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1 Introduction and preliminaries
Fourier law provides the fundamental principle governing classical heat conduction:

Q(x, t) = —KVU(?C, t): (11)

where ¢ represent the time, x is the Lagrangian coordinates material point, v is the temper-
ature, measured with respect to areference temperature, V is the gradient operator, g is the
heat flux and « is the thermal conductivity of the material which is a thermodynamic state
property. According to equation (1.1), the heat flux is caused by the temperature gradient
at the same material point x and at the same time ¢. Equation (1.1) and the conservation
law together (assuming for simplicity that no heat sources are present)

Jus +odivg =0, (1.2)
produces the classical heat transport equation (of parabolic type)
Jur—okAv =0, (1.3)

Green & Naghdi [6, 7] created a thermoelasticity model that incorporates the tempera-
ture gradient and thermal displacement gradient among the constitutive variables, and
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presented a heat conduction law as
q(x,t) = —kVv —k*Vr, (1.4)

where r, = v and r is the thermal displacement gradient and the constants « and «* are
both positive. The energy balance law (1.2) and equation (1.4) result in the equation

JUg — koA, —k*0Av =0, (1.5)

this allows thermal waves to travel at a finite speed.

Several authors have discussed the interaction between Fourier law of heat conduc-
tion and various systems, and there are numerous outcomes. Examples include the Timo-
shenko system in [9, 13], the Bresse system (Bresse—Fourier) in [5, 10, 15-17], the Bresse
system combined with the Cattaneo law of heat conduction in [14] and the MGT problem
in [1]. We recommend the following papers [2—4, 8] to the reader for more information.

We would like to demonstrate the general decay result in the Fourier space to the Cauchy
issue of the Bresse system in type III thermoelasticity using all of the papers cited above,
particularly [15]. This is one of the earliest papers that we are aware of that look at this
issue in Fourier space.

Therefore, the primary objective of this paper is to investigate the rate at which the
following system’s solutions decay:

S — (S_x -h- ls)x - kgl(sx - lg) =0,

het — %Py — (¢ — B = IX) + mu, = 0,

. (1.6)
St =k (Fa = 16)x = Ugw = T = I3) + W13 + [ Ro(8)(x, £ — 5) ds = 0,
Ut — kl Uxx + ,Bhttx - kZUtxx =0,
where
(x,s, t) eR x (6{)1,6{)2) X R+1
with the initial and boundary conditions
(65 6o 1 ity 3, 31,0, U) (%, 0) = (S0, 15 oy i, S0, 1,00, 11), % €R, (L.7)

St(x’ _t) :ﬁ)(xr t)r (x, t) € (01 1) X (01 6/*)2)¢

where the functions ¢, I and / denote the vertical displacements of the beam, longitu-
dinal displacements and the rotation angle of the linear filaments material, respectively;
a,l,m, ko, k1, k2,81 and B are positive constants and the function v is the temperature dif-
ference; the integral represent the distributed delay terms with g1, g, > O being a time
delay, 8, is an L* function satisfying:

(H1) R, : [¢1, 2] — R is a bounded function satisfying

2
/ [Ra(s)| ds < R;. (1.8)
2]

1
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The sections of this paper are as follows: In this section, we apply our assumptions and
preliminary findings to the major decay result. We build the Lyapunov functional and
determine the estimate for the Fourier image in the following section by employing the
energy approach in Fourier space. The conclusion is covered in the final section.

As in [12], we begin by introducing the new variable

Y, 7,8, t) = J(x, t—s7),

then, we get

sV, 1,8,8) + Y, (%, J,5,£) =0,
y(xy 0;31 t) = St(x! t)y

and utilize the transformation [18]

U= /otu(x,s)ds+ x (%), (1.9)
with a function yx := x (x) satisfying

k1 Xxx = U1 — ko Ugxx + Bh1y. (1.10)
We can also write the proposed problem in the form (by writing, v instead of U)

it = (e —h—IX), = K13, - 1) =0,

B — @*Px — (Sx — = I) + muy, = 0,

St — k3 (Sx = 16)x — Uy — h = IF) + R + fg’lz Ro()V(x, 1,5, ) ds =0, (1.11)
Vgt — ki Ugx + Bhux — ko Ugx = 0,

Syt(x,j,s,t) +yj(x1.]75)t) =O;

where
(x,7,8,t) e R x (0,1) x (g1, 2) x R,
with initial conditions

(5; Ctr hr ht; &NS) St; v, Ut)(x’ 0) = (§01 S1y hOr hl) 30: Sl; U(x, 0): Ut(xr 0)),
J)(x,],s, 0) =ﬁ)(x,Sj), (x¢ ]¢S) eRx (0¢ 1) X (0’ 502))

(1.12)

In order to get the main result, we require the Hausdorff—-Young inequality in the following

lemma.

Lemma 1.1 ([11]) For any k,a > 0,¢ > 0, a constant C > 0 exist in such a way that vVt > 0
the following estimate hold.:

/ e dp < C(1 + )"kl e R™. (1.13)
l1]=1
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2 Energy method and decay estimates

We will obtain a decay estimate of the Fourier image of the solution for problem
(1.11)—(1.12) in this section. This approach enables us to provide the decay rate of the
solution in the energy space by utilising Plancherel’s theorem along with some integral
estimates, such as Lemma (1.1). Using the energy approach in Fourier space, we create the

proper Lyapunov functionals for this problem. Lastly, we prove our major finding.

2.1 The energy method in the Fourier space

Now, we introduce the new variables to construct the Lyapunov functional in the Fourier

space

r:(gx_h_l\s)! g=§t, V=ﬂhx, W=ht
(2.1)
¢ =ko(3x - 1g), o =9y, ¥ =y, 0 = Uy,

Then, the system (1.11) takes the following form

re—ge+w+lo =0,

8t —1x—kolp =0,

Vi —ay, =0,

Wy —azy—r+miy, =0,

¢r — ko + kolu = 0, (2.2)
oy —kopy — v+ R0 + fglz Ry ()V(x,1,5,8)ds =0,

O¢ — k10x + Bwx — kayx = 0,

o — U, =0,

sVi+)Y, =0,

with initial conditions

(V,g, v, W, ¢, w, 19; ag, y)(xr O) = (r()!gOrV()r Wo, ¢0: wy, ﬁO!UO’ﬁ))r X € R, (23)

where

7o = (Sox — Fo — IS0), g0 =61 vo = ahoy, wo = Iy,

¢o = ko(Sox — 50), o = S, Yo = vy, 00 = V-

Hence, the problem (2.2)—(2.3) is written as

Zy+ AZy+ L7 = BZ,,,
Z(x, 0) = Z()(?C),

(2.4)
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with Z = (r,g,v,w, ¢, @, 9,0, W, Zy = (70, 0> Vo, Wo, o, @0, B0, 00, fo) and

-g w+lo
—r —kolgp
-ay 0
—az + mv r
AZ = —kow , LZ = kolu ,
—koop v+ R + fgiz Ry ()V(x, 1,5, t) ds
—kio + Bw 0
—9 0
0 )
(2.5)
0
0
0
0
BZ=] 0
0
5%
0
0
Utilizing the Fourier transform to (2.4), we get
Zi+itAZ + L7 = —12BZ,
(2.6)

Z(1,0) = Zo(1),
where Z(1,t) = 78,9, W, ¢, &, 9,5, Y)T(1,1). The equation (2.6); can be stated as

T —ig+w+lm =0,

G —iT—kolp =0,

Vi —aiw=0,

W, —aitv -7+ mit?d =0,

b: — koit @ + kolg = 0, (2.7)
By, —koir — 7+ X135 + [£2No(5)V(1, 1,5,8)ds = 0,

9, — k1o + Bw + 12k, = 0,

G, -9 =0,

sj}t+)7, =0.

Lemma 2.1 Suppose that (1.8) holds. Assume that 2(1, t) is the solution of (2.6), then the

energy functional Vi, ¢) is stated as

—~ R ~ - m ~ mky
V0= g{m% R + PP + [P + 161 + 1B + 3 + 71|o|2}

Page 5 of 21
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+

B 1 re2 R 9
5/ / s’&z(s)||y(z,],s,t)| dsdyj, (2.8)
0 Jep1

satisfies

av,t)

T —C1|&|* = kg ®[D)2 <0, (2.9)

where C1 = B(R; — fmmz Y ds) >

:::::

ther, multlplymg (2.7); 8 by mo and kymo . Then by adding these equahtles and taklng the
real part, we obtain

-~ kl
P 2 2 2 2 2 2 32 m 512 a
2dt[n T v L T e Y S T ,3| I“+ /3|0| X

+ kom0 + BR1 T + me{ﬁ/ Ro ()@ V(1,1,5,8) ds} =0. (2.10)
o1
In second step, by multiplying (2.7) by §|N2(s)| and integrating the result over (0,1) x
(91, €2)

dap

sl 2dsd
2L /p S0@|[P 05,0 dsdy

B [l [ d - )
_5/ /,m (209 2 V0,50 dsd

/3 |N2(s)|(|y(l 05,0 = (3, 1,5, 0)") ds

B([* 5, B [* -
=§</m \&2(3)|d$>|w|2—§/p1 R5()| | P2, 1,5, dis, (2.11)

utilizing Young’s inequality, we get

S]ie{ﬂ/ Ng(S)g Y@, 1,s,t)ds}
o1

92 R
52(/6;1 |N2 S)|dS>|U)'| +é/1 |N2(s)||y(z,1,s,t)|2ds, (2.12)

by substituting (2.11) and (2.12) into (2.10), we find

ava,t)
dt

22 ~

<-B <N1 —/ |Na(s)] d5>|5|2 — ko * |9 %,
o1

then, by (1.8), 3C; = B(R; — f;‘? |R5(s)| ds) > 0 such that

av,t)

<-C|&* - kemi®[D)? <O. (2.13)

Hence, we get the required result. O
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The following Lemma is required in order to get the main result.

Lemma 2.2 The functional
D1, 2) = Neli(F + [§w)}, (2.14)

satisfies the following for any €1 > 0

2

dDi(,1) _
.

ko 5~ _ _
—72|¢|"‘+281 @17 + c(en) (1 +12) ||

1+:2

+c(en) (1 +12) W) + |9

+c/m|N2(s)|’57(1,1,s,t)|2ds. (2.15)
&

1

Proof By differentiating D; and using (2.7), we get

le(lrt) LA L= L=~
—u Nelitw,p — i1, + itlp,w — itlw,p}

= —kot?|B1? + kot*|3 > = Ne(iR 115 ) + Ne|aki*9p)

+ Nelikoligm } — E)ie{kollzz’z}ﬁ} - Sﬁe{ikolzlﬁ}

_ S}{e{mhzﬁg} - Sﬁe{iz /@2 Nz(s)Ey(l, 1,s,t) ds}. (2.16)
2

1

The terms in the RHS of (2.16) are obtained by utilizing the Young’s inequality. For any
£1,81,82 > 0, we have

~Ne(iR15 ¢} < 812(p2 + c(61)|F 2,

l2

Nelikoigm } < & n 21 +c(e))(1 + 1)@,

+12
—Ne{lkpdw) < ci?|w|* + c|@ |2

2
1+:2

—E)te{ikolzlﬁ} <& g + c(sl)(l + 12)|W|2,

= ~ (2.17)
Nefali*Vp} < 811°|p|* + c(81)* V],

~Ne{mli*9} < 5:21B + c(8:1) 1D,

—me{iz / " Ro(s)pV (1, 1,5,2) ds}
12

1

—~ 02 PR 2
582N112|¢|2+C(82) |N2(S)||y(l) 1>5,t)| dS.
1

Inserting the above estimates (2.17) into (2.16) and by letting 6; = %, 8 = 4%01, we get the

required (2.15). O
Lemma 2.3 The functional

Dy (1, ¢) := Nelit(aki DG + apdw + 2kiV5)), (2.18)

Page 7 of 21
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satisfies the following for any €,,¢3 >0

AP0 __akt o o
2

T W12 + 00712 + 3129

+ C(82,83)(1 +12+ 14)|5|2. (2.19)

Proof By differentiating D, and using (2.7), we get

Dz(l, t
dt

= Nelirak, 9,6 — ilaklfr}? — i1Badw + ilﬁd@ﬁ}

+ Ne{2apkv,o — 2 Bk15,v)
= —aky 2612 — a2 W] + alky + mB)2|D|?

+ Nep12(2ki — a*)VD ) + Neliapi7o)

- me{iak1k213§§} + ‘Jte{ia,BkzzBW}. (2.20)
The terms in the RHS of (2.20) are obtained by utilizing Young’s inequality. Next, for any
£9,€3,83,84 >0, we can find

ReliaBiT0} < et [ + c(e2) |92
Re{B12(2ki — a0} < e312) + c(e3) D%,

12k A_) J=ses v 2.21)
~Nefiak k>0 } < 831° (G + c(83)1* V|,

Ne{iaPku* W} < 8> [WI* + c(Ba)i*|D 1.

a 2
By substituting (2.21) into (2.20) and letting 83 = %, 84 = #, we get (2.19). O

Lemma 2.4 The functional
Ds(1,t) := Ne{dg), (2.22)

satisfies the below for any g4 > 0

D. , 2 N . —~
4Ds0,1) 21(151 2 < —%Igl2 +ealT1* + @ + clea) (1 +1%) |9 (2.23)

Proof By differentiating D3 and using (2.7), we have

Ds(1,¢)

s Neld:g + %)

= — kol[g1* + kol|p)?

+ Neliky D2} + Nelii7d). (2.24)
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The last two terms in the RHS of (2.24) are obtained by Young’s inequality, which we solve
for any €4,685 >0

Nelikp g} < 85[g1% + c(85)1% |7 |2,

_ R (2.25)
NeliiTe} < ealFI* + c(ea)t®|P|*.
By substituting (2.25) into (2.24) and letting &5 = =3—, we obtained (2.23). O
Next, we have the following lemma.
Lemma 2.5 The functional
Da(1,8) := al Fi(1,t) — 12 Fo (1, t), (2.26)
where
Fi(,t) = iRe{il (lﬁ/’l_/\+’17§)} and Fr(1,t):= Eﬁe{(ﬁf;\+ agi_/\)}, (2.27)
satisfies
(1) Fora=1. Then,
dDy(1,t 21 ~
72(; ) <- ar 2 - l PP+ cd@ ]+ (1+a* ) |l
) . 5
+c(1® +1 )|19| +c/ 182(9)| V@, 1,s,8)|" ds. (2.28)
o1
(2) Fora #1. Then, for any €5 >0
dDs(1,1) _ alz 2 ZW o 2(1 4 222
s Sl +85T12)2|g| +cles)*(1+0%) 1wl
+c(1 +12) @1 +c(i® +1 )|19|
2 N 5
c / [82(9)|| Ve, 1,5,8)|" ds. (2.29)
o1
Proof Firstly, by differentiating F3, 5> and using (2.7), we get
df ) t o~ = —_— —_~ =
;(tl ) =Nelitlwy — il lvow + v, — 1@, V)
= —al®’[V? + ali>|W)? + Ne{iRudV} - Ste{mzwg}
+ ﬁie{/(olza’;} + iﬂe{mlﬂ/ﬁ\’;\}
) R
+ S)ie{iz / R, (v, 1,s,¢t) ds}, (2.30)
1
and
dF,(,t)

ks Re{WT + 7, + avig + ag,v}
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=W+ 7+ ‘he{ (a - 1)lwg} Ne{imi 07}

— Ne{ld W} + Nelalkodr). (2.31)

Now, differentiating D, and by (2.30) and (2.31), we have

%(;’t) = —-a®PrP P - 2P + (1 +aP) 2|1 + NelialR i &)
+Neli(1-a)i*wg} + me{ingﬁ} +Nell(1-a®)i*B W}

+ me{amlzzzﬁ’v\} + S)ie{iall / Ry (v, 1,8, t) ds}. (2.32)
o1

At this point, we discuss two cases:

Casel.(a=1).

In this case, by applying the Young’s inequality to the terms on the RHS of (2.32). Then,
for any &, 87,83 > 0, we get

NelialR 1DV} < 8612V + c(86)|T |2,
Relimi>07) < 6,1°F1* + c(8:) 9%,
Re{amlP129V) < 51> PI* + c(S6)* |97,
(2.33)
2 R
é}ie{il / R, (s)v)(1,1,s,¢t) ds}
21

2 .
<SR +c(8s) [ [R209)|| 15,0 ds.
1

Inserting the above estimates of (2 33) into (2.32).

Finally, by letting 8¢ = 4~ 12 ,87 = 88 = 4& , we obtained (2.28).

Case2.(a #1).

In this case, using the Young’s inequality to the terms on the RHS of (2.32) for any
€5,09,610,011 > 0 gives

Nel{ialR 1DV} < 8012[V]% + c(80)|T |2,
e 2 212252
TeeEr g1 + cles) (1 +1%) 1w,

%e{zmzsﬁr} < 810127 + c(S10)1 D),

Eﬁe{i(l —a )l wg} <e&s

Nell(1-a)*BW) < ca’|B + WP, (2.34)

aml*i 21?1/} < 80122 + c(80)i2[D )%,

Nef
Reyi Nz(s)Ay(z 1,s,t) ds}

92 R
<SR’ +c(8n1) |N2(S)Hy(l,17s,t)|2ds-
1

Inserting (2.34) into (2.32), and letting &9 = %,810 = %,811 = %, we get (2.29. The proof
of Lemma 2.5 is completed. d
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Now, introducing the following functional.

Lemma 2.6 The functional

1 o -
Ds(1,1) 2=/ / 236_“\Nz(s)||y(l,j,s,t)|2dsd],
0 Jepr

satisfies
dDs(1,t L re ~ R
ﬁf_ﬁ//. S|N2(s)||y(z,],s,t)|2dsd]+Nl|w|2
dt o Jo
2 R 5
—4'1/ 182(9)]| V@, L,s,0)|" ds,
o1
where ¢ > 0.

Proof By differentiating D5 with respect to ¢ and utilizing (2.7)9, we have

1 o R
M:—/ / 2se‘”\Nz(s)||y(l,],s,t)|2dsd]
0 Jep1

2 = 2 s 2
—/ |N2(s)|[e_s|y(l,l,s,t)| - |y(l,0,s,t)| ]ds
o1

Using YV(1,0,s,t) =3:(1,t) =, & e* <e™® <1,V 0< <1, wehave

dD5(1 t _ // 5e7[Ra()|| D, 1,50  dsdy
1

_/ e‘5|2~€2(s)||)7(z,1,s,t)|2ds+ </ |N2(s)|ds>|57|2.
o1 1

(2.35)

Next, we have —e™ < —e™#2, for all s € [¢1, 2], since —e™* is an increasing function. As-

suming that ¢; = 2 and remembering (1.8), we obtain (2.35).

We define the Lyapunov functionals at this point

o« Fora=1:
~ 1 12
Ki(i,t) ::NV(z,t)+N1mD1(z,t)+Nng2(z,t)
.6 .2
+N3(1+ L D5, t)+N4(1 P Dy(1,¢) + NsDs(1, t).
o« Fora+#1:
~ 1 12
Ko(1,¢) :=MV(z,t)+M1m'D1(1,t)+M2mD2(l,t)
.6 .2
+M3( 1727 -Ds (1, t)+M4( FYDE Dalr,t) + MsDs(1, t),

where N, M, N;, M;,i =1,...,5 are positive constants and will be selected later.

O

(2.36)

(2.37)
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Lemma 2.7 There exist p; > 0,i = 1,...,6 such that the functionals K1(1,t) and Ky(1,t)
given by (2.36) and (2.37) satisfies
o Fora=1:

V@, t) < Ki@,t) < ua Vi, ),

(2.38)

Ki(,8) < —ps (K1, 1), Ve>0.

o Fora#1:
1aV (i, t) < Kai,t) < sV, ), 039
Ky, 8) < 116 2(1)Ka(1,8),  VE>0, '
where

.6 .6

()= m J2(1) = m (2.40)

Proof First, by differentiat

2

ing (2.36) and using (2.9), (2.15), (2.19), (2.23), (2.28) and (2.35)

with the fact that - < min{1,:%} and u% <1, we have
K, < —ﬁ [koleNs - 281N1} g
_ ﬁ :%N4 — &Ny — 84N31| 7
- ﬁ :ﬂzﬁNz —c(e1)Ny - CN4] |""7|2
- ﬁ :’%Nl - c(e4>N3] PP~ :2)2 [%/(%Nz] ek

— 1*[mkyN — cNi — c(e2,£3)Na — 01\14]|7/§|2

— [CIN = c(e1)N1 — eN3 — cNy = X1 N5 |5 |2

L re2 - 9
—§1N5/ / s|Ra(s)[| V(s g8, 8)|“dsdy
0 Je

2 .
— [61N5 — eN; — eN4] / [N2(5)|| YV, 1., t)|2 ds. (2.41)
1
By setting
kolzNg N4, ﬂZZzNz; N4
&1 = 5 = -, = 5 = —_—,
TN 8N, 4N, 8N;
We obtain the following
10 kol? 14 1
Ki,t) <———=| —N3|g)* - ——=| =N. 2
10 = (1+12)4[ 4 3:||g| (1+12)? [4 4:||?]
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1Y [apB? ~
TNz — ¢(N1,N3)N; - CN4] [wl>

4 r 212

4 k
_7(1:12) _N4]mz 1 2)2|:ﬂ 1N2]| Gk

1 [ko
— m —NI—C(NS)N4)N3 |¢|

— 1*[mkyN — Ny — ¢(N3, N4)N3 — cN4 | 192

— [CIN = ¢(N1,N3)Ny = cN3 — eNy - RiNs || & |*
L re — 9
—§1N5// s’&z(s)HJ}(z,],s,t)‘ dsdj
0 Jg

2 N
— [&1N5 — ¢Ny — cN4] f 18:(9)|| Y, 1,5,0)|” dis. (2.42)
£1

Next, we fix N3, Ny and choose N; large enough such that
ko
ENI - C(Ng,N4)N3 >0,

then, we pick N, and N5 large enough in such a way that

2
%Nz - C(Nl,Ng)Nl - CN4 > 0

§1 5—CN1—CN4,>0

Hence, we have

6 6
1612 — 12 [mkyN - c] [

/ ! 12
KiG,t) < —aom|g| —015( 12)8

4
l — W fon o~
T (1 +12)2 (Ollr':]2 + oy W) + a3 [7)? +Ol4|(7|2) —[CIN = c]|@)?
1 rem . )
—%// 5[]V, 15,0 dsdy. (2.43)
0 Je1

Secondly, we have

4
K16, 8) - NV, 8)| :Nlmwl(z )] +N2( 1D, 1)]

6
(1+22)*
4

l LA A
<aN; m |5)ie{n(w¢ + l¢w)}|

2)2

+N3 |D3(l t)| +N4 |D4(l,t)| +N5|D5(l,t)|

2)2

2

1
PNy
2(1+12)2

|5)’te{iz (aki DT + aﬂ@@ + 2k1'17§)} |

+ N.:

16 ~
———|Ne{pg
sy eld|
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12 |
(1+:2)2
2

!
Ny
’ Y1422

+ N, §)’te{iz (IW+'17§)H

SNe{ (7 + agn)} |
1 e R

+N5/ f Zse_sj‘NZ(S)’|y(l7.]:S,t)|2d5d].
0 Jpr

2 :
g < min{1,:%} and 1:7 <1, we find

By utilizing Young’s inequality, the fact that

K1, =NV (i, 8)| < V1, 0).
Hence, we get

(N-oV(t,t) < Ki(t,t) < (N + )V (1, 0). (2.44)
Now, we choose N large enough in such a way that

N-¢c>0, CiN-¢c>0, mkyN —c >0,

and utilizing (2.8), estimates (2.43) and (2.44), respectively.
One can find a positive constant « > 0, then V £ > 0 & V1 € R, we obtain

iV, t) < Ki(,0) < ua VG, ). (2.45)
and
KiG,0 < L B2 +161 + 1917 + P12 + W + 1% + [51% + |57 |
TS T (a2
1 re N 9
+// S|N2(3)||y(l,j,s,t)| dsd]>, (2.46)
0 Jgr
then
KiG,8) <=mn@V,t), Ve=0. (2.47)

Therefore, for some positive constant p3 = % >0, we get

Ki@,t) < =3 n(0)K1@,8), VE=0, (2.48)

where j;(1) = ﬁ, for some Ay, u; > 0,i = 1,2,3. The proof of the first result (2.38) is

finished.
Before the proof of the second result (2.39). In the estimates (2.21), we used the inequal-
ities

2

5)’%9{1’61,317?} < 82(11—2)2 72 + C(Ez)(l + 12)2|§|2,
+1

2

#12)2 W% + c(e3)(1+ 12)2|5|2. (2.49)

5)%3{,3;2(2k1 —ozz)'v\?} <eg (
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Hence, the estimate (2.19) can also be written as

dD,(1,t) aki 5 <o aB® 5 2 2
— < ——1%o|f = —1"|W|" + & r
T R R 2(1+12)2m
2
l 2 2\2,732
+83—— V% + c(eg, 83)(1 +1 7|°. 2.50
3(1+12)2m (e2r20)( )yl @50

Similarly, we can prove the second result.
So, we derive (2 37) and by using (2.9), (2.15), (2.50), (2.23), (2.29) and (2.35) with the
1%} and 15 <1, we get

, 16 kol2
K@, t) < - TMB — 261 M1 — esM, (g1

i T1

_ m §M4—S2M2 —84M3:|m2
l4 ﬁz

- m —Mz —c(e1)M; - CM4:| |’1/‘7|2
1t a2

_ 7(1 s TM4—83M2]|1;|2

TR ctonts |11 = —— [ i, | 2

— | =M —cle - = o
(L+02)8| 270 7o Q+23| 2 77

- lz[mkzM - CMI - C(82,83)M2 - CM4]|§|2

— [CiM — c(e1)My — cM5 — cMy — ¥, M5 |5 |

1 pre . 9
—§1M5/ / S|N2(s)||y(l,1,s,t)| dsdj
0 Jer

©2 . )
— [e1M5 — My — cM,) 182(9)]| V@, 1,s,8)|" ds. (2.51)
o1
By setting
koleg M4 61212M4 M4 k012M3
1= ———» €)=~ &3 =—7", 4= ) &5 = —(——
16M, 8M, 4M, 8M3 8M,

we obtain the following

6 kl 4
/cg(z,t)s—(ljﬂy[‘) }m 2)5[ ]mz

l4 ﬁz

- m —Mz —c(My, M3)M, - CM4:| |""7|2
1 [a?P? 14 ak? s

Ty _TM4] - [TMZ} ]
l6 k()

- m EMl —c(M3, Ma)Ms3 |¢|

— 2 [mkoM = My = (Mo, Ma)M; — cM.] (D 2
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— [CIM — c(My, M3)M; — cM3 — cMy — X1 Ms]|@ |*
1 re R 9

—aants [ [ sa[90,.5.0f dsdl
0 Jer

92 R
(M5 - cMy —cMa] | [Ra(9)|| D0, 1,5,)[ ds. (2.52)
1

Next, we fix M3, M4 and choose M; large enough such that

ko
EMI - C(Mg,M4)M3 > 0

then, we select M,, M5 large enough such that

2
ap
TMz — (M, M3)M; — cM, > 0,

§1M5 - CM1 - CM4 > 0.
Hence, we arrive at

6 6

P ks
(L+27 ¢ T2

Ky, ) < —xo 161> — 2 [mkoyM — ]9

4 14 . =R
- (1+12)p (m’ﬂz + Ksmz) - m(’@h’ﬂ2 + K4|<7|2)

1 reo -
_[ClM—C]|ﬁ|2—K6/ f s|N2(s)\|y(;,1,s,t)|2dsdj. (2.53)
0 Jer
On the other hand, we have

14
|IC2(1 t) MV(Z t)| M, 2)6|D1(l t)| + My——re |D2(l,t)|

1+ 1+ 2)3
2

6
(1+22)7
4

< ﬂMlW |§Re{” (w¢ + l¢W)H

+M3 |D3 i, t)|+M4 |D4(l,t)|+M5|D5(l,t)|

(1+22)3

2

+ Mz(lis |‘Re{n (aklz?a + zzﬂz?w + 2klva)}|

6

l o~

Ms;——— |Ne{pg]

+ 3(1+12)7| ef¢g)|
My

(14128
.2

+M4( 2)5|‘Re{(wr+of\(\)}|

yme{iz (lﬁ/?+’v\§)}‘

1 reo . )
+M5/ / se™ |Ra(9)| |V, 7,5, 0)| dsd].
0 Jp1
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Utilizing Young’s inequality, and the fact that % <min(1,22} and ﬁ <1, we find
K2, 8) = MV (1,8)| < V(1,0
Hence, we get
M=)V (1,8) < Ka0,8) < M+ )V, 8). (2.54)
Now, we choose M large enough in such a way that
M-c>0, CiM—-c>0, mkoM — ¢ >0,

using (2.8), we get (2.53) and (2.54), respectively. One can find a positive constant « > 0,
thenV¢>0& V1 eR, we get

waV@,t) < Ka(i,t) < usV@, t). (2.55)
and
6 -~ -~
K@, t) < —« @12+ (o1 + 191 + 71> + [W* + 1> + [6> + ||
(1 +12)7
1 rp2 R 9
+/ / s!&z(s)||y(z,],s,t)| dsd;). (2.56)
0 Jg
then
Ky, 8) < =2a )V, ), VE>O0. (2.57)

Therefore, for some positive constant pig = 2—2 >0, we get

KC5@,8) < —pe j2(1)IC2(1,8),  VE=0, (2.58)

6

where j5(1) = u:Tﬂ’ for some Ay, u; > 0,i = 4,5,6. The proof of the second result (2.39) is

finished. O
The pointwise estimates of the functional V() are given in the following result.

Proposition 2.8 Suppose (1.8) holds. Then, for any t > 0 and 1 € R, there exist a positive
constants dy, dy > 0 such that the energy functional stated by (2.8) holds

V@, t) <dV(i,0)e 310 ifg =1,

X X (2.59)
V(i,t) <dyV(1,0)e #6200t ifgq 1,

6 6
where 1) = i, 12(1) = i

Page 17 of 21
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Proof From (2.38), and (2.39),, we have

Ki(1,8) < K1(,0)e31 08 ve>0, ifa=1 (2.60)
Ka(t,t) < KCa(z,0)e620 V>0, ifa #1. (2.61)
Hence, according of (2.38),, (2.39), and (2.60), (2.61), we established (2.59). O

2.2 Decay estimates
Now, we will show the following important result.

Theorem 2.9 Let s be a nonnegative integer, and Zy € H*(R) N LY(R). Then, the solution
Z of problem (2.2)—(2.3) holds, V¥ t > 0 the following decay estimates
o Fora=1

k
6

|95 2], < ClZolli (1 + ) 1276 + C(1 + )75 |95+ 2, (2.62)

I,

o« Fora#1

L

|852(0)||, < CllZoll (1 + ) 6 + C(1+8)75 |95 2,

, (2.63)

where £ and k are nonnegative integers k + £ < s and C > 0 is a positive constant.

Proof From (2.8), we get |Z(1,£)|* ~ V(1,1).
+ If a = 1, then by using the Plancherel theorem and (2.59),, we have

|z = /R 20,02 di
§c/ |z|2ke’“3/1(’)t|2(z,0)|2d1
R

< C/ |l|2ke*M3]1(1)t|2(l,0)|2dl
l1]<1

Ry

+ c/ 1 |2ke”‘3“(’)t|2(1,0)|2 di. (2.64)
[1]>1

Ry

Now, we estimate R;, Ry, the low-frequency part |z| < 1 and the high-frequency part
l1] > 1, respectively. First, we have j; (1) > %16, for |¢1] < 1. Then

_H3 10415 2
lec/ lt[**e 16 " Z (1, 0)|" di
l1]<1

5csup{|2(z,o)|2}/ |t *e 0 1% (2.65)
lt]=1

ll]=1

by utilizing Lemma 1.1, we get

R < csup{|2(z,0)|2}(1 + t)’g’%

lll=1
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k_1
376,

<cl|lZoll} (1 +8)” (2.66)

Secondly, we have ;;(1) > %172, for [1| > 1. Then

szc/ 1Pe @17 Z(,0) 2 di, Ve 0. (2.67)
[t]>1

Then, through the inequality

sup{J1[ et} < c(1+ 1), (2.68)
[t]>1

we get that

13 -2
Ry <csup{[i[ e 1! t}/

l1]=1 l11=1

|l |2(k+0|2(l,0)|2 di

<c(l+07 9%z, 0)]2 Vezo.

(2.69)

Substituting (2.66) and (2.69) into (2.64), we find (2.62).

+ Ifa #1, similar to the first estimate, we apply the Plancherel theorem and using
(2.59),, we get

lotz1;= | w iz of a
fc/ |z|2ke_“6’2(’)t|2(1,0)|2dz
R

< c/ |l|2ke’“6”(’)‘|/Z\(z,0)|2dz
lr]<1

R3

+ c/ |t |2ke_“6-’2(’)t|/Z\(z,0)|2 di.
[t]>1

Ry

(2.70)

Now, we estimate Rs, R4, the low-frequency part |z| < 1 and the high-frequency part

[1] > 1, respectively. First, we have j,(1) > éﬁ, for |1] < 1. Then

_H6 1,641 2
R3§C/ |t Ke sl t|Z(l,0)| di
lt]=1

o~ 16,16
§csup{|Z(z,0)|2}/ | e~ st Pt gy,
lt]=1 l1]=<1

(2.71)

by utilizing Lemma 1.1, we get

R; < csup{|2(z,0)|2}(1 + t)*%*%
lt]=1

SS

1
6¢

<cl|lZollF (1 +8)” (2.72)
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Secondly, we have j,(1) > él‘g, for |¢t] > 1. Then
Ry < C/| e s 17| Z,0)*di, Ve 0. (2.73)
121
By (2.68), we find
Ry < csup{|s |_2£e_%2|"78t} /I X |t |2(k+0|/Z\(l:0)|2dl
1>

[t1]>1

<+ 874|952, 0)2, Ve 0. (2.74)

Substituting (2.72) and (2.74) into (2.70), we obtain (2.63).
3 Conclusion
The investigation of the general decay estimate of Bresse—Fourier system solutions with
respect to the distributed delay term is the goal of this work, which employs the energy
technique in Fourier space.

The different process that results from the distributed delay, which determines the for-
mation of this term in the system in Fourier space, is what concerns us in the current
work.

In the upcoming works, we will try the same approach in the same systems, but with
various memory types; we anticipate getting results that are comparable.
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