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The purpose is to investigate the energy scattering of global inter-critical solutions
below the ground state threshold. The scattering is obtained by using the new
approach of Dodson-Murphy, based on Tao's scattering criteria and Morawetz
estimates. This work naturally extends the recent paper by J. An et al. (Discrete Contin.
Dyn. Syst,, Ser. B 28(2): 1046-1067 2023). The threshold is expressed in terms the
non-conserved potential energy. As a consequence, it can be given with a classical
way with the conserved mass and energy. The inhomogeneous term |x| 2% for T > 0
guarantees the existence of ground states for A > 0, contrarily to the homogeneous
case T =0. Moreover, the decay of the inhomogeneous term enables to avoid any
radial assumption on the datum. Since there is no dispersive estimate of L' — [ for
the free Schrédinger equation with inverse square potential for A < 0, one restricts
this work to the case A > 0.
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1 Introduction
This paper is concerned with the Cauchy problem for a focusing inhomogeneous Schro-

dinger equation with inverse square potential

i — ICou + |x| 72 [u|?@ Yy = 0, @)

Ujg=0 = Ug.
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Here and hereafter, the space dimension is equal to three and the wave function is
denoted by u := u(t,x) : R x R® — C. The linear Schrédinger operator is denoted by
Ki=-A+ #, where A := Y7, % is the classical Laplacian operator. The inhomoge-
neous singular decaying term is | - | 2% for some 7 > 0. Motivated by the next sharp Hardy
inequality [5],

1[ [@P

4 R3 |x|2

dx < / V)| dx, (1.2)
R3

one assumes that A > —i, which guarantees that extension of —A + #, denoted by IC;, is a
self-adjoint positive operator. In the range —1 < A < 2, the extension is not unique [18, 27].
In such a case, one picks the Friedrichs extension [18, 24].

Note that by [20, Theorem 1.2], the assumption X > —i implies that

2%
||\/E~||=(||V-||2+AH— ) = . (1.3)

||

The problem (1.1) models many physical phenomena. Indeed, they are used in nonlinear
optical systems with spatially dependent interactions [6]. In particular, when X = 0, they
can be considered as modeling inhomogeneities in the medium in which the wave propa-
gates [1, 2, 19]. When t = 0, they model a quantum field equations or black hole solutions
of the Einstein’s equations [12, 18]. See also [3, 22]. In statistical mechanics, the inverse
square potential represents the borderline case for phase transition for the long-range 1-
D Ising model [17]. The quantum mechanics of the inverse square potential is relevant
to phenomena as diverse as the Efimov effect for short range interacting bosons [21], the
interaction between an electron and a polar neutral molecule [8] and the near-horizon
problem for certain black holes [9].

Let us recall some literature dealing with (1.1). Using the energy method, [25] inves-
tigated the local well-posedness in the energy space. Moreover, the local solution ex-
tends globally in time, either in the defocusing case or in the focusing, mass-subcritical
case. Later on, [10] revisits the same problem, where the authors studied the local well-
posedness and small data global well-posedness in the energy-sub-critical case by using
the standard Strichartz estimates combined with the fixed point argument. See also [4, 11]
for the ground state threshold of global existence versus blow-up dichotomy in the inter-
critical regime. Furthermore, [10] showed a scattering criterion and constructed a wave
operator for the inter-critical case. The well-posedness and blow-up in the energy critical
regime were investigated in [16].

The purpose of this paper is to investigate the scattering of energy global solutions of the
Schrédinger problem (1.1) in the inter-critical regime and below the ground state thresh-
old. This naturally extends the recent paper [4], where the global existence versus finite
time blow-up below the ground state threshold was proved, but the scattering was not
treated. The scattering is obtained by using the new approach of Dodson-Murphy [13].
This method is based on Tao’s scattering criteria [26] and Morawetz estimates. The in-
homogeneous term |x|~>* for T > 0 guarantees the existence of ground states for » > 0,
contrarily to the homogeneous case T = 0. Moreover, the decay of the inhomogeneous

term enables to avoid any radial assumption on the datum. Because for A < 0 there is no
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dispersive estimate of L' — L* for the free Schrédinger equation with inverse square po-
tential [23], one restricts this work to the case A > 0.

The rest of this paper is organized as follows. The next section contains the main re-
sult and some useful estimates. Section 3 proves the main result. A non-linear estimate is
proved in the appendix.

2 Background and main result
This section contains the main results and some useful estimates.

2.1 Preliminary

Here and hereafter, one denotes for simplicity some standard Lebesgue and Sobolev spaces
L7 := L"(R?), Wb := WL (R3) and H! := W% and the norms || - [l := || - llz> |- 1 := 1l - llo.
Similarly, one defines Sobolev spaces in terms of the operator Ky, as the completion of
C5°(R3) with respect to the norms

[ el N\ I My = (V)

”

where (-) := (1 + | - [2)2. Take also for short H!:= W)"* and H} := W,"*. Note that by the
definition of the operator K, and Hardy estimate (1.2), one has

2\ 3
) - N

-l = 1K -1 = (IIV- & +AHE

Let us also define the real numbers
y:=3q—-3+27, p:=2q—v.

If u € H}, one defines the quantities related to energy solutions of (1.1),

QL = / 2 [ i, @.1)
R3

Tlul = | Koull? - ;—qg[u],

Mu] := / |u)|” dx, (2.2)
RB
Elu] = W Iull? - ég[ul. (2.3)

The equation (1.1) enjoys the scaling invariance
Uy :=Kﬂu(K2’,K~), K >0. (2.4)

The critical exponent s, keeps invariant the following homogeneous Sobolev norm

u(/czt)f

Two cases are of particular interest in the physical context. The first one s, = 0 corresponds

to the mass-critical case, which is equivalenttog =¢q,:= 1 + @ This case is related to

3_1-t
s=(3-41)

(@]

s = K Julie?e)|

s =K st
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the conservation of the mass (2.2). The second one is the energy-critical case s, = 1, which
corresponds to g = ¢° := 1 + 2(1 — 7). This case is related to the conservation of the energy
(2.3). A particular periodic global solution of (1.1), called standing wave, takes the form

e’ g, where ¢ satisfies
Kig +¢=1x"" 9?4y, 0#¢ecH,. (2.5)

The standing waves play an important role in the Schrodinger context. Indeed, they give
global solutions which don't scatter. The existence of ground states is related to the next

Gagliardo-Nirenberg type inequalities [10].

Proposition 2.1 Let A > —i, O0<t<landl<q<qt. Thus,
L. There exists a sharp constant Cy. ;. > 0, such that for all u € H,

[ P = ol 1 26)
R

2. Moreover, there exists ¢, a solution to (2.5), satisfying

Y
29 (P\?, o0
cq,m:—q(—) )2, (2.7)
P \Y

3. Furthermore, one has the following Pohozaev identities
2 2
Qo) =~ Mgl = IVl (28)

Here and hereafter, we focus on the inter-critical regime 0 < s, < 1. So, we denote the
positive real number é —1:=0a,€(0,1), ¢ isa ground state of (2.5), and the scale invariant

quantities are

Mo\ ( Eluo]
Mg“”“(Mm) <£[¢1 )

ol \ nmuou>

M = ,
glu] (nwn) (ll«/lC_wII
( Miugl \* [ Qlul
MQM“(MW]) (Q[«ﬂ)'

Let e7“% be the operator associated to the free Schrodinger equation (id; — KC;) = 0.
Then, by Duhamel integral formula, energy solutions of the problem (1.1) are fixed points
of the function

fu):= ey + i/' e =9k [le‘zr |u(s) |2(q_1)u(s)] ds. (2.9)
0

In the next sub-section, we list the contribution of this note.

Page 4 of 18
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2.2 Main result
The main result of this note is the following energy scattering threshold.

Theorem 2.2 Let ). >0 and 0 < t < 1. Take q. < q < q° and u € Cr+(H}) be a maximal
solution to (1.1). Then, u is global and scatters if one of the next assumptions holds

sup MO[u(®)] <1, (2.10)
t€[0,7%)
max{./\/lg[uo],./\/lg[uo]} <1 (2.11)
Remarks 2.3
1. The first point expresses the threshold in terms of the non-conserved potential
energy Q,

2. The scattering under the assumption (2.11) is a consequence of the scattering under
the condition (2.10),

3. The assumption A > 0 is needed only in the proof of Proposition 3.3,

4. The proof follows the method of Dodson-Murphy [13] based on Tao’s scattering
criteria [26] and Morawetz estimates,

5. The scattering means that the global solution of (1.1) is close to the solution of the
associated free equation. This means that the source term has a negligible affect for
large time. Precisely, the energy scattering reads: there exists u4 € H! such that
limy, 4o [|(t) — e 2 uy | ;n =0,

6. This theorem extends the recent paper [4], where the global existence versus finite
time blow-up below the ground state threshold was proved, but the scattering was

not treated.

2.3 Useful estimates
In this sub-section, some standard tools needed in the sequel are given.

Definition 2.4 A couple of real numbers (g, r) is said to be p admissible (admissible if
w = 0) if

1 1 2 6
Al )=—+pu, <r<6. (2.12)
q 3-2un

For simplicity, we denote by I'* the set of u admissible pairs and I' := I'°. Let also for any

real interval I,

Al := ﬂ L(L,L"), - law:= sup |- llzagrn,
(@r)er (q,r)er’®
I Mlar,m = (q’rl)fellf,ﬂ W oy

Take also the particular cases

A(D) := Ao(D), N (D) := Ay(D), Ay = A ((0,00)), AL, = AL, ((0,00)).

-1

An essential tool used in this note is Strichartz estimate [7, 15, 28].
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Proposition 2.5 Let A > —i, w € R and 0 € I be a real interval. Then, there exists C > 0
such that

L lle™ulla,0) < Cllael e,

2 |l fye M (@ dtlam < Clif laa,

3. ifA=0,50l [, e_i('_t)K*f(T)dTHAN(]) = Clflaz, -

The above Strichartz estimates are consequence of the next dispersive estimates [14, 23].

Proposition 2.6 There exists C > 0 such that

L [le oy, < C%, whenever % < % <min{1,1- %},
i

2. |le oy, < CMSH(”%%), whenever r € [2,00] and ) > 0.

From now on, we hide the time variable ¢ for simplicity, spreading it out only when
necessary. Moreover, we denote the centered ball of R? with radius R > 0 and its comple-
mentary, respectively B(R) and B¢(R). Furthermore C(R, R') is the centered annulus of R?
with small radius R and large radius R'. Finally, the critical Sobolev embedding H! < L*"
gives the index 2* := 6. In what follows, one proves the main result of this note.

3 Proof of Theorem 2.2

3.1 Global existence

The global existence of energy solutions of (1.1) follows from the conservation laws via
the next coercivity result.

Lemma 3.1 Let u € H} and 0 < v < 1 satisfying
MO[u] <v. (3.1)

Then, there is c(v, ) > 0 such that

IVKsull? < c(v, @)Elul, (3.2)
Zlu] > c(v, @) IV Kol (3.3)

Proof A direct computation gives the useful identities
2q-1Dsc=y -2, (3.4)

acy —2) = p. (3.5)

Using the Gagliardo-Nirenberg inequality (2.6) via Pohozaev identities (2.8), the explicit
expression (2.7) and the equalities (3.4)-(3.5), are written

Y
2

<y (117 QLual) 2 1/ Kol

%(5) gl (M Qlul) I Kl

[Qlu]]

IA

< 2’7‘1(5) M) L5 (M) 1l
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5(3%) (ML) ¥ /Il

y Ml¢]

(Mgul)“(—nf u||2) . (36)

Thus, taking (3.6) to the exponent %, we get

2 y=2
Qlu] < f(MQ[u]) 7 IVl (3.7)
This implies that

1) = 1Voul? - -l
(1_ 2 (MQ[ul)' 7 >||Fu||

The proof of (3.2) follows from (3.1) via the assumption s, > 0 which gives y > 2. Moreover,
by (3.7) and (3.1), we have

Tl = IV Kul® - Zlg[u]
> VIl (1 - (MQ[u]) 7 )
> IV Kul.
This proves (3.3). O

3.2 Scattering criteria
Here and hereafter, we denote a smooth function ¥ € C5°(R?) such that ¥ = 1 on B(1)
and ¥ = 0 on B°(2). Take also Yz := ¥(3). In this sub-section, we prove the next scattering

criteria.

Proposition 3.2 Take the assumptions of Theorem 2.2. Let u € C(R, H}') be a global solu-
tion to (1.1). Assume that

0< sup||u(t) ||H1 := E < 00. (3.8)
teR "A
There exist R, & > 0 depending on E, d, q, T such that u scatters if

liminf / |u(t, )| dix < €2, (3.9)
B(R)

t—>00
Proof Using an interpolation via the bound in L*(H}), it is sufficient to prove that
ueL*L%). (3.10)
Moreover, by Sobolev embeddings and Holder estimate, we write

1
el g g2y < T el oo )y
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So, it is sufficient to prove that there is T > 0 such that
ueL*((T,00),L%). (3.11)

By continuity argument, Strichartz estimate and Sobolev embedding, the key of the proof
of the scattering criterion is the next result.

Proposition 3.3 Take the assumptions of Proposition 3.2. Then, for any € > 0, there exist
T, i > 0 satisfying

e TRu(T) || Set (3.12)

(T,00),L%")

Proof By the integral formula

T
e_l(t_T))C’\u(T) — e—lt’CkuO +l/ e_l(t_T)IC*[|x|_2T|u|2(q_l)u] dT
0

’ T-¢=P T ]
= e ayy 4 z(/ +/ )e’(t’)’CA [|x|’2”|u|2(‘7’1)u] dr
0 T—g=h
= e oy, + l(/ + / )e‘i(t_f)m 17> |u|2(‘7—1)u] dt
-1 J2

= ey + Fy + Fy. (3.13)

Now, we estimate the three different parts in (3.13).
e The linear term. By Holder and Strichartz estimates via Sobolev injections, we have

”efi'KWO”u (T,00),L2*) = <|le Z’CAMOHLoo (T00),12) 1€ L’CWOHL%TOO)LZ*)

< cle i} Ko

L®((T,00),H}) ||e L2((T,00),L2")

< c||e K uo || (3.14)

L2((T,00),L2")"

Thus, by the Dominated convergence Theorem via Strichartz estimates and the fact that
(2,2*) e ', one may choose T > e8>0, where 8 > 0 is to choose later, such that

||e_""CA U ||L4((T0,oo),L2*) <& (3.15)

e The term F;. First, the integral formula (2.9) gives
F, =7t (e"'(‘T”fﬁ)Klu(T —e7P) —up). (3.16)

So, using Strichartz estimate via (3.16), the fact that (2,2*) € I and an interpolation, we

write

2
VBl rn 2ty < VB gy o VL D

SR

(3.17)
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Now, an interpolation via (3.16), (A.1) and Proposition 2.6, implies that

IE:@)], < [EO)F|EO

2
=c[m@]L

T—e=P 3 3
< c(/ |t—s|_7|| |x|_2rlu|2(q‘1)u“1ds)
0

<c((t-T+ g-f‘)l’% ||u||fé_l)%

W™

<ce
So, it follows that

I F1ll poo (7 00025y < €”5 v >0.
Finally, with an interpolation via (3.19), we get

2
IEL N (7 00,22y = WL oo r00),22%) IEL 22T 00,227

<e’, v>0.

e The term F,. By the assumption (3.9), one has for 7' > ¢# large enough,

/ V)| (T, )| dx < €2,
R3

Moreover, a computation with use of (1.1) and Holder estimate gives

= ‘—2%/ YrAu dx
R3

d 2
Ezjggwkﬁﬂ dx

21‘;[ uVyg - Vudx
R3

S

x| =

Take the real function gz(z) := ng Yr(®)|u(t, x)|? dx. By (3.21), we write

| vru®)||” < galt)
T
<gr(T)+ / |gk(s)| ds

= / IﬁR(JC)|bt(T,x)|2dx+ CE,
R3 R

Then, forany T —¢# <t < T and R > e=®**#), yields by (3.22),

T_t\?
| yu(o)| 5<f 1//R(x)|u(T,x)|2dx+CTt) <Ce.
]R3

Page 9 of 18
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(3.19)

(3.20)
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This gives
¥Rl oo 7—c-p,71,02) < Ceé. (3.23)
Using Strichartz estimate in Proposition 2.5, we write

1Ballyagzry < IFalla,

< |l 2T V|

A:l (=)
2
<l

S e I (e el

6 6
LA(Jp,L5 5

L%(Jp,L5)

= ” (1) ||L4(]2) + H (1) ||L4(]2)' (3.24)
Now, by Holder estimate via (3.24) and (3.23), we write for certain 0< 6 <1,

2(¢-1)
L“(\ka) ||u”h

(D) < Iyrully| 17>

0 2(g-1)+1-6
< cllvrull”llull
A

< s, (3.25)

Here,

1
> 271, (3.26)

A= QW aln

(3.27)

So, we get

1 32¢-1) 5
<$<§—2r (3.28)

This is possible because g < g and 0 < 7 < 1.

Moreover, by Holder estimate via (3.24) and the properties of ¥, we write

2g-1

(1) < | el | o 12012

—(2¢7-3 2g-1
= R

< RT3, (3.29)
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Here,
4 _ 1, 2q-1
6=gt e
f] <21, (3.30)
1_1_1
6=e=1
This reads
4_3a-l) _3 _op
j e (3.31)
65e=2
So,
1 > 2(1-1)
e 3(2g-1)’ (3 32)
111 '
6=e—=12"
This is possible because g > g, gives
1-47
g-1> (3.33)
6
Now, by (3.24), (3.25) and (3.29), we get for 0 < 8 <6 and R~%7-3) < gf,
1Bl a2y < D] lz2g) + [ UD] 2,
< c)t (R 1 6)
< ce’g (R’@gf’s) + 80)
<csg'. (3.34)
The proof is closed via (3.15), (3.19) and (3.34). O
O
3.3 Virial/morawetz estimate
Let ¢ : R® — R be a convex smooth function. Define the variance potential
2
Vi i= , §(x)‘u(~,x)’ dx, (3.35)
R
and the Morawetz action
M, = 23/ u(V¢ - Vu)dx = 23/ u(gju;) dx, (3.36)
R3 R3

where repeated indices are summed here and subsequently. Let us give a Morawetz-type

estimate for the Schrodinger equation with inverse square potential [4].

Page 11 0of 18
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Proposition 3.4 Take u € C([0, T], H}) to be a local solution of (1.1) and ¢ : R®* - R bea
smooth function. Then, the following equality holds on [0, T],

2
V{”[u] :Mg [u] :4/ a,akmt(akua,a)dx—/ A2§|u|2dx+4k/ V¢ xﬂ dx
R3 R3 R3

[oc|*
1 2
—2<1——>/ Ag|x|-2f|u|2qu+—/ Ve V(|07 [ul* dx.
q/ Jr3 q Jr3

The next radial identities will be useful in the sequel.

v="2 (3.37)
r
02 S xixk XiXk
== — - 5 )8, + =92, 3.38
dxdng K ( r r3 ) o (3.38)
5 2
A=02+20, (3.39)
r
In the rest of this note, we take a smooth radial function ¢ (x) := £ (]x|) such that
r2, ifo<r< %,
:r—
r, ifr>1.
Now, for R > 0, take via (3.36),
2 | : |
CR =R { 7 and MR :=M§R'
Moreover, we assume that in the centered annulus C(0, §,R),
3,¢ >0, 97t >0 and [0°¢|<Col "% Ve|>1 (3.40)
Note that on the centered ball of radius g, we have
dklr = 28k Atg=6 and A%;=0. (3.41)
Moreover, for |x| > R,
R XX 2R
dilr = (5,-k - ’—f) Alg=-"— and A2%z=0. (3.42)
|| || |oc]
Now, one states a Morawetz-type estimate.
Proposition 3.5 There is t,, R, — o0 such that
T ) .
/ / x| 727 |u(t, )| dedt < T, (3.43)
0o JR3

lim / 1ol 72wy, )| dx = 0. (3.44)
" JB(Rn)

Page 12 of 18
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Proof Taking account of Proposition 3.4, we write

Vilu] := V{”R [u]

2
= 4/ a,akng(akua,ﬁ)dx—/ A2§R|u|2dx+4,\/ V;R-xﬂ dx
R3 R3 R3 ||
1 27,12 2 -2t 2
-2[1-- AZplx| ™ u| dx + — V§R~V(|x| )|u| Tdx
q/) Jr3 q Jr3
= () + (1) + (1), (3.45)

where one decomposes the above integrals as (fB(g) +fc(§’R) +fBC(R)). Let us denote for

short the source term N [u] := |27 |u|*@ Dy, For the first term, we have

2
u
ViR x'—l dx
R [

A cglul* dx + 41/

B(§ B(§)

2

1 2
+2<——1>/ A§R|x|_2’|u|2qu+—/
q B(%) q JB(

2 |u|2
=8 |Vul|“dx + 81 —2dx
B(%) (%) |¥|

+12<l—1>/. ﬁN[u]dx—S—r uNu] dx
q B( q

) := 4/ 010k LN (0rc 0y 1k) dx —/
B(%)

Vg V(a7 lul dx
)

(Sl

= 8(/ |Viu|? dx — v N [u] dx + A/ w dx). (3.46)
B(%) 2 B

Moreover,

2

(1) ::4/ alakgRE}i(BkualzZ)dx—/ A2§R|u|2dx+4k/ V;R-xﬂ dx
B(R) B¢(

R) B¢(R) ||
1 2
+2(=- 1)/ ALglx| 7% |u)® dx + —/ Vg V(177 ul* dx
q B¢(R) q JB®)
R X% R |ul?
- 4/ —<a,k— ’—;‘>m(akua,ﬁ)dm4x/ Rl g
B¢(R) x| || B¢(R) | x|
1 2R 4T R
—2(1— —)/ x| 7 | dx - —/ — || 7" |u|* dx. (3.47)
q) Jeew ¥l q Jpew %l
Thus, taking ¥ :=V — %x the angular gradient, (3.47) gives
R R |ul?
(111):4/ —|)K7u|2dx+4A/ —%dx
Be@® 1%l Be@®) %] x|
1 2R 4t R
- 2(1 - —) / T u dx - — — |72 u|* dx
q/ Jeew |xl q Jeew |xl

~

> _R?2 | |ufdx-R?" / || dx. (3.48)
R3 R3

Page 13 0f 18
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Furthermore, by (3.40), we have

2
u

A2cplul® dx + zm/ ViR -xu dx

) c(Z.R)

) := 4/ 010k CrN(0x 10y k) dx —/ 2
c(& R) |x]

cE.r

1 2

+2(——1)/ A;R|x|-21|u|2qu+—/ Vg V(a7 ul* dx

q cE.p qJcE.pr

> -R3 | |u*dx-R"*" / || dx. (3.49)
R3 R3

Now, by (3.45), (3.46), (3.48), and (3.49) via (3.2), it follows that

Vi [u]

Z/ |Vu|2dx—1/ uN[u] dx
B(§) 29 Ja(%)

2
u
A/ %dx-lﬂ/ |u|2dx—R—2f/ |u|* dx
B(%) x| R3 R3

Z/ |Vu|2dx—l/ uN [u] dx
B(%) 2q Jp(%)

2
u
+A/ Ly '2 dx-R? | |ufdx - R ||u|

B(%) |x| R3 A

> / |Vu|? dx — 21 N [u] dx + X / ——dx-cR 21— R (3.50)
) q

B(%)

Indeed, by Sobolev embeddings via 1 < g < ¢°,
/ 0 dx < ] (351)
R3
Moreover, by (3.50), (3.3), (3.7)and (3.51), we get

Vi lu] + cR7% + cR7* > T(Ypu)
> |V (wrw) |

-2 2
Z/ |~ [Wrul ™ dx
R3

2 / o] 727 |24 dx
B(R)

> / %72 |u|M dx — R7%". (3.52)
R3
Integrating in time the estimate (3.52) via the fact that 0 < 7 < 1, it follows that

T
f / %727 |u|* dx ds < VI;[M(T)] — Vi[uo] + cTR? + ¢cTR™*
0o JR3

<R+ cTR™. (3.53)
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So, (3.43) follows by taking R = TT% . Moreover, (3.43) gives

2 (" 27,12 -2
T || |u|“dxds S T Teow,
I Jr3
2

We conclude the proof of (3.44) by using the mean value Theorem. O

3.4 Proof of the scattering in Theorem 2.2 under (2.10)
Take R, e > 0 given by Proposition 3.2 and ¢,, R, — 0o given by Proposition 3.5. Letting
n > 1 such that R, > R, one gets by Holder’s inequality

/ |u(tn,x)|2dx - R / |x|_27r|u(t,,,x)f2dx
|<R x| <R

B(R!q e

_T
R4

x ‘ ”Lq (1% <Ry)

1
21+3(g-1) q
<R ¢ (/ |x|’21|u(t,,,x)|2q dx)
[%|<Rn

< g2,

~

Hence, the scattering of energy global solutions of the focusing problem (1.1) follows from

Proposition 3.2.

3.5 Proof of the scattering in Theorem 2.2 under (2.11)

This part follows from Theorem 2.2 with the next result.
Lemma 3.6 The assumption (2.11) implies (2.10).

Proof Take the real function g : t > 2 — q” t¥ and compute using (3.5),

c o, C'Tv +20¢
E[ul[M[u]]* = IVIC,ul*|ul** - ‘ITAuunﬂ 20 ||/ IC,ul)”

= g(IVKsull ]| ). (3.54)

Now, with Pohozaev identities (2.8) via (2.11) and the conservation laws, we have for some

O<ex<l,

(VK ullllul*) < Elul[M[u]]*
< (1-e)E[p][Mle]]*™
= 1 -e)g(IVKiplllgl®). (3.55)

Thus, with time continuity, the assumption (2.11) is invariant under the flow of (1.1) and

T* = co. Moreover, by Pohozaev identities (2.8), we write

Elp)[Mle)]* = VT_z(nx/Ewnnwn“c) - %(nf wolllel ™).
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So, with (3.54) and (3.55), we get

v <||¢Eu||||u||“c)2_ 2 <||¢Eu||||u||“c)y
Ty 2\ IVEKelllele Y =2\ IVKplllgl

Following the variations of ¢ #tz - %ty via the assumption (2.11) and a continuity
argument, there is a real number denoted also by 0 < ¢ < 1, such that

IVKu@) | |u@)]|* < 1 -e)IVKiplllel* onR. (3.56)

Now, by (3.56) and Pohozaev identities (2.8) via (3.5), it follows that for some real number
denoted alsoby 0 <e <1,

QLul[M[u]]* < Coen IV K uall” ]|+
< Cpon(1 =) (IVKs@lllpl*)”

2
< (1= H(IVEsellol™)”
< (1-¢)QlelM[p]*.
This finishes the proof. O

4 Conclusion

The key finding of this note is Theorem 2.2 about the energy scattering of inter-critical
global solutions of the inhomogeneous focusing Schrédinger problem (1.1). It is estab-
lished using the new method of Dodson-Murphy [13] based on Tao’s scattering criteria
[26] and Morawetz estimates. The scattering means that the global solution to (1.1) is
close to the solution of the associate free equation. This means that the source term has a
negligible affect for large time. Precisely, the energy scattering reads: there exists u4 € H!
such that

t_l)iinoo et - ey, ||H1 =0.

This result naturally extends the recent paper [4], where the global existence versus finite
time blow-up below the ground state threshold was proved, but the scattering was not
treated.

Appendix
In this scetion, we prove a useful non-linear estimate.

Lemma A.1 Let )\ > —i, ge<q<qand0<t< % Then, for u eHAl, one has
_ _ 2g-1
[t i (A1)
R

Proof Using Holder estimate and Sobolev injections, we have

2g-1 -2t

29-1 2q-1
o 175 Sl

HLaz(B)”””rz H!

I i
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>2r> 2, (A.2)

|
|

v
|

o

v
|
|
|

rno o oa 3 ay r
) (A.3)

i

[l
I

This requires

2g-1 2g-1 _ 2

= - <1 30

_2 2g-1 2g-1 A4

131’<r2<—2, (A.4)
3

O<t<3.

This is possible because

5
t<qc—1<q—1<q”—1<§—21. O

N
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