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1 Introduction and main results
In this paper, we consider existence results for solutions of the following 2-D Schrodinger-

Poisson systems of Kirchhoff type:

—(@+Db [ IVuldx)Au+ V(x)u + nou =f(u), xeR?

(1.1)
Ap=u?, xeR?

where a,b >0, >0, V:R?> — Rand f : R — R are continuous functions. Furthermore,
we impose the following assumptions for V and f:

(V) V eCHR?,[0,00)) and V(x) > inf,cp2 V(%) > 0;

(V1) 6V(x) + (VV(x),x) = 0;

(Vo) 2(1 + YV (x) — 422V (£ 1x) + (1 - t4)(VV(x),x) > 0, for every ¢ > 0, x € R?\{0};
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(F1) f € C(R,R), and there exist constants C > 0, p € (5, 00) such that
f)|<C(1+uf™?), VuelR;

(Fy) f(u) =o0(|ul) as u — 0;

(FB) ]im\u\aoo % = 00;

(Fy) there exist constants «, C > 0 and g > 1 such that
fW)u>5F(u), VucelR,

and

q

f(u) < C[f(u)u - 5F(M)];

u

> o

‘f (u)

(F5) the function £ (")':;F(”) is nondecreasing on (—00,0) U (0, 00).

It is easy to verify that there are simple examples of functions V and f satisfying the above
hypotheses:

V(x) = Const, fw) = ulPu, pe(500).

The direct motivation for our work was inspired by [3]. More precisely, Chen et al. [3]
concerned the following Schrédinger-Poisson system:

“Au+u+du=fu), xecR? 12)

Ap =u?, xeR2
The authors showed that problem (1.2) admits a nontrivial mountain pass solution and
a Nehari-Pohozaev type ground state solution. Based on the work of [3], we consider the
problem (1.2) with the Kirchhoff term in the present paper. On one hand, this consider-
ation is mainly from an interest in mathematics itself. Actually, ifa =1, 5=0, V(x) =1,
problem (1.1) is equivalent to (1.2). When b # 0, there are two nonlocal terms || Vu||53 and
Jg2 ¢uts® dx in this problem, and we have to compare these two nonlocal terms when we
prove the boundedness of the Cerami sequence. In addition, the existence of the nonlocal
term || Vu||3 makes it difficult to prove that the corresponding functional of problem (1.1)
satisfies the mountain pass geometry.

On the other hand, Kirchhoff-type problems have intrigued many researchers since they

have many applications, for example, in physics and biological systems. More specifically,
Kirchhoff established a model given by

P2u  (po E [Houl*, \d%u
—_([=4+ = d =0, 1.3
Par ( n oL /0 x) (13

ox?
where p, po, i, E, L are constants, which contain some physical meanings. In fact, (1.3)

u
0x

extends the classical D’Alembert wave equation by considering the effects of the changes
in the length of the strings during the vibrations. Note that the presence of the nonlocal
Kirchhoff term makes (1.3) no longer a pointwise identity. Moreover, Schrédinger-Poisson



Niu and Wang Boundary Value Problems (2023) 2023:66 Page 3 of 22

system was introduced by Benci and Fortunato in [1] as a physical model describing soli-
tary waves for nonlinear Schrédinger type equations coupled with a Poisson equation. The
nonlocal term ¢u represents the interaction with the electric field. For more details on the
physical background and existence results related to Kirchhoff-Schrédinger-Poisson sys-
tems, we refer to [2, 4, 9—-11, 14—20, 22, 23] and the references therein.

In the present paper, we study the existence of solutions for system (1.1). For this, by
applying the reduction argument introduced in [6], we first simplify the system (1.1) to
the following equation

—(a+bf |Vu|2dx>Au+ V(x)u + ¢yu=f(u) inR? (1.4)
R2
where

$ul) = (T % 12) () = = /}R og eyl ) d,

2
I'y is given by
1
—logl|z], N =2,
Mv@ - { = 8
N@2-N)oy |Z|2_Nr N Z 3:

where wy is the volume of the unit N-ball. That is, the solution of (1.4) is also a solution
of (1.1). One can easily get the corresponding functional as follows:

b 21
I(M):f/ |Vu|2dx+—</ |Vu|2dx> +—f Vx)u® dx
2 R2 4 R2 2 R2

M 2
+ 2/11;2 7 dx—/RzF(u)dx. (1.5)

Let H'(R?) denote the Sobolev space endowed with the standard scalar product and norm

(u,v) = /H;z(Vqu+ uv)dx, llet]| g1 2= (/RQ(WLA2 + uz) dx) .

Define
)| := / (|Vu|2 + V(x)uz) dx, |u||? := / log(l + |x|)u2(x) dx.
R2 R2

Denote by E = {u € H'(R?) : ||ull, < +00, [z2 V(¥)u® dx < +00} the Hilbert space endowed
with the norm

1
2 2\ 2
el == (laell® + Nl ) 2.

It is obvious that ||| is equivalent to the standard norm | u«||;1 under the assumption
(V). It is standard to verify that I € C}(E,R) and the critical points of I correspond to the
weak solutions of problem (1.1). It is worth pointing out that the methods for the three-
dimensional situation is not often easily adapted to the two-dimensional one, because the
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kernel I'y(x) is sign-changing and is bounded neither from above nor from below, and the
corresponding functional I is not well defined on H!(RR?).
Analogously to [7, Lemma 2.4], the Pohozaev funtional of (1.4) can be defined as follows:

1

P(u) = 3 /Rz[2\/(x) + (VV(x),x)]u2 dx + ,u/]Rz Guu’dx + i”u”%

—2/ F(u)dx. (1.6)
R2
It is well-known that P(x) = 0 when u is the solution of (1.1). Now, we define

J(u) = 2(I'(w), u) — P()

=2a | |Vul*dx+ 2b<

R2

2
|Vu|2dx>

R2
+ %/W [2V(x) - (VV(%),%) ]’ dx + u/}%z duu® dx

_K

o ||u||‘2*—2/Rz [f (w)u - F(u)] dx. (1.7)

And we define the following Nehari-Pohozaev manifold of the functional I:
M :={u € E\{0}:](u) = 0}. (1.8)

It is clear that M contains any nontrivial solution of (1.1). Specially, if the solution # of
(1.1) satisfies I(#) = inf,e pq I(14), & is a ground state solution. Meanwhile, we call a solution
u of (1.1) to be a least energy solution if I(u) is the smallest among all nontrivial solutions
of (1.1). In addition, we call a solution # is a mountain pass type solution when I(i) = 8,
here

B= %relgtrgl[g?]l(n(t)), I ={neC([0,1],E) : n(0) = 0,1(n(1)) < 0}.

Now, we can demonstrate the first main result as follows.

Theorem 1.1 Assume that (V), (V1) and (Fy)—(Fy) hold. There exists u* > 0 such that for
0 < p < u*, problem (1.1) has a nontrivial least energy solution in E, and problem (1.1) has
a solution of mountain pass type in E with positive energy.

Here is the second main result.

Theorem 1.2 Suppose that V satisfies (V), (V) and f satisfies (F1)—(F3), (Fs). There exists
W > 0 such that for > u**, problem (1.1) has a ground state solution in E.

Remark 1.1 If V(x) =1 and b = 0 in (1.1), Theorems 1.1-1.2 reduces to the main results
of [3]. In this sense, we extend and improve the related results of [3].

Here we sketch the main approaches in this paper. In detail, we first establish a Cerami
sequence for the corresponding functional by using the minimax principle. And then, with
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the help of the Gagliardo-Nirenberg inequality, the Hardy-Littlewood-Sobolev inequal-
ity, we verify the boundedness of the Cerami sequence. Finally, motivated by [5], we get
the existence of the lowest energy solution and the mountain pass solution. Moreover, by
constructing some key inequalities, we prove the existence of ground state solutions for
problem (1.1).

This paper is organized as follows. Section 2 gives the preliminaries and variational
framework. Section 3 and Sect. 4 present the proofs of Theorem 1.1 and 1.2, exactly, Sect. 3
illustrates the existence of mountain pass type solutions and the lowest energy solutions
for problem (1.1), Sect. 4 explains the existence of ground state solutions for problem (1.1).

Finally, we state some notations used in this paper: L7(R?) denotes the Lebesgue space
equipped with the norm |[Ju||, = (fRz |u|7dx)14, 2 < g < +00; B,(z) denotes the open ball
centered at z with radius r > 0; C, C and C denote possibly different positive constants in
different places.

2 Preliminaries and variational framework
Firstly, we define the symmetric bilinear forms as follows:

1

w,2) > A1(w,2) = o /11@2 /]R2 log(l + |x—y|)w(x)z(y) dxdy,

1 1

w,2) = Ay(w,z) = E/Rz ./W 1og(1 + |x_y|>w(x)z(y) dxdy,
1

w,2) > Ao(w, 2) = E/ﬂ;z /RZ log(|x — yl)w(x)z(y) dx dy,

one can easily get that Ay(w,z) = A1 (w,z) — Ay(w,2z). Actually, the definition aforemen-
tioned is restricted to measurable functions w,z : R? — R such that the corresponding
double integral is well defined in Lebesgue sense. It follows from the Hardy-Littlewood-
Sobolev inequality [12] that

1 1
Ax(w,2)] < — / / Iw(x)2(y)| dxdy < Cllwllas l1zllas @.1)
27 Jrz Jr2 [x -yl

where C > 0 is a constant. Based on the aforementioned functionals, we define the func-
tionals Iy, I1, I, as follows:

I :H! (Rz) — [0,00], Ii(u) = Al(uz,uz),
I:L5 (R?) — [0,00], L(u) = Ay (u?, u?),
Iy:H'(R*) > R U {oo}, Io(w) = Ay (u?, u?).

Here I, only takes finite values on L3 (R?). In fact, from (2.1), we have
|| < Cllullty,,  VueLS(R?). (2.2)

By the definition of E, one can get that E is compactly embedded in L*(R2) for s € [2, 00).
Note that

log(1 + |« —y|) <log(1 + |x| + |y|) <log(1+|x]) + log(l +171),
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one has

1
|.A1(wz, uv)| < 5 /R2 /Rz[log(l + |x|) +10g(1 + |y|)]|w(x)z(x)||u(y)v(y)|dxdy

< lwlllizll<llulizliviiz + Iwlz2llzllzllelvile, YW,z u,v € E. (2.3)

A

Similar to [5, Lemma 2.2], for i = 0, 1,2, we conclude that I; is of class C' on E, and
(/) v) = 4A;(u?,v), Vu,veE. (2.4)

From (F}), (F,) and (2.4), we deduce that I € C'(E,R), and

b S |
I(M):f/ |Vu|2dx+—</ |Vu|2dx> +—/ V)u® dx
2 R2 4 R2 2 R2

+ %[ll(u) — h(w)] - /R F(u)dx, (2.5)
/ _ 2
(I (u),v) —a/RZ VuVvdx + b - V| dx/Rz VuVvdx + fRZ V(x)uvdx
+ /L[Al (uz, uv) - A, (uz, uv)] - f fW)udx, (2.6)
R2

2
J(u) =2a |Vu|2dx+2b</ |Vu|2dx>
R2 R2

+ ! f [2V(x) - (VV(x),x)]u2 dx + pL[[l(M) —Iz(u)]
2 R2
- L g2 /R [fue - Fi] d. 27)

Now, we introduce the general minimax principle, which will be used later.

Lemma 2.1 ([8, Proposition 2.8]) Let X be a Banach space, and G be the closed subspace
of the metric space G, 'y C C(Go, X). Now define

[= {y €eC(G,X):vlg € Fo}.
If ® € C1(X, R) satisfies

¢:= sup sup ®(yo(u)) <c:= inf sup ®(y(u)) < oo,
o€l ueGp Vel yeG

then, for € € (0,(c —€)/2), £ >0 and y € T such that

supPoy <c+sg,
G

there is u € X such that
(i) c—2e <®(u) <c+2s;
(ii) dist(z, ¥ (G)) < 2&;
(ili) |®'(m)[l < 85—6-
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Motivated by [7, Lemma 3.2], we illustrate that the functional I has a Cerami sequence
here.

Lemma 2.2 Assume that (V) and (F1) — (F3) hold. Then there is a sequence {u,} C E sat-
isfying

I(un) —¢>0, ||I,(un)||E* (1 + ”un”E) — 0, ](M,,,) —0, (28)
where

c:= ;Iellt: tlgl[(a)l‘)l(][()/(t)), I:= {)/ € C([O, 1],E) :y(0) = 0,1()/(1)) < 0}.

Proof We verify that 0 < ¢ < oo firstly. Define u; := u(tx) for ¢ > 0 here and in the sequel.
One can deduce that

4
Io(FPu) = ;—n /]1@2 /1;2 (log |tx — ty| — log t)u®(tx)u(ty) d(tx) d(ty)

£
= E/Rz /ﬂ;z(log lx -yl - log £)u? (x)u? (y) dx dy

t*logt

= t*Io(u) - lull3, V&> 0.

Then,
b 2 t*
I(tzut) = Zt“lquH% + —t8||Vu||§ + —/ V(t’lx)uzdx+ M—Io(u)
2 4 2 Jee 4

uttlogt
8w

1

lull; - = / F(fu)dx, Vt>O0. (2.9)
t2 RrR2

By (F1)—(Fs) and (2.9), we have

}in(l)l(tzut) =0, supl(tzut) <00, I(t2ut) =-00 ast— +o0.
- t>0

Thus, choosing T > 0 large such that I(T?uy) < 0. For ¢ € [0, 1], set yr(¢) = (¢tT)?u,r, then,
yr € C([0,1],E) satisfies yr(0) = 0, I(yr(1)) < 0 and max;c,1)I(yr(t)) < co. Hence, I #0,
¢ < 00.
From (F;) and (F,), for every ¢ > 0, there is C(¢) > 0 satisfying

fw)u < su* + C(e)|ul?, F(u) <eu® + C(e)|ul’, VYueR. (2.10)

Fix ¢ = a/4, by (2.2), (2.5), (2.10) and Sobolev imbedding inequality, one has
a b 1 Cu
160 = S19ul+ Z09uld 5 [ Vel s Sl

a. .2
- E”u"z —Cllulp

i 1 2 4 14
Zm1n{a,1}4||u|| = Culull® = Cllull”,Yu € E.
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One can easily get that there exist constants 6 > 0 and d > 0 satisfying
I(u)>0, Viul=<p and I(u)>d, Vlull=p. (211)
For y € ', note that y(0) = 0, I(y (1)) <0, by (2.11), one has ||y (1)|| > 6. Noticing that y(¢)

is a continuous function, using the intermediate value theorem, there is 7 € (0, 1) such that
lly ()| = . Consequently,

sup I(y (1)) = 1(y())) =d>0, VyeT,
te[0,1]

which implies

0<d < inf max I(y(t)) = ¢ < 0. (2.12)
yel' te[0,1]

Let E be a Banach space endowed with the product norm
2 2\3
[Vl = (s + IvliE) 2.
Now, define the map
g:E:=RxE—E, g(s,v)(x) := e*v(e’x) forseR,veE,xeR?
Here we consider the functional
Y(s,v) = 1(g(s,v))

b 2
- gAZ|Vg(s,v)|2dx+ E(/Rz|Vg(s,v)|2dx> + E/Rz V(x)|g(s,v)|2dx

+ %[11 (g(s, v)) -1 (g(s, V))] - / F(g(s, v)) dx
R2

a b 2
= —e‘“/ |Vv|2dx + —egs(/ |Vv|2dx)
2 R2 4 R2

eZs 4s

+— [ V(e@x)v dx+ re_ [L(v) - L(v)]
2 R2 4

/,LS€4S 2 2 1 2s
- vid) - — F (e v) dx.
8w R2 e Jr2

Then,

2
oW (s,v) = 2&645/ |Vv|?dx + 2begs</ |Vv|? dx) + 625/ V(e‘sx)v2 dx
R2 R2 R2

62S

iy (V V(e_sx), (e_sx))v2 dx + pe® [11 v) - Iz(v)]
R2

4s 4s 2
- 5¢ + ‘. / vidx
2w 8w R2
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i 2s _ i 2s 2s
+ & | F(e*v)dx = sz(e v)e*vdx
= 2al|Vg(s,v) ||§ +2b|Vg(s,v) ||;L + /]RZ V(x)|gls, v)|2 dx

1
-3 /}RZ (VV(x),x) |g(s,v)|2dx

2
+u[L(g(s,v) - L(g(s,v)] - % (/]RZ lg(s, V)|2dx)

-2 / [ (g(s,v))g(s,v) — F(g(s,v)) ] d
R2

=J(g(s,v), VseR,veE. (2.13)
This shows that v is of class C! on E. Furthermore, for s € R, v, w € E, we have

Ay (s,v)w =T (g(s,v))g(s,v), (2.14)
since for every s € R, the map v+ g(s, v) is linear. Next, we define

¢ = inf max I(p(1)),
pef t€(0,1]

where
£ = {y ec(i0,11,£):9(0) = (0,0),1(7 (1) <0}.

Note that ' ={goyp:y € I}, one has ¢ = & For 1 € N, from the definition of ¢, one can
choose y, €T satisfying

1
max ¥ (0, yu(t)) = max ] (va@®) <c+ -
By Lemma 2.1, set G = [0,1], Go = {0,1} and E, I in place of X, T'. Set ,(£) = (0, y,(£)),
&= n%, &, = % From (2.12), one has ¢,, = nLZ € (0, 5) for n € N large. And then, Lemma 2.1

implies that that there exists (s,, v,) € E such that, as n — oo,

V(50 Vn) = ¢, (2.15)
19" (S vi) | g (1 + | G5 v) | ) = O, (2.16)
dist((s, V), {0} X ¥4([0,11)) — O. (217)

It follows from (2.17) that
s, — 0. (2.18)
Since

(W' (s vi), W, 2)) = (I' (g (515 Vi) ), & (8115 vir)) + T (g (5 vi) )W, ¥(w,2) € E. (2.19)

Page 9 of 22
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Combining (2.13) with (2.14), let w =1 and z = 0 in (2.19), one has
J(g(snvn)) = 0, asn— oo. (2.20)
Let u, := g(sy, vu), by (2.15) and (2.20), we have
I(u,) — ¢, J(u,) — 0 asn— oo.
For v € E, define w,, = e %"v(e™x) € E, it follows from (2.16) and (2.19) that
(1 + Netalle) |1 Ga)v| = (1 + NatallE) |1 ()8 (5 W) | = 01 Walles a8 1 — o0,
On the other hand, we deduce from (2.18) that
Iwallz = Iwall® + lIwall?
= 5| Vy|3 + e /]RZ V(es”x)v2 di + 72 /]RZ [log(l + e |x|)]v2 dx
= [1+oM]IVVI3 +[1+0(1)] /Rz V(x)v? dx
+[1+0(1)] /]RZ [log(1 + |«])]v* dx
=[1+o()]Ivlz, asn— oo,
where o(1) — 0 uniformly in v € E. Consequently,
(L+ llwnlle) |1 ()| o — 0, as m— oc.
The proof is now finished. O

Now, we illustrate the boundedness of the Cerami sequence.

Lemma 2.3 Suppose that (V), (V1) and (F1)—(F4) hold. Let {u,} C E satisfying (2.8). Then
there exists u* > 0 such that {u,)} is bounded in H'(R?) with . < u*.

Proof We choose u* > 0 small enough to satisfy
a
EIIVunH% — Crullun |31 Vatnlla = 0, for ju < . (2:21)

By applying (F4), (V1), (2.8), (2.21), the Gagliardo-Nirenberg inequality [13, Theorem 1.3.7]
and the Hardy-Littlewood-Sobolev inequality [8], one has

c+o(1) = I(u,) - %](Mn)

a 3 1 u
= Z||Vz,¢,1||% + 3 /ﬂ‘{2 V(x)ufl dx + T R2(VV(x),x)uf, dx + g./n@ ¢>unui dx

" 1
b Al /R [y~ 5 ()] dn
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a 3 1
> leVu,qll% t3 /RZ V(x)u? dx + E/Rz(VV(x),x)uﬁ dx - cp,uunn‘%
+ L/ / Tog(1 + | — y1) ()2 (y) daedy + —— |1, | (2.22)
167 Jgr2 Jr2 " " 647

1
+ 1 /Rz [f(un)un - SF(un)] dx

3 1
> znwnné = Cualln 1Vl + 2 fR V() da + = /W(W(x),x)ui dx
+ el ||u,,||§ + 1 / [f(un)u,, - 5F(u,,)] dx (2.23)
647 4 Jg2
H 4
>
> a3,
which means
linlla < C, / [y~ 5Fe)] de < C. (2.24)
R

Next, we show the boundedness of {||u,|}. With reduction to absurdity, we suppose
lletn || — o00. Set v, := u,/||u,||, from (2.24), we have ||v,|| = 1, ||[v4]l2 — 0. Let ¢’ = ﬁ, it
follows from the Gagliardo-Nirenberg inequality that

Ivall32) < Clval3IVval3? > = o(1). (2.25)
Define
G,:= {xeRZ: JM 505}.
Uy
Then,
/ JM vidx < alv,|3 = o(1). (2.26)
|

Furthermore, from (Fy), (2.24), (2.25) and the Holder inequality, one has

‘/Rz\Gn

flw)

2
v, dx

Un

1
7

T ) ([ i)
= </RZ\Gn Uy dr /RZ\Gn val™
= Cé (/]RZ\G [f(un)”n - 5F(un)] dx) ' ”Vn”%q/ =0(1). (2.27)

It follows from (2.2), (2.24) and the Gagliardo-Nirenberg inequality that
L(uy) < Cllugllgs < Cllunl51Vitnllz < Cll Vityl2. (2.28)

Then, from (2.5), (2.8), (2.26), (2.27) and (2.28) follows that

min{a, W lu, ) = (I' (), n)

min{a, 1} + o(1) = TR
n
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< _Mll(un) + M12(Mn) + fRZf(un)”n dx
B N2, 11>

C n
<~ +/ f(u)vfldx+/
[z, Y R2\Gj,

Uy
o(1),

/(1)

Uy

V2 dx

n

which is a contradiction. Consequently, {u,} is bounded in H*(R?). (]
To obtain the nontrivial solutions, we also need the following important lemma.

Lemma 2.4 ([5, Lemma 2.1]) Let {u,} be the sequence in L*(R?) such that u, — u €
L*(R*)\{0} a.e., on R%. If {v,} is a bounded sequence in L*(R?) such that sup, .y A1 (12, v?) <
o0, then {||v,|.} is bounded. If, moreover, Ay (u2,v>) — 0, ||[vull2 — 0 as n — oo, then

[[Vulls = 0 as n— oo.

3 Lowest energy solutions

Proof of Theorem 1.1 In terms of Lemma 2.2 and Lemma 2.3, there is a sequence {u,} C E
such that ||u,||> < K; for some constant K; > 0 and (2.8) hold. If

38 :=limsup sup[ |u,|* dx =0,
By(y)

n—00 y€R2

by applying Lions’ concentration compactness principle [21, Lemma 1.21], we have u,, — 0
as n — oo in L(R?), s € (2,00). And then, by (2.2), we deduce that ,(,) — 0 as n — o00.

From (2.10), let ¢ = ﬁ, there is a constant C(e) > 0 satisfying

1 3 c
/2 ‘ of Wn)n = F(uy) | dx < §6|IunII§ + C(&)lunllf) < 5 +o(b). (3.1)
R

Then, by (2.5), (2.6), (2.8) and (3.1), one has

1

c+ 0(1) = [(u}’l) 2(1/(un)) un)

NV - ) + ) + /R 2 [%f(unm —F(un)} d

A

c
-z 1),
2+o()

which is absurd, thus, § > 0.
Up to a subsequence if necessary, we suppose that there is y, € R? such that

é
/ 4,2 dx > —.
Bi(m) 2

Set 21,,(x) = u,(x + y,,), then

)
/ |4, 2 dx > —. (3.2)
B1(0) 2
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Since
l|22,]1% = / log (1 + |% = yul )2 dx < J|sty |12 +10g (1 + [y,l) 12413
R

Then, for any n € N, 21,, € E. Note that ||it,|| = ||\u,||, L;(#t,) = L;(u,), here i = 0,1,2, by (2.8),

we have
I(#,) = ¢>0, (I'(@n), ity) > 0, asn— oo. (3.3)
(R?) for

§>2, i, — a.e.on R? as n — 0o. Then, from (3.2), we have it # 0. It follows from (2.2),
(2.6), (2.10), (3.3) and Sobolev embedding inequality that

Going if necessary to a subsequence, one has i, — # in H'(R?), &, — & in L.

Vi + IV IS+ [ VO uhi @)+ o) = ala@n) + [ fGi)a, d
R R
= Clitlly + a3 + Clii |l
< Cllan)|* + Cllitall® + Clliin|1”.
Note that {||#, | } is bounded, one can conclude that sup,,.y 11 (&) = sup,,c A1 (2, 42) < oc.
By Lemma 2.4, we obtain the boundedness of {|| &, «}. Thus, {i,} is bounded in E. Passing

to a subsequence if necessary, we have

i, —~ i inE, i, — & in LS(R2) for s > 2,

(3.4)
A A 2
u,— u a.e.onR”asn— oo.

Next, we show that I’(z) = 0. We claim
(I'(@),w) = lim (['(#,),w) = lim (I'(u,), w(x - y,)) =0, VweE. (3.5)
n—00 n—00
Indeed, we have

||w(x—y,,)||2 = lw|? + /RZ log(1 + | + y,|)w? dx

< [lwllz +log(1 + y.|)Iwl3, VweE. (3.6)

And, from (3.2), one has

ll2ta]l? = /zlog(l +|% + yul )22
R
2/ log(1 + | + y,|) it dx
B1(0)
>

log [y

=

B S NS

log(L+ [yal),  Vlyal = 2. (3.7)
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Combining (3.6) with (3.7), we have
4
||w(x —yn)||,25 <Ilwllz + (g ll244]l7 +log 3) Iwl3, VYweE. (3.8)
Hence, by (2.6), (2.8) and (3.8), we deduce

|<1/(l,'\tn): W)| = ‘(1/(1471)7 W(?C _yn)H

1

! 2 4 2 2 2
< |7 () E*[IIWIIE + (g”’/ln”* +10g3)IIWI|2]
=o0(1), VweE. (3.9)
Then,
(I'(@n), &) = 0(2). (3.10)

Moreover, from (2.2) and (3.4), we have
| A (262, ttn(fn — 1)) | < Clldinl| sl — @lls/3 = o(1). (3.11)

By applying (F1), (F2), (3.4) and the Lebesgue’s dominated convergence theorem, we de-
duce that

sz () (it — 22) dx = 0(1). (3.12)
Similar to [5, Lemma 2.6], one has
Ay (82, (i, — i)w) = 0(1), VYweE. (3.13)
Let w = 1,, — 1, one has
Ay (82, (i1, — 2)%) = o(1). (3.14)

Then, by (3.3), (3.4), (3.10)—(3.12) and (3.14), we have

- alVit 3~ all Vil + bV - bV + [ | Viaiddx
R
- / V)i dx + pAy (5, (iby — 10)%) + A (82, (b, — 10)it)
R2

- Aoty =) = [ £~ i)
R
= al Vi - all Vil + bIVit 1§ - b Vil

4 A (82, by — 1)?) + (1),
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which, together with i, — & in H*(R?), implies
I, — ]| — 0.
Using Lemma 2.4, one has ||, — #||« — 0. Thus, ||, — it||g — 0. By (2.3), one has

AD AD A A ~ ~ ~ ~ ~ ~ ~ ~ ~
| Au (it = 2%, aow) | < Wit = il Nl + Bl 2l 2w + i = B2l + Gl 2] W

=o(1), VweE. (3.15)
Analogously to (3.11) and (3.12), we deduce
Ao (I, (n — W) = 0(1),  As(8] — 0%, w) = (1) (3.16)
and
fRz [f (@) - f(@)]wdx = 0(1), Vwe€E. (3.17)
Thus, by (2.6), (3.4), (3.13), (3.15), (3.16) and (3.17), one has

(I' (@) = I' (), w) (3.18)

= a(Vit, — Vi, Vw) + b||Vit, |3(Vit,, Vw) — b| Vit 2(Vir, Vw)
+ f V(%) it,wdx —/ V(x)uwdx + ,u.Al(zftf,, (1, — it)w)
R2 R2
+ A (Iftfl -2 Iftw) — 1A, (itfl, (@, — it)w) - A, (itfl -2 itw)
- [ [fG) - @was
R2
=o0(1), VweE. (3.19)
Hence, it follows from (3.9) and (3.19) that (3.5) holds. Therefore, & € E is a nontrivial
solution of (1.1), and I(t) = ¢ > 0.
Define
N :={u e E\{0}:I'(x) =0}.
Note that &z € N, one has N # @. Using (F;) and (F,), we have
1 )
[f (w)u| < 5 min{a, 1}u?® + Clulf’, VueR. (3.20)
Due to (I'(u), u) = 0 for u € N, by (2.6), (3.20) and Sobolev embedding inequality, one has

min{a, 1}||u|?® < al|Vul3 + b|| Vull; + / V(x)u? dx + uli ()
RZ

= ul(u) + /sz(u)udx
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~ 1 _
< Cllull*+ Emin{a, ul? + Cllull?, VYuel, (3.21)

which yields

1
1 2 . 2
|z = 6o := min{l, <§ min{a, 1}) (C+ C)%} >0, VYuelN. (3.22)

One can easily deduce that infxrI > —00. Now, we choose {u,} C N satisfying I(«,) —
infar 1. It is easy to see that {u,} satisfies (2.8). Using Lemma 2.3, we obtain the bounded-
ness of {u,} in H'(R?). Next, we claim that {u,} does not vanish. In fact, if not, applying
Lions’ concentration compactness principle [12], one has u, — 0 in L(R?) for s € (2, 00).
Then, by (2.2) and (2.10), we have

L(wy) = o(1), fR )iy e = (1),

which, together with (3.21) and (3.22), we obtain a contradiction. Therefore, using the
same argument as above, there is uo € A/ such that I(i) = infar I > —co. Then, up € E is a
lowest energy solution of problem (1.1). 0

4 Existence of ground state solutions
Now, we consider the existence of ground state solutions for problem (1.1). Here we give

some key lemmas.

Lemma 4.1 Assume that (F), (F,) and (Fs) hold. Then

1- 4 4
2s fyu+

-3 1
h(s,u) = F(u) + S—ZF(s2u) >0, Vs>0,uelR. (4.1)

2

Proof 1t follows from (F;) and (F,) that, for # = 0, (4.1) holds. In case u # 0, from (F5), one

has
d(h(s, u)) s [ f(SPu)s*u - F(s*u)  f(u)u— F(u)
SR o8 -
ds sO|ul® |u|3
>0, s>1,
<0, O<s<l,
then, k(s,u) > h(1,u) = 0 for s > 0. O

Lemma 4.2 Assume that (V), (V3), (F1), (F») and (Fs) hold. Then there is u** > 0 such that,

Jor =,
9 1-s*
I(u) > I(s us) + ) J(u), VYuekE,s>0, (4.2)
1) > Sy + 2 jull, Vuek (4.3)
~4 647

Proof By direct calculation, we have

1-s*+4s*logs>0, Vs>0. (4.4)
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So we can choose u** > 0 sufficiently large to satisfy

us*logs (1 -s%?

8w

n(l—s*)
—lull; +
32

llull5 — b||Vul3 >0, (4.5)

for u > p**. Then, it follows from (V3), (2.7), (2.9), (4.1) and (4.5) that

blIVul;
4

()~ I(s%u;) = g/Rz(l—s‘*)WuPdm /Rz(l—ss)IVLtlzdx

+ %/Rz[\/(x) -V(s'x)|utdx

4
1
+ %(1 — %) lo(u) + “SS;gSnung
lF(2 F(u)|d
+ |2 s u)— u) [ dx
1-s (1 —s%?
- 5w - bl Vul
1 2 L, “1,), 2
+ = Vix)u”dx — =s V(s x)u dx
2 R2 2 R2
1-st 1-st 1
- s / V(x)u? dx + s / (VV(x),x)ude+ 1S OgS||u||§
4 R2 R2 8r
wl-st o, / 1., 1-s* -3
_— —F F
t llull5 + e (su) + 5 f(u)u + 5 () | dx
1-s*
> ) J(u), VYue€kE,s>0,
which implies that (4.2) holds. Moreover, by (F1), (F») and (4.1), one has
. 1 3
limh(s,u) = —f(w)u— -F(u) >0, wuek. (4.6)
s—0 2 2
Then, from (V3), (2.5), (2.7) and (4.6), we know
I(u) - l/(u) = —énwu‘u 1/ V(x)uzdx+1/ (VV(x),x)u” dx
4 4 27 4 Jpo 8 Jr2 ’
iz s 1
el - ~3F
v gt 5 [ [Fu-3F0)] s
> M upt vuekE
64m
Then, (4.3) holds. (I

Using Lemma 4.2, we obtain the corollary as follows.

Corollary 4.1 Assume that (V), (V3), (F1), (F;) and (Fs5) hold. Then there is u** > 0 such
that, for > u**,

I(u) = ma})xl(s%ts), Yu e M. (4.7)

Page 17 of 22
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Lemma 4.3 Assume that (V), (F1)—(Fs) and (Fs) hold. Then, for u € E\{0}, there is a con-
stant s(u) > 0 such that [s(u)]*uy) € M.

Proof Fix u € E\{0}, now we define the function n(s) := I(su;) for s € (0, 00). Then,

n'(s)=0 <& 2433||Vu||§+2bs7||Vu||§+s/

V(s_lx) u? dx
R2

—l/ (VV(S‘lx),x)uzdx
2 RrR2

43310gs+s3 2
3 4 2
+ s ulo(u) — Mty + F(s“u)dx
0( ) 8 ” ”2 3 /2 ( )

2 2 _
- /sz(s u)udx =0

s
& ](Szus) =0

& Su,eM, Vs>O0.

From (F;)—(F3), one can clearly know that lim,_, ¢ 7(s) = 0, n(s) > 0 for s small and 7(s) <0
for s large. Then, there is s(z) > 0 such that n(s(x)) = maxson(s). Thus, n'(s(x)) = 0,
s(u) ugy) € M. O

Using Corollary 4.1 and Lemma 4.3, we get the following lemma immediately.

Lemma 4.4 Assume that (V), (V3), (F1)—(F3) and (Fs) hold. Then

inf I(u) :=m = inf maxl(szus).
ueM ucE\{0} s>0

Lemma 4.5 Assume that (V>), (F1)—(F3) and (Fs) hold. Then
(i) there is § >0 such that ||u| > 8, Vu € M;
(ii) m =inf,caq I(u) > 0.

Proof (i) From (F;) and (F;), we have

min{24,1} ,
——u

V(u)u| + ’F(u)| < +Clul’, VYueR. (4.8)

Note that /(i) = 0 for every u € M, by (V2), (2.7), (4.8), Hardy-Littlewood-Sobolev in-

equality and Sobolev embedding inequality, one has

min{2a, 1}||u||* < 2a||Vul; + 2b|| Vull; + 6/ V(x)u® dx
R2

1

-3 /}R2(VV(JC),JC)M2 dx + iy (u)

= uly(u) + %Hull‘zL +2/ [f(u)u—F(u)] dx

RrR2

~ 1 _
< Collull* + 5 min{2a, ul®*+ Collull?, VueM,

Page 18 of 22
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which yields

1
1 2 5 -
lu|| =8 := min{l, (5 min{2a, 1}) (Co + Co)_% }, Yue M. (4.9)

(ii) Choosing {u#,} C M such that I(u,) — m. Now, we distinguish two cases:
infen |44 |l2 > 0 and inf,ey |2, )12 = 0. If inf,en |24 ]12 := 81 > 0, by (4.3), we have

H 4 Mg
m+o(l)=1 > > 8%,
o(1) = I(u,) > 64 lenlly > 647 1

If inf, e || #y |2 = 0, in terms of (4.9), up to a subsequence, one has
llztnll2 — O, Vuulla = 8. (4.10)

Furthermore, in view of (4.10), one has

[log(IVunll2)l _

(4.11)
IVt 13

-1
Fix t, = ||[Vu,ll,*. Due to J(u,) = 0, by (2.2), (2.9), (2.10), (4.7), (4.10), (4.11) and the
Gagliardo-Nirenberg inequality, we have

m+o(1) = I(u,)

= I(ti(un)tn)
2

a4 2 b 4 b -1,),.2 1,
=4IVl + =t IVu,ll; + = V(tn x)un dx + [Il(un) —Ig(un)]
2 4 2 Jre 4

uttlogt, 4 1/ )
——L—uull5 - = F(t u,)dx
G el = [ F(E)

4 4
a4 o M put, logt, ) » C 2P
= SVl = ) = S = s = - 5 [ [ dx
a uttlogt
> Etillvun”% — Ctp | 311V it 2 - %Tnllunllé—tﬁllunllg
_ -2
= CEP 2 |un |5 Vet
e Nml | plog(Vila) g el el
2 IVatully 1671 Vall; "2 (I Vaalls Vil
a
= —+o(1).
5 (1)
Both cases imply that m = inf,c ¢ I (1) > 0. O

Similar to [3, Lemma 4.7], now we prove that the Cerami sequence obtained in
Lemma 2.2 is a minimizing sequence.

Lemma 4.6 Assume that (F)—(F3) and (Fs) hold. Then there is a sequence {u,} C E such
that

I(u,) — c € (0,m)], |17 (ua,)

(L) > 0, J() — 0. (4.12)
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Proof In terms of Lemma 4.4 and Lemma 4.5, we may choose v, € M satisfying

1
O<m<Iv,)<m+—, VmeN. (4.13)
n

By Lemma 2.2, for n € N, there is a sequence {u,} C E satisfying (2.8). Next, choosing
T, > 0 satisfying I(T2(v,)T,) < 0. Define v,(t) = (¢tT,)*(Vu)er,, £ € [0,1]. One can easily get
that y,, € . In addition, from (2.11), we have

ce [d, sup I(tZ(V,,)t)].

t>0

Applying Corollary 4.1, we deduce

I(Vn) = SUPI(tZ(Vn)t)~

t>0

Thus, it follows from (4.13) that

1

c< sup](tz(v,,)t) <m+—, VneNlN.
t>0 n

Then, let # — 0o in above inequality, by virtue of Lemma 2.2, we get the desired conclu-

sion. O

Proof of Theorem 1.2 From Lemma 4.6, there is a sequence {u,} C E satisfying (4.12). By
(4.3) and (4.12), we have

1
¢+ o(1) = 1(u,) = 2/ (ats) = % el (4.14)

which implies that {||z,||.} is bounded. Next, we verify the boundedness of {|| Vi, ||2}. With
reduction to absurdity, we may assume that ||Vu,|, — oco. Fix ¢, = (W‘FZ‘”Z)%. Note
that t, — 0, then ¢}log#, — 0. Hence, by (2.2), (2.9), (2.10), (4.2), (4.12), (4.14) and the

Gagliardo-Nirenberg inequality, we have

m+o(1) > c+o0(1) = I(u,)

1-¢

> 1(t5(un)s, ) + J ()

2

a 4 2 b 4 b -1,),.2 1,
=4IVl + =t IVu,ll; + = V(tn x)un dx + [Il(un) —Ig(un)]
2 4 2 Jre 4

uttlogt, 1
_ *«8771”"””“3 ~a » F(tﬁun) dx

nty _
=R = w3 = CEP I + 0(1)

v

a
4 2
Sl Va3 -

a . -2
> Et;*nwnn% — Ctillunl3 | Vttnlla — E211all3 — CEP > N |31 Vil ™ + 0(1)
Cm 2/m C(/m)P!
= 2m = ———— )} - = lltull} — =TI} + 0(1)
al| Vil Val| Vil (Va2 Vu,ll

=2m+ o(1),
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which is a contradiction, then, {||Vu,||2} is bounded. Thus, {u,} is bounded in H'(R?).
Using the same arguments as the proof of Theorem 1.1, we deduce that there is # € E\ {0}
satisfying

I'(n) =0, I(it) = c € (0, m].

Furthermore, note that # € M, we obtain I(iz) > m. Therefore, & € E is a ground state
solution of (1.1). This completes the proof. O
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