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1 Introduction

Differential and integral operators are highly useful operators to deal with physical prob-
lems [1-3]. Nowadays, fractional calculus [4-7] is one of the highly emerging fields of
applied mathematics. Several applications of fractional-order operators (integrals and
derivatives) have been recorded in various branches of science and engineering [8—
12]. The literature on fractional calculus is increasing day-by-day with theoretical and
application-oriented simulations.

Boundary value problems with fractional-order operators are also of interest to several
researchers. Fractional derivatives and integrals incorporate memory in the system, which
makes a physical phenomenon more realistic than the classical ones. There are several
studies proposed to prove the existence, uniqueness, and stability of the solutions of var-
ious types of fractional boundary value problems (FBVDPs) in terms of different fractional
derivatives.

In [13], the authors derive existence results for nonlinear impulsive hybrid FBVPs. In
[14], Erturk et al. proposed the existence and stability analysis for FBVPs. In [15], the au-
thors derived existence, uniqueness, and stability analyses of the generalized Caputo-type
FBVPs. In [16], Zhang and Liu provided the existence and Hyers—Ulam stability for a class
of FBVDPs on a star graph. In [17], an iterative two-point FBVP was considered to prove
the existence, uniqueness, and Hyers—Ulam stability. The authors in [18] analyzed an
Ulam-Hyers—Rassias-stable multiorder FBVP of the generalized Caputo type with mixed
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integroderivative conditions at four points. In [19], the authors proved the stability of a
coupled system of nonlinear implicit antiperiodic FBVP. In [20], the authors derived the
Ulam-Hyers—Rassias stability of a Caputo-type FBVP. In [21], the authors used a nonlin-
ear fractional differential equation for a coupled system of boundary value problems. In
[22], the analyses of the existence and stability of a coupled system of implicit-type impul-
sive FBVPs were proposed. In [23], Khan et al. proposed Ulam-type stability for a coupled
system of nonlinear FBVPs. In [24], the authors analyzed the FBVPs with a ¥ -Caputo
fractional derivative.

In [25], the authors derived novel existence and uniqueness results for the following

Caputo-type nonlinear coupled system with a new kind of coupled boundary conditions:

DPl(x) = n(x, l(x), m(x)), xeJ:=[0,w],
cDrm(x) = ;(x’ l(x)rm(x)): x€]:= [O,ZD'], (1)
(I +m)(0) = —(l + m)(w), f;(l—m)(g)dg:B, 0O<o<c¢c<w.

In this case, operator DA is the A € {p,1}-order Caputo fractional derivative, where
0,7 € (0,1]. B is a nonnegative constant and 7, ¢ : [0,] x R?* — R are continuous func-
tions.

The existence and stability of solutions in terms of a y-Caputo-type derivative is still not
studied for the FBVP (1). Therefore, we deal with the existence and Hyers—Ulam stability
of the solution for the following 1 -Caputo-type FBVP:

DY@ (x) = n(x, (x), m(x)), xe]:=[0,=],
DD () = ¢ (o, 1(x), (), xe]:=[0,w], )
(+m)©0) =-(+m) (@),  [f(-m)(@dg=B, 0<o<gs<w.

In this case, the operator “D*¥ is the A € {p, r}-order v-Caputo fractional derivative
and ¥ (x) is the unknown function, where p,t € (0,1]. B is a nonnegative constant and
n,¢ :[0,w] x R?> — R are continuous functions.

The scientific contribution of this manuscript is to extend the dynamics of the pro-
posed Caputo-type BVP into 1 -Caputo fractional-order sense because fractional deriva-
tives contain memory in the system that defines real-life dynamics in a better way. The
rest of this article is organized as follows: in Sect. 2, the necessary definitions and lemmas
are provided. In Sect. 3, we derive the existence and uniqueness analysis on the proposed
¥ -Caputo-type FBVP (2). In Sect. 4, the Hyers—Ulam stability of the proposed system is
derived. In Sect. 5, we verify the proposed theoretical results by implementing them on a

problem. Finally, we conclude our observations in Sect. 6.

2 Preliminaries

Here, we recall the following preliminaries:

Definition 1 [26] For, p > 0, we have a function u, which is integrable on [v;, ;] along
with an increasing differentiable function ¥y € C"[vy, v3] such that ¥'(x) # 0 for every x €

[vi,v2]. The left-sided ¥ -Riemann-Liouville integral of order p of the function u is given
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by,

1u) = s [ @ -ve) e

with I'(.) being the gamma function.

Definition 2 [26] Assume that, 7 — 1 < p < #n, and u : [v, V2] — R is a function that can
be integrated and let ¢ be defined according to Definition 1. The left-sided fractional
derivative of order p of the function /% in the i -Riemann—Liouville sense is defined by:

1 d7"
Dp‘v:// —_ e I”:pvljf ,
¢ u(x) [ e dx} ’ u(x)

with # = [p + 1], along with [p] denoting the integer component of a real number.

Definition 3 [26] Consider # — 1 < p < n, the function u € C"1[v;, v,] with ¢ from the
preceding definition 1, then the left-side Caputo fractional derivative of pth order of the
function u is given by:

”D"""u(x)szf/fiu(x Zu o) 1/,(95)_1/,(1)1))8 )

5=0 !

with u[‘;](x) [ ,l(x) dix]au(x), n=pfor peN,and n = [p] + 1 for p ¢ N, respectively. In
addition, if # € C"[vy, 1] and p ¢ N, then

VA _ oY 1 i "
va u(x) _I”f |:1V(x) dxi| u(x)

- o | @U@=y e de

Also, if p = n € N, one has
8% _n
”va u(x) =y, (x).

Lemma 1 [26] Assume that u : [v1,v2] — R and p > 0. Then, the following assertions hold.:
i) Ifu € Clvy, vy, subsequently CD’wIp’w (%) = u(x);
11) Ifu € C" vy, v2), subsequently Ipchp u(x) = u(x) — Y070 Cs[vr(x) — ()]’

) (@
5! ‘

where Cs =

Lemma 2 [26] Let u,y € C[vy,vy] and p > 0. Then,
(i) Ifliw(.) is bounded linearly from C[vy,v;] to C[vy, va];

(ii) 22" u(vy) = lim,_, 5 u(x) = 0.
1

Lemma 3 [26] Let us consider the mapping u:[vy,va] > Rand p,t > 0. Then,
0 L ) I = iy ) -y ol
(i) DY [ () =y )] = {5 [ 6e) =y (o))
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(iii) CDfif [ (x) — ()]’ =0,V8 €{0,1,...,n— 1}, where n € N;
() 17717 u(x) = 17 ulx).
1 1 1

Lemma4 Let H,Z € C[0,w] and l,m € BC(J). Then, this coupled linear system

cDPY@(x) = H(x), xe/:=[0,m],
DYV p(x) = Z(x), xe]:=[0,w], (3)
(L+m)0) == +m)(@),  [i(-m)gdg=B,

has the following solution:

B o / _ p-1
I(x) = 1{fg " %( v (g)(w(?()p) VO e

QW (@) - (g )
/ F() Z(g)dg

R W) - Y ()
S'—Q/g </o ) -2

g o1 _ p-1
_ / Wu)(tﬂ%)( ¥ () H(w) du) dg}
0 p)

/ w(g)(wx) I/f(g))p1

H(g)dg, (4)

m(x)_—{_a 2(/ vew ‘”(g " Hig)dg

T QW (@) - ()
- Z<g>dg)

1YWY -y w)
+§_Q/Q (/0 e Z(n)du

_ fg V(W)W @) - ¥ ()
0 I'(p)

Y@ W) -y !
I'(z)

H(w) du) dg}

Z(g)dg. (5)

Proof To solve the FDE in (3), we apply the operators I” and I” to both sides of the equa-
tions, respectively, and using Lemma 1, we obtain

L o )
5 /0 VW - v@) Hg)dg, 6)
m(x) = ¢1 - % fo V@ - v©) 2 dg. ?)

Using the boundary conditions of the problem (3) in (6) and (7), respectively, we obtain
the values of ¢g,c; € R.

Co+C = (/ W (g w(g) H(g) dg (8)

Page 4 of 18
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f v'@) (I/f(af)—lﬁ(g )" IZ(g)dg>

1 CY W) -y )
Tas S‘—Q(B /Q {/0 I'(z) ) dg

g ! - B
) / VW) - ¥ (W) H(mdu}) ©)
0 I'(p)

Solving (8) and (9) together for ¢y and ¢y, it is found that

_ l{i .\ l(/w Iﬁ/(g)(lﬁ(w)—lﬁ(g))”‘lH(g)dg
G- 2\Jo

I'(p)
” w’@(w(a;()r; G dg)
- (e Tz
_/0 Ipl({( )W H(”)d“)dg}’
O "y (g)w(?(; VO 4 dg)
+ g—iQ / < fog wmw/%)( —)x/fw))"lz(mdu
_/0 l/fl(g( )W H(“)d“>dg}'

In (6) and (7), substituting the values of ¢y and c¢; yields the solutions of (3). The converse

of this lemma can be computed directly. The proof is concluded. d

3 Existence and uniqueness analysis
& = C([0,1],R) x C([0,1],R) represents the Banach space endowed with the norm

(& m)|l = 2l + [lmll = sup,e(o17 {(X)] + Sup,c(o,1) [m(x)], for (I,m) € &. In light of Lemma
4, we introduce the following operator IT: & — & for the problem (2) using Egs. (4) and
(5):
(L, m)(x) = (M1 (L, m)(x), T2 (L, m)(x)), (10)
1 7Y QW (@) -v(g)
mtm - 5| 2 3( [ i @l@m@)dg ()
-1
f V' @)W (o (t) -¥() ¢ (¢ 1g) m(e) dg)
L[S/ (59 (@) — ()™
- (), d
= ([ £ (), m(u) dp
g 1/ _ p-1
_/ v (1) (¥ (g) — ¥ (w) (1 02), m() du) dg}
0 I'(p)
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Y (@)Y (x) — ¥ (g)!
I'(p)

B V@ (@) - ¥ @)
Mol m)(x) = { — 2(/ r(p) el@m@)de  (2)

-1
[ EOID VD i dg)

1 Y ()(Y(g) — ()
P / ( /O == ¢ (11, 1), (1)) e

g 1
/0 A (W(g)(p)l/f(u)" n(u,z(ﬂ),m(ﬂ))du) dg}

-1
VO (4 1ig) mig) de

¢ (g, U(g), m(g)) dg,

N |

/ V(@)
I'(t)

Next, we present the assumptions required to establish the paper’s primary findings.

(M1) Existence of nonnegative functions s, k; € C([0,1],R*), i = 1,2, 3, that are contin-

uous such that

(e, 1, m)| < 501(x) + 301 + 33(x)|ml,  V(x,L,m) €] x R?,

’{(x,l, m)| <1 (®) + k2 ()] + k3(x)|m|, V(x,L,m) e] x R2.
(M2) There exist positive constants U;, V;, i = 1,2, such that

|’7(x,l;h1) - ﬂ(x»m;h2)| < u1|l_m| + uZlhl _h2|r Vx G], Uir‘/z' GR;i: 1;2;

’C(x,l,hl)—C(x,m,hz)’ <Vill-m|+ Vsl —hyl, Vxe],U,VieR,i=1,2.

We propose the following notation for computational convenience.

(Y (@) =¥ (0)"  (¥(s) =y (0)* ¢’ (0) - ¥'(s) (W (o) - y(0) ¥V

= , 13
T T+ 2c - 0)(p +2¥' V(<) (13)
W@ -y O) | W) - v O) Y (@)~ ¥ () e) — W () "

2T AT+ 2s - 0)( +2)¥(0)¥'(5)

and

w = mm{l B <||%2|| [201 L W) - 1//(0))”} + ol [202 L W@) -y ) D

T(p+1) I(r+1)
- (1o + LEDZEOE N [ 200+ L=V
B RV i R Y '

To derive the first existence proof for the problem (2), we use the following fixed-point
theorem [27].

Lemma 5 In the Banach space A, let the operator H : A — A be completely continuous
and assume the set Q = {;t € A|u = »xHp;0 < 3¢ < 1} is bounded. Consequently, H holds a
fixed point in A.

Page 6 of 18
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Theorem 1 Let n,¢ :] x R? — R be two continuous functions, satisfying the assumption
(M1). Then, there exists at least one solution on ] for problem (2).

||%2||[2ol + W] + ||xz||[202 + %} <1, (15)
(¥ (@) - ¥ (0)° (W (@) - ()"
[I52]| |:201 + W} + |lkes| |:202 + W] <1, (16)

where o; (i = 1,2) are defined by (13) and (14)

Proof We have an operator I1 : £ — & determined by (10) to be completely continuous.
Clearly, IT is a continuous mapping between two subsets of £ that are bounded and com-
pact, respectively. Note that the continuity of functions 1 and ¢ implies that the operator
I1:& — & is continuous. Let Q5 C £ be bounded. Then, there exist positive constants I,
I, such that

|n(x, (x), m(x))| <1, ¢ (% 0(x), mx))| < I, V(,m) e Q.

Hence, for any (I, m) € Qz, x € ], we obtain

(¥ (=) - ¥(0))”

|H1(l,m)(x)|§l,7< +01)+I;02+ B ,

C(p+1) c-o0
— U (0))°
M) <1 (PRI ) s g

Thus,

[n@m| = [M@m]| + M@ m)]

— o _ T
S Iﬁ((w(?&) +wl()on +2m)+ I{((w(?gr +w1§on +202)+

s-o

The operator IT is consequently uniformly bounded from the inequality given above. Let
x1,%2 € [0, @], %1 < %2, and (/,m) € Q5 to show the mapping of I from bounded sets to

equicontinuous sets of &. Then,
| TT4.(4, m) (2) = TT1 (4, ) (1) |

V(@) x1 - .
LO([M1we-v@)™ - (vt -vi) ™))

<

x (g, 1(g), m(g)) dg + / h (¥ (x2) - v(©)" " n(g. Ug) m(g)) dg‘

*1

<] <2(1lf(x2 =Y (x))” + (Y (x2) — ¥ (0))* — (¥ (x1) - 1lf(0))p)
- T(p+1) ’

In a similar manner, we can obtain

|TTo (0, m)(x2) = To (1, m) (1) |
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<I

(2(1#(962) =Y x1))" + (Y (2) =¥ (0)" = (Y1) — 1P(O))T>
I'(t+1) ’

In the limit of x; — x5, the right-hand sides of the above inequality tend to zero based
on (I,m). As aresult, I1: & — & is completely continuous, as shown by the Arzeld—Ascoli
theorem.

Next, we prove the set ¢ = {([, m) € £|(/, m) = AT1(/,m),0 < A < 1} is bounded. Let ([, m) €
¥, then ([, m) = AT1([,m), 0 < A < 1. For any x € J, we have

I(x) = A1, (L, m)(x), m(x) = ATy (l, m)(x).
Using o; (i = 1,2) given by (13) and (14), we find that
’l(x)‘ = A’Hl(l,m)(x)’

(¥ (@) - ¥(0))” )
—————— +0]

< (Isall + sl + ||%3||||m||)< Mo+ D)

B
+ (Ilker + liez | 1120+ res 1 1l ) o2 + .
e—-¢

|m(x)| :A|H2(l, m)(x)|
< (I ll + lse2llI121] + [ 525l 17|l ) o

we-vor ), 5
S

+ (el + 2 121+ ||K3IIIIWI|I)( Fel) o

As a result, we obtain

20+ il
= ||%1||<201+w> +||K1||<202+ (W(?() +¢1§0)) ) ngQ
(200 + LD=VOPN L (o, @) - O
AT T T T ey +1)
(¥ (=) - ¥(0))” W () -
+I:”%ZH(ZGH-W)+||K2||<202+ - )}nzn

Thus, by condition (15) and (16), we obtain

(Y (@)-y(0 )+ ||K1||(20'2 + (W(w)—'//(o))r)_l_ 2B

2011201 + =55 T(r+1)

@

which proves ||({,m)|| is bounded. Since x € J, we conclude the set ¢ is bounded. From
Lemma 5, the conclusion holds, and there is at least one fixed point of the operator IT,

which solves the problem (2). a

Suppose ;(x) = s3(x) = 0 and x»(x) = k3(x) = 0. In this case, we obtain the following

specific form of Theorem 1:

Page 8 of 18
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Corollary 1 Consider two continuous functions n,¢ :J x R* — R and assume there exist
nonnegative continuous functions »1,k1 € C([0,w ], R*), such that

@, Lm)| <),  |[¢@Lm)| <ki(x), VY Lm)e] xR
Thus, the set ] has at least one solution to problem (2).

Corollary 2 In the Theorem 1 statement, if s;(t) = A, ki(t) = &, i =1,2,3 (A;, &; are exam-
ined positive constants), then the functions’ conditions n, ¢ yield the form:
(M)

(e, L, m)| < Ay + Moll] + A3|ml|,  V(x,[,m)e] x R?,

[n@x,l,m)| <& + &l + &|m|, V(xL,m)e] xR

and (15) and (16) become

)\.2(20‘1 + M) + 4‘;:2<2O'2 + M) < 1’

C'(p+1) (T +1)

(¥ (=) - ¥ (0)” (Y (@) - ¥ (0)°
K3(201+—F(p+1) >+§3<202+—F(f+1) )<1.

Applying Banach'’s contraction mapping principle, we express the existence of a unique
solution for problem (2) in the next result.

Theorem 2 Counsider two continuous functions n,¢ : [0,1] x R? — R and the presumption
(M2) holds. Subsequently, the problem (2) has a unique solution on ] if

UA, + VA <], (17)
where U = max{U, U}, V = max{Vy, V2}, A, = (W’;’g/}%‘ﬁ(;»)p +201) and A, = (20, +
W), and oy, i = 1,2 are defined by (13) and (14).

Proof Let us consider the operator I1 : & — & defined by (10) and fix

— 14 _ T
QuUAZHOY 4 95,) 4 Qu(WUZUOY , 55)

S (p+1) T+1)
—u(0))° — 0 (0)7 ’
1- (u((ilf(lf‘f()pl//l() ) +207) + V((‘//(ZIZ‘T()IK() ) +207))

where Q1 = sup,c(g ) [1(*,0,0)|, and Q2 = sup,(g, ) ¢ (%,0,0)|. Then, we show that 1A, C
A,, where A, = {({,m) € & : ||([, m)|| < t}. For ([, m) € A,, we have
|1, (2, m)(x)]|

- l{i s }(/‘w V(@)W (@) -v(g)!
T 2ls-0 2\Jo I'(p)

. /”’ V' @W (@) -y@)!
0

I'(z)
1 13
=)

[|n(g: (), m(g)) - n(g,0,0)| + Q1] dg

[1¢ (¢ le) m(g)) - £(2,0,0)| + Q] dg)

Page 9 0of 18
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[1¢ (1, lw), m()) = ¢ (11,0,0)| + Q2] dp

Y () (Yr(g) — ¥rw) !
) (/o r'()

<y ()W () — Y ()P
+/0 T'(p)

[ (e 1) () = (14, 0,0)] + Q1] du) dg}

YW -y@)!
+/0 T'(p) [|n(g,l(g),m(g))—n(g,o,o)| +Qi]dg
= <L{(W(zr’?()p;+wl()o))p + 01) + V02>(||l|| + lml|)

A Ql((l/f(b?f) - v(0))”

F(p+ 1) +01> +Q20’2.

Hence, when taking the norm for x € /, we arrive at
w) —Y(0))P
[T m)| < (U<M + al) + VU2>(||1|| + Iml) (18)

I'(p+1)

s Ql((lﬁ(tﬂ) - ¥(0))”

F(p+1) +O'1) +Q20'2.

Similar to this, given (/,m) € A,, one can obtain

Ittt )] = (2o + 0 (LI ) ) 1+ )

10 ((w(w) - v (0)"

F(t+1) +O'2> +Q10’1.

Consequently, we have for any (/,m) € A,

|G| = [T m)| + | Mo m)]
< <u(w + 201) + V(M + 202))(”[” + ||m||)

T'(p+1) (r+1)
+Q (7(10(?(211/{)(0)" + 201) +Q <—(I//(?()T_+¢1§O))I + 202) <r,

proving that IT maps A, into itself.
Let (I1,m1), (I, my) € €, x € [0, 1] to prove the operator I1 is a contraction. Then, in view
of (M2), we have

|13 (L, 710) (%) = Ty (b, 11) () |

- 1{1( 7Y (@)W () - ¥(g) ™
—202 I'(p)
7Y (@)W () - v(g)
0 I'(7)
1 SOV (W@ - )™
s-o /Q </0 I'(r)

x| & (s Ly (), my(w)) = & (s (), my()) | de

In(g 1), m1(Q)) — n(g, (), ma(g)) | dg

£ (@ h@m @) - ¢ (& bie) m(@)| dg)

+

Page 10 of 18
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Y () (W (g) — ()™
+/0 T(p)

X o/ _ p-1
+/0 ¢(g)(1/f(ﬁ)(p)¢(g)) (g, L), m1(Q)) — n(g 2(g), m2(g)) | dg

< (u(w +ol) +VU2)(||I|| + Imll).

Also, we have

|7 (s Ly (), ma () = 1 (s o (), (1)) | du) dg}

T (ly, 1) (%) = T (L, 1) () |
- 1{1( 7Y QW (w) - ¥(g) !
— 22\ I'(p)

7 Y@ (@) - Pig)
+/0 I'(7)

RN AR AN Y(w) !
* s-o /Q </0 I'(r)

|n(g, 1), mi(g)) — (g, L2(g), ma(g)) | dg

|2 (g, 1h(g), m1(g)) - ¢ (g, lz(g),mz(g))‘)

< |2 (s () my () = € (1 o (), ma(1)) | dpe

Y () (g) — Yr(w))r!
+/0 T'(p)

X of! _ -1
+f Ve~ Vi) 1£(g:1(9), (@) - ¢ (¢, (@) m2(9)) | dg
0 I'(7)

- <ugl . v(w +az)>(||zn + ).

(s L (), iy () = (s o (), (1)) | du) dg }

It follows from the preceding inequalities that

| 111, 10) (%) = T (L, m12) ()|

= | T2 (, ) = Ty (L, ) || + || TTo by, 1m21) = T (L, 1) |

< {u((llf(w) -¥(0))” N 201) . V((l/f(w) - ¥(0))" N 2@) }
C(p+1) F(z+1)

X ”(11 = by, my — mz)H.

In this manner, I is a contraction mapping based on (17). As a result, according to the
Banach contraction mapping, IT possesses a unique fixed point. Hence, we may conclude
that there is unique solution to problem (2) on J. The proof is concluded. d

4 Hyers-Ulam stability of the coupled system

Definition 4 If there exist positive constants F; > 0 (i = 1,2), then the coupled system of
Hammerstein-type integral equations is Hyers—Ulam stable. Also, the following assertions
hold: for ®;>0,i=1,2, if

1 B 1/ 7y @QW(@)-yE)"

I'(p)

T YW (@) - (@) >
. /0 i Z(g)dg

Page 11 0of 18
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LS W) - )
- Z(u)d
g—gfg (/0 @) (k) dys

Y (w) (W (g) — ()™
‘fo () " ““”“‘) % }

/ V(@)W () - (@)
T'(p)

’m(x)_ 1{_i X _( Y@ (@) - ¥ (g)"!
s-o 2\Jo T'(p)

2
7Y (g) tﬁ(?) - w(g))r‘lz(g) dg)
(7)

Y ()Y (g) — ()
_ Z(u)d,
g—@/ (/0 I(z) () ap

/glﬁ ()W (@) — ¥ ()~
0 (p)

Y @Wx) -y
I'(7)

= q)l’ (19)

H(g)dg

H(g)dg

H(w) du) dg }

then there exist (I*(x), m*(x)), satisfying

[o N -1
1 i+1( VOU@ @Y

l(x)zi{g—g 2 I'(p)
7Y (@ W(@)-¥(g) Z(0) dg)
0 I'(7)

1 SOV (W@ —y(w) ™!
- Z(w)d
g—@/g (/0 I'(z) ()

Y W) - Y (W) ) }
- du ) d
/o %) Hudy ) dg

_ /x V(@)Y (x) - Iﬁ(g))ple(g) dg,
0 I'(p)

o 1B ([T Y @W@) - v
m(x)_2{_g—g+2<0 (o) H(g)dg
7 Y (@ () - yY(g)
- Z(g>dg)

e W)W (@) — ¥ (1))”
* g—Q/g (-/0 I'(r) Z(M)du

_ /g V(W)W (@) - ¥ ()
0 ['(p)

Y@ -y@)!
0 I'(7)

H(w) du) dg}

H(g)dg,
such that

i) - ()| < i@y, x€[0,@], (21)
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|m(x) - m*(x)| <Fd,, xecl[0,w]. (22)

Based on our observations, Hyers—Ulam stability of the solution to the problem is deter-

mined in this section.

Theorem 3 By the assumption that n,¢ : [0,1] x R? — R are continuous functions and
there exist constants U;, Vi, i = 1,2 such that for all x € [0, w ] and I, m, hy,hy € R,

|06, L, 1) = n(x,m, )| < Wbl —m| + Uslhy — o), Vxe],U;€R,i=1,2, (23)

¢, h1) = S, m,h)| < Vill—m| + Valhy — o, Vxe],VieR,i=1,2 (24)
system (2) is Hyers—Ulam stable.
Proof Consider (I(x), m(x)) to be the exact solution and (I*(x), m*(x)) to be any other solu-

tion of system (3) according to Theorem 2 and Definition 4. Following that, using (6) and

(7), we have

n(g, 1(g), m(g)) dg

’l(x)—l*(x)|§‘1{— ( " Y QW (@) - Y@
s-—o 2

2 I'(p)

QW @) - i)
o [T 1) mie) de )

L[S 4y @) - )™
__ 1 oo, )
S—Q/Q (fo I'(7) ¢ (i, l), mw)) du

g - -1
_f v (“)(w(‘ﬁ)( i) n (1, 1), m(u)) dﬂ«) dg}
o )

p-1
() w(x)( p)w(g» n(g,1(g), m(g)) dg

! QW@ -y L
_E{g 0 2(/ . r(p) = n(g *(g), m*(g)) dg

W (g w —Iﬁ(g * *
[ VO (o g, 0)

L VWY@ -y )
Nt

¢ (4 I (), m* (1)) dpa

c-o0lJ, I'(7)
g - A1
_/0 id (u)(w(ﬁ)(p)lﬁ(ﬂ)) 0w I (), m* (1)) du) dg}
p—1
AL vf(ﬁ)(p)w(g» (& @ @) dg‘
/ V(@ () —¥(g)”
=1 L'(p)

x [|n(g Ug) m(@)) = n(g, " (@), m*(9))|] dg

17 QW (@) - )
4 0 F(T)

x [[¢(g,g), m(@)) - ¢ (g, (2), m* (9)) |] dg
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f {/ V(W) 1//(u))t1
2(s -0)

€ Gt m0) = o0 ) | g

v (1) (Y (@) — ¥ ()P~
2(; o) / {/ r(p)

x [ n (e, 1), m(w)) = 1, I (), m* () | du} dg

- [TV i 10)m) - n(ent* @ @)

=

@{w * 201}[|l(x> @]+ @) - @], (25)

which implies that

_ P
-] < @n{“/’(?gp—fl(f’” +201} < (i@ - @) + |ma) — m* )]

<F &y, (26)

@
where F) = {Mi(ﬂ);po” +20,}.

Similarly, we further have

o |1 " QW@ -y @)
o) -] = - 3 VO (g i) mie) de

_ -1
/ v/ (@) t/f(w) W(g)) (g,l(g),m(g))dg>

-1

- sy (M)(w(g) V()
TS —Q/ (/0 T'(7) ¢ (w lp), m(p)) dpe

g - -1
_/ d (“)W%’( VD i), ) du) dg}
0 r)

(@)Y () — Y (g))"
€ ﬁ(r) O (0. 1(e) mi@) ds
1 B > (@) (Y (@) — Y (g))
_ - ,l* , * d
{g Q+2( r(o) e Fe)m @) d

2
VU@V (o 1))
o [ O (o1 ) de

LA W@ - w) T
i §‘9/g (/o I'(7) ¢ (1, (), m* (1)) dp

g 4 - p-1
[P v n(u,l*(u),M*(M))d//«)dg}
o )

-1
w(g)(w(x)mw@) ;(g,l*(g),”ﬂ*(g))dg‘

<_/ V(@ (@) - y(g)
4 Jo F(P)
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% [|n(g Ue), m(9)) - n(g I*(e) m* (@) | de
1 (7 () () - (@)
* Z/o I'(7)

x [[¢ (g, Ug), m(g)) - ¢ (g, I*(g), m*(9))|] dg
1 STV (W (@) —y(u)t
' 2<§—a>/g {/0 )
x [[¢ (1o 1), m(w)) = ¢ (o (), m* (1)) |] dﬂ} dg +

STV W) — ()t
X/Q {/o ()

2(¢-0)

x [|m (s 1), m()) = (s (), m* ()| du} dg
Y (@ W(x) - (@) s
0 I'(p)

x [|n(g Ug), m(g)) - n(g, I*(g), m*(©))|]

(Y (@) - ¥(0))"
= Q{{ '(z+1)

+ 20’2}[’1(?6) - l*(x)| + |m(x) - m*(x) ], (27)

which implies that

(Y (@) - (0)°
I'(t+1)

< F2q>2, (28)

[ @g{ . 202} < (i@ - @) + [mx) = m* ()]

where F, = @;{W +205}.
Asaresult, considering (25) and (27), the system of integral equations (3) is Hyers—Ulam

stable, and as a result, the solution of system (2) is also Hyers—Ulam stable. d

5 lllustrative example
Here, we verify the proposed theoretical results by implementing them on a problem.

Example 1 Consider the following problem

cD(2/3:x2)l(x) =n(x,1,m), x € [0,2],
cD(4/5:x2)l(x) _ ;—(x, l, m), X € [0, 2], (29)

3/2

C+m)O) =-U+m)@), [ -m)r)dg=3,

where p =2/3,7 =4/5,¥(x) =%, 0=1/2,¢ =3/2,B=3,w = 2,and n(x,,m) and ¢ (x, [, m)
will be fixed later.

The data we have available lead us to the conclusion that o; = 0.9881225695, o, =
1.000470521, where o7 and o5 are in (13) and (14).

. _ e_x _

To illustrate Theorem 1, we take n(x, I, m) = T (xI + m + cost) and ¢(x,l,m) =

ﬁ(! +tm+e™).
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It is clear that 1 and ¢ are continuous and satisfy the condition (M1) with

cosxe™ xe™” e
21 (%) = —————; 2y (%) = ——; 13(%) = ——;
2./(6 + x2) 2./(6 + x2) 2./(6 + x2)
e* X 1
=—; Ky = ———; K3 = ——.
(2 +x)? 2 (2 +x)2 3 (2 +x)?

Furthermore, we have

(Y () - ¥(0))” W (@) -y (0)7\ _
1522 <2C71 + W) + Izl <202 + W) ~ (0.8689

and

(Y (=) - ¥(0)” WY (@)-¢0)" Y
[I523]] (251 + W) + |lks]| (202 + W) ~ 0.5336.

Therefore, the criterion provided in Theorem 1 applies, and the problem (29) has a unique
solution with n(x,/, m) and ¢ (x, [, m) given by (30) and (31).
To illustrate the application of Theorem 2, we choose

)
(o 1099 = gt | g+ 0 0
1 -1 -
¢ (%, U(x), m(x)) = N (2tan™*(0) + sin(m)).

Then,
1
|n(x, L, 1) = (e, m, o) | < 4—0|l m| + 30| 1-hal,

1
|§(x;lrh (xym;h2)| = %ll m| + _lhl h2|' (31)

Therefore, (M2) holds and we have I/ = 0.0333; V = 0.0333.
Then,

max(Uy, Up) A,y + max(Vy, Vo)A,

(Y () - ¥(0))”
I'(p+1)

=0.1544 + 0.1788

(¥ (=) - ¥ (0))"

=0.0333
{ I'(t+1)

+ 201} + 0.0333{ + 202}

=0.3333

<1.

Consequently, the coupled system (29) has a unique solution and is Hyers—Ulam stable,
as it satisfies all the conditions of Theorem 2.
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6 Conclusion

We have derived some novel results on the existence, uniqueness, and stability of the so-
lution for a nonlinear coupled system with 1 -Caputo fractional derivatives. We have used
the features of fixed-point theory to establish the proposed results. We have provided an
illustrative example to verify the theoretical findings. The proposed analyses of existence,
uniqueness, and stability in terms of the 1/-Caputo fractional derivative are novel and pro-
vide further insights into the theory of coupled FBVDs. In the future, the results will be
helpful to check the qualitative behavior of the proposed types of problems. This work can

be extended to any other fractional derivative.
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