 and0< 0,0, <1 be constants, and let f(t,x(t)) satisfy condi-
tion (H1) and the following conditions:
(H2) There is a function m(t) € LP([0,1],R*) (p > 1) such that

11 - )% V(t, x) —f(t,y)| <m(t)|x -yl

(H3) There exz'st three constants p1, pa, ps satisfyingp1 >1,p2>1,p3>1,0< p160; < 1,
and L+ L +-=1 If

pP1 P2
1 +A. 1
(1721l 55
Y1 - P191 F ) 21+ py(a—6,—1)
2\ 1

<1, (3.3)

"Ta+D) %1+ pla—0)

then the solution to problem (1.1) is unique.

Proof For x,y € X = C([0,1]) and ¢ € [0, 1], by (H2) we have

t

|(Ax)(®) - (Ay)(e \_F() (£ - " f (z,5()) £ (r.9(0)) | d

A 1
T+ / (1= )*|f (r,2(0)) ~f (1,3(0)) | d
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+ 2 fl(l -0 f (%)) - f(r,9(0)) | dT
['(a) Jo
A v
+ F(014_'_1)|‘/0 (v - I)QV(r,x(t)) —f(r,y(r))‘dr

1 ! a—0y—1__—61
< m/; 1-1) T m(r)!x(f) —y(r)| dr

1
+ r(%n/ (1= 022 m(o) x(z) - y(0)| d
1
+ ﬁ /0 (1= ) e (@) () - y(0)| d
1
+ r(%n/ (1= 022 m(o) x(z) - y(0)| d.

By (H3) and the Holder inequality we have

|(Ax)(2) - (Ay)(®))|

1 1/p1 1 1/py
=< Hx(r) —y(r)H . {ﬁ |:/0 =0 d-;::| |:/0 (- T)(“—92—1)P2 d.,::|

1 1/p3
X |:/0 m"’3(r)dr:| ’
A

1 1/p1 1 1/p2 1 1/p3
+ [f 0 dr:| [/ 1- r)(‘)‘_(b)"’2 dr] |:/ mp3(t)dr:|
Cle+1)LJo 0 0
A 1 1/p1 1 1/p2 1 l/p3
+ —F( ) [/ =0 dt] |:/ 1- r)(“_62_1)p2 dt] |:/ m”3(t)dr]
o 0 0 0
A 1 1/p1 1 1/py 1 1/p3
+— [ / T d‘L':| [ / (1 - 1)l dr] [ / mp3(7)dt] }
Ca+1)Jo 0 0

1+A 1 21 1

= [ml|ps

X ||x(r)—y(t)||.

Noticing (3.3), we conclude that A is a contraction mapping. Thus by Lemma 2.3 it has a

unique FP, which is also the unique solution to problem (1.1).

The second result states the existence of the solution to the BVP (1.1) derived from

Lemma 2.4.

Theorem 3.2 Let 2 <o <3 and 0< 0y, 0, <1 be constants, and let f(t,x(t)) satisfy condi-

tions (H1)-(H3) and the following condition:

1 A 1
[[7]] |:
B oyT—p16; LT (@) 7/1 +pala—6,—-1)
21 1 ] 1
+ <1.
I‘(05 + 1) p?/ 1 +pz(0[ - 92)

Then problem (1.1) has a solution.

1
21— p1th [F(a) 2/1+pyla—6,-1) T+ 2/1+ palo — 05)

Page 11 of 16
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Proof We fix a constant

> M, 1+ }LB(I 0 05) 2 B(1-06 0y +1)
r _— 05,0 —09) + ———— —-0,a—-0,+1)].
=7 ') ! 2 IMNa+1) ! 2

Consider a ball B, = {x € X = C([0,1],R) : || x|| < r}. Define two operators A; and A; on B,
as

A0 = o5 [ (=0 (),

At

1
(Axx)(t) = F(T—i—l) /0 (1- ‘E)af('(,x(‘[)) dt

A2
T

T, o)

For x,y € B,, by (3.1) we can check that

1
/ (1 -0 Y (r,%(r)) dr

AM
Mo +1)

M 1 1
[A1x + Agy|| < -0 / 1-7) %21 gr 4 / (1-7)* 204
0

I'(x)

My 1
+ 20 / (1-7) 2l gr 4
I'(a) Jo

a—0y _—-01
1"(0{ 1)/‘(1 ) 2t dr

ot SV B0 o)+ — 2 B G- 6y41)
= 0|:F(a) —1,06—2+m -0 -0z + ]

<r.

So Ajx + Ayy € B,. Like in the proof of Theorem 3.1, from (H2), (H3), and (3.4) we can
conclude that the operator Aj is also a contraction mapping. Lemma 3.2 and (H1) ensure
the continuity of the operator A;. For any x € B,, we have

lIAx] < m/ (1-7) e (1 - 1) 0ydr

Mo /1 —0y—1_-6
<—— | 1-0)" "t "t
() Jo
M,
=ty Bl 0o - 6).
I"(er)

Thus A; is uniformly bounded on B,. For all 3, £, € [0, 1] such that ¢; < £,, we obtain

|(A1%)(2) - (A1x)(81)]

L) /:2 (ty — ) f (t,%(r)) dr - /0t1 (t1 -0 f (r,%(1)) dt

ty

/tl [(tz —r) o ) l]f(r x(t )dr +/ (ty — t)“_lf(r,x(t)) dt
0

t

')

My

“ a-1 a=17,-01(1 _ +\02
Sm[/o [(tz—r) —(t—-1) ]‘L’ 1-17)"dr

Page 12 of 16
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2
+ / (b —7)* 1t (1 -17)" dr:|
t1

My
= m [](tz) —](tl)]'

By Lemma 3.1 we have

(0( - 1)M0

WB(I — 91,05 — 92 — 1)(t2 — tl).

(A12)(t2) - (A1) (81)| =

This means that A; is equicontinuous and relatively compact on B,. Accordingly, by the
Arzela—Ascoli theorem A; is compact on B,. Accordingly, Lemma 2.4 ensures the exis-

tence of a solution for problem (1.1) in [0, 1]. O
The Schaefer fixed point theorem gives the last result.

Theorem 3.3 Let 2 <« <3 and 0< 0y, 0, <1 be constants, and let f(t,x(t)) satisfy condi-
tions (H1) and (3.1). Then problem (1.1) has a solution in [0, 1].

Proof By Lemma 3.3 we know that the operator A : X — X is completely continuous.
Next, we prove that the set V = {x € C([0,1],R) : x = nAx,0 < t < 1} is bounded.
Let x € V. Then x = u(Ax). Thus, for each ¢ € [0, 1], we have

%] = | (Ax)(0)]
2

1
)/0 1-1) f(r,x(t))dr

MNa+1

=,u'ﬁ/(; (t—r)"‘_lf(t,x(r))dr +

ar o[t w1 A2 ¥ 3
—mA (1-1) f(r,x(r))dr—mfo (y - 0)°f(t,%(r)) dt
1 ! a—0y-1_-01 A ! -0y _—01
sMo[%/o(l—r) T dr+m/0(l—r) T dT]
PR

A 1
1- a—03-1_—-61 d / 1- a—0y _—01 d
+—l"(oz) 0( 7) T T+—F(oe+1) 0( ) 2¢ 7]

1+ 21
:MO —B(l —91,0[ —92) +

I'a) mB(l -0, -6y + 1)] =L,.

Hence we have
llxll < L.

This shows that the set V' is bounded. Lemma 2.5 ensures the existence of fixed points

of A. Accordingly, there is at least one solution to problem (1.1) in [0, 1]. O

4 Examples

We introduce three examples to clarify the performed work.
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Example 4.1 Consider the following fractional BVP:

sinx
D0+x()_ . S O0<t<l,
x(0) =x'(0) =0, (4.1)

(1) = [, x(v)dr.

Thus f(t,x) = sméxlﬁ % =0.5. Take 9; = 23,9 = %, and p; = p3 =22, p» = 1.1. Since

31 =08 |f(t,%) - f(£,y)] = £3 (1 — )% sinx — siny|
ty . x=y

1 19 X
=2t (1 — )30 |cos — sin ——
2 2

Accordingly, m(t) = tﬁ(l - t)%. We can calculate the following: A = i ~ 14118,

Ia) =T(3) ~ 1128, I'(@ + 1) = T'(1 + 2) ~ 2.5493, “* ~ 2.1381, ~ 1.1076,
_ 22 711/22 o A 71 A
s = {fo t46(1 t)ao] ds} 0.1521, pﬁ 1.1532, Y o 0.7097,
1 ~ 1 1+A 1 2\ 1 ~
PR/ 14p2(c~02) 04258, lmllps PYT=p161 " 1) 22 /14py(a—05-1) T Tl 22/ 1epa(a—62)

0.3489 < 1. Since conditions (H1)—(H3) and (3.3) are all satisfied, Theorem 3.1 ensures
a unique solution x(¢) in [0, 1] for this example.

Example 4.2 Consider the following fractional BVP:

0+x() j_"‘j’i O<t<l,

x(0) =x'(0) =0, (4.2)
x(1) = fol.zx(t)dr.

Thus f(¢,x) = i;%“gt’i ,a=1%,y=02 Take 6 = 1,6, = 2, and p; = 6, p, = 30, p3 = 1.25.

o~

Since

£ (1= 03 [f(t,0) — £(&,y)] = £3 (1 - £)3 |sin(t) — sin(ty) |

t t(x —
2t5i( —t)3 (x+9) sin (x-9)
2
<1 -3k -y
Therefore m(t) = £15 a- t)3 We can obtain the followmg A== 4940 IN'a) =
['(Z)~1.1960, T'(a +1) = ['(1+ Z) ~ 2.7907, % ~2.0853, m ~ 1 0707 Fay ~ 1.2492,
1+ 5/4 J14/5 ~ 1 ~
s = ([ 5% (1 - £)3]7/4 ds) 0.3268, pv_ 1.3831, - ——— 0.9035,
1 ~ 1+A 1 2A 1 ~
ey~ 08772 Imlps sy [ e e Ry - 12762>
1 A 1 2\ 1 ~
L3 7750 (7@ 7 ey ) * T WHPZ(HZ)] ~0.9318 < 1.

Accordingly, conditions (H1)—(H3) and (3.4) are all satisfied for this example, which
means that this problem has at least a solution x(¢) in [0, 1] by Theorem 3.2.
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Example 4.3 Consider the following fractional BVP:

5

‘D2 x(t) = %/;—V‘;’/nli_t [sin(x —¢) + cos(tx)], O<t<1,

x(0) =x'(0) = 0, (4.3)
x(1) = [, x(t)dr.

We have f (£, x(t)) = %[Sin(x — ) +cos(tx)], @ = 3,y = 0.4. Take 6; = 2, 6, = 2. Then

£3(1 - t)%f(t,x) = Y1YT =t tant[sin(x — t) + cos(tx)] is continuous in [0,1], and |£3 (1 —
03t <20 % V3.

Since conditions (H1) and (3.1) are all satisfied for this example, by Theorem 3.3 this
problem has at least a solution x(¢) in [0, 1].
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