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1 Introduction

The delay dynamical systems have been applied in a lot of fields such as medicine biology,
neural networks, physics, electrical engineering, and other fields of engineering and sci-
ence. Stability has always been the most widely studied in the theory of dynamical systems.
Therefore, research on the stability of delay dynamical systems has been very fruitful, see
for instance [1-22]. Recently, as a generalization of dynamical systems, many authors have
studied the stability of Halanay inequality systems.

To discuss the asymptotic stability of the following dynamical systems with delay 7:
V() =-ay@®) + byt 1), t=t,
Halanay ([4] and [5]) proved the so-called Halanay inequalities

Y@ <-ay®)+b sup y(s), (t>=t), yE)=v(@), (=<t (1.1)

—1<s<t

and the following lemma.
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Lemma 1.1 (Halanay 1975 [5]) Let a > b > 0 and vy (t) > 0 be continuous and bounded. If
y(t) satisfies (1.1), then there are o,c > 0 such that y(t) < ce®*~), Hence, when t — +00,
y(t) — 0.

In view of the above properties of the Halanay inequality, many authors have studied the
stability of various generalized types of delay dynamical systems. Let R = (—00, +00), R* =
(0, +00), C(A, 2) be a continuous function from A to 2, BC(4, ) be abounded continuous
function from A to 2, I, = 1,2,..., m. Baker and Tang [6] gave one generalization of (1.1)

and obtained Lemma 1.2.

Lemma 1.2 (Baker and Tang 1996 [6]) Let y(t) > 0 satisfy

Y(t) < —a(®)y(t) + b(t) sup y(s) fort>ty and y(&)=v(E) fort<ty, (1.2)
t—t(t)<s<t

where Y (t) € BC((—00,t],R*). When t > ty, a(t), b(t), T(t) > 0. And ©(¢t) satisfies t —T(¢) —

+00 as t — +00. There is 0 > 0 such that b(t) — a(t) < -0 <0 for t > 1y, then y(t) — 0 as

t — +00.
Some authors further presented the generalized Halanay inequality

D*y(t) < —a(t)y(t) + b(t) sup y(s) fort>t, and
t—t(t)<s<t (1.3)

y(t) =y (t) fort <ty

where the upper-right Dini derivative D*y(t) is defined as

t —y(t
D*y(t) = lim sup 2EX ) =70
o—0* o

a(t), b(t) and t(¢) are defined by Lemma 1.2.

As applications of generalized Halanay inequality (1.3), Tian [7] researched the stability
and boundedness of inequality (1.3) with constant delays. Wen [8] obtained the dissipa-
tivity results of Volterra functional differential equations. Based on Wen [8], Liu ([9] and
[10]) considered boundedness, asymptotic stability, and exponential stability of inequality
(1.3) and obtained the following lemma.

Lemma 1.3 (Liu 2012 [10]) If y(t) satisfies (1.3), b(t) > O, then there are A, > 0, A, > 0,7 >0
such that |a(t)| < Ay, b(E) < Ay, T(t) < T, then y(t) — 0 as t — +00 if lim,, fot[a(s) -
b(s)eMa] ds = +o0.

Then, Ruan [11] studied the stability and boundedness of inequality (1.3) by integral
inequalities and obtained the following lemma.

Lemma 1.4 (Ruan [11]) If y(t) satisfies (1.3), b(t) > 0, and

t
lim [ [-a(s) + b(s)e™Pr-r0=s=t fst“o’)d"] ds = —00,

t—>+00 0

then y(t) — 0 as t — +00.
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Many authors used the stability results of Halanay inequality to study the synchroniza-
tion and stability of neural networks. When studying the stability of dynamical systems,
most of the authors (such as [12, 13]) used Lyapunov’s direct method. Yet, there are many
problems which make this method invalid. For solving the problems encountered in the
study of Lyapunov’s direct method, Burton and other authors [14—18] investigated the sta-
bility of stochastic dynamical systems driven by Brownian motion using fixed point the-
ory. Later, Shahram Rezapour and his collaborators [19-21] used the fixed point method
to study the properties associated with the solution of stochastic fractional differential
system. The results showed that the fixed point method can overcome many problems in
the study of the stability of dynamical systems.

However, when using Halanay inequalities to discuss the stability of dynamical systems,
the fixed point method is seldom used. In this paper, we study the asymptotic stability of
dynamical system with variable delays via generalized Halanay inequalities by the fixed
point method. In particular, the obtained conclusions improve and promote the results of
some existing papers. See the examples in Sect. 4.

The remaining parts of the paper are designed as follows. The main theoretical conclu-
sions are firstly proposed and then proved in Sect. 2. The conclusions in Sect. 2 are applied
to study the global stability of neural networks in Sect. 3. Examples with numerical simu-

lations are illustrated in Sect. 4. The conclusions are given in Sect. 5.

2 Main results

Consider the following generalized Halanay’s inequality with multiple delays:

Dry(t) < = 37 ait)y(e) + Yo7 bi()y(gi(t))
+ 3 iy k() sup,, (<5<, ¥(S), =0, (2.1)
J’(t) = |W(t)| € C([lﬁ(o)»o]:R+); t<0.

Here,
¥(0) =  max {inf(gi(s), s > 0),inf(rs(s),s > 0)},

D*y(¢) is defined by (1.4), a;(t), bi(¢), ck(t), gi(2), ri(t) e C(R*, R) satisfy g;(£) — 00, ri(t) — oo
as t — oo. Besides, let g;(¢) < t be differentiable and r(t) <t (1 <i, k <m < 00).

Theorem 2.1 Assume that there are some functions f;(t) € C(R*,R"), (i € ;) and a positive
constant a < 1 such that, for t > 0,

(i)
f® =) fi(t) and liminf / tf(s)ds>—oo,
) t—00 0
(i)

m
sup E
[ELU P

/ [f,'(s) —ai(s)’ ds

t
&i(®)
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+ /0 e i fwav Z\b,-(s) + [fi(gi(s) — ai(gi()) g/ (s)| ds

i=1

t m
+/ e‘f;f(")d"Z}ck(s)‘ds}
0 k=1

<a<l.

Then y(t) — 0 as t — +o0 if and only if
(iif)

t
/ f(s)ds— oo ast— oo.
0
Proof Define the following delay dynamic system:

dy(t) = 2210 (—ai()y(e) + 3212, bi(6)y(gi())
+ 2 ey k() Sup,, (<5<, ¥($)] dt,  t>0, (2:2)
y(@) = ¥ ()] € C([y(0),0L,R"), t=0.

From (2.2), we obtain

¥(t) = p(0)e T/ 4 / t [f(s) : Zm(s)}efff(v)d“y(s) ds
0 i=1

+ / o lroas Y bil9)y(els) ds (2.3)

0 i=1

/ e 10 d"ch(s) sup  y(u)ds.
0

k=1 re(s)<u<s

Among

/ t [f(s) - Zai(s>}e-13‘f‘v>dVy<s) ds
0 i=1

_ " ¢ i[ng(y)dvd * : —a; d
> /0 e /.(s)[f(m a,(u)]y(10) du
+Z/ e ff")d" gi(s)) — ai(gi(9)) g/ (s)y(gi(s)) ds
(2.4)

Z / [£(s) — a()]y(s) ds — e Jo/ dvz / [fi(s) — ai(s)] ¥ (s) ds

o3 [ B a9) - o)

Page 4 of 16
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_/tf(s)e—fff(v)dv<z /S [fi(u)—ai(u)]y(u)du> ds
0 i-1 Y8&ils)

So, combining (2.3) and (2.4), we know

y(t) = ( (0) Z/ S) a; (S)]I//(S)ds)ef(ff(‘/)dv + Zf [f;(S) —ai(s)]y(s)ds
gl

i=1 -1 Y&
+ /(; e_fslf(v)dv Z([fl(gl(s)) - ai(gi(s))]g;(s) + b,»(s))f(g,-(s)) ds
i=1
/ fls)e I/t dV(Z / [fi() - ai(w) |y (w) du) ds
-1 Y&i(s)
N Avt e_f:f(l/)dv ; C]((S) rk(f)];gssy(u) ds
(2.5)
Define the operator ¥ : S — S as follows:
(Wy)(t) = ( ¥ (0) - Z D‘(s ai(s)] ¥ (s) d3>e foft
i=1 40
+ Z / [fi(s) — ai(s)]y(s) ds
i=1 4t
+ /0 e BTOD S ([f(@(9) - ai(eil) Jgl(s) + bi)y(& () ds (2.6)
i=1

_‘/tf(s)e—fstf(v)dv (Z /s [fi(u) = ai(w) |y (u) du) ds
0 &i(s)

i=1

m 5

¢ t
+/ e‘fsf(")d"ch(s) sup y(u)ds::ZIj(t),tzo.
0

k=1 ri(s)<u<s -1

The initial value is (Wy)t) = ¥ (¢) for t € [¥(0),0]. Denote by S the Banach space of
all functions ¢ € BC(R,R). Then S is a complete metric space with metric p(x,y) =
SUp,~q |x(¢) — y(£)|. Moreover, ¢(s) = |{(s)| for s € (—00,0], and when ¢ > 0, we have
l@(t)] — 0 as t — +o0. Then it is obvious that W is continuous on [0, 00).

Next, we show that W(S) € S. From condition (iii), we know, when ¢ — o0,

|11(r)|:‘ 0) - Z / [/(s) — ai(s)]w (s) ds|e fo /4" s o, (2.7)

As t — 00, gi(t) — 00, and |y(£)] — 0, then for any € > 0, there exists 77 > 0 such that
t > Ty implies |y(¢)| < € and |y(g;(¢))| < €, i € I,,. Hence, when ¢ > T, from condition (ii),
we have

|L(8)] =

;/ D”, (s) ds

l

<e (Z/ [f(s (s)‘ ds) <E€. (2.8)

i=1 &t
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Then |I;(t)] — 0 as t — 0o. Meanwhile, from condition (ii), we have

|5(8)] = /0 et é[(ﬂ(gxs)) — ai(gi()))gi(s) + bi(s) ]y (gi(s)) dis
|[ e é[(ﬁ(gi(s))  a(86)gls) + by (e ds
+ /T eSO i[(ﬁ(gxs)) — ai(g()))g/(s) + bi(s) [y(&i(s)) s
< /0 "t é[(ﬁ(gf(s» — ai(g(5)))g/©) + bils) (@) ds 29)

+

[ e B0 S (1 060) - a0 + O {eo) ds

1 i=1

T " m
< sup Iy(t)|< /O e‘fsf(“)d”Z[(ﬁ(gf(s))—ai(gi(s)))gj(s)+bi(s)]ds>

te(0,71] i=1

' (fT e i fmay Z[(ﬂ(gz’(s)) —a;(gi(s)))gi(s) + bi(s)] ds).

By condition (iii), there exists T > T; when ¢ > T5 such that

oo, m
sup ‘y(t)| (/ e Js S Wy Z[(fi(gi(s)) - ai(gi(s)))gf(s) + bi(s)] ds) <e. (2.10)

te[0,11] 0 P,

We easily know that |I3(£)| < 2¢ by condition (ii). Therefore, |I5(t)| — 0, as £ — co. Simi-
larly, we can get |I4(t)] — 0 as t — oo.
As t — 00, r¢(t) = oo and [y(t)] — 0. Then there is T5 > 0 such that ri(t) > T3, k € 1,5,

implies |y(¢)| < € for any € > 0. Hence, when r¢(¢) > T3, we have

|I5(0)] <

T3 m
/ e rmav Z ck(s) sup y(u)ds
0 k=1 k

ri(s)<us<s

+

t ¢ i
/ e BIOWN () sup y(w)ds

T3 k=1 re(s)<uss

(2.11)

T3 " m
/ e JsSWdv Z ci(s)ds
0 k=1

m

t
/ e fifmar Z ci(s)ds

T3 k=1

< sup |y

1k (0)<t<T3

+ €

As can be seen from the above proof, |I5(¢)| — 0 as t — oco. Then we have [(Wy)(¢)| — 0

as t — oo. Therefore, we get the conclusion of W(S) C S.
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For £ € S and ¢ € S, we have

sup [(W&)(s) - (We)(s)|

s€(0,¢]
- (V) —ai(v)|d
SSZ%B]!E(S) sil[tpt]i;/gmv(v) a;(v)| dv
/ e IIOYN b v) + (fi(gi(s)) - ai(gi()) ) g/ (v)| dv (2.12)

i=1

/f L dv(Z/ Vi(”)_“i(””d”) dv
&)
+/0-se_jff(v)dvk21:|ck(v)|dv} gaszl[tl,)t]|§(s)—<p(s)|.

Therefore, we obtain that W is a contraction mapping according to the contraction map-
ping principle. ¥ has a unique fixed point y(¢) in S by the contraction mapping principle.
The fixed point is a solution of (2.2) with y(s) = | (s)| on [¥(0),0) and |y(£)| — O as ¢t — oo.

Then, we need to prove that the zero solution of (2.2) is stable. Suppose that o > 0 is

given and choose a positive constant o (0 < o) satisfying

m 0 .
9<1+Z/ [ﬂ(s)—ai(s)|ds>e‘fof(v)dv+oca <o.
i—1 Y&0)

If y(¢) = y(¢,0, |¥]) is a solution of (2.2) with || < 6, then y(¢) = (Vy)(¢) is defined in
(2.6). We have |y(#)| < o for all £ > 0. Notice that |y(£)| < o on [¥(0),0). Suppose that there
is t* > 0 such that |y(¢*)| = o and |y(s)| < o for ¥ (0) <s < t*. From (2.6), we obtain

(" |<|¢|<1+Z/ Ifi(s) — dS)|dS>e JE rway
to !Z [fi(v) - ai(v)| dv
+ /0 e‘fvsf(v)dvz‘bi(v)+(fi(gi(s))—ai(gi(s)))gi’(v)|dv
i=1

/f(v)e Lof( dv(Z/ [f(u) ul(u)|du>

&)

s m
+ / e~ [ fwdv Z|ck(v)‘ dV}
0

k=1

m 0 «
< |¢|<1+2/( )[f,'(s)—a,-(s)’ds>e‘fé 0 | o <o
i-1 Y&

(2.13)

This is contradictory to the definition of t*. Thus the zero solution of (2.2) is asymptotically
stable if condition (iii) is established.

Page 7 of 16
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On the contrary, assume that condition (iii) is not met, then there is a sequence t;, t; —
oo as [ — oo such that lim;_, o fot’f(s) ds = p for some p € R by condition (i). We can select
a constant Q > 0 satisfying 0 < fotl f(s)ds < Q for all [ > 1. We define A(s) as follows for

simplification:
Als) -Z|b(v)+ (¢i(9)) — ai(@i(9)) ]/ (V)]

i=1
K (; /gt:w[fi(u) - ai(w)| du); 5> 0.

By condition (ii), we have
7] ¢
/ e‘fslf(v)d"A(s) ds <a.
0
This yields

7] s
/ e 0f(")d"A(s) ds < ocefotlf(v)d" <eQ
0

From the above, there is a convergent subsequence as { fotl e/o/)4 4 (s) ds} is bounded. For

the convenience, we may suppose that there exists some y € R* such that

t s
lim elof W p(s)ds =y

I—»o0 Jo

Then we can find an integer k>0 large enough such that, for all [ > &,

b 0
lim elo/®) YA(s)ds < —,
88

l—o00 J;.
%

where 8 = sup;(9 ,00) e~ fof W4 g 5 0 satisfies 882 + o < 1.
Next, we will discuss the zero solution y(¢) = y(t, t;, |]) of system (2.2) with [ ()] =6
and |y (s)| < 6 for s < t;. Then |y()| <1 for ¢ > t;. We may select ¥ such that

m ~
tk

Be) =)= [ [0-a@]veds= 50.
=1

&)

From (2.6), we obtain

y(n)—Z f [(5) - ai©)]y(s) ds

- l v)av l v)dv tl
= e a0 o [T i asf
t

k

Page 8 of 16
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_ru _ru 72
_ %96 fti(f(v)dv{ %96 fkf(v)dv B Ze_f()‘lf(v)dV/ efof(v)dvA(s) ds} (2.14)
i
k
ol 72
. l@e ZJt]}f(V)dV 10 —2,3/ efof(v)dvA(s)ds
-2 2 i
3
1 0207 ft;’ fo)dv
-8
> l926_2Q >0
8

However, provided g;(¢;) — oo as [ — oo holds. From condition (ii), we have [y(t;) —
> f;,-l(z,)[ﬁ(s) —ai(s)]y(s) ds| — 0 as [ — oo for |y(t)| = |y(t, t, |¥|)] — 0, which is contra-
dictory to (2.14). Therefore, for the asymptotic stability of system (2.2), condition (iii) is
essential. Thus, system (2.1) is asymptotically stable if and only if condition (iii) holds. The

proof is complete. d

Apparently, if we set m =k = 1, a1 (t) = a(t), bi(t) =0, c1(¢) = b(t), g1 () =r1(£) =t — (¢) in
Theorem 2.1, we have Theorem 2.2.

Theorem 2.2 Let ©(¢) be differentiable. Assume that y(t) satisfies (1.3), there are f(t) €
C(R*,R*) and a positive constant « < 1 such that, for t > 0,

(i)
lim inf/tf(s) ds > —00,
t—>00 0
(ii)
flltp{/ ( )[f(s) —als)|ds
+ /Ot e‘fstf(")dv| [f(s - r(s)) - a(s - T(S))](l - t’(s)) | ds
' / tf(s)e‘fff(”‘”( " 1 - atw)| d“) *
0 s—7(s)
+ /tefstf(")dv‘b(s)’ds} <ac<l.
0
Then y(t) — 0 as t — +00 if and only if
(iif)

t
ff(s)ds—>oo ast — oo.
0

Remark 2.1 We do not require bounded delay t(¢) nor inverse function of delay, which

improves the results in a lot of literature works, for example, [9, 10, 15].

Remark 2.2 In Theorem 2.2, we do not require a(¢) > b(t). This greatly improves the con-

clusions of studies [5, 8—11].
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3 Applications
Consider the Grossberg—Hopfield neural network with multiple time-varying delays as

follows:

dy;(t) = [Z;Zl(—ﬂij(t))yi(t) + Z;ﬁl bii(t)h;(y;(¢))
+2 00 ¢t ky (1) + Ii(t)] dt, £ >0, (3.1
yi(t) = [¥:(2)] € C([¥(0),0],R), t<0O.

Here, self-inhibition a;(¢), the interconnection weights b;(t), c;(t) and h;(t), gi(¢), k;(¢) are
scalar integrable functions for ¢ € [0, +00), inputs I;(£) : R* — R are continuously func-
tions, i € I,,,. ¥(0) is defined as above.

Definition 3.1 (Gopalsam [22]) The solution u(t) = (u1(¢),...,u,(t)) of (3.1) is globally
asymptotically stable if and only if every other solution v(¢) = (v1(£),...,v.(#)) of (3.1) with
vi(0) > 0 (i € I,,,) is defined for all ¢ > 0 and satisfies

lim |ui(t) - vl'(t)| =0, i=02,....n (3.2)
t—00
Theorem 3.1 The functions h(t), gi(t) satisfying the Lipschitz condition with Lipschitz’s

constant L;, P; are differentiable (j € I,,). Assume that there is a positive constant a < 1 and
some functions f;;(t) € C(R*,R") (i,j € Iy) such that, for t > 0,

(i)
filt) = Zf,-j(t) and liminf/tﬁ(t) ds > —00,
) t—00 0
(ii)

t ; m t " m
f;‘};[ /0 e FIOE N by )L + fis) — ays)| ds + / e OB S )P ds

j=1 0 j=1

<ac<l.

Then the neural network system (3.1) is globally asymptotically stable if and only if
(iif)

t
/ﬁ(s)ds—> o0 ast— oo.
0

Proof For system (3.1), we know

OOl Sy 0 ~v0) + Y by O 150) ()]
j=1

= (3.3)

3 e 0y 0) - g (5 (k)] £z 0,7

j=1

Page 10 of 16
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Define x;(¢) = u;(¢) — vi(t), t = 0, k(¢) = min{k;(¢t)},i, j € I,,. From Theorem 3.1, we can
obtain the following inequalities:

Drai(t) < 377 (—ay())xi(t) + 377 by() Ly ()
+ 20 Ci(E)By Supy (g <i<; Xi(5),  £20, (3.4)
xi(t) = SUPk(0)<s=<0 xi(s), t=<0.

For ¢ > 0, define y(¢) := max{x;(¢),i € I,}. For all ¢ € [0, +00), let i; stand for the index such
that y(¢) = |x; (¢)]. So, we have for t > 0

Dry(e) < (~a(®)y(e) + Y bij(e)Lix;(t)
=1

Jj=1

~

+Zciﬂ(t)P,r sup  x;(s)

j=1 kizj(t)SSSt

< Z(—ﬂz;/(f))y(f) + Zbizl(t)LI’y(t)
=1

j=1

~.

+ Zcizf(t)Pf sup y(s), i€l

j=1 k(t)<s<t

Let a;(£) = a;j(2), bj(£) = by(2), ¢;(t) = cij(2), then we get

Dy(t) < 37 (=i 0)y(®) + X7, Bi(OLyy(e)
+ 200 ()P sup(y o< ¥(5), =0 (3.5)
¥(£) = Supg(g)<s<0*(s), £=0.

From Theorem 2.1, we can get the conclusion of Theorem 3.1. The proof is complete. [

4 Examples
In this section, we present some examples and numerical simulations to test and verify

our main conclusions.

Example 4.1 Consider a delay dynamical system

dx(t) = — (3 + 30 'x(t) — (6 + 66 'x(t) + (8 + 6)x <t _ %)

+(9+ 6t)‘1x<t - %) (4.1)

+(19+18:)7" sup x(s) + (10+9t)" sup «(s) fort>0.
3t/4<s<t 4t/5<s<t

The initial value is x(£) = 10 for ¢ € [-2,0]. In Theorem 2.1, let fi(£) = a1(¢) = (3 + 3¢) 7},
HO) =ax(t) = (6+66)", f(1) = fit) + fot) = (2+2)™, bi(t) = (8 + 61)7, ba(t) = (9 + 61) 7,
ai(®) = (19 + 1867, ¢y(t) = (10 + 92)7%. Because sup,. [, e~ 5207 dr (9 4 g)l 4 (8 +
6s)7| ds < %, sup,- fot e~ JS @207 i (10 4 95) 1 + (19 + 185) | ds < 3. So, we know x(t) > 0
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Figure 1 Example 4.1

as t — +00 from Theorem 2.1. Simulation result presented in Fig. 1 shows the validity of

our theoretical result. Figure 1 is the graph of the system

dx(t) = — (3 +3t)'x(2) - (6 + 6¢) " x(2)

+(8+ 6t)_1x<t - g) +(9+ 6t)_1x(t - %)

t t
+(19 + 18t)-1x<t— Z) +(10 + 9t)-1x<t - g) for t > 0.

Remark 4.1 Because 71(t) = £, 72(¢) = %, 73(¢) = %, a(t) = £ are unbounded, [9, 10, 15] are

invalid.

Example 4.2 Consider a delay dynamic system

1
dx(t) = |:—2tx(t) +6e 2t (t - —)] dt, t>0, and

x(t) =10, te[-1,0].

In Theorem 2.2, let f(¢) = a(t) = 2t, B(t) = 6e"*t. Because

t
"t
sup/ e s 2“d“|6e_1'2s| ds<3e1? <1,
t>0 JO

we know x(t) = O as t — +00 from Theorem 2.2. The system (4.2) is asymptotically stable,

as shown in Figs. 2.

Remark 4.2 In [5, 6, 8—10], and [11], the authors required —A(£) + §(£) < —* <0 for £ >0

and positive constant ¢. Obviously, our Example 4.2 does not require such a restriction.

Page 12 0f 16



Wang et al. Boundary Value Problems (2023) 2023:95

Page 13 0of 16

x(t)
9| 1

0 N . . . . . .
0 10 20 30 40 50 60 70

80 9 100

Figure 2 Example 4.2

Example 4.3 Consider a 2-dimensional Grossberg—Hopfield neural network as follows:

dyi(8) = [=ai(O)xi(t) + 27", by(e)hi(x; (1))
+ 200 (gl (ky () + L®)ldt,  t>0, (4.3)
x(t) = l@i(®)], t<0,i=1,2.

We consider the dynamical behavior of two solutions xV(t) = (x(ll)(t),x(zl)(t)), 2@ () =
@2 (6), 47 (£)) of (4.3) with different initial values () = (0" (2), 0 (1), 0@ (£) = (0 (1),

wéz)(t)) for t € [-2,0], which have the following definition:

or)=20, oP@)=30, P =40, and @ (¢) = 50.

We further set ai(t) = ay(¢) = t, b11(£) = by1(£) = 0.2¢, b1 (¢) = by (¢) = 0.3t, c11(t) = ¢21(£) =
0.15¢, ¢12(t) = coa(t) = 0.25¢, I1(¢) = cost, L(t) = sint, and ky1(£) = k12(t) = ka1 () = koa(2) =
0.4¢. For each s € R, hy(s) = ha(s) = arctan(s), g1(s) = g2(s) = /s + L. It is easy to know that
Ly =Ly =P =P, = 1. Let fi(¢) = fo(t) = a1(t) = ax(¢) = t, define y,(¢) = |5\ (2) — ()],

y2(t) = [x57(8) = 657 (£)], y(8) = (31(£), 32(8))T. From Theorem 3.1,

t 2 ¢ 2
Stlig/() e‘/ffl(/t)du Z|b1j(S)L/|dS+/ e—f;hl(u)du Z|c1,'(s)Pj|ds:0.9< 1,

j=1 0 j=1

t 2 t 2
st%)/o e*fstfz(u)dn Z|b2/(s)L/|ds+/(; e*ffhz(ﬂ)d# Z|62/(S)Pj|ds —09<1.

Jj=1 Jj=1

The neural network system (4.3) is globally asymptotically stable, as shown in Figs. 3-5.

Remark 4.3 Because a;(t), b;j(t),c;(t) (i,j € I,,) are unbounded, Theorem 3 in [9] and

Proposition 3 in [10] cannot be applied to system (4.3). Besides, because delays are un-
bounded, Theorem 3 in [11] will be invalid.



Wang et al. Boundary Value Problems (2023) 2023:95 Page 14 of 16

ety
—%0]

25

L

0 20 40 60 80 100
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Figure 4 The state response of x%z)(t) and xgz)(() in system (4.3)

5 Conclusion

In this note, we first used the fixed point method to study a new kind of generalized Ha-
lanay inequalities and obtained some sufficient conditions of asymptotic behavior. Then,
we applied our conclusions to the study of the asymptotic synchronization and conver-
gence of neural network systems. Finally, we presented some examples and numerical
simulations to test and verify our main conclusions. The conclusions in this note improve
and generalize the relative results in [4—11]. Also, to the authors’ knowledge, the study
of stochastic differential systems with time lag driven jointly by Brownian and fractional
Brownian motions is rare, and only the existence of uniqueness and convergence of solu-
tions are studied. In addition, the study of stochastic time-lagged partial differential sys-
tems jointly driven by Brownian and fractional Brownian motion is even rarer at present.
Therefore, it is our future research goal to study the properties associated with the so-
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Figure 5 The state response of y;(t) and y»(t) in system (4.3)

lutions of stochastic fractional dynamical systems or doubly-driven stochastic dynamical
systems by using the immobile point method as well as Halanay inequalities, based on the
studies [19-21].
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