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1 Introduction and preliminaries
Fourier law provides the fundamental principle governing classical heat conduction:

q(x, t) = –κ∇υ(x, t), (1.1)

where t represent the time, x is the Lagrangian coordinates material point, υ is the temper-
ature, measured with respect to a reference temperature, ∇ is the gradient operator, q is the
heat flux and κ is the thermal conductivity of the material which is a thermodynamic state
property. According to equation (1.1), the heat flux is caused by the temperature gradient
at the same material point x and at the same time t. Equation (1.1) and the conservation
law together (assuming for simplicity that no heat sources are present)

jυt + � div q = 0, (1.2)

produces the classical heat transport equation (of parabolic type)

jυt – �κ�υ = 0, (1.3)

Green & Naghdi [6, 7] created a thermoelasticity model that incorporates the tempera-
ture gradient and thermal displacement gradient among the constitutive variables, and

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13661-023-01753-y
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01753-y&domain=pdf
mailto:r.guefaifia@qu.edu.sa
http://creativecommons.org/licenses/by/4.0/


Choucha et al. Boundary Value Problems         (2023) 2023:67 Page 2 of 21

presented a heat conduction law as

q(x, t) = –κ∇υ – κ∗∇r, (1.4)

where rt = υ and r is the thermal displacement gradient and the constants κ and κ∗ are
both positive. The energy balance law (1.2) and equation (1.4) result in the equation

jυtt – κ��υt – κ∗��υ = 0, (1.5)

this allows thermal waves to travel at a finite speed.
Several authors have discussed the interaction between Fourier law of heat conduc-

tion and various systems, and there are numerous outcomes. Examples include the Timo-
shenko system in [9, 13], the Bresse system (Bresse–Fourier) in [5, 10, 15–17], the Bresse
system combined with the Cattaneo law of heat conduction in [14] and the MGT problem
in [1]. We recommend the following papers [2–4, 8] to the reader for more information.

We would like to demonstrate the general decay result in the Fourier space to the Cauchy
issue of the Bresse system in type III thermoelasticity using all of the papers cited above,
particularly [15]. This is one of the earliest papers that we are aware of that look at this
issue in Fourier space.

Therefore, the primary objective of this paper is to investigate the rate at which the
following system’s solutions decay:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ςtt – (ςx – � – l�)x – k2
0 l(�x – lς ) = 0,

�tt – a2
�xx – (ςx – � – l�) + mυx = 0,

�tt – k2
0(�x – lς )x – l(ςx – � – l�) + ℵ1�t +

∫ ℘2
℘1

ℵ2(s)�t(x, t – s) ds = 0,

υtt – k1υxx + β�ttx – k2υtxx = 0,

(1.6)

where

(x, s, t) ∈R× (℘1,℘2) ×R+,

with the initial and boundary conditions

(ς ,ςt ,�,�t ,�,�t ,υ,υt)(x, 0) = (ς0,ς1,�0,�1,�0,�1,υ0,υ1), x ∈R,

�t(x, –t) = f0(x, t), (x, t) ∈ (0, 1) × (0,℘2),
(1.7)

where the functions ς , � and � denote the vertical displacements of the beam, longitu-
dinal displacements and the rotation angle of the linear filaments material, respectively;
a, l, m, k0, k1, k2,ℵ1 and β are positive constants and the function υ is the temperature dif-
ference; the integral represent the distributed delay terms with ℘1,℘2 > 0 being a time
delay, ℵ2 is an L∞ function satisfying:

(H1) ℵ2 : [℘1,℘2] →R is a bounded function satisfying

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ds < ℵ1. (1.8)
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The sections of this paper are as follows: In this section, we apply our assumptions and
preliminary findings to the major decay result. We build the Lyapunov functional and
determine the estimate for the Fourier image in the following section by employing the
energy approach in Fourier space. The conclusion is covered in the final section.

As in [12], we begin by introducing the new variable

Y(x, j , s, t) = �t(x, t – sj ),

then, we get

⎧
⎨

⎩

sYt(x, j , s, t) + Yj (x, j , s, t) = 0,

Y(x, 0, s, t) = �t(x, t),

and utilize the transformation [18]

υ :=
∫ t

0
υ(x, s) ds + χ (x), (1.9)

with a function χ := χ (x) satisfying

k1χxx = υ1 – k2υ0xx + β�1x. (1.10)

We can also write the proposed problem in the form (by writing, υ instead of υ)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ςtt – (ςx – � – l�)x – k2
0 l(�x – lς ) = 0,

�tt – a2
�xx – (ςx – � – l�) + mυtx = 0,

�tt – k2
0(�x – lς )x – l(ςx – � – l�) + ℵ1�t +

∫ ℘2
℘1

ℵ2(s)Y(x, 1, s, t) ds = 0,

υtt – k1υxx + β�tx – k2υtxx = 0,

sYt(x, j , s, t) + Yj (x, j , s, t) = 0,

(1.11)

where

(x, j , s, t) ∈R× (0, 1) × (℘1,℘2) ×R+,

with initial conditions
⎧
⎨

⎩

(ς ,ςt ,�,�t ,�,�t ,υ,υt)(x, 0) = (ς0,ς1,�0,�1,�0,�1,υ(x, 0),υt(x, 0)),

Y(x, j , s, 0) = f0(x, sj ), (x, j , s) ∈R× (0, 1) × (0,℘2),
(1.12)

In order to get the main result, we require the Hausdorff–Young inequality in the following
lemma.

Lemma 1.1 ([11]) For any k,α ≥ 0, c > 0, a constant C > 0 exist in such a way that ∀t ≥ 0
the following estimate hold:

∫

|ı|≤1
|ı|ke–c|ı|α t dı ≤ C(1 + t)–(k+n)/α , ı ∈R

n. (1.13)
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2 Energy method and decay estimates
We will obtain a decay estimate of the Fourier image of the solution for problem
(1.11)–(1.12) in this section. This approach enables us to provide the decay rate of the
solution in the energy space by utilising Plancherel’s theorem along with some integral
estimates, such as Lemma (1.1). Using the energy approach in Fourier space, we create the
proper Lyapunov functionals for this problem. Lastly, we prove our major finding.

2.1 The energy method in the Fourier space
.

Now, we introduce the new variables to construct the Lyapunov functional in the Fourier
space

r = (ςx – � – l�), g = ςt , v = a�x, w = �t

φ = k0(�x – lς ),  = �t , ϑ = υt , σ = υx.
(2.1)

Then, the system (1.11) takes the following form

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rt – gx + w + l = 0,

gt – rx – k0lφ = 0,

vt – ayx = 0,

wt – azx – r + mϑx = 0,

φt – k0x + k0lu = 0,

t – k0φx – lv + ℵ1 +
∫ ℘2
℘1

ℵ2(s)Y(x, 1, s, t) ds = 0,

ϑt – k1σx + βwx – k2ϑxx = 0,

σt – ϑx = 0,

sYt + Yj = 0,

(2.2)

with initial conditions

(r, g, v, w,φ, ,ϑ ,σ ,Y)(x, 0) = (r0, g0, v0, w0,φ0,0,ϑ0,σ0, f0), x ∈ R, (2.3)

where

r0 = (ς0,x – �0 – l�0), g0 = ς1, v0 = a�0,x, w0 = �1,

φ0 = k0(�0,x – lς0), 0 = �1, ϑ0 = υ1, σ0 = υ0,x.

Hence, the problem (2.2)–(2.3) is written as

⎧
⎨

⎩

Zt + AZx + LZ = BZxx,

Z(x, 0) = Z0(x),
(2.4)
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with Z = (r, g, v, w,φ, ,ϑ ,σ ,Y)T , Z0 = (r0, g0, v0, w0,φ0,0,ϑ0,σ0, f0) and

AZ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

–g
–r

–ay
–az + mϑ

–k0

–k0φ

–k1σ + βw
–ϑ

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, LZ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

w + l
–k0lφ

0
r

k0lu
–lv + ℵ1 +

∫ ℘2
℘1

ℵ2(s)Y(x, 1, s, t) ds
0
0

1
s Yj

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

BZ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
0
0
0
0

k2ϑ

0
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(2.5)

Utilizing the Fourier transform to (2.4), we get

⎧
⎨

⎩

Ẑt + iıAẐ + LẐ = –ı2BẐ,

Ẑ(ı, 0) = Ẑ0(ı),
(2.6)

where Ẑ(ı, t) = (̂r, ĝ, v̂, ŵ, φ̂, ̂ , ϑ̂ , σ̂ , Ŷ)T (ı, t). The equation (2.6)1 can be stated as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r̂t – iı̂g + ŵ + l̂ = 0,

ĝt – iı̂r – k0lφ̂ = 0,

v̂t – aiıŵ = 0,

ŵt – aiı̂v – r̂ + miıϑ̂ = 0,

φ̂t – k0iı̂ + k0 l̂g = 0,

̂t – k0iıφ̂ – l̂r + ℵ1̂ +
∫ ℘2
℘1

ℵ2(s)Ŷ(ı, 1, s, t) ds = 0,

ϑ̂t – k1iıσ̂ + βŵ + ı2k2ϑ̂ = 0,

σ̂t – iıϑ̂ = 0,

sŶt + Ŷj = 0.

(2.7)

Lemma 2.1 Suppose that (1.8) holds. Assume that Ẑ(ı, t) is the solution of (2.6), then the
energy functional V̂ (ı, t) is stated as

V̂ (ı, t) =
β

2

{

|̂r|2 + |̂g|2 + |̂v|2 + |ŵ|2 + |φ̂|2 + |̂ |2 +
m
β

|ϑ̂ |2 +
mk1

β
|̂σ |2

}
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+
β

2

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj , (2.8)

satisfies

dV̂ (ı, t)
dt

≤ –C1|̂ |2 – k2mı2|ϑ̂ |2 ≤ 0, (2.9)

where C1 = β(ℵ1 –
∫ ℘2
℘1

|ℵ2(s)|ds) > 0.

Proof First of all, multiplying (2.7)1,2,3,4,5,6 by β̂r,β ĝ,β v̂,βŵ,βφ̂, and β̂ , respectively. Fur-
ther, multiplying (2.7)7,8 by mϑ̂ and k1mσ̂ . Then by adding these equalities and taking the
real part, we obtain

β

2
d
dt

[

|̂r|2 + |̂g|2 + |̂v|2 + |ŵ|2 + |φ̂|2 + |̂ |2 +
m
β

|ϑ̂ |2 +
mk1

β
|̂σ |2

]

dx

+ k2mı2|ϑ̂ |2 + βℵ1|̂ |2 + �e
{

β

∫ ℘2

℘1

ℵ2(s)̂ Ŷ(ı, 1, s, t) ds
}

= 0. (2.10)

In second step, by multiplying (2.7)9 by Ŷ|ℵ2(s)| and integrating the result over (0, 1) ×
(℘1,℘2)

d
dt

β

2

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

= –
β

2

∫ 1

0

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ d

dj

∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

=
β

2

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
(∣
∣Ŷ(ı, 0, s, t)

∣
∣2 –

∣
∣Ŷ(ı, 1, s, t)

∣
∣2)ds

=
β

2

(∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ds

)

|̂ |2 –
β

2

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds, (2.11)

utilizing Young’s inequality, we get

�e
{

β

∫ ℘2

℘1

ℵ2(s)̂ Ŷ(ı, 1, s, t) ds
}

≤ β

2

(∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ds

)

|̂ |2 +
β

2

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds, (2.12)

by substituting (2.11) and (2.12) into (2.10), we find

dV̂ (ı, t)
dt

≤ –β

(

ℵ1 –
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ds

)

|̂ |2 – k2mı2|ϑ̂ |2,

then, by (1.8), ∃C1 = β(ℵ1 –
∫ ℘2
℘1

|ℵ2(s)|ds) > 0 such that

dV̂ (ı, t)
dt

≤ –C1|̂ |2 – k2mı2|ϑ̂ |2 ≤ 0. (2.13)

Hence, we get the required result. �
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The following Lemma is required in order to get the main result.

Lemma 2.2 The functional

D1(ı, t) := �e
{

iı(̂ φ̂ + lφ̂ŵ)
}

, (2.14)

satisfies the following for any ε1 > 0

dD1(ı, t)
dt

≤ –
k0

2
ı2|φ̂|2 + 2ε1

ı2

1 + ı2 |̂g|2 + c(ε1)
(
1 + ı2)|̂ |2

+ c(ε1)
(
1 + ı2)|ŵ|2 + c|ϑ̂ |2

+ c
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.15)

Proof By differentiating D1 and using (2.7), we get

dD1(ı, t)
dt

= �e{iı̂tφ̂ – iıφ̂t̂ + iılφ̂tŵ – iılŵtφ̂}

= –k0ı
2|φ̂|2 + k0ı

2|̂ |2 – �e{iℵ1ı̂ φ̂} + �e
{

alı 2̂vφ̂
}

+ �e{ik0lı̂ĝ } – �e
{

k0lı2̂ ŵ
}

– �e
{

ik0l2 ı̂gŵ
}

– �e
{

mlı2ϑ̂ φ̂
}

– �e
{

iı
∫ ℘2

℘1

ℵ2(s)φ̂Ŷ(ı, 1, s, t) ds
}

. (2.16)

The terms in the RHS of (2.16) are obtained by utilizing the Young’s inequality. For any
ε1, δ1, δ2 > 0, we have

–�e{iℵ1ı̂ φ̂} ≤ δ1ı
2|φ̂|2 + c(δ1)|̂ |2,

�e{ik0lı̂ĝ } ≤ ε1
ı2

1 + ı2 |̂g|2 + c(ε1)
(
1 + ı2)|̂ |2,

–�e{lk0ı̂ ŵ} ≤ cı2|ŵ|2 + c|̂ |2,

–�e
{

ik0l2 ı̂gŵ
} ≤ ε1

ı2

1 + ı2 |̂g|2 + c(ε1)
(
1 + ı2)|ŵ|2,

�e
{

alı 2̂vφ̂
} ≤ δ1ı

2|φ̂|2 + c(δ1)ı2 |̂v|2,

–�e
{

mlı2ϑ̂ φ̂
} ≤ δ1ı

2|φ̂|2 + c(δ1)ı2|ϑ̂ |2,

–�e
{

iı
∫ ℘2

℘1

ℵ2(s)φ̂Ŷ(ı, 1, s, t) ds
}

≤ δ2ℵ1ı
2|φ̂|2 + c(δ2)

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds.

(2.17)

Inserting the above estimates (2.17) into (2.16) and by letting δ1 = k0
12 , δ2 = k0

4ℵ1
, we get the

required (2.15). �

Lemma 2.3 The functional

D2(ı, t) := �e
{

iı(ak1ϑ̂ σ̂ + aβϑ̂ŵ + 2k1̂vσ̂ )
}

, (2.18)
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satisfies the following for any ε2, ε3 > 0

dD2(ı, t)
dt

≤ –
ak2

1
2

ı2 |̂σ |2 –
aβ2

2
ı2|ŵ|2 + ε2ı

2 |̂r|2 + ε3ı
2 |̂v|2

+ c(ε2, ε3)
(
1 + ı2 + ı4)|ϑ̂ |2. (2.19)

Proof By differentiating D2 and using (2.7), we get

D2(ı, t)
dt

= �e{iıak1ϑ̂tσ̂ – iıak1σ̂tϑ̂ – iıβaϑ̂tŵ + iıβaŵtϑ̂}

+ �e{2iıβk1̂vtσ̂ – 2iıβk1σ̂t̂v}
= –ak1ı

2 |̂σ |2 – aβ2ı2|ŵ|2 + a(k1 + mβ)ı2|ϑ̂ |2

+ �e
{
βı2(2k1 – a2)v̂ϑ̂

}
+ �e{iaβı̂rϑ̂}

– �e
{

iak1k2ı
3ϑ̂ σ̂

}
+ �e

{
iaβk2ı

3ϑ̂ŵ
}

. (2.20)

The terms in the RHS of (2.20) are obtained by utilizing Young’s inequality. Next, for any
ε2, ε3, δ3, δ4 > 0, we can find

�e{iaβı̂rϑ̂} ≤ ε2ı
2 |̂r|2 + c(ε2)|ϑ̂ |2,

�e
{
βı2(2k1 – a2)v̂ϑ̂

} ≤ ε3ı
2 |̂v|2 + c(ε3)|ϑ̂ |2,

–�e
{

iak1k2ı
3ϑ̂ σ̂

} ≤ δ3ı
2 |̂σ |2 + c(δ3)ı4|ϑ̂ |2,

�e
{

iaβk2ı
3ϑ̂ŵ

} ≤ δ4ı
2|ŵ|2 + c(δ4)ı4|ϑ̂ |2.

(2.21)

By substituting (2.21) into (2.20) and letting δ3 = ak2
1

2 , δ4 = aβ2

2 , we get (2.19). �

Lemma 2.4 The functional

D3(ı, t) := �e{φ̂ĝ}, (2.22)

satisfies the below for any ε4 > 0

dD3(ı, t)
dt

≤ –
k0l2

2
|̂g|2 + ε4 |̂r|2 + cı2|̂ |2 + c(ε4)

(
1 + ı2)|φ̂|2. (2.23)

Proof By differentiating D3 and using (2.7), we have

D3(ı, t)
dt

= �e{φ̂t̂g + ĝtφ̂}

= – k0l|̂g|2 + k0l|φ̂|2

+ �e{ik0ı̂ ĝ} + �e{iı̂rφ̂}. (2.24)
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The last two terms in the RHS of (2.24) are obtained by Young’s inequality, which we solve
for any ε4, δ5 > 0

�e{ik0ı̂ ĝ} ≤ δ5 |̂g|2 + c(δ5)ı2|̂ |2,

�e{iı̂rφ̂} ≤ ε4 |̂r|2 + c(ε4)ı2|φ̂|2.
(2.25)

By substituting (2.25) into (2.24) and letting δ5 = k0l2
2 , we obtained (2.23). �

Next, we have the following lemma.

Lemma 2.5 The functional

D4(ı, t) := alF1(ı, t) – ı2F2(ı, t), (2.26)

where

F1(ı, t) := �e
{

iı(lŵ̂v + v̂̂ )
}

and F2(ı, t) := �e
{

(ŵ̂r + âĝv)
}

, (2.27)

satisfies
(1) For a = 1. Then,

dD4(ı, t)
dt

≤ –
a2l2

2
ı2 |̂v|2 –

1
2
ı2 |̂r|2 + c|̂ |2 +

(
1 + a2l2)ı2|ŵ|2

+ c
(
ı2 + ı4)|ϑ̂ |2 + c

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.28)

(2) For a �= 1. Then, for any ε5 > 0

dD4(ı, t)
dt

≤ –
a2l2

2
ı2 |̂v|2 –

1
2
ı2 |̂r|2 + ε5

ı4

(1 + ı2)2 |̂g|2 + c(ε5)ı2(1 + ı2)2|ŵ|2

+ c
(
1 + ı2)|̂ |2 + c

(
ı2 + ı4)|ϑ̂ |2

+ c
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.29)

Proof Firstly, by differentiating F1,F2 and using (2.7), we get

dF1(ı, t)
dt

= �e{iılŵt̂v – iı l̂vtŵ + iı̂vt̂ – iı̂t̂v}

= –alı2 |̂v|2 + alı2|ŵ|2 + �e{iℵ1ı̂ v̂} – �e
{

aı2ŵ̂
}

+ �e
{

k0ı
2φ̂̂v

}
+ �e

{
mlı2ϑ̂ v̂

}

+ �e
{

iı
∫ ℘2

℘1

ℵ2(s)̂vŶ(ı, 1, s, t) ds
}

, (2.30)

and

dF2(ı, t)
dt

= �e{ŵt̂r + r̂tŵ + âvt̂g + âgt̂v}
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= –|ŵ|2 + |̂r|2 + �e
{

i
(
a2 – 1

)
ıŵ̂g

}
– �e{imıϑ̂ r̂}

– �e{l̂ ŵ} + �e{alk0φ̂̂v}. (2.31)

Now, differentiating D4 and by (2.30) and (2.31), we have

dD4(ı, t)
dt

= –a2l2ı2 |̂v|2 – ı2 |̂r|2 +
(
1 + a2l2)ı2|ŵ|2 + �e{ialℵ1ı̂ v̂}

+ �e
{

i
(
1 – a2)ı3ŵ̂g

}
+ �e

{
imı3ϑ̂ r̂

}
+ �e

{
l
(
1 – a2)ı2̂ ŵ

}

+ �e
{

aml2ı2ϑ̂ v̂
}

+ �e
{

ialı
∫ ℘2

℘1

ℵ2(s)̂vŶ(ı, 1, s, t) ds
}

. (2.32)

At this point, we discuss two cases:
Case 1. (a = 1).
In this case, by applying the Young’s inequality to the terms on the RHS of (2.32). Then,

for any δ6, δ7, δ8 > 0, we get

�e{ialℵ1ı̂ v̂} ≤ δ6ı
2 |̂v|2 + c(δ6)|̂ |2,

�e
{

imı3ϑ̂ r̂
} ≤ δ7ı

2 |̂r|2 + c(δ7)ı4|ϑ̂ |2,

�e
{

aml2ı2ϑ̂ v̂
} ≤ δ6ı

2 |̂v|2 + c(δ6)ı2|ϑ̂ |2,

�e
{

iı
∫ ℘2

℘1

ℵ2(s)̂vŶ(ı, 1, s, t) ds
}

≤ δ8ℵ1ı
2 |̂v|2 + c(δ8)

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds.

(2.33)

Inserting the above estimates of (2.33) into (2.32).
Finally, by letting δ6 = a2l2

8 , δ7 = 1
2 , δ8 = a2l2

4ℵ1
, we obtained (2.28).

Case 2. (a �= 1).
In this case, using the Young’s inequality to the terms on the RHS of (2.32) for any

ε5, δ9, δ10, δ11 > 0 gives

�e{ialℵ1ı̂ v̂} ≤ δ9ı
2 |̂v|2 + c(δ9)|̂ |2,

�e
{

i
(
1 – a2)ı3ŵ̂g

} ≤ ε5
ı4

(1 + ı2)2 |̂g|2 + c(ε5)ı2(1 + ı2)2|ŵ|2,

�e
{

imı3ϑ̂ r̂
} ≤ δ10ı

2 |̂r|2 + c(δ10)ı4|ϑ̂ |2,

�e
{

l
(
1 – a2)ı2̂ ŵ

} ≤ cı2|̂ |2 + cı2|ŵ|2,

�e
{

aml2ı2ϑ̂ v̂
} ≤ δ9ı

2 |̂v|2 + c(δ9)ı2|ϑ̂ |2,

�e
{

iı
∫ ℘2

℘1

ℵ2(s)̂vŶ(ı, 1, s, t) ds
}

≤ δ11ℵ1ı
2 |̂v|2 + c(δ11)

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds.

(2.34)

Inserting (2.34) into (2.32), and letting δ9 = a2l2
8 , δ10 = 1

2 , δ11 = a2l2
4ℵ1

, we get (2.29. The proof
of Lemma 2.5 is completed. �
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Now, introducing the following functional.

Lemma 2.6 The functional

D5(ı, t) :=
∫ 1

0

∫ ℘2

℘1

se–sj ∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj ,

satisfies

dD5(ı, t)
dt

≤ –ζ1

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj + ℵ1|̂ |2

– ζ1

∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds, (2.35)

where ζ1 > 0.

Proof By differentiating D5 with respect to t and utilizing (2.7)9, we have

dD5(ı, t)
dt

= –
∫ 1

0

∫ ℘2

℘1

se–sj ∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

–
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
[
e–s∣∣Ŷ(ı, 1, s, t)

∣
∣2 –

∣
∣Ŷ(ı, 0, s, t)

∣
∣2]ds.

Using Y(ı, 0, s, t) = �t(ı, t) =  , & e–s ≤ e–sj ≤ 1, ∀ 0 < j < 1, we have

dD5(ı, t)
dt

≤ –
∫ 1

0

∫ ℘2

℘1

se–s∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

–
∫ ℘2

℘1

e–s∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds +

(∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣ds

)

|̂ |2.

Next, we have –e–s ≤ –e–℘2 , for all s ∈ [℘1,℘2], since –e–s is an increasing function. As-
suming that ζ1 = e–℘2 and remembering (1.8), we obtain (2.35). �

We define the Lyapunov functionals at this point
• For a = 1:

K1(ı, t) := NV̂ (ı, t) + N1
ı4

(1 + ı2)3 D1(ı, t) + N2
ı2

(1 + ı2)2 D2(ı, t)

+ N3
ı6

(1 + ı2)4 D3(ı, t) + N4
ı2

(1 + ı2)2 D4(ı, t) + N5D5(ı, t). (2.36)

• For a �= 1:

K2(ı, t) := MV̂ (ı, t) + M1
ı4

(1 + ı2)6 D1(ı, t) + M2
ı2

(1 + ı2)3 D2(ı, t)

+ M3
ı6

(1 + ı2)7 D3(ı, t) + M4
ı2

(1 + ı2)5 D4(ı, t) + M5D5(ı, t), (2.37)

where N , M, Ni, Mi, i = 1, . . . , 5 are positive constants and will be selected later.
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Lemma 2.7 There exist μi > 0, i = 1, . . . , 6 such that the functionals K1(ı, t) and K2(ı, t)
given by (2.36) and (2.37) satisfies

• For a = 1:
⎧
⎨

⎩

μ1V̂ (ı, t) ≤K1(ı, t) ≤ μ2V̂ (ı, t),

K′
1(ı, t) ≤ –μ3j1(ı)K1(ı, t), ∀t > 0.

(2.38)

• For a �= 1:

⎧
⎨

⎩

μ4V̂ (ı, t) ≤K2(ı, t) ≤ μ5V̂ (ı, t),

K′
2(ı, t) ≤ –μ6j2(ı)K2(ı, t), ∀t > 0,

(2.39)

where

j1(ı) =
ı6

(1 + ı2)4 and j2(ı) =
ı6

(1 + ı2)7 . (2.40)

Proof First, by differentiating (2.36) and using (2.9), (2.15), (2.19), (2.23), (2.28) and (2.35)
with the fact that ı2

1+ı2 ≤ min{1, ı2} and 1
1+ı2 ≤ 1, we have

K′
1(ı, t) ≤ –

ı6

(1 + ı2)4

[
k0l2

2
N3 – 2ε1N1

]

|̂g|2

–
ı4

(1 + ı2)2

[
1
2

N4 – ε2N2 – ε4N3

]

|̂r|2

–
ı4

(1 + ı2)2

[
aβ2

2
N2 – c(ε1)N1 – cN4

]

|ŵ|2

–
ı4

(1 + ı2)2

[
a2l2

2
N4 – ε3N2

]

|̂v|2

–
ı6

(1 + ı2)3

[
k0

2
N1 – c(ε4)N3

]

|φ̂|2 –
ı4

(1 + ı2)2

[
ak2

1
2

N2

]

|̂σ |2

– ı2[mk2N – cN1 – c(ε2, ε3)N2 – cN4
]|ϑ̂ |2

–
[
C1N – c(ε1)N1 – cN3 – cN4 – ℵ1N5

]|̂ |2

– ζ1N5

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

– [ζ1N5 – cN1 – cN4]
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.41)

By setting

ε1 =
k0l2N3

8N1
, ε2 =

N4

8N2
, ε3 =

a2l2N4

4N2
, ε4 =

N4

8N3
.

We obtain the following

K′
1(ı, t) ≤ –

ı6

(1 + ı2)4

[
k0l2

4
N3

]

|̂g|2 –
ı4

(1 + ı2)2

[
1
4

N4

]

|̂r|2
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–
ı4

(1 + ı2)2

[
aβ2

2
N2 – c(N1, N3)N1 – cN4

]

|ŵ|2

–
ı4

(1 + ı2)2

[
a2l2

4
N4

]

|̂v|2 –
ı4

(1 + ı2)2

[
ak2

1
2

N2

]

|̂σ |2

–
ı6

(1 + ı2)3

[
k0

2
N1 – c(N3, N4)N3

]

|φ̂|2

– ı2[mk2N – cN1 – c(N2, N4)N2 – cN4
]|ϑ̂ |2

–
[
C1N – c(N1, N3)N1 – cN3 – cN4 – ℵ1N5

]|̂ |2

– ζ1N5

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

– [ζ1N5 – cN1 – cN4]
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.42)

Next, we fix N3, N4 and choose N1 large enough such that

k0

2
N1 – c(N3, N4)N3 > 0,

then, we pick N2 and N5 large enough in such a way that

aβ2

2
N2 – c(N1, N3)N1 – cN4 > 0,

ζ1N5 – cN1 – cN4 > 0.

Hence, we have

K′
1(ı, t) ≤ – α0

ı6

(1 + ı2)4 |̂g|2 – α5
ı6

(1 + ı2)3 |φ̂|2 – ı2[mk2N – c]|ϑ̂ |2

–
ı4

(1 + ı2)2

(
α1 |̂r|2 + α2|ŵ|2 + α3 |̂v|2 + α4 |̂σ |2) – [C1N – c]|̂ |2

– α6

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj . (2.43)

Secondly, we have

∣
∣K1(ı, t) – NV̂ (ı, t)

∣
∣ = N1

ı4

(1 + ı2)3

∣
∣D1(ı, t)

∣
∣ + N2

ı2

(1 + ı2)2

∣
∣D2(ı, t)

∣
∣

+ N3
ı6

(1 + ı2)4

∣
∣D3(ı, t)

∣
∣ + N4

ı2

(1 + ı2)2

∣
∣D4(ı, t)

∣
∣ + N5

∣
∣D5(ı, t)

∣
∣

≤ aN1
ı4

(1 + ı2)3

∣
∣�e

{
iı(̂ φ̂ + lφ̂ŵ)

}∣
∣

+ N2
ı2

(1 + ı2)2

∣
∣�e

{
iı(ak1ϑ̂ σ̂ + aβϑ̂ŵ + 2k1̂vσ̂ )

}∣
∣

+ N3
ı6

(1 + ı2)4

∣
∣�e{φ̂ĝ}∣∣



Choucha et al. Boundary Value Problems         (2023) 2023:67 Page 14 of 21

+ N4
ı2

(1 + ı2)2

∣
∣�e

{
iı(lŵ̂v + v̂̂ )

}∣
∣

+ N4
ı2

(1 + ı2)2

∣
∣�e

{
(ŵ̂r + âĝv)

}∣
∣

+ N5

∫ 1

0

∫ ℘2

℘1

se–sj ∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj .

By utilizing Young’s inequality, the fact that ı2

1+ı2 ≤ min{1, ı2} and 1
1+ı2 ≤ 1, we find

∣
∣K1(ı, t) – NV̂ (ı, t)

∣
∣ ≤ cV̂ (ı, t).

Hence, we get

(N – c)V̂ (ı, t) ≤K1(ı, t) ≤ (N + c)V̂ (ı, t). (2.44)

Now, we choose N large enough in such a way that

N – c > 0, C1N – c > 0, mk2N – c > 0,

and utilizing (2.8), estimates (2.43) and (2.44), respectively.
One can find a positive constant α > 0, then ∀ t > 0 & ∀ ı ∈R, we obtain

μ1V̂ (ı, t) ≤K1(ı, t) ≤ μ2V̂ (ı, t). (2.45)

and

K′
1(ı, t) ≤ – α

ı6

(1 + ı2)4

(

|̂g|2 + |φ̂|2 + |ϑ̂ |2 + |̂r|2 + |ŵ|2 + |̂v|2 + |̂σ |2 + |̂ |2

+
∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

)

, (2.46)

then

K′
1(ı, t) ≤ –λ1j1(ı)V̂ (ı, t), ∀t ≥ 0. (2.47)

Therefore, for some positive constant μ3 = λ1
μ2

> 0, we get

K′
1(ı, t) ≤ –μ3j1(ı)K1(ı, t), ∀t ≥ 0, (2.48)

where j1(ı) = ı6

(1+ı2)4 , for some λ1,μi > 0, i = 1, 2, 3. The proof of the first result (2.38) is
finished.

Before the proof of the second result (2.39). In the estimates (2.21), we used the inequal-
ities

�e{iaβı̂rϑ̂} ≤ ε2
ı2

(1 + ı2)2 |̂r|2 + c(ε2)
(
1 + ı2)2|ϑ̂ |2,

�e
{
βı2(2k1 – a2)v̂ϑ̂

} ≤ ε3
ı2

(1 + ı2)2 |̂v|2 + c(ε3)
(
1 + ı2)2|ϑ̂ |2. (2.49)
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Hence, the estimate (2.19) can also be written as

dD2(ı, t)
dt

≤ –
ak2

1
2

ı2 |̂σ |2 –
aβ2

2
ı2|ŵ|2 + ε2

ı2

(1 + ı2)2 |̂r|2

+ ε3
ı2

(1 + ı2)2 |̂v|2 + c(ε2, ε3)
(
1 + ı2)2|ϑ̂ |2. (2.50)

Similarly, we can prove the second result.
So, we derive (2.37) and by using (2.9), (2.15), (2.50), (2.23), (2.29) and (2.35) with the

fact that ı2

1+ı2 ≤ min{1, ı2} and 1
1+ı2 ≤ 1, we get

K′
2(ı, t) ≤ –

ı6

(1 + ı2)7

[
k0l2

2
M3 – 2ε1M1 – ε5M4

]

|̂g|2

–
ı4

(1 + ı2)5

[
1
2

M4 – ε2M2 – ε4M3

]

|̂r|2

–
ı4

(1 + ı2)3

[
aβ2

2
M2 – c(ε1)M1 – cM4

]

|ŵ|2

–
ı4

(1 + ı2)5

[
a2l2

2
M4 – ε3M2

]

|̂v|2

–
ı6

(1 + ı2)6

[
k0

2
M1 – c(ε4)M3

]

|φ̂|2 –
ı4

(1 + ı2)3

[
ak2

1
2

M2

]

|̂σ |2

– ı2[mk2M – cM1 – c(ε2, ε3)M2 – cM4
]|ϑ̂ |2

–
[
C1M – c(ε1)M1 – cM3 – cM4 – ℵ1M5

]|̂ |2

– ζ1M5

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

– [ζ1M5 – cM1 – cM4]
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.51)

By setting

ε1 =
k0l2M3

16M1
, ε2 =

M4

8M2
, ε3 =

a2l2M4

4M2
, ε4 =

M4

8M3
, ε5 =

k0l2M3

8M4
,

we obtain the following

K′
2(ı, t) ≤ –

ı6

(1 + ı2)7

[
k0l2

4
M3

]

|̂g|2 –
ı4

(1 + ı2)5

[
1
4

M4

]

|̂r|2

–
ı4

(1 + ı2)3

[
aβ2

2
M2 – c(M1, M3)M1 – cM4

]

|ŵ|2

–
ı4

(1 + ı2)5

[
a2l2

4
M4

]

|̂v|2 –
ı4

(1 + ı2)3

[
ak2

1
2

M2

]

|̂σ |2

–
ı6

(1 + ı2)6

[
k0

2
M1 – c(M3, M4)M3

]

|φ̂|2

– ı2[mk2M – cM1 – c(M2, M4)M2 – cM4
]|ϑ̂ |2
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–
[
C1M – c(M1, M3)M1 – cM3 – cM4 – ℵ1M5

]|̂ |2

– ζ1M5

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

– [ζ1M5 – cM1 – cM4]
∫ ℘2

℘1

∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, 1, s, t)

∣
∣2 ds. (2.52)

Next, we fix M3, M4 and choose M1 large enough such that

k0

2
M1 – c(M3, M4)M3 > 0,

then, we select M2, M5 large enough such that

aβ2

2
M2 – c(M1, M3)M1 – cM4 > 0,

ζ1M5 – cM1 – cM4 > 0.

Hence, we arrive at

K′
2(ı, t) ≤ –κ0

ı6

(1 + ı2)7 |̂g|2 – κ5
ı6

(1 + ı2)6 |φ̂|2 – ı2[mk2M – c]|ϑ̂ |2

–
ı4

(1 + ı2)5

(
κ1 |̂r|2 + κ3 |̂v|2

)
–

ı4

(1 + ı2)3

(
κ2|ŵ|2 + κ4 |̂σ |2)

– [C1M – c]|̂ |2 – κ6

∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj . (2.53)

On the other hand, we have

∣
∣K2(ı, t) – MV̂ (ı, t)

∣
∣ = M1

ı4

(1 + ı2)6

∣
∣D1(ı, t)

∣
∣ + M2

ı2

(1 + ı2)3

∣
∣D2(ı, t)

∣
∣

+ M3
ı6

(1 + ı2)7

∣
∣D3(ı, t)

∣
∣ + M4

ı2

(1 + ı2)5

∣
∣D4(ı, t)

∣
∣ + M5

∣
∣D5(ı, t)

∣
∣

≤ aM1
ı4

(1 + ı2)6

∣
∣�e

{
iı(̂ φ̂ + lφ̂ŵ)

}∣
∣

+ M2
ı2

(1 + ı2)3

∣
∣�e

{
iı(ak1ϑ̂ σ̂ + aβϑ̂ŵ + 2k1̂vσ̂ )

}∣
∣

+ M3
ı6

(1 + ı2)7

∣
∣�e{φ̂ĝ}∣∣

+ M4
ı2

(1 + ı2)5

∣
∣�e

{
iı(lŵ̂v + v̂̂ )

}∣
∣

+ M4
ı2

(1 + ı2)5

∣
∣�e

{
(ŵ̂r + âĝv)

}∣
∣

+ M5

∫ 1

0

∫ ℘2

℘1

se–sj ∣∣ℵ2(s)
∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj .
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Utilizing Young’s inequality, and the fact that ı2

1+ı2 ≤ min{1, ı2} and 1
1+ı2 ≤ 1, we find

∣
∣K2(ı, t) – MV̂ (ı, t)

∣
∣ ≤ cV̂ (ı, t).

Hence, we get

(M – c)V̂ (ı, t) ≤K2(ı, t) ≤ (M + c)V̂ (ı, t). (2.54)

Now, we choose M large enough in such a way that

M – c > 0, C1M – c > 0, mk2M – c > 0,

using (2.8), we get (2.53) and (2.54), respectively. One can find a positive constant κ > 0,
then ∀ t > 0 & ∀ ı ∈R, we get

μ4V̂ (ı, t) ≤K2(ı, t) ≤ μ5V̂ (ı, t). (2.55)

and

K′
2(ı, t) ≤ –κ

ı6

(1 + ı2)7

(

|̂g|2 + |φ̂|2 + |ϑ̂ |2 + |̂r|2 + |ŵ|2 + |̂v|2 + |̂σ |2 + |̂ |2

+
∫ 1

0

∫ ℘2

℘1

s
∣
∣ℵ2(s)

∣
∣
∣
∣Ŷ(ı, j , s, t)

∣
∣2 ds dj

)

. (2.56)

then

K′
2(ı, t) ≤ –λ2j2(ı)V̂ (ı, t), ∀t ≥ 0. (2.57)

Therefore, for some positive constant μ6 = λ2
μ5

> 0, we get

K′
2(ı, t) ≤ –μ6j2(ı)K2(ı, t), ∀t ≥ 0, (2.58)

where j2(ı) = ı6

(1+ı2)7 , for some λ2,μi > 0, i = 4, 5, 6. The proof of the second result (2.39) is
finished. �

The pointwise estimates of the functional V̂ (ı, t) are given in the following result.

Proposition 2.8 Suppose (1.8) holds. Then, for any t ≥ 0 and ı ∈ R, there exist a positive
constants d1, d2 > 0 such that the energy functional stated by (2.8) holds

⎧
⎨

⎩

V̂ (ı, t) ≤ d1V̂ (ı, 0)e–μ3j1(ı)t if a = 1,

V̂ (ı, t) ≤ d2V̂ (ı, 0)e–μ6j2(ı)t if a �= 1,
(2.59)

where j1(ı) = ı6

(1+ı2)4 , j2(ı) = ı6

(1+ı2)7 .
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Proof From (2.38)2 and (2.39)2, we have

K1(ı, t) ≤K1(ı, 0)e–μ3j1(ı)t , ∀t ≥ 0, if a = 1 (2.60)

K2(ı, t) ≤K2(ı, 0)e–μ6j2(ı)t , ∀t ≥ 0, if a �= 1. (2.61)

Hence, according of (2.38)1, (2.39)1 and (2.60), (2.61), we established (2.59). �

2.2 Decay estimates
Now, we will show the following important result.

Theorem 2.9 Let s be a nonnegative integer, and Z0 ∈ Hs(R) ∩ L1(R). Then, the solution
Z of problem (2.2)–(2.3) holds, ∀ t ≥ 0 the following decay estimates

• For a = 1

∥
∥∂k

x Z(t)
∥
∥

2 ≤ C‖Z0‖1(1 + t)– 1
12 – k

6 + C(1 + t)– �
2
∥
∥∂k+�

x Z0
∥
∥

2 (2.62)

• For a �= 1

∥
∥∂k

x Z(t)
∥
∥

2 ≤ C‖Z0‖1(1 + t)– 1
12 – k

6 + C(1 + t)– �
8
∥
∥∂k+�

x Z0
∥
∥

2, (2.63)

where � and k are nonnegative integers k + � ≤ s and C > 0 is a positive constant.

Proof From (2.8), we get |Ẑ(ı, t)|2 ∼ V̂ (ı, t).
• If a = 1, then by using the Plancherel theorem and (2.59)1, we have

∥
∥∂k

x Z(t)
∥
∥2

2 =
∫

R

|ı|2k∣∣Ẑ(ı, t)
∣
∣2 dı

≤ c
∫

R

|ı|2ke–μ3j1(ı)t∣∣Ẑ(ı, 0)
∣
∣2 dı

≤ c
∫

|ı|≤1
|ı|2ke–μ3j1(ı)t∣∣Ẑ(ı, 0)

∣
∣2 dı

︸ ︷︷ ︸
R1

+ c
∫

|ı|≥1
|ı|2ke–μ3j1(ı)t∣∣Ẑ(ı, 0)

∣
∣2 dı

︸ ︷︷ ︸
R2

. (2.64)

Now, we estimate R1, R2, the low-frequency part |ı| ≤ 1 and the high-frequency part
|ı| ≥ 1, respectively. First, we have j1(ı) ≥ 1

16 ı6, for |ı| ≤ 1. Then

R1 ≤ c
∫

|ı|≤1
|ı|2ke– μ3

16 |ı|6t∣∣Ẑ(ı, 0)
∣
∣2 dı

≤ c sup
|ı|≤1

{∣
∣Ẑ(ı, 0)

∣
∣2}

∫

|ı|≤1
|ı|2ke– μ3

16 |ı|6t dı, (2.65)

by utilizing Lemma 1.1, we get

R1 ≤ c sup
|ı|≤1

{∣
∣Ẑ(ı, 0)

∣
∣2}(1 + t)– k

3 – 1
6
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≤ c‖Z0‖2
1(1 + t)– k

3 – 1
6 . (2.66)

Secondly, we have j1(ı) ≥ 1
16 ı–2, for |ı| ≥ 1. Then

R2 ≤ c
∫

|ı|≥1
|ı|2ke– μ3

16 |ı|–2t∣∣Ẑ(ı, 0)
∣
∣2 dı, ∀t ≥ 0. (2.67)

Then, through the inequality

sup
|ı|≥1

{|ı|–2�e–c 1
16 |ı|–2t} ≤ C(1 + t)–�, (2.68)

we get that

R2 ≤ c sup
|ı|≥1

{|ı|–2�e– μ3
16 |ı|–2t}

∫

|ı|≥1
|ı|2(k+�)∣∣Ẑ(ı, 0)

∣
∣2 dı

≤ c(1 + t)–�
∥
∥∂k+�

x Z(x, 0)
∥
∥2

2, ∀t ≥ 0. (2.69)

Substituting (2.66) and (2.69) into (2.64), we find (2.62).
• If a �= 1, similar to the first estimate, we apply the Plancherel theorem and using

(2.59)2, we get

∥
∥∂k

x Z(t)
∥
∥2

2 =
∫

R

|ı|2k∣∣Ẑ(ı, t)
∣
∣2 dı

≤ c
∫

R

|ı|2ke–μ6j2(ı)t∣∣Ẑ(ı, 0)
∣
∣2 dı

≤ c
∫

|ı|≤1
|ı|2ke–μ6j2(ı)t∣∣Ẑ(ı, 0)

∣
∣2 dı

︸ ︷︷ ︸
R3

+ c
∫

|ı|≥1
|ı|2ke–μ6j2(ı)t∣∣Ẑ(ı, 0)

∣
∣2 dı

︸ ︷︷ ︸
R4

. (2.70)

Now, we estimate R3, R4, the low-frequency part |ı| ≤ 1 and the high-frequency part
|ı| ≥ 1, respectively. First, we have j2(ı) ≥ 1

64 ı6, for |ı| ≤ 1. Then

R3 ≤ c
∫

|ı|≤1
|ı|2ke– μ6

64 |ı|6t∣∣Ẑ(ı, 0)
∣
∣2 dı

≤ c sup
|ı|≤1

{∣
∣Ẑ(ı, 0)

∣
∣2}

∫

|ı|≤1
|ı|2ke– μ6

64 |ı|6t dı, (2.71)

by utilizing Lemma 1.1, we get

R3 ≤ c sup
|ı|≤1

{∣
∣Ẑ(ı, 0)

∣
∣2}(1 + t)– k

3 – 1
6

≤ c‖Z0‖2
1(1 + t)– k

3 – 1
6 . (2.72)



Choucha et al. Boundary Value Problems         (2023) 2023:67 Page 20 of 21

Secondly, we have j2(ı) ≥ 1
64 ı–8, for |ı| ≥ 1. Then

R4 ≤ c
∫

|ı|≥1
|ı|2ke– μ6

64 |ı|–8t∣∣Ẑ(ı, 0)
∣
∣2 dı, ∀t ≥ 0. (2.73)

By (2.68), we find

R4 ≤ c sup
|ı|≥1

{|ı|–2�e– μ6
64 |ı|–8t}

∫

|ı|≥1
|ı|2(k+�)∣∣Ẑ(ı, 0)

∣
∣2 dı

≤ c(1 + t)– �
4
∥
∥∂k+�

x Z(x, 0)
∥
∥2

2, ∀t ≥ 0. (2.74)

Substituting (2.72) and (2.74) into (2.70), we obtain (2.63).
�

3 Conclusion
The investigation of the general decay estimate of Bresse–Fourier system solutions with
respect to the distributed delay term is the goal of this work, which employs the energy
technique in Fourier space.

The different process that results from the distributed delay, which determines the for-
mation of this term in the system in Fourier space, is what concerns us in the current
work.

In the upcoming works, we will try the same approach in the same systems, but with
various memory types; we anticipate getting results that are comparable.
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