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1 Introduction
In this paper, we are concerned with the problem of minimax optimal control for the fol-
lowing nonlinear beam equation using distribution control in the presence of uncertain

velocity:
Y+ A%y - (1 + / |Vy|2dx> Ay+g)=f+u inQ:=Qx (0,T), (1.1)
Q

where ' = ;’—t, Q is a bounded domain in RN, N € {1,2,3} (mainly N = 3) with smooth
boundary 32, A and A? are the Laplacian and bi-Laplacian operators defined as

o 0%y 2 N~ Yy
Ayzzw and A y:ZBx«zxz
i=1 i ij=1 vy

respectively, g(y) is a nonlinear term, which we will explain later, f is a forcing function,

and u is a control function. We consider either hinged boundary condition

y=Ay=0 onX:=9dQx(0,7T) (1.2)
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or clamped boundary condition

b
y:a—y:O on £ := 9% x (0, ), (1.3)

v
where v is the unit outward normal vector tailing on 9€2. We also consider the initial

condition
¥(x,0) = yo(x), ¥ (%,0) = y1(x) + v(x) in Q. (1.4)

Here we assume that the initial velocity y’(x,0) is not completely known and that v be-
longs to an admissible set V,q. For this reason, we consider an uncertain system through
incomplete velocity data. Many physical systems can be described by equations that con-
tain uncertainties such as noise or disturbances. We can find recent studies on the problem
of optimal control or identification of systems with uncertain or missing data. See, for in-
stance, [3, 7, 10, 13, 14] and references therein. We make a very natural assumption, as is
the case with many physical systems (cf. [3]), that uncertainty appears through the initial
velocity value.

Since the one-dimensional version of Eq. (1.1) was proposed by Woinowsky-Krieger
[28], there have been many researches focused on the properties of the solutions such as
stability or energy decay, including studies on attractors. To name just a few, we can cite
Ball [5], Bernstein [6], Dickey [12], and references therein. For studies of more generalized
equations, we can cite several researches: Brito [8], Medeiros [21], Oliveria and Lima [23],
Yang [30], etc.

As a contribution to control theory to the nonlinear beam equation, in [15], we studied
the optimal control problems in the framework of Lions [19] using distributed forcing con-
trol variables. Quite recently, we studied in [16] that the nonlinear solution map of Eq. (1.1)
is Fréchet differentiable and applied the result to the bilinear robust control problems us-
ing the minimax optimal control strategy (see [17, 29]), which is known to be a useful
strategy for dealing with competing control problems. To summarize the results in [16],
we showed the existence of an optimal pair and studied the necessary optimal condition
of the optimal pair given by the following saddle points:

J(*v) <J (V") <J(,v")  V(,v) € Usg X Vag, (1.5)

where J is a quadratic cost, # and v are the distributed control and disturbance, respec-
tively, and U,q and V,q are admissible sets.

Inspired by the research of Arada, Bergounioux, and Raymond [4], we set up our control
strategy as follows: In finding the optimal control for all admissible initial velocity distur-
bances, we pursue a control strategy that tolerates the worst disturbance, i.e., we look for a
safe optimal control value. This control strategy is different from our previous study [16]
and from Ahmed and Xiang [2]. For our study, we introduce the cost functional

T - [

(F(x, t,y) + H(x,t, u)) dxdt + / (K( ,y(T)) + L(x, v)) dx, (1.6)
Q

Q

where y is the solution of Eq. (1.1), (#, v) € Uyq X Vad, and the properties of the integrands
are explicitly given later.
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First, we consider the following problem:
(P)  inf{T(y,u,v) | uelha}, (1.7)
where y is the solution of Eq. (1.1) with (1.2) or (1.3) and (1.4) corresponding to « for given
v, and U,q is a given admissible control set. We denote by Argmin(P,) the set of controls

to (P,) and denote J (y, u, v) by J(u, v). We set up our main control problem (P) as follows:
Find & € U,q such that z € Argmin(P;) for some v € V,q and

J(u,,v) <J(,v) forallve V,qand u, € Argmin(P,). (1.8)

As is indicated in [4], problem (P) can be expressed in the following equivalent form: Find
v € V,q and u; € Argmin(Py) such that

J(uy,v) < J(uy,v) forallveVy and u, € Argmin(P,) (1.9)
or, shortly
(P) max min J(u,v). (1.10)

ve Vad u Euad

In this paper, we study the existence of optimal solutions for (P,) and (P) and the neces-
sary optimal conditions they must satisfy in the form of Pontryagin’s maximal principle.
First, in the proof of the existence, appropriate assumptions are given to the integrands of
(1.6), unlike the assumption given in [16], and the weak lower and upper semicontinuity
of convex and concave functionals is used.

Next, to derive necessary conditions for optimal solutions for (P,) and (P) in the form of
Pontryagin’s maximum or minimum principle, we need to construct appropriate adjoint
equations for (P,) and (P). For this, the differentiability of the nonlinear solution map is
needed, as we did in [16]. As is well known from other related studies ([18, 22, 24], etc.),
since the control domain is just a metric space, the perturbation of the control has to be
of the spike (or needle-like) type. Overcoming the nonlinearity in Eq. (1.1), we successfully
derive a sort of Taylor expansion of first order for the state variable with respect to the
diffuse perturbations of the control and disturbance. This is the main novelty of this paper.

The content of the paper is organized as follows. In Sect. 2, we present notations and
preliminary results for Eq. (1.1) with (1.2) or (1.3) and (1.4). In Sect. 3, we state the main
results of this paper, including assumptions for the cost function. In Sect. 4, we prove the
existence of optimal solutions to (P,) and (P). In Sect. 5, we show the Taylor expansion of
state and disturbance variables for the diffuse perturbation of the reference control vari-

able and the disturbance variable. In Sect. 6, we give the proof of the main results.
2 Preliminaries

Let X be a Banach space. We denote its topological dual by X" and the duality pairing

between X’ and X by (-,-)x’ x. We also introduce the following abbreviations:

Il =1 e, — H=L*S), (2.1)
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where p > 1. The scalar product and norm on H are denoted by (-,-); and || - ||2, respec-
tively. The scalar product and norm on [H]N (N < 3) are also denoted by (-,-); and || - ||,
respectively. As is well known, H*(R2) is the Sobolev space of order k > 1 on £, and Hg(Q)
is the completion of C§°(£2) in the H*(2) norm.

We denote

H*(Q)NH(RQ) for condition (1.2),
V, = (2.2)
HX(RQ) for condition (1.3).

We define the operator A : V, — V, by

(Ad, V) vy v, = (MG, AY)2 Vo, ¥ €V, (2:3)
D(A)={p eV, |Ap € H}. (2.4)
Since A is self-adjoint from V; into V3, strictly positive on V; due to (2.3), and the injection
of V; in H is compact, we can use the spectral theory of self-adjoint compact operators in

a Hilbert space (see [25, Theorem 7.7]). We infer that there exists a complete orthonormal
basis {ex}72, of H, which consists of eigenvectors of A,

Aep = Arer VK,

O<A <A<+, A — 00 ask— oo.

This allows us to define the powers A® of A for any s € R such that for s > 0,

D(A%) = :¢ cH ‘ 3 1 (ge) < oo},
k=1

and for s < 0, D(A®) is the completion of H in the norm

1
2

{insw,ek)%} :
k=1

For s € R, the scalar product and norm in D(A®) can be written alternatively as

(6, V)pws) = (A9, A°Y), = Y A (@, ex)2 (¥, €x)a, (2.5)
k=1
¢l peas) = {(¢,¢)D(A5)}% = {Z)»is(fﬁ,ek)%} . (2.6)
k=1

Hereafter, we denote V; := D(A%). Then for s € R, V; are Hilbert spaces with the scalar

products and norms

(@ V)5 = (&, Vv, = (ATp, ATY),,  ldllv, = |ATe], (2.7)
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for ¢, ¥ € V;. Thus

Illv, = [A20], = 1Al Wi, = [AR¥ ], = IV (2.8)

for all (¢, y) € Vo x V7.
It becomes apparent that each natural topological imbedding

Vos VisHo V=V, (2.9)
is continuous and compact. According to Adams [1], when N < 3, the imbedding
Vo = Go(R2) (2.10)
is compact.
We give the following assumptions on g(y) in Eq. (1.1): g in Eq. (1.1) is a C* function

such that g(0) = 0 (without loss of generality);
(H1) The function G defined by G(s) = fos g(r) dr satisfies the condition

G
lim inf@ >0 (2.11)

|s|>00 S
(H2) There exists a constant ¢; > 0 such that
g <a(l+1sl) (0=<y<oo). (2.12)
We infer from (2.11) that for every n > 0, there exists a constant C,, > 0 such that
G(s) + ns* > -C, VseR. (2.13)

Now we can rewrite Eq. (1.1) with the boundary condition (1.2) or (1.3), # = 0, and the
initial condition (1.4) with v = 0 as the following abstract Cauchy problem:

¥ +Ay+ (L+y13,)A%y +g) =f in(0,T),
¥(0) = yo, ¥'(0) = y1.

(2.14)

Remark 2.1 By (H1), (H2), and (2.10) we can infer or rewrite (2.12) and (2.13) suitably for
the nonlinear operator g in Eq. (2.14):

(i) It follows from (2.12) and (2.10) that the nonlinear operator g in Eq. (2.14) is a C?
bounded operator from V; into H, Fréchet differentiable with differential g, and
Lipschitzian from the bounded sets of V5 into H. Indeed, for every R > 0, there
exists ¢(R) such that

lg(@1) —g(@2)], < c®lig1 - dalla Vi € Vs (i =1,2), (2.15)

where [|¢;]lv, <R (i =1,2).
(ii) Asa consequence of (H1) and (2.13), we deduce that there exists G € C}(V3,R),
G(0) = 0, such that g(¢) = G'(¢) for all ¢ € V5 and that for every n > 0, there exists a
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constant C, > 0 such that
G(¢) +nli¢l;>-C,) Vo e V. (2.16)
The Hilbert space of the weak solutions of Eq. (2.14) is defined as
W(O,T)={¢ | ¢ € L*(0,T; Va),¢' € L*(0, T; H),¢" € L*(0, T; V) }

equipped with the norm

Nl

leliweon = ("¢||i2(0,T;V2) + ||¢/ ”i%o,T;H) + ||¢N ||i2(0,T;V2’)) ’

where ¢’ and ¢” denote the first- and second-order derivatives of ¢ in the sense of distri-
bution.

Hereafter, we use C as a generic constant and omit the integral variables in any definite
integrals without confusion.

Definition 2.1 A function y is said to be a weak solution of Eq. (2.14) if y € W(0, T) and
y satisfies

0O vy, + (6 )2 + L+ YOG, ¢)1 + €1()), b)2
=(f(-), #)2
for all ¢ € V; in the sense of D'(0, T),

(2.17)

¥(0) = yo, ¥'(0) = y1.

By referring to Yang [30] in terms of dealing with the nonlinear terms in Eq. (2.14) we
can state the following existence theorem (see [27, pp. 212—-219] to deal with the term g(y)
in Eq. (2.14)).

Theorem 2.1 Assume that (H1) and (H2) are fulfilled and that yy € V3, y1 € H, and f €
L2(0, T; H). Then there exists a weak solution y of Eq. (2.14) satisfying

y e W(0, T)NL>®(0, T; Vo) N WH(0, T; H). (2.18)
Let X be a Banach space. Set
Cw([0,T); X) = {9 € L™(0, T; X) | (¢(-),§)X,X, e C([0,T]) V& e X'}.

Then, as noted in [16], we can use (2.18) together with the results in Lions and Magenes
[20, Lemma 8.2] to prove the following improved regularity for the weak solution y of
Eq. (2.14).

Corollary 2.1 Let y be a weak solution of Eq. (2.14). Then, we can assert (after possibly
a modification on a set of measure zero) that

yeCu([0, T} Va), ¥ € Cu([0, TT; H). (2.19)

Proof See [16]. O
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The following lemma is not only used to verify the improved regularity of the weak
solution of Eq. (2.14), but also plays an important role in obtaining various estimates in
this paper.

Lemma 2.1 Let y be a weak solution of Eq. (2.14). Then, for each t € [0, T], we have the
following energy equality:

@1+ ol + 50+ bOI,) +2660)

t
_) f (F.5), ds + I3 12 + o1,
0
1 2 \2
+ 5(1+ Iy0l13,)” +2G(y0). (2.20)

Proof As noted in [16], by the double regularization procedure in Lions and Magenes [20,
pp. 276-279], we deduce that the weak solution y of Eq. (2.14) satisfies

ly @+ lyo],
t t
= Iyl2 + 302, +2 /0 (), ds -2 /0 (1+1y12,) (Ady,y), ds

-2 / (€0).y), ds. (2.21)
0
Since
1d d
571 (1 0I5 = @+ bol,) 2 ol
=2(1+ [y0},) (A750,¥ @), (2.22)

and

d
260@) = (6@).y @), (2.23)

we can combine (2.21) with (2.22) and (2.23) to obtain (2.20).
This completes the proof. O

Here we can state the following theorem.

Theorem 2.2 Let y be the weak solution of Eq. (2.14). Then (after a possible modifica-
tion on a set of measure zero), y € C([0,T]; V3) N CY([0, T); H). Moreover, the solution
mapping p = (Yo, y1,f) = y(p) of P = Vo x H x L*0,T;H) into S(0,T) = W(0,T) N
C([0, T]; V2) N CX([0, T1; H) is locally Lipschitz continuous. Letting p1 = (yy,y1,/1) € P and
P2 = (3,93, f2) € P, the following is satisfied:

|y@1) - y(2) ”S(O,T)

1
= C(“y(l) _y(2) ||3/2 + ||yi _y% ||j + ”fl _ﬁ||%2(O,T;H))2

Page 7 of 26



Hwang Boundary Value Problems (2023) 2023:72 Page 8 of 26

= Cllpr - p2li»s (2.24)
where C > 0 is a constant depending on the data.
Proof As explained in [16], we can make use of (2.21) to show that
y € C([0, TT; Vo) N CH([0, TT; H). (2.25)

Thus we can verify that every weak solution y of Eq. (2.14) with the data (yo,1,f) € V2 x
H x L*(0, T; H) exists in S(0, T). Based on this result, we can verify (2.24): for all p; =

e, y1A) € P and pa = (93,92,£2) € P, we denote y; — y2 = y(p1) — y(p2) by ¥. Then from
Eq. (2.14) we know that ¥ satisfies the following in weak sense:

W+ AY + L+ l3)AR Y +g0n) —gbn) = e(W) +fi—fo in(0,T),

(2.26)
v(0)=y5-%,  V(0) =y -

where

) =113, — 19213,)A 292 = ~(¥, 31 + y)nA 2. (227)

Applying the energy equality (2.21) to Eq. (2.26), we obtain
lv'@l;+vol,
=2 [ (600 -0 ¥'), s 42 [ (o) i
—2[(1 B, (A3, v, ds
w2 [((ist)y s [ O O, 28)
Here we just estimate the first term on the right side of (2.28). Then we can refer to [16] to

get estimations of the other terms in (2.28). From (2.15) and the fact that S(0, T) < C(Q)
we have

lgn) -g0m)|3 < Cllv 113, (2.29)

where C depends only on the data of the weak solutions y; and y,. Thanks to (2.29), we
have

2 [[ e -gt) 1)) <2 [ et -0l ],
0 0

sc/O 1l ds

scfo 1l ||, ds

t
<c [ (i, + W) as (230
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Then by analogy with [16] in terms of estimating the other terms on the right hand side

of (2.28), we arrive at

14 | o, v)nct o,y < Clipr = pallp. (2.31)
Since A : V, — Vj is an isomorphism, we infer from (2.26) and (2.31) that
||1//”||L2(0,T;V£) < C”Pl _172”73' (232)

Hence we have proved (2.24).
This completes the proof. d

3 Basic assumptions and statement of the main theorem
We consider the following uncertain control system:

Y +Ay+ (L+1y13,)A%y +g0) =f +u in(0,7),
¥(0) = yo, ¥ (0)=y1 +v,

(3.1)

where (y0,1,f) € Vo x H x L*(0, T; H), u is a control function belonging to the admissible
control set U,q, and v denotes the noise or disturbance variable described by the uncer-
tainty that belongs to the admissible set Vq.

We give the following assumptions for problem (P).

(A1) The control set is defined as

Uad = {u € L*(0, T; H) | u(x, t) € K, (x, t) for almost all (x,£) € Q},
where K, (-,-) is a measurable multivalued mapping with nonempty, convex, and
closed values in P(R).
(A2) The set of v (noises) is given by
Vad = {v € L™(Q) | v(x) € K, (x) C G for almost all x € Q},
where K, () is a measurable multivalued mapping with nonempty, convex, and
closed values in P(R), and G is a bounded subset of R.

(A3) F and H are Carathéodory functions from Q x R to R, and F(-,-,0) and H(-,-,0)
belong to L1(Q). For a.e. (x,£) € Q, F(x,t,-) is of class C! and satisfies

|Fy(x, t,y)’ < c(l + |y|"1) (3.2)
for some constants ¢ >0 and 0 < o7 < 1. H(x, t, ) is convex such that
c1lul® < H(x, t,u) < h(x, 1) + ca|ul?, (3.3)

where ci,¢, >0and # € LY(Q).
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(A4) K and L are Carathéodory functions from € x R to R, and K-, 0) belongs to L!(£).
For a.e. x € , K(x,-) is of class C! and satisfies

Ky (x,9)| < (1 +1y17) (34)
for some constants ¢ >0 and 0 < o5 < 1. L(x, -) is concave and satisfies

|L(x, v)| < Ll(x)n(|1/|), ae. x € Q,ve Vg, (3.5)
where L; € L}(R2), and 7 is a nondecreasing function from R* to R*.

Remark 3.1 From (A1) we deduce that U,q is a closed and convex subset of L*(0, T; H).
Also, we deduce from (A2) that V,q is convex, bounded, and closed in L?(2) for any p > 1.

Thanks to Theorem 2.2, we have the well-defined solution mapping (u,v)(€ Uasq X
Vaa) —> y(€ §(0, T)) given by the solution of Eq. (3.1). Thus, throughout the paper, we
employ the notation y(u,v) to denote the solution of Eq. (3.1) corresponding to (u,v) €
uad X Vad~

To present our main result, we define the Hamiltonian functions for the control prob-
lems (P,) and (P) as follows:

Hi(x, tu,p):=H(x, t,u) + pu V(x,t,u,p) e Q x R xR,

Ho(x, v, p) :=Lx,v) +pv V(x,v,p) e QxR xR.

We present the following necessary optimality conditions given as a Pontryagin’s principle
for optimal solutions to (P,), where v € V,q is fixed.

Theorem 3.1 Assume that conditions (A1)—(A4) are fulfilled. For any fixed v € V,q, let u,
be an optimal solution of (P,). Then there exists p € S(0, T) such that

P+ Ap+ G0y, v),p) + & 5wy, v))p = £y, (y(wy,v))  in (0, T),

(3.6)
p(1)=0,  p(T)=-K0w,vT)),
where
G(y(uy,v),p) = (1 + |y, v) IIf,1 VA2 p +2((3(w4, ), p)) A (s, v), (3.7)
and
Hi(xt, 1, (%, 0), plx, ) = uer1r<1,j(rylc,t) Hi(xt, ulx, 1), p(x, 1)) (3.8)

fora.e. (x,t) € Q.

Next, we give necessary optimality conditions, also given as a Pontryagin’s principle for
optimal solutions to (P).
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Theorem 3.2 Assume that conditions (A1)—(A4) are fulfilled. Then (P) admits an optimal
solution v. Furthermore, there exists an optimal solution u € Argmin(P;) and p € S(0,T)
such that

P +Ap+G(y(u,v),p) + & (i, V))p = F,(y(u,v)) in (0, T),

p(M=0,  p(T)=-K0@%T), )
where
Gy, 9),p) = (1+ |y@ D), )A2p + 2((3(@ ), p)) A2 y(@ 7), (3.10)
and
Ha (3,05, 1), plos, 1)) = i Ha (v, (1), p(, 1) (3.11)
forae. (1) €Q,
Ha (3 7(0),p(x,0)) = max H(x, v(x), p(x, 0)) (3.12)

fora.e. x e Q.

Remark 3.2 Considering (3.7) and (3.10), we can infer for any ¢ € S(0, T) that G(¢,) €
L(V,, H). Thus, together with (A3)—(A4), we can refer to the linear theory of Dautray and
Lions [11, pp. 570-589] to ensure that Eqs. (3.6) and (3.9), after reversing the direction of
time ¢t — T — ¢, admit a unique weak solution p € §(0, T').

4 Existence of minimax optimal solutions
In this section, we study the existence of minimax optimal solutions to control problems

(Py) and (P). The following results play an important role in proving the existence.
Proposition 4.1 The solution mapping (u,v) —> y(u,v) from Uyg X Vag, endowed with
weak-L?(0, T; H)x weakly-star-L>(2) topology, into C([0, T]; V1) N C(Q) is sequentially

continuous.

Before we prove Proposition 4.1, we need the following well-known compactness re-
sults.

Lemma 4.1 Let X, B, and Y be Banach spaces with X — B <— Y, where X is compactly
embedded in B. Let

W={peL®0,T;X)|¢' €L’(0,T;Y)} withr>1.
Then W is compactly embedded in C([0, T]; B).

Proof See [26]. O



Hwang Boundary Value Problems (2023) 2023:72 Page 12 of 26

Proof of Proposition 4.1 Let (u*,v*) € Uyg X Vag, and let (i, v,) € Uyq X Vaq be a sequence
such that

(s V) = (u*, V*) weakly and weakly-star in L*(0, T; H) and L™ (L), (4.1)

respectively, as n — co. From now on, we denote by y, the solution y(u,,v,) of Eq. (3.1)

in which u and v are replaced by u, and v,, respectively. From Theorem 2.2 we have

1yallso1) < C||Gosy1 + Vi f + thn) | o (4.2)

which implies that y, and y, remain in bounded sets of L*>(0, T; V5) N W(0,T) and
L>(0, T; H), respectively. Therefore by using Rellich’s extraction theorem we can find a

subsequence of {y,}, say again {y,}, and ¥* € W(0, T) such that

¥, —y" weakly in W(0, T) as n — o0, (4.3)
yn—y"  weakly-star in L*°(0, T; V3) as n — 00, (4.4)
y, —y*"  weakly-star in L>°(0, T; H) as n — oo. (4.5)

Since V;, < V; is compact, in view of (2.10), we can apply Lemma 4.1 to (4.4) and (4.5)
with X = V4, Y = V; (or C(Q)), and Z = H to verify that

{yn} is precompact in C([O, T]; Vl) NC(Q). (4.6)
Hence we can find a subsequence {y,, } C {34}, if necessary, such that

Y (£) = ¥y*(t) in V) forallte[0,T]ask— oo. (4.7)
Therefore (2.12), (4.3), (4.6), and (4.7) imply

k 2 k N
190, ||%,1Ay,,k — Hy || ley weakly in L2(0, T; H) as k — oo, (4.8)

gim) — g(¥*) strongly in L*(0, T; H) as k — oo. (4.9)

Then by the standard arguments in Dautray and Lions [11, pp. 561-565] we conclude that
the limit y* is a weak solution of Eq. (3.1) with « and v replaced by u* and v*, respectively.
Moreover, from the uniqueness of weak solutions we conclude that y* = y(u*, v*) in S(0, T),
which implies that y(u,, v,,) — y(u*,v*) in C([0, T]; V1) N C(Q).

This completes the proof. g

Now, we study the existence of an optimal solution to problem (P,).

Theorem 4.1 Let v € V. Under (A1)—(A4), problem (P,) admits at least one optimal

solution.
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Proof Let (u,v) be given in Uy,q X V,q, and let y(u, v) be the associated solution of Eq. (3.1).
By (A3)-(A4), Theorem 2.2, and Young’s inequality it follows that

J@v) = et s rgp - / (6, y(00v)) | dedt
Q

—/;2(|K(x,y(u,v)(T))’ + |L(x,v)|) dx
> Cl”””iZ(o,T;H) - c/ (1 + ’y(u, v)’al)|y(u, v)’ dxdt
Q

_f|F(x,t,0)|dxdt—c/(l+|y(u,v;T)|02)|y(u,v;T)‘dxdt
Q Q

- [ K0l ds = Ll [ 1(11) |

za ””’”L2(0 T;H) (”3’(”’ V) ||S 0,7) Hy(”’ V) ||;+ng

1+o09

“3’(” v) “s Yol ) =1Ll g H”(M) HLoo(sz)

=0 ”u”LZ(O T;H) — C(C(yoyyl + V;f» 01’02) + ”u”LZ(O,T;H)

1+o07

el oy + 18 a0y + 1) = Iz [0 (V)] oo

C1
Z 3 ”u”iz(O,T;H) - C(C(yOryl + V;f, o1, 02) + 1)

— L1l [ m(Iv1) ||Lo<>(Q)' (4.10)

Let {u,} C U,q be a minimizing sequence for problem (P,). Thanks to (4.10), {u,} is
bounded in L*(0, T; H). Since U,q is weakly closed, there exist u* € {,q and a subsequence
of {u,}, indexed again by #, such that

u, — u* weaklyin L*(0, T; H) as n — o0. (4.11)

For simplicity, we denote the associated solutions y(u,, v) and y(u*,v) of Eq. (3.1) by y,, and
y*, respectively. We note that

J(*,v) = J(n,v) = / Eu(x, 6)(y* — yu) dxdt + / Ky () (y*(T) = yu(T)) dx
Q Q
+ / (H(x, t, u*) — H(x, t, u,,)) dx dt, (4.12)
Q
where
1
Fow,0) = f Fy(3£,0y" + (1 - 0)y,) db,
0
1
K,(x) = / Ky(x, 0y (T) + (1 - O)yn(T)) do
0
From (A3)-(A4) and Proposition 4.1 we easily see that

lim | F,(x,t)(y* - yn) dxdt = lim / K (%) (y*(T) = yu(T)) dx = 0. (4.13)
Q n—0oQ Q

n—00
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Due to (A3) together with the well-known classical Mazur theorem, we deduce that

n—00

/ H(x,t,u*) dxdt <lim inf/ H(x,t,u,)dxdt. (4.14)
Q Q

Applying (4.13) and (4.14) to (4.12), we obtain that
J(u*,v) < liminf](u,,v) < inf(P,). (4.15)
n—00
This completes the proof. d

To study the existence of a solution to problem (P), we need the following weak conver-

gence result.

Proposition 4.2 Let (A1)—(A4) be fulfilled, and let {v,,} C V,q be a sequence converging to
some v € Voq for the weak-star topology of L*°(S2). Then the corresponding sequence {u,,}
(where u,, € Argmin(P,,)) also converges to some u, (€ Argmin(P,)) for the weak topology
of L*(0, T; H).

Proof Since {v,} is bounded in L*°(2), we have
J (v, Vi) < J (10, V) < 00, (4.16)

where u is any fixed element of {f,q. From (4.10) we know that the sequence {u,,} is
bounded in L%*(0, T; H). Then there exist a subsequence of {u,,}, still denoted by itself,
and u* € L*(0, T; H) such that

u,, — u* weaklyin L*(0, T; H) as n — 0. (4.17)

Since U,q is weakly closed by (A1), we see that u* € Uyq. By (4.17) and Proposition 4.1 we
deduce that

y(tty,, va) = y(u*,v)  strongly in C([0, T]; V1) N C(Q) (4.18)
as n — 00. By the definition of u,, (€ Argmin(P,,)), we have
J(ty,,via) <J(1,v) Y € Usg. (4.19)

This can be written again as

/ (F(x, £, y(thy,, vi)) + H(x, t, 1)) dxe it + / K (0, (41, v T)) dx
Q Q

< / (F(x, t,y(u, v,,)) + H(x, t, u)) dxdt + / I((x,y(u, Vs T)) dx (4.20)
Q Q

Page 14 of 26
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for all u € Uy,qg. Let L, and R, be the left and right sides of (4.20), respectively. Due to (4.17)
and (4.18), we have

liminfL, > f (F(x, t,y(u*,v)) +H(x,t,u*)) dxdt
Q

n—00

+ / K (,y(u*, v T))dx, (4.21)
Q

lim R, = / (F(x, t,y(u, v)) + H(x, t, u)) dxdt
Q

n—00

+ f K (%,y(u,v; T)) dx. (4.22)

Q
Adding fQ L(x,v) dx to the right sides of (4.21) and (4.22), we obtain by (4.20)—(4.22) that
](u*, v) <J(u,v) Yu € Uyq. (4.23)

This implies that #* € Argmin(P,). Therefore we can set u* = u,.
This completes the proof. d

Theorem 4.2 Assume (A1)—(A4) are fulfilled. Then problem (P) admits at least one opti-
mal solution v*.

Proof Problem (P) is to find
sup{J(u,,v) | v € Vag, u, € Argmin(P,)}. (4.24)

Let {v,,} (C Vaq) be a maximizing sequence for problem (P). Since V,q is bounded in L*(£2),

we can find a subsequence of {v,}, still dented by itself, and v* € L*°(2) such that
v, — v  weak-star in L*°(2) as n — oo. (4.25)

As is noted in Remark 3.1, (A2) ensures that V,q is weakly closed in L?(£2) (p > 1). So we
know that the limit v* in (4.25) belongs to V,q. With a symmetric reasoning of (4.14), we
infer from (4.25) that assumption (A4) ensures that

limsup/ L(x,v,,)dxf/L( ,v*) dx. (4.26)
Q

n—00 Q

Meanwhile, by Proposition 4.2 we know that there exists a subsequence of {u,,} (where
u,, € Argmin(P,,)), denoted by itself, and u,+ € Argmin(P,+) such that

u,, — uy  weakly in L*(0, T; H) as n — oo. (4.27)

n

We can also combine Proposition 4.1 with (4.25) and (4.27) to obtain that

Y(Uy,, Vi) = y(uv*, v*) strongly in C([O, TI; Vl) N C(Q) (4.28)

Page 15 of 26
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as n — oo, where y(u,,,v,) and y(u,~, v*) are associated solutions of Eq. (3.1). Thus we
have

](uvn: Vn) _](uv*: V*)
= (J(y,r vi) = (e, vin)) + (T, vi) = T (a2, V"))
S](uv*rvn) —](MV*,V*)

= / (F(x, £, y(uye, vi)) = F (%, £, (i, v*)) ) dac ddt
Q
+ / (K(x,y(u‘,*, Vs T)) — K(x,y(uv*, v T))) dx
Q
+ / (L(x, V) — L(x, v*)) dx. (4.29)
Q
From (A3)-(A4), (4.26), (4.28), and (4.29) we deduce

lim sup J(u,,,, v,;) < ](u‘,*, v*). (4.30)

n— 00

Thus it readily follows that

sup{](uv, V) | v E€ Vag, Uy € Argmin(PV)} = limsupJ(u,,,,v,)

n—00

<J(wy,v"). (4.31)

Therefore v* (€ V,q) (with u,+ € Argmin(P,+)) is an optimal solution for problem (P).
This completes the proof. d

5 Taylor expansions
As pointed out before, to derive necessary conditions for the optimal solution, it is nec-
essary to study the state perturbation of the cost function corresponding to admissible
control variables and disturbance variables. This amounts to finding a sort of Taylor ex-
pansion of first order for the state and the cost with respect to the perturbations of the
control and disturbance. As is well known in other related studies ([4, 18, 22, 24], etc.),
since the control domain is just a metric space, the perturbation of the control has to be of
the spike (or needle-like) type. Here we follow the construction developed in [4] and [22].
Given areference control iz € U,q, an admissible control u € U,4, and a number p € (0, 1),
a diffuse perturbation of « is defined by

up(x,t) := i) inQ\Qp (5.1)

u(x,t) in Q,,

where Q, is a measurable subset of Q explicitly described below.
We present the following increment formula due to Taylor expansion for the solution of
Eq. (3.1) with respect to diffuse perturbations of the reference control.

Theorem 5.1 For any given it,u € Uaq and p € (0, 1), we consider the diffuse perturbation
in (5.1) and the solutions y (= y(u,v)) and y, (= y(u,,v)) of Eq. (3.1) corresponding to (i1,v)
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and (u,,v), respectively. Then there is a measurable subset Q, C Q such that

™1(Q,) = pTV(Q),

/ (H(x, t,u) — Hx,t, L't)) dxdt=p / (H(x, t,u) — H(x, t, L't)) dx dt,
Qp Q

Yo=Y+ pz+pdy with lim 115 llcgoryvnc@ =0
](uprv) :](’2> V) + IOA] + 0(;0)»

N+1js the (N + 1)-dimensional Lebesgue measure,

where T
AJ ::]y'(it, V)z + / (H(x, t,u) — H(x,t, L_t)) dxdt,
Q

and z is the weak solution to

2"+ Az+G(,2)+g()z=u-u in(0,7),
z(0) =0, Z(0) =0,

where G(7,2) = (1 + [712,)A 3z + 2(5, 2)1A%7.

(5.6)

To prove Theorem 5.1, we need the following technical lemma, which was used in [9,

22, 24], etc.

Lemma 5.1 Let u,u € Uyg. For every p € (0,1), there is a sequence of measurable subsets

Qj in Q such that

Q) = p Q)

J

;XQ% — 1 weak-star in L°(Q) as n — oo,

(H(x,t,i) - H(x, t,u)) dxdt = p / (H(x,t, 1) — H(x, t, 1)) dx dt,
Q

71
0

where yxq; means the characteristic function of Qj.
Proof See [24].

We also need the following lemma.

Lemma 5.2 Let y, and y, be the weak solutions of Eq. (3.1) corresponding to (u1,v) and

(42, v) with other data fixed, respectively. Then we have

llyr = y2lls.1) < Cllaer = uall 20,70

Proof The proof is an immediate consequence of Theorem 2.2.

(5.7)

(5.8)

(5.9)

(5.10)

Page 17 of 26
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Proofof Theorem 5.1 The existence of the subset Q,, satisfying (5.2) and (5.3) immediately
follows from Lemma 5.1. We easily infer that the increment formula (5.5) follows from
(5.3) and (5.4). Thus we focus on justifying (5.4), that is, the Taylor expansion for the weak
solution y of Eq. (3.1) corresponding to the diffuse control perturbations.

Forany p € (0,1), we take the sets Q7 as in Lemma 5.1 and consider the following diffuse
control perturbations:

i(x,t) inQ\ QL

"(x, t) =
o) u(x,t) in Qj.

(5.11)

Let y (= y(u},,v)) and y (= y(&,v)) be the weak solutions of Eq. (3.1) corresponding to
(1, v) and (i, v) with other data fixed, respectively. Let z be the weak solution of Eq. (5.6).

-
Now we construct an equation that admits &7 := %2 _ 7 as a unique weak solution: We

observe that
1 _ 1_
S (5455 - (L 115, )4%5)
— (141513, A2z - 25, 2)1A %7
_ 1 1 _ 1 _ 1_
= (1+ 713,28 + L I3, = 1713, A%y - 2(5, 21 A%y
_ 1 _ _ _ _
= (L+171%,)A257 + ;((y:i —5,9,+7)), A2y - 2(5, 21 A%y
= (L+ 1513, ) A28+ (890 +7), A2,
+ (272 +7),A% - 2,214
= (L4 1713, )A 287 + (93572 + 7)) , A2y,
+ (23 - 7)) A2y + 2,212 (¢ - ). (5.12)

Thus we infer that §7 is a unique weak solution of

1" n - 1 n - L -\ on
87"+ A8n + (1 + 17113,)A28% + (80, ¥ + YN AZY: + B(Y), 7)8%

=F(y5,5) + (% xqr —D(w—-u) in(0,7), (5.13)
87(0) =0, 81'(0) =0,

where
1
B(y),9) =/0 g6y +(1-0)y,)ds, (5.14)
FOip3) =26, mA1 (5-2;) + (25-2;)),4%7,
1
+ (g/@) —/0 gey+(1 —9)y;§)d9>z. (5.15)
From (5.9) we deduce that

1
(;XQZ - 1)(u —it) =0 weaklyin L*(0, T; H) as n — o0. (5.16)



Hwang Boundary Value Problems (2023) 2023:72 Page 19 of 26

Hence for given p € (0,1), by the uniform boundedness principle we can find n(p) € N
(n(p) > oo as p — 0%) and a positive constant M such that

1 _
—Xgo — 1) (u—u) <M. (5.17)
o= 12(0,T;H)
Since
uZ(”) — i strongly in L*(0, T; H) as p — 07, (5.18)
we infer from Lemma 5.2 that
(0) Py :
¥, —y stronglyin S(0,T)as p — 0". (5.19)

Moreover, since V; is compactly embedded in Cy(2) when N € {1,2,3}, we can use
Lemma 4.1 by taking X = V,, B = Cyp(2) (or V1), and Y = H in Lemma 4.1 to obtain that

S5(0, T) is compactly embedded in C([0, T']; V1) N C(Q). Hence from (H1), (H2), and (5.19),
together with the fact that S(0, T) is compactly embedded in C([0, T]; V1) N C(Q), we get
that there is a subsequence of {yz(”)}, still denoted by itself, such that

F(4,5) — 0 strongly in L*(0, T;H) as p — 0*. (5.20)

To estimate &7 in Eq. (5.13), we apply the energy equality (2.21) to Eq. (5.13). Then we have
’ 2 2
[&3 @l + 5@y,

t

t
:—2/0 (8.7 +?))1(A%y2’52/)2d5—2/0 (B(y},7)8;,87'), ds
t
—2/ (1+1713,)(A287,87"), ds
0

2 (o) (Sra 1)) as (521)

Estimating (5.21) as in the proof of Theorem 2.2, we arrive at

1 _
(—XQ;% - 1) (u—u2) ), (5.22)
o 12(0,T;H)

where C dose not depend on # and p. From (5.17) and (5.20) we deduce that

1521 s = (17059 L

{827} is bounded in W(0, T) N L(0, T; V2) N W(0, T; H). (5.23)

Therefore by Rellich’s extraction theorem we can extract a subsequence of {8;’(") }, say again
{82)}, and find § € W(0, T) N L>(0, T; V) N W>(0, T; H) such that
82(”) —§ weaklyin W(0,T) as p — 07, (5.24)
82(’)) — § weak-star in L*(0, T; V,) as p — 07, (5.25)

80§ weak-star in L(0, T; H) as p — 0". (5.26)
o
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Considering (5.16), (5.19), (5.20), (5.24), and (5.25), we replace 8y by 8;’(p) in the weak form
of Eq. (5.13) (in view of Definition 2.1) and let p — 0*. Then by standard arguments as in
Dautray and Lions [11, pp. 561-565] we conclude that the limit § is the weak solution of

8+ A8+ (1+ [7112)A28 + 2(8, 7 A5+ £(7)8=0 in(0,T),
50)=0,  &(0)=0.

(5.27)

By the uniqueness of the weak solution in Theorem 2.2 we know clearly that § = 0. Finally,
we apply again Lemma 4.1 to (5.23) with X = V3, B = Cy(R2) (or V1), and Y = H to verify that
{82(”)} is precompact in C([0, T]; V1) N C(Q). Hence we can find a subsequence {SZk(p)} -
{82(/’)}, if necessary, such that

SZk(") — 8(=0) strongly in C([O, TI; Vl) NC(Q)as p — 0. (5.28)

This proves (5.4).
It can infer (5.5) from (5.4), but we prove it simply as follows: First, we have

‘/(up,V)—](it,V) —A]‘
0

0

s /(K(x,y(up,v; T)) - K(x,y(u1,v; T)) ~
Q P

- ' [Q (F(x, ty(up,v) = Flx t,y(,v)) Fy(x,t,y(@, v))z) dxdtl

K, (x,y(it, v; T))z(T)) dx

< ) / F,(x,0)8, dxdt| +
Q

/ (F,(x,8) — Fy (%, 8, y(a, v)))zdxdt‘
Q

+ /K,,(x)&,,(T)dx + /(Kp(x)—Ky( , (1, v; T)))z(T)dx
Q Q

gl 2, 3, g4
=L+, +1, + 1, (5.29)
where [ ; (1 <i <4)are given in the order of the last terms of (5.29), and

F,(x,t) = Fy(x, t,01y(u,,v) + (1 = 61)y(it, v)),

K, (x) = Ky (%, 029(1, v; T) + (1 = 602)y(it, v; T))
for some 61,0, € (0,1). From (5.4) we deduce that
1,130 asp—0". (5.30)
Thanks to (A3), (A4), and (5.19), we obtain that
I —0 asp— 0" (5.31)
This completes the proof. d

We need another Taylor expansion of y with respect to v.
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Theorem 5.2 For any given v,v € Vyq and p € (0,1), there are a measurable subset 2, C Q
and u; € Argmin(P;) such that

™(Q,) = pTN(Q), (5.32)
fQ (L(x, v) — L(x, 17)) dx=p /Q(L(x, v) — L(x, 17)) dx, (5.33)
»
Yy, vp) =¥y, V) + pz + p8, with pli)rg+ 151l c(io,71,v1)nc@) = 05 (5.34)
J(uy,,vp) =J(uy,, ) + pAT +0(p), (5.35)
where

AT =] (uz,9)z + / (Leev) = Lx D)) dx,

Q

v(x) inQ\Q,
Vp (x) =
v(x) inQ,,

Uy, € Argmin(P, p),
and z is the weak solution to

2"+ Az + GOy(uy, v),2) + g (¥(u3,v)z=0 in(0,T),
z(0) = 0, Z0)=v-1,

(5.36)

where G(y(u5,7),2) = (1 + |9(ut5, D)3, )A 2 2 + 25 (t5, ), D)1 A2 3115, 7).
The proof relies on the following lemmas.

Lemma 5.3 Let v,v € L*°(R2). Then for every p € (0,1), there is a sequence of measurable
subsets 2 in Q such that

™N(Q) = pN(Q), (5.37)

/ (L(x, V) — L(x, v)) dx = ,o/ (L(x, V) — L(x, v)) dx, (5.38)
Q Q

—Xay — 1 weak-star in L>®(Q) as n — oo, (5.39)

where xqon means the characteristic function of 2.
Proof See [18]. O

Lemma 5.4 Let p be in (0,1), and let {2} be the sets in Lemma 5.3. Set

v(x) inQ\ Q"
V() = (5.40)
v(x) in Q.

Page 21 of 26
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Then

VZ — pv+ (1= p)v weak-star in L°°(2) as n — oo. (5.41)
Proof See [4]. O
Proof of Theorem 5.2 Let Uy € Argmin(Pvg). By Propositions 4.1 and 4.2 we can show
that the sequence {u,1} (or a subsequence) admits a weak limit u, € L%(0, T; H), where
u, € Argmin(P,y.(1-p)7), and

y(uyn, Vi) = y(up, pv+ (1= p)v) strongly in C([0, T]; V1) N C(Q) (5.42)

as 1 — 00. By similar arguments the sequence {u,} (or a subsequence) admits a weak limit
u; € L*(0, T; H), where u; € Argmin(P;), such that

y(up,,ov +(1- ,0)17) — y(uy, V) strongly in C([O, T); Vl) NC(Q) (5.43)

as p — 0*. Thus we can deduce from (5.42) and (5.43) that there exists a sequence {n(p)} C
N (n(p) — oo as p — 07%) such that

y(u (o) VZ(")) — y(uy,v) strongly in C([O, TI; Vl) NC(Q) (5.44)
Yp

as p — 0". Let z be the weak solution of Eq. (5.36), ¥}, := y(t4 u() VZ(’O)), and ¥ := y(uy, V). By
Vp

an argument similar to that in the proof of Theorem 5.1 we can construct the following
equation that admits &7 := y"T_y — z as the solution:

/" n - 1 n noan by 1 n n oS\Sn
8y +AS) + (1 + ||y||%,1)A28p + (87,55 + Y AZy] + B(y,, 7)8)

= ]:(yZ,)_/) in (0, T), (5.45)
5020, 80 = (Lxgn - D7),

where

B(y;,5) = /0 1g’(@& +(1-0)y,)do, (5.46)
FO3) = 23042 (5-5]) + (25 -7,),A%)
+ (g/@) - /0 1g’(951 +(1-0)y,) de)z. (5.47)
As seen in (5.16), we deduce from (5.39) that

1
(_XQZ - 1>(v —-v)— 0 weaklyin H as n — oo. (5.48)
0

Hence for every p € (0,1), by the uniform boundedness principle we can find a subse-

quence of {n(p)} C N, if necessary, still denoted by itself, and a positive constant M; such
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that

<M. (5.49)
H

1
o —1 gy
H <pXQp(m )(V V)

Applying again the energy equality (2.21) to Eq. (5.45) and estimating the equality as shown

(St -1)0-9] ), (5.50)
p e H

where C dose not depend on # and p. From (5.49) and (5.50) we know that

in (5.22), we arrive at

1521 s = (17053 s *

{82} is bounded in W(0, T) N L™®(0, T; Vo) N W>(0, T; H). (5.51)

Therefore by Rellich’s extraction theorem we can extract a subsequence of {57}, still de-
noted by itself, and find § € W(0, T) N L>(0, T; V2) N WwL>(0, T; H) such that

8, —~ 3 weaklyin W(0,T)as p — 07, (5.52)
SZ — § weak-star in L*(0, T; V3) as p — 07, (5.53)
87— 8 weak-star in L*(0, T; H) as p — 0". (5.54)

Noting (4.3), we can deduce that F(y},y) converge to 0 for the weak topology of
L2(0, T; H), and considering (5.44) and (5.52)—(5.54), we conclude by arguments similar to
the proof of Theorem 5.1 that the limit § is the weak solution of Eq. (5.27). By the unique-
ness of the weak solution in Theorem 2.2 we know clearly that § = 0. Thus by following
arguments similar to the proof of Theorem 5.1 we can find a subsequence {8,%} C {6ph if
necessary, such that

8% — §(=0) strongly in C([0, T]; V1) N C(Q) as p — 0. (5.55)
This proves (5.34).
Thanks to (5.34), by analogy to the proof of (5.5), we can show (5.35).
This completes the proof. d

6 Necessary optimality conditions
In this section, we prove necessary optimality conditions that have to be satisfied by opti-
mal solutions to (P,) and (P).

6.1 Proof of Theorem 3.1
Let p € (0,1), v € Vg, u, € Argmin(P,), and u € Uyq. By Theorem 5.1 it is clear that there
exists a measurable subset Q, such that

™(Q) = ptVH(Q), (6.1)
y(u,(v),v) = y(u,,v) + pz + pS,, with pli:& 18l c(go, 7191 )nc@) = 05 (6.2)

](up (V)¢ V) = ](uw V) +pA] + 0(/0): (63)
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where u,(v) is given by

u,(x,t) in Q\ Q,,

u,(v)(x, ) :=
u(x,t) inQ,,

and
AJ = /(;(Fy(x, 6 y(uy,v))z(x, t) + H(x, t,u) — H(x, t,u,)) dx dt
+ /QKy( sy, v; T))z(x, T) dx, (6.4)
where z is the solution of

2"+ Az + G(y(uy,v),2) + g W(uy,v))z=u—-u, in(0,7),
z(0) = 0, Z(0) =0,

(6.5)

with G(y(u,,v),z) = (1 + ||y(usy, V)||%/1 )A%z +2(y(u,, v),z))lA%y(uv, v). Since u, € Argmin(P,)
and (u,(v),v) is admissible for (P,), we have with (6.3) that

—A] = Lim ](uv’ V) —](Mp(V),V) < 0.
p—0* 14

(6.6)
Let p be the solution of (3.6). Multiplying both sides of Eq. (6.5) by p and noting that
T T
/ (G, v),2),p), dt = / (2,6 (y(uy,v),p)), dt,
0 0
we obtain
T
| G-z
0
T
= A (P2 + Az + G (y(u,,v),2) + g (y(us, V))Z>V2,V2’ dt
T
= /0 (Fy (v, v)), 2), dt + (K (y(, v; T)), 2(T)) . (6.7)
From (6.4), (6.6), and (6.7) we arrive at the following condition:
/ Hi(x, t, 1, p)dxdt < / Hilx, t,u,p)dxdt  Vu € Uyg. (6.8)
Q Q

The pointwise Pontryagin principle (3.8) can be given by referring to [18, pp. 157-158].

6.2 Proof of Theorem 3.2
Let ¥ be the optimal solution to (P) we want to characterize. By Theorem 5.2 it is clear that
there exist # € Argmin(P;) and a measurable subsets €2, such that

™(Q,) = pTN(Q), (6.9)
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Y(tv,,vp) =¥y, V) + pz + p8,y,  with pliff)h 18, 1l cqto,73:v)nc@ = 05 (6.10)

J(uy,,vp) = J(ty,, V) + p AT + 0(p), (6.11)

where v,, is given by

b)) = v(x) inQ\Q,
v(x) inQ,,

and
AJ = /QFy (%, 2,5, v))2(x, t) dx dt
+ /Q (Ky (%, (2, v; T))2(x, T) + L(x,v) = L(x, 7)) dx, (6.12)
where z is the solution of

2"+ Az + Gy(u,v),2) + g (y(u,v))z=0 in (0, 7T),

(6.13)
z(0) = 0, Z0)=v-1.
Since v is an optimal solution to (P) and # € Argmin(P;), we deduce that
0 < ](ﬁv ‘_/) _](uvvap) < ](uvp: ‘_/) _](uvprvp) ) (614)
o o
Thus it follows from (6.11) and (6.14) that
_AJ = lim J(uy,, V) =] (ty,,vp) - (6.15)
p—0* p
Let p be the solution of (3.9). Multiplying both sides of Eq. (6.13) by p, we obtain
T
(p(O)v—7), = / (B, (9@ ), 2), dt + (K, (40 7)), 2(T)),,. (6.16)
0
From (6.12), (6.15), and (6.16) we arrive at the following condition:
/ Ho (x, v, plx, O)) dx < / H, (x, v, p(x, 0)) dx YveVaug. (6.17)
Q Q

The pointwise Pontryagin principle (3.12) can also be derived by referring to [18,
pp. 157-158]. Finally, since # € Argmin(P;), (3.11) follows from Theorem 3.1.
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