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Abstract
We use an improved technique to establish new sufficient criteria of product type for
the oscillation of the delay differential equation

x′(t) +
m∑

l=1

bl(t)x(σl(t)) = 0, t ≥ t0,

with bl ,σl ∈ C([t0,∞), [0,∞)) such that σl(t)≤ t and limt→∞ σl(t) =∞, l = 1, 2, . . . ,m.
The obtained results are applicable for the nonmonotone delay case. Their strength is
supported by a detailed practical example.
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1 Introduction
Consider the first-order differential equation with several delays of the form

x′(t) +
m∑

l=1

bl(t)x
(
σl(t)

)
= 0, t ≥ t0, (1.1)

with bl,σl ∈ C([t0,∞), [0,∞)) such that σl(t) ≤ t and limt→∞ σl(t) = ∞, l = 1, 2, . . . , m.
Let t–1 be a real number defined by t–1 = min1≤l≤m{inft≥t0 σl(t)}. A function x(t) is called

a solution of Eq. (1.1) if x ∈ C([t–1,∞),R) is continuously differentiable on [t0,∞) and
satisfies Eq. (1.1) for all t ≥ t0. If x(t) has arbitrary large zeros, then it is said to be oscillatory.
Equation (1.1) is said to be oscillatory if all its solutions are oscillatory; otherwise, it is
nonoscillatory.

Oscillation and delay phenomena appear in various models from real-world applica-
tions; see, e.g., [30, 31] for models from mathematical biology, where oscillation and/or
delay actions may be formulated by means of cross-diffusion terms. In particular, the oscil-
lation of first-order delay differential equations has numerous applications in the analysis
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of higher-order differential equations with deviating arguments (e.g., we can investigate
the oscillation and asymptotic behavior of higher-order differential equations with devi-
ating arguments by relating the oscillation of these equations to that of associated first-
order delay differential equations); see, e.g., [16, 22, 28, 32] for more detail. Indeed, the
oscillation of first-order delay differential equations has attracted the attention of many
mathematicians; see [1–15, 17–21, 23–27, 29, 33–42] and the references therein.

Note that most known criteria require the delays to be nondecreasing, although in many
situations, relaxation of the monotonicity of the delay is required for some equations to
be more realistic; see [13]. Indeed, the nonmonotonicity of the delay adds difficulties to
the problem. As a result, some known criteria for the monotonic case fail to extend to
the nonmonotone one; see Braverman and Karpuz [9]. This motivates us to investigate
the oscillation of Eq. (1.1) without restricting the monotonic behavior of the delays. Our
focus will be only on the lim sup-type conditions in the product form. Next, we give a brief
summary of these criteria. First, we introduce the following important notation:

ζr,l = lim inf
t→∞

∫ t

σr(t)
bl(u) du, ζr,l ≤ 1

e
,

ζr = lim inf
t→∞

∫ t

σr(t)

m∑

l=1

bl(u) du, ζr ≤ 1
e

,

ζ = lim inf
t→∞

∫ t

σmax(t)

m∑

l=1

bl(u) du, ζ ≤ 1
e

,

ηl = lim inf
t→∞

∫ t

ϕl(t)
bl(u) du, ηl ≤ 1

e
,

and

η = lim inf
t→∞

∫ t

ϕ(t)

m∑

l=1

bl(u) du, η ≤ 1
e

,

where r, l = 1, 2, . . . , m, and ϕl(t) and ϕ(t) are nondecreasing continuous functions such
that

σl(t) ≤ ϕl(t), and ϕl(t) ≤ ϕ(t), t ≥ t1, t1 ≥ t0, l = 1, 2, . . . , m,

and

σmax(t) = max
1≤l≤m

σl(t) and θl(t) = sup
t0≤u≤t

σl(u), l = 1, 2, . . . , m, t ≥ t0. (1.2)

Furthermore, the number λ(α) is defined as the smaller real root of the equation eαz = z,
and the number Q(α) is defined by

Q(α) =
1 – α –

√
1 – 2α – α2

2
, 0 ≤ α ≤ 1

e
.
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The first work in our summary of oscillation criteria is due to Infante et al. [24]. They
obtained the following two criteria:

lim sup
t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr (t)
br1 (u)e

∫ ϕr1 (t)
σr1 (u)

∑m
l=1 bl(u1)e

∫ u1
σl (u1)

∑m
l1=1 bl1 (u2) du2 du1 du

] 1
m

>
1

mm (1.3)

and

lim sup
ε→0+

[
lim sup

t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr (t)
br1 (u)e

∫ ϕr1 (t)
σr1 (u)

∑m
l=1(λ(ζl,l)–ε)bl(u1) du1 du

] 1
m

]
>

1
mm , (1.4)

where ζl,l > 0, l = 1, 2, . . . , m.
Koplatadze [25] established the following three conditions:

d̄ >
1
e

and lim sup
t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr(t)
br1 (u)

∫ ϕr1 (t)

σr1 (u)

( m∏

r2=1

br2 (u1)

) 1
m

du1 du

] 1
m

> 0, (1.5)

where d̄ = lim inft→∞
∑m

l=1
∫ t
σl(t)(

∏m
r=1 br(u)) 1

m du,

lim sup
t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr(t)
br1 (u)e

m(λ(d̄)–ε)
∫ ϕr1 (t)
σr1 (u) (

∏m
r2=1 br2 (u1))

1
m du1 du

] 1
m

>
1

mm –
∏m

r=1 Q(ηr)
mm , (1.6)

where 0 < d̄ ≤ 1
e , ε ∈ (0,λ(d̄)), and finally

lim sup
t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr(t)
br1 (u)e

m
∫ ϕr1 (t)
σr1 (u) (

∏m
r2=1 br2 (u1))

1
m ϒi(u1) du1 du

] 1
m

>
1

mm –
∏m

r=1 Q(ηr)
mm , (1.7)

where ϒ1(t) = 0 and ϒi(t) = e
∑m

l=1
∫ t
σl (t)(

∏m
r=1 br (u))

1
m ϒi–1(u) du, i = 2, 3, . . . .

Attia et al. [4] introduced the condition

lim sup
t→∞

( m∏

r=1

( m∏

r1=1

∫ t

ϕr (t)
Wr1 (u) du

) 1
m

+
∏m

r=1 Q(ηr)
mm e

∑m
r=1

∫ t
ϕr (t)

∑m
r1=1 br1 (u) du

)

>
1

mm , (1.8)

where

Wr1 (u) = e
∫ u
ϕr1 (u)

∑m
r2=1 br2 (u1) du1

m∑

r2=1

br2 (u)
∫ u

σr2 (u)
br1 (u1)e

(λ(η)–ε)
∫ ϕr1 (u)
σr2 (u1)

∑m
r3=1 br3 (u2) du2 du1,

with η > 0, ε ∈ (0,λ(η)), and r1 = 1, 2, . . . , m.
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Bereketoglu et al. [7] defined the sequence {��(t)}�≥0 by

�0(t) = m

( m∏

r1=1

br1 (t)

) 1
m

,

��(t) =
m∑

l1=1

bl1 (t)

[
1 + m

( m∏

r=1

∫ t

ϕl1 (t)
br(u)e

∫ t
σr (u) ��–1(u1) du1 du

) 1
m

]
, � = 1, 2, . . . ,

and obtained the condition

lim sup
t→∞

m∏

l1=1

[ m∏

l2=1

∫ t

ϕl1 (t)
bl2 (u)e

∫ ϕl2 (t)
σl2 (u) ��(u1) du1 du

] 1
m

>
1

mm

(
1 –

m∏

r=1

Q(ηr)

)
. (1.9)

Moremedi et al. [33] established the criterion

lim sup
t→∞

m∏

r=1

[ m∏

r1=1

∫ t

ϕr (t)
br1 (u)e

∫ ϕr1 (t)
σr1 (u) 
�(u1) du1 du

] 1
m

>
1

mm

(
1 –

m∏

r=1

Q(ηr)

)
, (1.10)

where 
0(t) =
∑m

l=1 bl(t) and


�(t) =
m∑

l=1

bl(t)

[
1 +

∫ t

ϕl(t)

m∑

l1=1

bl1 (u)e
∫ t
σl1 (u)

∑m
l2=1 bl2 (u1)e

∫ u1
σl2 (u1) 
�–1(u2) du2

du1 du

]
, � ∈N.

Attia and El-Morshedy [5] improved (1.3) and (1.7) with i = 3 and obtained the criterion

lim sup
t→∞

(
m

( m∏

r=1

Q(ηr)

)1– 1
m m∑

l=1

Zl(t) +
m∑

l=2

ml

( m∏

l1=1

Q(ηl1 )

)1– l
m l∏

r=1

Zr(t)

)

> 1 –
m∏

r=1

Q(ηr), (1.11)

where

Zl(t) =

( m∏

r=1

∫ t

ϕl(t)
br(u)e

∫ ϕr (t)
σr (u)

∑m
l1=1 bl1 (u1)e

(λ(η)–ε)
∫ u1
σl1 (u1)

∑m
l2=1 bl2 (u2) du2

du1 du

) 1
m

for l = 1, 2, . . . , m, η > 0, and ε ∈ (0,λ(η)).
In the next section, we obtain several new oscillation criteria for Eq. (1.1). Moreover, we

give a practical example to show that our results can be used to test the oscillation of a
certain equation, whereas the criteria listed above fail.

2 Main results
We state some important results for Eq. (1.1) when it possesses a positive solution x(t). In
this case, x(t) is eventually nonincreasing and eventually satisfies the inequalities

x′(t) + x
(
σl(t)

)
bl(t) ≤ 0, l = 1, 2, . . . , m,
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and

x′(t) + x
(
σmax(t)

) m∑

l=1

bl(t) ≤ 0.

Therefore [42], [24, Lemma 3.1], [19, Lemma 2.1.2], and the nonincreasing nature of x(t)
imply respectively, for l = 1, 2, . . . , m, that

lim inf
t→∞

x(t)
x(ϕl(t))

≥ Q(ηl), (2.1)

lim inf
t→∞

x(σl(t))
x(t)

≥ λ(ζl,l), l = 1, 2, . . . , m, (2.2)

and

lim inf
t→∞

x(σl(t))
x(t)

≥ lim inf
t→∞

x(σmax(t))
x(t)

≥ λ(ζ ), (2.3)

where ζ , ζl,l > 0.
If nothing else is stated, all inequalities are assumed to hold eventually.

Lemma 2.1 If x(t) is an eventually positive solution of Eq. (1.1), then

lim inf
t→∞

x(σr(t))
x(t)

≥ emax{∑m
l=1 ζr,lλ

∗
l ,λ∗(ζ )ζr}, r = 1, 2, . . . , m, (2.4)

where λ∗
l = max{λ∗(ζl,l),λ∗(ζ )}, and

λ∗(z) =

⎧
⎨

⎩
1, z = 0,

λ(z), z > 0.

Proof Dividing Eq. (1.1) by x(t) and integrating from u to t, u ≤ t, we obtain

– ln

(
x(t)
x(u)

)
=

m∑

l=1

∫ t

u
bl(u1)

x(σl(u1))
x(u1)

du1,

which is equivalent to

x(u) = x(t)e
∫ t

u
∑m

l=1 bl(u1) x(σl (u1))
x(u1) du1 . (2.5)

Therefore

x(σr(t))
x(t)

= e
∫ t
σr (t)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 . (2.6)

Equation (2.6) leads to the following two inequalities, using (2.2) and (2.3), for all suffi-
ciently small ε > 0:

x(σr(t))
x(t)

≥ e
∑m

l=1(ζr,l–ε)(λ∗
l –ε)
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and

x(σr(t))
x(t)

≥ e(λ∗(ζ )–ε)(ζr–ε).

Now taking the lower limits as t → ∞ and then letting ε → 0, we get

lim inf
t→∞

x(σr(t))
x(t)

≥ e
∑m

l=1 ζr,lλ
∗
l

and

lim inf
t→∞

x(σr(t))
x(t)

≥ eλ∗(ζ )ζr .

The last two inequalities are equivalent to (2.4). �

For an easy reference, the sequences {�(n)
r (t)}n≥0, r = 1, 2, . . . , m, are defined as follows:

�(0)
r (t) =

⎧
⎨

⎩
1 ζ = ζr,l = 0 for all l = 1, 2, . . . , m,

emax{∑m
l=1 ζr,lλ

∗
l ,λ∗(ζ )ζr} – εr otherwise,

�(n)
r (t) =

e
∫ t
ϕr (t)

∑m
k=1
k 
=r

bk (u)�(n–1)
k (u) du

1 – G(n–1)
r,r (t)

, n = 1, 2, . . . ,

where εr ∈ (0, emax{∑m
l=1 ζr,l λ̄l ,λ(ζ )ζr}), and

G(n)
i,k (t) =

∫ t

ϕi(t)
bk(u)e

∫ ϕk (t)
σk (u)

∑m
l=1 bl(u1)�(n)

l (u1) du1 du, i, k = 1, 2, . . . , m.

Lemma 2.2 Assume that x(t) is an eventually positive solution of Eq. (1.1), n ∈ N0, and
j ∈ {1, 2, . . . , m}. Then the inequalities G(n)

j,j (t) < 1 and

m∏

r=1

(
1

1 – G(n)
r,r (t)

)( m∏

r=1

(
x(t)

x(ϕr(t))

)
+ (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
≤ 1 (2.7)

are satisfied.

Proof Since x(t) is an eventually positive solution of Eq. (1.1), for any sufficiently small
εr > 0, inequality (2.4) yields

x(σr(t))
x(t)

> emax{∑m
l=1 ζr,lλ

∗
l ,λ∗(ζ )ζr} – εr , ζ > 0 or ζr,l > 0 for some l = 1, 2, . . . , m.

Combining this inequality with the fact that x(σr(t))
x(t) ≥ 1, we obtain

x(σr(t))
x(t)

≥ �(0)
r (t). (2.8)



Attia and El-Morshedy Boundary Value Problems         (2023) 2023:80 Page 7 of 19

Integrating Eq. (1.1) from ϕi(t) to t, i = 1, 2, . . . , m, we get

x(t) – x
(
ϕi(t)

)
+

∫ t

ϕi(t)
bi(u)x

(
σi(u)

)
du +

m∑

l=1
l 
=i

∫ t

ϕi(t)
bl(u)x

(
σl(u)

)
du = 0. (2.9)

On the other hand, proceeding as in the proof of Lemma 2.1, we obtain (2.5), which yields

x
(
σi(u)

)
= x

(
ϕi(t)

)
e
∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 , ϕi(t) ≤ u ≤ t,

and

x
(
σl(u)

)
=

x(σl(u))
x(u)

x(u) = x(t)
x(σl(u))

x(u)
e
∫ t

u
∑m

l1=1 bl1 (u1)
x(σl1 (u1))

x(u1) du1 , ϕi(t) ≤ u ≤ t.

Substituting into (2.9), we get

x
(
ϕi(t)

)
= x(t) + x

(
ϕi(t)

)∫ t

ϕi(t)
bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 du

+ x(t)
m∑

l=1
l 
=i

∫ t

ϕi(t)
bl(u)

x(σl(u))
x(u)

e
∫ t

u
∑m

l1=1 bl1 (u1)
x(σl1 (u1))

x(u1) du1 du.

Therefore

x
(
ϕi(t)

) ≥ x(t) + x
(
ϕi(t)

)∫ t

ϕi(t)
bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 du

+ x(t)
∫ t

ϕi(t)

m∑

l=1
l 
=i

bl(u)
x(σl(u))

x(u)
e

∫ t
u

∑m
j=1
j 
=i

bj(u1)
x(σj(u1))

x(u1) du1

du,

that is,

x
(
ϕi(t)

) ≥ x
(
ϕi(t)

)∫ t

ϕi(t)
bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 du

+ x(t)e
∫ t
ϕi(t)

∑m
l=1
l 
=i

bl(u) x(σl (u))
x(u) du

.

Hence

x(ϕi(t))
x(t)

≥ e
∫ t
ϕi(t)

∑m
l=1
l 
=i

bl(u) x(σl (u))
x(u) du

1 –
∫ t
ϕi(t) bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 du
.

Now by (2.8) it follows that

x(ϕi(t))
x(t)

≥ e
∫ t
ϕi(t)

∑m
l=1
l 
=i

bl(u)�(0)
l (u) du

1 –
∫ t
ϕi(t) bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1)�(0)

l (u1) du1 du
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=
e
∫ t
ϕi(t)

∑m
l=1
l 
=i

bl(u)�(0)
l (u) du

1 – G(0)
i,i (t)

= �
(1)
i (t).

Continuing in this way, we can prove that

x(ϕi(t))
x(t)

≥ e
∫ t
ϕi(t)

∑m
l=1
l 
=i

bl(u)�(n–1)
l (u) du

1 – G(n–1)
i,i (t)

= �
(n)
i (t), n ≥ 1. (2.10)

Returning to (2.5), we obtain

x
(
σi(u)

)
= x

(
ϕi(t)

)
e
∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 , ϕi(t) ≤ u ≤ t. (2.11)

Therefore (2.9) implies that

x
(
ϕi(t)

)
= x(t) + x

(
ϕi(t)

)∫ t

ϕi(t)
bi(u)e

∫ ϕi(t)
σi(u)

∑m
l=1 bl(u1) x(σl (u1))

x(u1) du1 du

+
m∑

l=1
l 
=i

x
(
ϕl(t)

)∫ t

ϕi(t)
bl(u)e

∫ ϕl (t)
σl (u)

∑m
l1=1 bl1 (u1)

x(σl1 (u1))
x(u1) du1 du.

However, (2.10) leads to

x(σl(u1))
x(u1)

≥ x(ϕi(t))
x(t)

≥ �
(n)
l (t).

Consequently, the previous equation leads to the inequality

x
(
ϕi(t)

)(
1 – G(n)

i,i (t)
) ≥ x(t) +

m∑

l=1
l 
=i

x
(
ϕl(t)

)
G(n)

i,l (t) > 0.

This proves that G(n)
i,i (t) < 1 and

x(ϕi(t))
x(t)

≥
1 +

∑m
l=1
l 
=i

x(ϕl(t))
x(t) G(n)

i,l (t)

1 – G(n)
i,i (t)

.

Then the arithmetic–geometric mean leads to

x(ϕi(t))
x(t)

≥
1 + (m – 1)(

∏m
r=1
r 
=i

x(ϕr(t))
x(t) ) 1

m–1 (
∏m

r=1
r 
=i

G(n)
i,r (t)) 1

m–1

1 – G(n)
i,i (t)

.

Taking the product of both sides, we get

m∏

r=1

(
x(ϕr(t))

x(t)

)

≥ A(n)(t)

(
1 + (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

x(ϕr1 (t))
x(t)

) 1
m–1 m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
,
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where A(n)(t) =
∏m

r=1( 1
1–G(n)

r,r (t)
). Therefore

m∏

r=1

(
x(ϕr(t))

x(t)

)

≥ A(n)(t)

(
1 + (m – 1)m

(( m∏

r=1

x(ϕr(t))
x(t)

)m–1) 1
m–1 m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
.

Thus

m∏

r=1

(
x(ϕr(t))

x(t)

)
≥ A(n)(t)

(
1 + (m – 1)m

m∏

r=1

(
x(ϕr(t))

x(t)

) m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
.

Then

A(n)(t)

( m∏

r=1

(
x(t)

x(ϕr(t))

)
+ (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
≤ 1.

�

Theorem 2.1 Assume that i ∈ {1, 2, . . . , m} and either one of the following conditions is
satisfied for some n ∈N0:

(i) there exists a sequence {ck}k≥0 such that limk→∞ ck = ∞ and

G(n)
i,i (ck) ≥ 1 for all k ∈N0, (2.12)

(ii)

lim sup
t→∞

( m∏

r=1

1
1 – G(n)

r,r (t)

( m∏

r=1

Q(ηr) + (m – 1)m
m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

))

> 1. (2.13)

Then Eq. (1.1) is oscillatory.

Proof We assume for contradiction that Eq. (1.1) has a nonoscillatory solution x(t). Be-
cause of the linearity of Eq. (1.1), there is no loss of generality to assume the existence of a
sufficiently large T ≥ t0 such that x(t) > 0 for all t ≥ T . Then Lemma 2.2 leads to G(n)

i,i (t) < 1
for all i = 1, 2, . . . , m and n ∈N0. This contradicts (2.12) and hence proves (i). For the proof
of (ii), we see from (2.1) and (2.7) that

lim sup
t→∞

( m∏

r=1

1
1 – G(n)

r,r (t)

( m∏

r=1

Q(ηr) + (m – 1)m
m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

))
≤ 1,

which is impossible due to (2.13). �
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Next, we define the functions C(n)
r (t) and D(n)

r (t) for some n ∈N0 as follows:

C(n)
r (t) =

∫ ϕ–1
r (t)

t
br(u) du

+
∫ ϕ–1

r (t)

t
br(u)

∫ t

σr(u)

m∑

l=1
l 
=r

bl(u1)e
∫ t
σl (u1)

∑m
l1=1 bl1 (u2)�(n)

l1
(u2) du2 du1 du

+
∫ ϕ–1

r (t)

t

m∑

l=1
l 
=r

bl(u)e
∫ t
σl (u)

∑m
l1=1 bl1 (u1)�(n)

l1
(u1) du1 du,

and

D(n)
r (t) =

∫ ϕ–1
r (t)

t br(u)
∫ t
σr(u) br(u1) du1 du

1 – C(n)
r (t)

,

where ϕr(t) are strictly increasing functions for all r = 1, 2, . . . , m.

Theorem 2.2 Assume that the function ϕr(t) is strictly increasing for each r = 1, 2, . . . , m.
Suppose that for some n ∈ N0,

(i) there exists a sequence {dk}k≥0 such that limk→∞ dk = ∞,

C(n)
r (dk) ≥ 1 for some r ∈ {1, 2, . . . , m} and all k ∈N0, (2.14)

or
(ii)

lim sup
t→∞

( m∏

r=1

(
1

1 – G(n)
r,r (t)

)( m∏

r=1

D(n)
r (t) + (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

))

> 1. (2.15)

Then Eq. (1.1) is oscillatory.

Proof As in the proof of the previous theorem, we assume that Eq. (1.1) has an eventually
positive solution x(t). Integrating Eq. (1.1) from t to ϕ–1

r (t), we have

x
(
ϕ–1

r (t)
)

– x(t) +
∫ ϕ–1

r (t)

t

m∑

l=1

bl(u)x
(
σl(u)

)
du = 0,

that is,

x
(
ϕ–1

r (t)
)

– x(t) +
∫ ϕ–1

r (t)

t
br(u)x

(
σr(u)

)
du +

∫ ϕ–1
r (t)

t

m∑

l=1
l 
=r

bl(u)x
(
σl(u)

)
du = 0. (2.16)
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Again, integrating Eq. (1.1) from σr(u) to t ≤ u ≤ ϕ–1
r (t), we obtain

x
(
σr(u)

)
= x(t) +

∫ t

σr (u)

m∑

l=1

bl(u1)x
(
σl(u1)

)
du1.

Substituting into (2.16), we get

x(t) = x
(
ϕ–1

r (t)
)

+ x(t)
∫ ϕ–1

r (t)

t
br(u) du +

∫ ϕ–1
r (t)

t
br(u)

∫ t

σr (u)
br(u1)x

(
σr(u1)

)
du1 du

+
∫ ϕ–1

r (t)

t
br(u)

∫ t

σr(u)

m∑

l=1
l 
=r

bl(u1)x
(
σl(u1)

)
du1 du +

∫ ϕ–1
r (t)

t

m∑

l=1
l 
=r

bl(u)x
(
σl(u)

)
du.

Recalling that (2.5) holds and x(t) is nonincreasing, it follows that

x(t) ≥ x
(
ϕ–1

r (t)
)

+ x(t)
∫ ϕ–1

r (t)

t
br(u) du + x

(
ϕr(t)

)∫ ϕ–1
r (t)

t
br(u)

∫ t

σr(u)
br(u1) du1 du

+ x(t)
∫ ϕ–1

r (t)

t
br(u)

∫ t

σr(u)

m∑

l=1
l 
=r

bl(u1)e
∫ t
σl (u1)

∑m
l1=1 bl1 (u2)

x(σl1 (u2))
x(u2) du2 du1 du

+ x(t)
∫ ϕ–1

r (t)

t

m∑

l=1
l 
=r

bl(u)e
∫ t
σl (u)

∑m
l1=1 bl1 (u1)

x(σl1 (u1))
x(u1) du1 du.

Since x(σl1 (u2))
x(u2) ≥ �

(n)
l1 (u2) (from (2.11)), we have

x(t) ≥ x
(
ϕ–1

r (t)
)

+ x(t)
∫ ϕ–1

r (t)

t
br(u) du + x

(
ϕr(t)

)∫ ϕ–1
r (t)

t
br(u)

∫ t

σr(u)
br(u1) du1 du

+ x(t)
∫ ϕ–1

r (t)

t
br(u)

∫ t

σr(u)

m∑

l=1
l 
=r

bl(u1)e
∫ t
σl (u1)

∑m
l1=1 bl1 (u2)�(n)

l1
(u2) du2 du1 du

+ x(t)
∫ ϕ–1

r (t)

t

m∑

l=1
l 
=r

bl(u)e
∫ t
σl (u)

∑m
l1=1 bl1 (u1)�(n)

l1
(u1) du1 du.

Therefore

x(t)
(
1 – C(n)

r (t)
) ≥ x

(
ϕ–1

r (t)
)

+ x
(
ϕr(t)

)∫ ϕ–1
r (t)

t
br(u)

∫ t

σr(u)
br(u1) du1 du > 0, (2.17)

which leads to C(n)
r (t) < 1. This contradicts (2.14) and completes the proof of (i).

To prove (ii), we notice from (2.17) that

x(t)
x(ϕr(t))

>

∫ ϕ–1
r (t)

t br(u)
∫ t
σr(u) br(u1) du1 du

1 – C(n)
r (t)

= D(n)
r (t).
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Substituting into (2.7) and then taking the upper limit of both sides, we get a contradiction
with (2.15). The proof of the theorem is complete. �

Corollary 2.1 Let qk ,μk > 0 be such that σk(t) ≤ t – μk , bk(t) ≥ qk on (aj, aj + 3μ∗), k ∈
{1, 2, . . . , m} and j ∈N0, μ∗ = maxμk1≤k≤m, and limj→∞ aj = ∞. If

m∏

r=1

1
1 – Dr,r

( m∏

r=1

Q(ηr) + (m – 1)m
m∏

r=1

( m∏

r1=1
r1 
=r

Dr,r1

) 1
m–1

)
> 1, (2.18)

where Di,k = qk
B (eμiB – 1) and B =

∑m
l=1

ql
1–μlql

, i = 1, 2, . . . , m, then Eq. (1.1) is oscillatory.

Proof Let ϕk(t) = t – μk , k = 1, 2, . . . , m. Then

G(0)
k,k(t) =

∫ t

ϕk (t)
bk(u)e

∫ ϕk (t)
σk (u)

∑m
l=1 bl(u1)�(0)

l (u1) du1 du ≥
∫ t

t–μk

bk(u) du.

This leads to

�
(1)
k (t) =

e
∫ t
ϕk (t)

∑m
l=1
l 
=k

bl(u)�(0)
l (u) du

1 – G(0)
k,k(t)

≥ 1
1 –

∫ t
t–μk

bk(u) du
. (2.19)

Also,

G(1)
i,k (t) =

∫ t

ϕi(t)
bk(u)e

∫ ϕk (t)
σk (u)

∑m
l=1 bl(u1)�(1)

l (u1) du1 du

≥
∫ t

t–μi

bk(u)e
∫ t–μk

u–μk
∑m

l=1 bl(u1)�(1)
l (u1) du1 du

≥
∫ t

t–μi

bk(u)e
∫ t–μk

u–μk
∑m

l=1
bl (u1)

1–
∫ u1u1–μl bl (u2) du2

du1
du, i = 1, 2, . . . , m.

Therefore

G(1)
i,k (aj + 3μk) ≥

∫ aj+3μk

aj+3μk –μi

qke
∫ aj+3μk –μk

u–μk
∑m

l=1
ql

1–μlql
du1 du

=
qk

B
(
eμiB – 1

)
= Di,k . (2.20)

Now let

I(t) =
m∏

r=1

1
1 – G(1)

r,r (t)

( m∏

r=1

Q(ηr) + (m – 1)m
m∏

r=1

( m∏

r1=1
r1 
=r

G(n)
r,r1 (t)

) 1
m–1

)
.

Then (2.20) leads to

I(aj + 3μk) ≥
m∏

r=1

1
1 – Dr,r

( m∏

r=1

Q(ηr) + (m – 1)m
m∏

r=1

( m∏

r1=1
r1 
=r

Dr,r1

) 1
m–1

)
> 1.
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It follows that (2.13) with n = 1 is satisfied, and hence (ii) of Theorem 2.1 guarantees the
oscillation of Eq. (1.1). �

Corollary 2.2 Let qk ,μk > 0 be such that σk(t) ≤ t – μk , bk(t) ≥ qk on (aj, aj + 4μ∗), k ∈
{1, 2, . . . , m}, and j ∈N, μ∗ = maxμk1≤k≤m, and limj→∞ aj = ∞. If

m∏

r=1

1
1 – Dr,r

( m∏

r=1

q2
r μ

2
r

2(1 – Hr)
+ (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

Dr,r1

) 1
m–1

)
> 1, (2.21)

where B, Di,k are defined as in Corollary 2.1, and

Hk = qkμk + qk
(
1 – e–Bμk

) m∑

l=1
l 
=k

ql
eBμl

B
+

(
eBμk – Bμk – 1

) m∑

l=1
l 
=k

ql
eBμl

B2 ,

then Eq. (1.1) is oscillatory.

Proof Let ϕk(t) = t – μk , k = 1, 2, . . . , m. Then

C(1)
k (t) ≥

∫ t+μk

t
bk(u) du

+
∫ t+μk

t
bk(u)

∫ t

u–μk

m∑

l=1
l 
=k

bl(u1)e
∫ t

u1–μl
∑m

l1=1 bl1 (u2)�(1)
l1

(u2) du2 du1 du

+
∫ t+μk

t

m∑

l=1
l 
=k

bl(u)e
∫ t

u–μl
∑m

l1=1 bl1 (u1)�(1)
l1

(u1) du1 du.

In view of (2.19), we have

C(1)
k (t) ≥

∫ t+μk

t
bk(u) du

+
∫ t+μk

t
bk(u)

∫ t

u–μk

m∑

l=1
l 
=k

bl(u1)e

∫ t
u1–μl

∑m
l1=1

bl1 (u2)

1–
∫ u2u2–μl1

bl1 (u3) du3
du2

du1 du

+
∫ t+μk

t

m∑

l=1
l 
=k

bl(u)e

∫ t
u–μl

∑m
l1=1

bl1 (u1)

1–
∫ u1u1–μl1

bl1 (u2) du2
du1

du.

Thus

C(1)
k (aj + 3μk) ≥ μkqk + qk

m∑

l=1
l 
=k

ql

∫ aj+4μk

aj+3μk

∫ aj+3μk

u–μk

e
∫ aj+3μk

u1–μl B du2 du1 du

+
m∑

l=1
l 
=k

ql

∫ aj+4μk

aj+3μk

e
∫ aj+3μk

u–μl B du1 du,
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that is,

C(1)
k (aj + 3μk) ≥ qkμk + qk

(
1 – e–Bμk

) m∑

l=1
l 
=k

ql
eBμl

B
+

(
eBμk – Bμk – 1

) m∑

l=1
l 
=k

ql
eBμl

B2

= Hk . (2.22)

Also,

∫ ϕ–1
k (aj+3μk )

aj+3μk

bk(u)
∫ aj+3μk

σk (u)
bk(u1) du1 du ≥ q2

k

∫ aj+4μk

aj+3μk

∫ aj+3μk

u–μk

du1 du =
1
2

q2
kμ

2
k .

This inequality and (2.22) lead to

D(1)
k (aj + 3μk) =

∫ ϕ–1
k (aj+3μk )

aj+3μk
bk(u)

∫ aj+3μk
σk (u) bk(u1) du1 du

1 – C(1)
k (aj + 3μk)

≥ q2
kμ

2
k

2(1 – Hk)
. (2.23)

Let

I1(t) =
m∏

r=1

(
1

1 – G(1)
r,r (t)

)( m∏

r=1

D(1)
r (t) + (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

G(1)
r,r1 (t)

) 1
m–1

)
.

Then (2.20), (2.21), and (2.23) imply that

I1(aj + 3μk) ≥
m∏

r=1

1
1 – Dr,r

( m∏

r=1

q2
r μ

2
r

2(1 – Hr)
+ (m – 1)m

m∏

r=1

( m∏

r1=1
r1 
=r

Dr,r1

) 1
m–1

)
> 1.

Therefore condition (2.15) with n = 1 is satisfied, so Eq. (1.1) is oscillatory. The proof is
complete. �

The following illustrative example highlights the significance of some of our results. All
calculations are done using a Maple code.

Example 2.1 Consider the equation

x′(t) +
2∑

l=1

bl(t)x
(
σl(t)

)
= 0, t ≥ 2, (2.24)

where σ2(t) = t – 1 – 0.0001 sin2(20000π t), and

σ1(t) =

⎧
⎪⎪⎨

⎪⎪⎩

t – 0.1, t ∈ [4k, 4k + 3],
1
δ
[(0.1 – δ)(4k + 3 – t)] + 4k + 2.9, t ∈ [4k + 3, 4k + 3 + δ],

1.1–δ
1–δ

(t – 4k – 3 – δ) + 4k + 2.8 + δ, t ∈ [4k + 3 + δ, 4k + 4],

k ∈N,



Attia and El-Morshedy Boundary Value Problems         (2023) 2023:80 Page 15 of 19

where 0 < δ < 0.1. Also,

b1(t) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, t ∈ [bk , ck],
1

2eδ (t – ck), t ∈ [ck , ck + δ],
1
2e t ∈ [ck + δ, ck + 3.0001 + δ],
1
2e (1 – t–ck–3.0001–δ

bk+1–ck –3.0001–δ
), t ∈ [ck + 3.0001 + δ, bk+1],

k ∈N0,

and

b2(t) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, t ∈ [bk , ck],
β

δ
(t – ck), t ∈ [ck , ck + δ],

β t ∈ [ck + δ, ck + 3.0001 + δ],

β(1 – t–ck –3.0001–δ

bk+1–ek –3.0001–δ
), t ∈ [ck + 3.0001 + δ, bk+1],

k ∈N0,

where β ≥ 0, and {bk}k≥0, {ck}k≥0 are sequences of positive integers such that ck > bk + 1,
bk+1 > ck + 3.0001 + δ, and limk→∞ bk = ∞. Let us assume that ϕi(t) = θi(t), i = 1, 2 (see (1.2)
for definition). It is not difficult to see that 0 ≤ b1(t) ≤ 1

2e , 0 ≤ b2(t) ≤ β ,

t – 0.2 ≤ σ1(t) ≤ ϕ1(t) ≤ t – 0.1, and t – 1.0001 ≤ σ2(t) ≤ ϕ2(t) ≤ t – 1. (2.25)

Since

0 ≤ lim inf
t→∞

∫ t

σ2(t)

2∑

l=1

bl(u) du ≤ lim
k→∞

∫ ck

σ2(ck )

2∑

l=1

bl(u) du

= lim
k→∞

∫ ck

ck –1

2∑

l=1

bl(u) du = 0,

we conclude that

lim inf
t→∞

∫ t

σ2(t)

2∑

l=1

bl(u) du = 0.

On the other hand,

lim inf
t→∞

∫ t

σ1(t)

2∑

l=1

bl(u) du ≤ lim inf
t→∞

∫ t

σ2(t)

2∑

k=1

bk(u) du

and

lim inf
t→∞

2∑

l=1

∫ t

σl(t)

( 2∏

r=1

br(u)

) 1
2

du ≤ 2 lim inf
t→∞

∫ t

σ2(t)

2∑

l=1

bl(u) du.

It follows that d̄ = lim inft→∞
∑2

l=1
∫ t
σl(t)(

∏2
l1=1 bl1 (u)) 1

2 du = 0 and ζi,l = ζ = ηl = η = Q(ζi,l) =
Q(ηl) = 0 for l, i = 1, 2. Consequently, conditions (1.4), (1.5), (1.6), (1.8), and (1.11) cannot
be applied.
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Also, since


0(t) =
2∑

l=1

bl(t) ≤ 1
2e

+ β

and


1(t) =
2∑

l=1

bl(t)

[
1 +

∫ t

ϕl(t)

2∑

l1=1

bl1 (u)e
∫ t
σl1 (u)

∑2
l2=1 bl2 (u1)e

∫ u1
σl2 (u1) 
0(u2) du2

du1 du

]

≤ 1
2e

[
1 +

∫ t

t–0.2

1
2e

e(t–u+0.2)A1 ds +
∫ t

t–0.2
βe(t–u+1.0001)A1 ds

]

+ β

[
1 +

∫ t

t–1.0001

1
2e

e(t–u+0.2)A1 ds +
∫ t

t–1.0001
βe(t–u+1.0001)A1 ds

]
<

8.373
e

for all β ∈ [0, 1.43
e ], where A1 = ( 1

2e e0.2( 1
2e +β) + βe1.0001( 1

2e +β)), we have

lim sup
t→∞

2∏

l=1

[ 2∏

l1=1

∫ t

ϕl(t)
bl1 (u)e

∫ ϕl1 (t)
σl1 (u) 
1(u1) du1 du

] 1
m

< 0.246 <
1
4

(
1 –

2∏

l=1

Q(ηl)

)
.

Consequently, condition (1.10) with � = 1 fails for all β ∈ [0, 1.43
e ].

Moreover, we have

�0(t) = 2

( 2∏

l=1

bl(t)

) 1
2

≤ 2
√

β

2e

and

�1(t) =
2∑

l=1

bl(t)

[
1 + 2

( 2∏

r=1

∫ t

ϕl(t)
br(u)e

∫ t
σr (u) �0(u1) du1 du

) 1
2
]

≤ 1
2e

[
1 + 2

(∫ t

t–0.2

1
2e

e
∫ t

u–0.2 �0(u1) du1 du
∫ t

t–0.2
βe

∫ t
u–1.0001 �0(u1) du1 du

) 1
2
]

+ β

[
1 + 2

(∫ t

t–1.0001

1
2e

e
∫ t

u–0.2 �0(u1) du1 du
∫ t

t–1.0001
βe

∫ t
u–1.0001 �0(u1) du1 du

) 1
2
]

<
7.1
e

for all β ∈ [0, 2.23
e ]. Consequently,

lim sup
t→∞

2∏

l=1

[ 2∏

l1=1

∫ t

ϕl(t)
bl1 (u)e

∫ ϕl1 (t)
σl1 (u) �1(u1) du1 du

] 1
2

< lim sup
t→∞

2∏

l=1

[ 2∏

l1=1

∫ t

ϕl(t)
bl1 (u)e

∫ ϕl1 (t)
σl1 (u)

7.1
e du1 du

] 1
2
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< 0.249 <
1
4

(
1 –

2∏

r=1

Q(ηr)

)

for all β ∈ [0, 2.23
e ]. This means that condition (1.9) with � = 1 and β ∈ [0, 2.23

e ] is not satis-
fied. Similarly, condition (1.3) is not satisfied for all β ∈ [0, 2.294

e ], and condition (1.7) with
i = 4 is not satisfied for all β ∈ [0, 3

e ].
Next, we show that Eq. (2.24) is oscillatory for all β ∈ [ 1.3735

e , 1.384
e ]. Indeed,

b1(t) =
1
2e

and b2(t) = β for t ∈ [ck + δ, ck + 3.0001 + δ] and all k ∈N.

From this and (2.25) the parameters of Corollary 2.1 can be chosen as follows:

q1 =
1
2e

, q2 = β , μ1 = 0.1, μ2 = μ∗ = 1.

Let

I2(β) =
D1,2D2,1

(1 – D1,1)(1 – D2,2)
,

where Dl,k , l, k = 1, 2, are defined as in Corollary 2.1. Then

I2(β) =
β(e0.1B – 1)(eB – 1)

(1 + 2Be – e0.1B)(1 + B – βeB)
> 1.09 for all β ∈

[
1.3735

e
,

1.384
e

]
,

where B = 1
2e–0.1 + β

1–β
. Hence condition (2.18) is satisfied, and Corollary 2.1 implies that

Eq. (2.24) is oscillatory for all β ∈ [ 1.3735
e , 1.384

e ].
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