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1 Introduction

In this paper, we study the following quasilinear Schrédinger equation:
~Au+ Vu - AW?)u=gxu), xeRY, (1.1)

where V € C(RV,R), g € C(RN xR, R). Its solutions are related to the existence of standing
wave solutions of the following quasilinear Schrodinger equation:

izza_l; = AT + W) - kA(B(IT1%))0'(IT )T - g(x,T), Vae RN (1.2)

In recent years, many scholars studied the standing wave solutions of quasilinear
Schrodinger equation via variational methods, such as [1-6]. At that time, the classical
semilinear elliptic equation was widely studied under certain conditions of V and g, see
[7-9]. In many works, problem (1.1) cannot be solved directly by the variational method,
but a change of variables can solve this problem. The main difficulty in solving problem

(1.2) is that there is no suitable space to define the energy functional corresponding to
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equation (1.1), see for example [10]. Liu, Wang, and Wang [11], He and Qian [12] stud-
ied the existence of solutions for quasilinear Schrédinger equation. They transformed the
quasilinear equation into the semilinear equation in a common Sobolev space framework
by using a change of variables. Colin, Jeanjean [13], and Willem [14] also used the same
method in Orlicz space framework. From [15], we know that a change of variables has
some shortcomings. The existence and multiplicity of nontrivial solutions are proved by
the minimax method, the Nehari method, a change of variables, and the perturbation
method in [16]. By using the perturbation method, Wu and Wu [17] obtained the existence
of positive solutions, negative solutions, and a sequence of high energy solutions; Liu, Liu,
and Wang [15] obtained the existence of ground state positive solution for a quasilinear
elliptic equation. But the perturbation method is not as simple as a change of variables. It is
more suitable to solve the problem of the existence of a single solution, but has some lim-
itations in dealing with the problem of multiple solutions. A change of variables is simple
and effective in solving problems, but it depends on the specific expression of an equation
to a great extent and cannot transform a more general quasilinear equation into a semilin-
ear equation. Liu, Liu, and Wang [18], Liu and Chen [19], Wang and Chen [20] considered
the quasilinear Schrodinger equation with critical growth. Wang [21] used the perturba-
tion method to consider the quasilinear elliptic equations with critical growth. Liu, Liu,
and Wang [15] used the perturbation method to consider the more general quasilinear
critical problem. The more general quasilinear critical problem was also considered by
Dong Fang and Szulkin [22], Chen, Tang, and Cheng [23], Xue and Tang [24].

Many authors always assumed that the potential V' is positive. If the potential is sign-
changing, then the existence of the negative part of the potential function increases the
difficulty of proving the boundedness of (PS) sequence and improves the energy level of
the corresponding functional. ®(x) will donate an energy functional of solution u.

More precisely, Zhang, Tang, and Zhang [25] studied problem (1.1) with sign-changing
potential and obtained the existence of infinitely many solutions under superlinear as-
sumptions. They obtained the following theorem.

Theorem 1.1 Assume that V and g satisfy the following conditions:
(Vy) V € C(RN,R) and inf, gy V(x) > —00;
(V) There exists a constant r > 0 such that

lim meas({x eRN:x—y| <r, V(x) SM}) =0, VM>0;

|y|—+00

(Go) g€ C(RN x R,R), and there exist constants c1,c, >0 and 4 < p < 22* such that

|g(x, u)| <clul+clulP™t, VY u) e RN x R;

(Gy) limy - % = 00 uniformly in x, and there exists ro > 0 such that G(x,u) > 0 for

any (x,u) € RN x R and |u| > ro, where G(x,u) = foug(x, s)ds;

2N

(Ga) G(x,u) := 1g(x, u)u — G(x,u) > 0, and there exist ¢y > 0 and o > max{l, Nag ) such

4
that
|G(x, u) |G <colul® 5(x, u)

Sor all (x,u) € RN x R with u large enough;
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(G3) glx,—u) = —g(x, u) for all (x,u) e RN x R.
Then problem (1.1) has infinitely many nontrivial solutions {u,} such that ||u,| — oo

and ®(u,) — 0.

In this paper, inspired by [11, 25-27], we study the sign-changing potential case for prob-
lem (1.1) by the mountain pass theorem and establish the existence of infinitely many so-
lutions under more general superlinear assumptions.

Now, we are ready to state the main results of this paper.

Theorem 1.2 Assume that (V1)—(Vs), (Go)—(G1), and (Gs) are satisfied. Furthermore, as-
sume that V and g satisfy the following conditions:
(Gy) There exist >4, r1 >0, and ¢ > 0 such that

wG(x, u) < ug(x,u) + cu?, V(xu)e RY x R, |u| > ry;
(Gs) There exists ry > ro such that
gx,u)u>0, V(xu)e RY x R, |u| > .

Then problem (1.1) has infinitely many nontrivial solutions {u,} such that |\u,| — oo and

®(u,) — oo.

Example 1.1 Let g(x,u) = cz(x)[%u5 - %uz sinu + ucosu], where a € C(RY,R) and 0 <

infpy @ < suppn a < 00. It is easy to check that the superlinear function g does not satisfy
Theorem 1.1, but it satisfies Theorem 1.2.

2 Variational setting and preliminaries
From (V1), we can see that there exists a constant V; > 0 such that \7(x) =V + V>0
for any x € RN, Let g(x, u) := g(x, u) + Vou and study the following new equation:

~Au+ V(x)u-— A(uz)u =%x,u), xeRN (2.1)

So we can study the equivalent problem (2.1) of problem (1.1). Assume that V and G

satisfy conditions (V1)—(Va), (Go)—(G1), and (Ga); it is easy to get that 1% and g still satisfy
conditions (V1)—(V3), (Go)—(G1), and (G4). Hence, we make the following assumption:

(V1) V e C(RV,R) and inf, v V(x) > 0.
As usual, for 1 < s < +00, we let

1/s
||ze]ls = (AN|u(x)|sdx> , U GLS(]RN),
H'(RY) = {ue L*(RN) : Vu e L*(RY)}

and the norm

1/2
||u||H1:</ (|Vu|2+u2)dx> )
]RN
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Under assumption (V), we consider the following working space:

E:= {ueHl(RN) ;/R

V(x)u? dx < oo}

N

with the inner product
(u,V)E = / (V- Vv + V(x)uv)dx
RN
and the norm

1
llelle = (o, ).

As we all know, under assumption (VI), the embedding E < L*(R") is continuous for
s € [2,2*], and the embedding E < L} (RY) is compact for s € [2,2*), i.e., there exist con-

loc
stants a, > 0 such that

lulls < asllulle, VueE,se[2,27]

Lemma 2.1 ([17]) Under assumptions (\~/1) and (V,), the embedding E — L*(RN) is com-
pact for s € [2,2%).

To solve problem (1.1), define the natural energy functional ® : E — R given by

D(u) = %/D;N(sz + V(x)uz)dx+ i /RN(’V(MZ)V) dx—f G(x, u) dx.

RN
Clearly,
1 2\ |2 _ 2 2
4/RN(W(u )| )dx_/RNw |Vu|® dx.
Therefore
1 2 2 1/ 2 _/
D(u) = 2/]RN((1+2|MI )|Vu| )dx+ 2 Jox Vx)u® dx N G(x, u) dx.

As we all know, ® cannot be well defined in E generally. To overcome this difficulty, we
make the change of variables by Liu et al. [11] and Colin, Jean [13] as

v=fw),
where f is defined by

f@)=

on [0, +00)

1
VI+2/f(0)P

and

Sf(=t)==f() on(-00,0].
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Let us recall some properties of variables f : R — R, the proof of which can be found in
[11, 13, 28].

Lemma 2.2 The function f(t) and its derivative enjoy the following properties:
(f1) f is uniquely defined, C*°, and invertible;
) I <1forallteR;
(£s) [f@)] <|t| forallt eR;
(fa) f®)/t—>1ast— 0;
(fs) f(t)/t— 2V* ast — +oo;
(fe) f()/2 <tf'(t) <f(¢) forallt>0;
(f7) fAB)/2 <t @)f'(¢) <f(¢) forall t € R;
(fs) |f(0)] <23|t|2 forall t € R;
(f) There exists a positive constant C such that

Clel,  ItI=1,
o=
Cltl2, Itz 1
(fi0) For any a > 0, there exists a positive constant C(a) such that

2
5

If@d)]” < Cla)|f(2)

(f11)
[f&)f ()] < 1/V2.

Therefore, after the change of variables, we get the following functional:

() = %/RN Vv dx + %/RN V) (v) dx - /I;N G(x,f(v)) dx. (2.2)

It is easy to check that the functional W is well defined in E. Our hypotheses mean that
¥ e CYE,R), we have

(vna)- [

R

. VvVwdx + AN V(x)f 0)f V)wdx - /J};Ng(x,f(v))f'(v)wdx (2.3)

for any w € E. It is clear that the critical points of W are the weak solutions of the following
equation:

Ay = m (g(x.f ) = V(x)f(v)) inR".

We also observe that if v is a critical point of W, then u = f(v) is a critical point of ®,
i.e., u = f(v) is a solution of problem (2.1). Recall that a sequence {v,} C E is called a (C).-
sequence if ¥(v,) — cand (1 + ||[v,||g)¥'(v,) — 0, ¥ is said to satisfy the (C).-condition if
any (C).-sequence has a convergent subsequence.

Proposition 2.1 ([29]) Let X be an infinite dimensional Banach space, X =Y & Z, where
Y is finite dimensional. If ¢ € CY(X,R) satisfies (C).-condition for all ¢ > 0 and
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(I1) ¢(0) =0, p(—u) = p(u) forall u € X;

(I) There exist positive constants 6 and o such that ¢lyp,nz > o;

(I3) For any finite dimensional subspace X C X, there is R = R(X) > 0 such that o) <0
on X \Bg.

Then ¢ possesses an unbounded sequence of critical values.

Lemma 2.3 Suppose that (\71), (V2), (Go)—(G1), and (Ga) are satisfied. Then any (C).-
sequence of V is bounded in E.

Proof Let {v,} C E be such that
V(v,) = ¢ (1+ vallg) W' (v,) — 0. (2.4)
Then there is a constant C; > 0 such that
2 /
lIJ(VVI) -—=Vv (Vn)Vn = Cl- (25)
m
First, we prove that there exists C, > 0 such that
[+ v e) dy < ca
RN
Suppose to the contrary that

||V,,||(2) = /l;\[(lvvﬂ2 + V(x)f2(v,,)) dx — o0.

Letf(v,,) :=f()/|[vullo, then |[f(v,,)||5 < 1. Passing to a subsequence, we may assume that
f(vy) = @inE, f(v,) » w in L’(RN) for any s € [2,2*), and f(v,) — o a.e. on RV,
Case one w = 0, according to the definition of f and (f;) (see Lemma 2.2), we have

fE0==0,  f==f@), VteR (2.6)
If v, > 0 and |[f(v,)| > ro, according to (Gs) and the definition of f, we have
g(xf(va) = 0. (2.7)
Since (fs) and (2.7), one sees that
1
/ 2 f W))f W) vndx > 2/ g f (v))f (va) dx. (2.8)
RN RN

If v, < 0 and |f(v,)| > ry, according to (Gs), (Gs), (fs), (2.6), (2.8), and the definition of f,

we have
[ g s wavnds = [ elns o v ds
/ —V))f (~vy) d (2.9)

/ (0 f ) () .
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Let r = max{ry, 1,2 }. Because v, is a Cerami sequence of W, from (Gy), (Gy), (f7), (2.5),
(2.8), and (2.9), we obtain

Cs > ¥ (v,) - %(\P’(vn),vn)

1 1

= E/RN IV, 2 dx + E/RN V(x)f2(vn)dx—/l‘w G(x,f (v)) dux
22 |Vval® dax

HJRN

_ % ‘/RN V(x)f(Vn)f/(Vn)Vn dx + % ANg(x’f(Vn))f/(Vn)Vn dx
1 1

=3 /RN (Vval*dx + 5 /R V@) dx - fR | Glf () dx

2

——/ |Vv,|? dx
" JRN
2

2
—_— 2 —_— !
p /R N V(x)f2(v,,) dx + p /R Ng(x,f(vn))f (Vi) vy dx

Y 2 n—4 ) _
- 2 ./]RN |V, |” dox + 7 AN V(x)f*(vy) dx A;{N G(x.f(vy)) dx
2

’ n /ng(x’f(v”))f/("n)vn dx

Rt [ o) s 2 [ els ) G ds

m=4 o 1
il /R Gl ) ds+— /R w00 dx

v

v

T G )
sl [ (e o)) - 6 w) ) s

_ / (lg(x, FW)f ) - G, f(v,,))) dx
(x|[f (vr)|<rxeRN} \ L

v

e (bia-ca)
vl + /{xm)lmm o5 ) ) - Gl ) ) d

/{xlf(Vn)ﬂ,xElRN} (

p—4 2 S
—HVn”o -
2p M J ()| (vn) | =rxeRN

Lo (e f ) )
m

+ |G(x,f(v,,))|> dx

v

FAvy) dx

- / [l(cl F* + ealfen)) + 20 + 2 Lf(vn)|”] dx
(x| [f (v) | <rxeRN [ 1 2 p

m—4 S
s - ;!V(vn)nj

A%

- al+i) e, g2, 2@+ H p] J
/{xlf(Vn)q,xeRN}[ 21 lf(v")| * i V(V”)| X

u—4 S
= annn%—;uﬂvnnﬁ

_ / [61(2 + M) + CZ(P + M) V(Vn)|p2] V.(vn)‘Z dx
{llf (vi) | <r xRN}

2u pu
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4
i |[f(vn>||§

>
= o
2
- |:c1( 1 + 62(p+mrp21|f V(Vn)}zdx
2p pu {llf (vm) <rxeRN}
=4 c1(2+p) 02(p+u 2
>
= Rl Sl - | 25 ¢ )|
-4 s al+p) C(p+u)
= —||vn||%—[—+ - : 21w
2n 2u j2%
where C3 > 0. Thus,
20c+ 4 2+u Cz(!;ﬂl) -2 ’ _ )
1< lim sup“f(vn)”2 =0, (2.10)
u—4 n—00

which is a contradiction.
Set

Q,(a,b) = {xeRN:a§ [f(vn(x))| <b}, 0<acxhb.

The second case w # 0, then meas(£2) > 0, where Q := {x € RN : @ # 0}. For any x € ,
we have |f(v,)] — oo as n — o0. Therefore, we have Q C Q,,(r9, o) for large n € N, where
1o is defined in (G;). By (G;), we know that

G(x,f (V)
If (va)|*

— +00 asn— 00.
Using Fatou’s lemma, we have

dx — +00 asn— oo. (2.11)

/G(x,f(vn))
Q If(Vn)|4

Since (2.4) and (2.11), we have

0= 1 c+0(1)
n=00 ||vy |l
W (vy,)

1
n=co ||,

= lim ! ) (% /N(lvvn|2 + V(x),fz(vn)) dx — \/]R;N G(x;f(vn)) dx)

n=00 ||y, |[g
(1 G f ) 2 2 G fon) - )
=1 — dx — d
nggo(z /Q”(O’"O) lf V” |2 lf | i v/Qn(ro 00) If(Vn)|2 lf(V )| *
% ’ h’Iln sup<(01 ’ CZ'p f V o ’ da /;2n(ro 00) Gl(fx("{t(;z)) V(Vn)‘z dx)

< C, —liminf [ E&S0) (V"))
n— 00 Q V

) v)| dx

= —00,

Page 8 of 14
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where Cy > 0, which is a contradiction. Therefore, there exists C, > 0 such that
[ (5w Vi) s <
RN

Next, to prove {v,} is bounded in E, we just need to show that there exists C5 > 0 such
that

nvﬂ%:=]gvquA2+xaxyﬂwa)dxz<%nvu@. (2.12)

We can assume that v,, # 0 (if not, the result is obvious). If this conclusion is not true, for

vl ./
a subsequence, we have — % — 0. Let w, = —2— and j, = L (V”Z), then
vl g lvrllE vl

/ (IVoul? + V(%)ju(x)) dx — 0.
RN
Hence
/ |V, |>dx — 0,
RN
/ V(x)j,(x)dx — 0,
RN
/ V(x)wi dx — 1.
RN

Similar to the idea of [27], we support that for any ¢ > 0, meas(£2,,) < &, where @, := {x €
RN : |v,(x)| > Cs}, Cs > 0 is independent of 7. If not, there exist &y > 0 and (Vi } C (v}
such that

meas({x eRN: ‘v,,k(x)‘ > k}) > g0 >0,

where k > 0 is an integer. Set 2, :={x € RN . [V, (¥)| = k}. From (fo) and (\~/1), there exists
M’ > 0 such that

Vi 15 > /RN V@)f* (V) dx > / V(®)f* (V) dx > M'keg — +00  as k — oo,

Q.

which is a contradiction. Hence our conclusion is true. Notice that as |v,(x)| < C, from
(f5) and (f10), we have

C
c

1
sﬁ(—w)sqﬂmx
Cs
where C; > 0 is a constant. Therefore

2
/ V(x)w?dx < Cg / V(x)JLV"Z) dx
RN\Q, RN\Q, ”Vn”E

s@/t%mmmﬁa
]RN

(2.13)
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where Cg > 0 is a constant. On the other hand, by absolute continuity of integral, there
exists ¢ > 0 such that

1
/ V(x)w,dx < =, (2.14)
o 2
where Q' C RN and meas(2') < . Combining (2.13) and (2.14), we obtain

1
/ V(x)a)ﬁ dx = / V(x)wﬁ dx + / V(x)a)i dx < — +0(1),
RN RN\Q,, 2

n

which means that 1 < %, a contradiction. Then (2.12) holds. This completes the proof. O

Lemma 2.4 Assume that (\71), (V2), (Go)-(G1), and (G4) hold, then V satisfies (C).-
condition.

Proof According to Lemma 2.3, we know that {v,} is bounded in E. For a subsequence,
we may assume that v, — v in E. From Lemma 2.1, we have v, — v in L*(RN) for any
s€[2,2%),and v, — v a.e. on RN. We claim that there exists Cy > 0 such that

/R (V- V|* + V@) (@) ) = f O 0)) (v = v)) dx = Collv = vI[2. (2.15)

We may assume that v,, # v (otherwise the conclusion is trivial). Set

& = Vn =V e :f(vn)f/(vn) _f(V)f,(V)
v -vles " Vp—v :

Argue by contradiction and assume that
/ (IV@l? + VS, ()52) dx — O,
RN

Since

d N NS S
L F&f ®) =r@f" @+ (7©) "Wy 0

f(2)f'(¢) is strictly increasing, for any Cyo > 0, there exists §; > 0 such that
d "/
E(f(t)f t) =8
as |t| < Cyo. Hence, we know that?n(x) > 0. Therefore
/ |V@,|? dx — 0, / V(x)7,, (x)ZJi dx — 0, / V(x)&')ﬁ dx — 1.
RN RN RN
By a similar argument as (2.13) and (2.14), we can conclude a contradiction.

On the other hand, it follows from (f,), (f3), (fs), (f11), and (Gg) that there is Cy; > 0 such
that

/R N (g(xf V) i) = g, f ) () (v — v) dx
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b _ p_
s/Ncu(|vn|+|vn|2 e v+ W) v - vl d
R

-2 p-2

+ IIVII;%2 Mva=vip)

I

< Cua((Ivallz + 1Vl 1vi = vlla + (Ivall

(SN ‘
S

=o(1). (2.16)
Then, by (2.15) and (2.16), we get

o(1) = (V' (vy) = V'), v —v)

= /RN (|V(vu - v)|2 + V) (fWn)f vn) = f O 1) (v, = v)) dx

- [ (elaf ) ) - s O ), -y

> Collv, = VIIZ + o(1).
Therefore, we obtain ||v,, — v||g — 0 as n — oo. This completes the proof. O

3 Proof of the main results

Let {¢;} be a total orthonormal basis of E, define

k o0
X; = Re, e=Ppx, z=-Px
j=1 j=k+1

where k € Z and Y is finite dimensional.

Lemma 3.1 ([25]) Under assumptions (\71), (Va), fors € [2,2%),

Bi(s):= sup |v|ls— 0, k— oo.
veZpllvi=1

We need to prove that there exists Cj; > 0 such that
/ (IVVP? + V(®)f*(v)) dx = CiallvliZ, Vv e Sy, (3.1)
RN

where Sy := {v € E: ||v|| = 6}. Similar to the proof of (2.12), we can get that (3.1) is true.

And according to Lemma 3.1, we can choose an integer m > 1 such that

Cio 2 Cpp £

2 2 2 2

vl < —Ivll vl < —Ivl YveZy. (3.2)
2 4-C1 B [7’ 462 £ "

Lemma 3.2 Assume that (\71), (Va), and (Go) hold, then there exist positive constants 6

and o such that

Vs,nz,, = o.

Page 11 of 14
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Proof Foreveryve Z, and ||v||g =6 < 1, from (f3), (fg), (3.1), and (3.2), we obtain

1 2 2(v)) dx — d
2/1\[(|VV| + V(x) (v)) x /RNG(x,f(V)) x

C12

_|| ||E /RN(CIV(V)‘ZJFCZV(V)V) dx

Cia, o 9 ?
> —||V||E—/ (c1lv)* + ealv|?) dx
2 RN

Ci2
_—||V||E —|| I ——|| ”E

()

v

p=4
— || VIZ(=IvIlg> ) >0,
where p € (4,22%). This completes the proof.

Lemma 3.3 Assume that (V1), (V2), (Go), and (G1) hold, then for any finite dimensional
subspace E CE, there exists R = R(T?) > 0 such that

W) <0, VveE\Be

Proof For any finite dimensional subspace E C E, there exists an integer m > 0 such that
E C E,,. To the contrary, there is a sequence {v,} C E such that Vil = o0 and W(v,) > 0.

Hence
1
- / (|Vv,,|2 + V(x)fz(v,,)) dx > / G(x,f(v,,)) dx. (3.3)
2 JrN RN

Letw, = HVVTHIIE’ for a subsequence, we can assume that w, — @ in E, o, - w in LY(RYN)

foranys € [2,2%),and @, — wa.e.on RN, Let Q; := {x € RN : &(x) #0} and Q, := {x e RN :
w(x) = 0}. If meas(€2;) > 0, according to (G1), (f5), and Fatou’s lemma, we obtain

—
x = W’ dx — +00.
”Vn||125 Q (f(vn))4 Vﬁ "

/ G(x,f (vy)) J G, f(vi)) (f(va))*
21

By (Go) and (G,), there exists C;3 > 0 such that
Gx,t) > -Ci3t%, V(xt) eRN xR.

Hence

G, f (v, > (v
/ 4(95_]((1; )) dxz —Clg f (V ) —C13/ Ei dx.
o llvallg Q ”Vn”}; 2

Because @, — @ in L>(RN), then

liminf / Gwfa)
Q

700 Ivallz

Therefore

limf G(xf(vn) dx = +00.
n—00 JpN

(A
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By (3.3), we get % > +00, which is a contradiction. So meas(2;) = 0, i.e., (x) = 0 a.e. on
RN, According to the equivalency of all norms in E, there exists ¢ > 0 such that

2 2 z
vl = vz, VYvekE.
Hence
— Tim 1712 > Ti — 2 _
0= lim |w,|l; > lim t||o,|z=¢
n—oo n— 00
a contradiction. This completes the proof. d

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Set X =E, Y =Y, and Z = Z,,. Clearly, by ¥(0) = 0 and (Gs), we
get W is even. According to Lemma 2.4, Lemma 3.2, and Lemma 3.3, we know that all the
conditions of Proposition 2.1 are satisfied. Therefore, problem (2.1) possesses infinitely
many nontrivial solutions sequence {v,} such that ¥(v,) — oo as n — 00, then problem
(1.1) also possesses infinitely many nontrivial solutions sequence {u,} such that ®(u,) —

00 as 1 — o0. O
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