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1 Introduction
In 1979, Shigesada et al. [7] proposed the competition-diffusion system with nonlinear
diffusion effect to model the segregation of interacting species. The following is the sta-

tionary problem of their proposed system:

0=cA[Q+az)w]+ (1 -w-02)w,
0=deA[(1+pw)z]+(1-yOw-2)z, x€, (1)
a,w=0, 0,z=0, x€0%,

where the variables w and z mean the population density of two competing species, the
parameters ¢, d, 0, and y are positive, the cross-diffusion coefficients o and 8 are non-
negative, the habitat Q of two competing species is a bounded domain in R with smooth
boundary 0€2, the integer £ is the space dimension of €2, the vector v = v(x) is the outward
unit normal vector on x € 9€2, the notation d:f denotes the derivative of the function f
with respect to &. We remark that the values 6 and y6 correspond to the interspecific
competition rate. Since w(x) and z(x) mean the population density, we restrict our dis-
cussion to the positive solution of problem (1), where we say that (w,z)(x) is positive if
(w,2)(x) is in the positive quadrant for any x in the closure CI2 of 2. Since then, many
mathematicians have researched the solution structure of positive solution for problem
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(1) to understand what kinds of phenomena occur by the cross-diffusion effect (for exam-
ple, see Jiingel [3] and Yamada [8, 9] as surveys of mathematical study related to problem
(1))

Since the change of variables p = (¥, ¥,) (W) with w = (w,2), p = (, q),

p=vpW) =0 +az)w,  q=1y4w)=(1+pw)z

is a bijective map from the positive quadrant to itself, it turns out that there exists an
inverse map w = (V,,, ,)(p) of p = (¥, ¥,)(w) in the positive quadrant. After simple cal-
culations, we obtain

_Bp-aq-1+(Bp-eq-1)>+4p
28 ’

-Bp+aq-1+,/(Bp—aq-1)?+4pp
20

w= \ij(p)

z=V,(p) =

for any p in the positive quadrant, and then we represent problem (1) as

0= SAP +f(P)r
0=deAq+g(p), x€, 2)
ap=0, dqg=0, xe€d,

which is a stationary problem of reaction-diffusion system with linear diffusion term,
where

f(P) = (1-V,(p) - 0W.(p)) Vu(p),

gp) = (1-yoW,(p) — ¥.(p)) V.(p).

We remark that

Jim (W, w.)(07'p) =0, lim {6(W,, W) (07'p)} =p

60— +00

hold true for any p in the positive quadrant.
In the previous paper [5], it was shown that problem (2) as & — +oo has two kinds of
limiting systems. One limiting system is represented as

0=eAp+(1-pp, x€Q,
0=deAq+(1-¢q)q, x€Q_, 3)
p=0, q=0, youp=-doq, xeT,

ap =0, 0,g=0, x€0%,

by applying the argument in Dancer et al. [2], where Q = Q2_U @, UT, I is the interface
which separates two subregions

Q+:{x€Q:p(x)>0:q(x)}, Q,:{er:p(x):0<q(x)},
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and p = p(x) is a unit vector normal to I'. We note that the solution of limiting system (3)
approximates the bounded solution of problem (1) for sufficiently large 6 > 0. By employ-
ing the change of variables u = y6p and v = ¢, and taking the limit as & — +00, we obtain

the other limiting system

0=cAu+(1-v)u,
O0=deAv+(1-u)v, x€g, (4)
ohu=0,0,v=0, x€0L,

of problem (2). Since the positive constant solution of problem (1) in the positive quadrant

[ 0-1 y6-1
w= ’ )
y62 -1 y0%2-1

the corresponding constant solution of problem (4) becomes

is

&= tim {6(yy,(W), v, (W)} = (1,1).

Hence, it turns out that the solution of limiting system (4) approximates the solution with
small amplitude of problem (1) in a neighborhood of w = w for sufficiently large 6 > 0. We
note that the solution structure of limiting system (3) has been already investigated (for
example, see Dancer et al. [2]). However, although limiting system (4) is simple in a class
of 2-component reaction-diffusion systems, we have not yet understood enough solution
structure of positive solution for limiting system (4).

As a first step to approach the solution structure of problem (4), we assume that the
habitat €2 is the ball with center origin and radius 7, and we restrict our discussion to the

radially symmetric positive solution, that is, we study positive solutions of the problem

O0=cLu+(1-v)u,
O=delv+(1-uyv, re(0mn), (5)
d0,u =0, dv=0, r=0,m,

where Lu = r'=t9,[r*19,u]. In the previous paper [5], it was suggested that problem (5)
has a solution with very large amplitude for some ¢ > 0. In this paper, to discuss precise
spatial profile of such a solution of problem (5), we construct the solution for some ¢ > 0.
To do this, we employ formal calculations by the singular perturbation technique because
the rigorous proof on the existence theorem of solution requires lengthy arguments (for
example, see Ito [4]).

2 Preliminary

Let (u,v)(r) be an arbitrary bounded positive solution of problem (5) for ¢ > 0 and d > 0.
When u(r) > 1 (respectively, v(r) > 1) is satisfied for any r € [0, 7], we have

0=de /‘” a,[r‘-la,v(r)] dr = /” V(r)(u(r) - l)re"1 dr>0
0 0
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T
respectively, 0 = ¢ f Br[r[_l(’),u(r)] dr
0
_ / u(r)(v(r) = 1)rL dr > 0
0

because of the boundary condition. This contradiction implies that the following holds

true.

Lemma 1 Let (u,v)(r) be an arbitrary bounded positive solution of problem (5) for ¢ > 0
and d > 0. Then there exist r, and r, € [0, 7] such that u(r,) <1 and v(r,) < 1 are satisfied.

Setting

u ifu>0,

du ifu<0,

D(u) =

we consider solutions of the problem

0=eL[DW)] +u, re(0,mr),
hu=0, r=0,7w

with (3,[D(u)])(t) = 0 for each t € (0, ) such that u(z) = 0 is satisfied, where
=i —li .
(F)() = lim () ~ limf (")
We denote by u*(r) (respectively, #~(r)) the solution of the problem
0= E[D(u)] +u, r>0

with #(0) = 1 (respectively, #(0) = —1) and 9,2#(0) = 0. The phase plane analysis leads to the
following.

Lemma 2 With o € {—, +}, there exist sequences {£7 )32, and {n} }32, such that

0<&f <nf <&l W’ (§7) =0 du”(nf) =0,

(=) u’(r)<0 inre (élffl,é,f)
forany k e N, where £ =0 and n§ = 0.

For each k e Nand o € {—, +}, setting
—0 o n;(rr o 7 2 [ea o lod
ul(r)=u’( —|, eg==), uf (r) = (ug,v)(r),
Ny
ul(r) ifug(r)=0,

0 if ug (r) <0,

Page 4 of 13
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0 if ug (r) >0,

—ug(r) ifug(r) <0,

we find out that #; (r) and u(r) are solutions of problem (6) for ¢ = ¢; and & = ¢}, respec-
tively, and that u; (r) and uj (r) are quasi-positive solutions of the problem

0=¢Lu+u, rel,

O0=delv+v, rel,
(7)

u=0, v=0, o,u=-dov, rel
d0,u =0, dv=0, r=0,m,

where (0,77) =1_ Uy UL, I is the interface that separates two subintervals
I, = {r €(0,7):ulr)>0= v(r)}, 1= {r €(0,7):u(r)=0< v(r)},

and we say that (u, v)(r) is quasi-positive if u(r) > 0, v(r) > 0, and (u, v)(r) # 0 are satisfied
onr € [0,7]. We remark that problem (7) is a linearized one for problem (5) around (u, v) =
0. Moreover, in the previous paper [5], it was suggested that positive solutions with large

amplitude for problem (5) appear in a neighborhood of ¢ = ¢7 and ¢ = ¢7.

3 Solutions with large amplitude
Setting

-1 i:l
w = { max (u(r), v(r))} s u=—, V=
x€(0,7] w

we represent problem (5) as follows:

E,=w(elu+u)-uv=0,
E,=w(delyv+V)—uv=0, re(0,m), (8
0,1 =0, 0,v=0, r=0,m.

We remark that for each k € N, u; () and u (r) are quasi-positive solutions of problem (8)
with & = g; and & = &, respectively, except for points t € [0, 7] with u(r) = v(r) = 0. We
only discuss the construction of positive solution for problem (8) in a neighborhood of
¢ = &] by formal calculations employing the singular perturbation technique, because we
can similarly discuss that in a neighborhood of ¢ = ¢7.
We set
N _méEf

€ = €1, t=—1¢€(0,m), (0, vo)(r) = uy (r).
1

Since our purpose of this paper is to seek classical solutions of problem (8), we may impose

(9r11)(1) =0, (0:9)(r) =0 )

Page 5 of 13
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on the condition at r = 7. In an analogous way to the argument in Ito [4], we introduce §
as an auxiliary parameter and assume the following estimate:

£E=(r-1)/6, w =283, £ =¢g0+818 + 8% +0(8?),
(r) = up(r) + w1 (€)8 + us(r, £)8% + us(r, £)8° + 0(8°), (10)
U(r) = vo(r) + v1(§)8 + va(r, §)8% + v3(r,£)8% + 0(8°)

as § — 0, where each function is bounded and continuous. Setting

O uo(t £ h) fvo(t £ h)
+ _q: r 40 ERT r V0
YT STk
for each k € N and yp = v{j;, we have
gy =0, vox =0 foranykeN,

and

ugE8 + uy,£282 +0(8%) ifr<rt,
uo(r) = uo(z +88) = > 702
0 ifr>rt,

ifr<rt,

vo(r) = vo(t + 8§) =
Vi 1E8 + V{287 +0(8%) ifr>t

as § — 0 for any compact subset of R. The definition of uy(r) and vy(r) implies that

Vo1 =Y0>0, Uy, = —dvy, = —dyo <0,
_ (t-Duy,  dl -1y
”0,2 = — = > 0,
2T 27
-1 -1
V(+),2=—( )o,1=_( )7/0<0
2T 2T

hold true. Substituting the above estimate (10) into problem (8), we have

E, = (0971 (§) — w1 (EI1(8) — vi1E w1 (§) — ug, £v1(£)) 8
+ {£002ua(t,€) — (vi(€) + V516 ua(7, &) — (2 (€) + g, ) a (7, €)
+e10;u1 (§) + £o(€ — 1) T 011 (§)
— Va8 ur(§) — o521 (£)}6° + 0(8°),

E, = (deod;vi(€) — w1 (§)1(§) — vg, E11 (§) — 1,61 (£))8”
+ {deodZva(t, &) = (vi(§) + vg, & )ua(, &) — (ur(§) + ug, & )va(T, &)
+de10Zvi(8) + deo(€ — 1)1 0p v (§)

— Voo U1 (€) — ug,&?v1(8) 8% + 0(8%)

Page 6 of 13
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as § — 0 for any compact subset of Ry, where R_ = (—00,0) and R, = (0, +00). Moreover,
we see from condition (9) that

0= (3,u0)(t) + (3:1)(0), 0= (Bzu(z,-))(0),

0 = (3,v0)(7) + (9v1)(0), 0 = (05 v2(t,-))(0)
are satisfied.

3.1 Solution (uq,v7)(&)
In this subsection, we seek a bounded solution (1, v1)(&) of the problem

0 = £0d7u1 (&) — ur (E)v1(8) + dyogvi (&),

0 = deodivi(§) — 1 (E)1(§) + dyogni(§), & €R,,
0= 808§u1(5) —u1(§)n1(§) — o€ (§),

0 =degdzvi(§) — 1 (E)n1(€) - vosm (§), & €R,,
u1(0) = p1, (9gu1)(0) = ~dyo,

v1(0) = q1, (0:v1)(0) = —po

(11)

with (u1,v1)(£00) = 0, where p; and ¢q; are positive constants to be determined, and
f(Eo00) =limg_, 100 f(§). We set

wi(§) =u1(§) —dni(§), Y1 =p1—dq.
From
(0 w1)(0) = (3:11)(0) — d(9:v1)(0) = 0,
it follows that w; (£) is a C!-class bounded solution of the problem

02808§2W1($)’ E GR—UR+7
w1(0) = y1, wi(£00) = 0.

Hence, we obtain y; = 0 and u;(§) = dv;(§) for any & € R.
Lemma 3 (Lemma 4.2 in [1]) The problem
0=0du+(t-uu, u>max(0,¢), teR

has a unique solution H(t) such that the following holds true:
(1) H(t) is a strictly increasing convex function, and
(2) H(t) = O(e') as t — —o0, H(t) —t = O(e™) as t — +00, and H(t) = t + H(~t) for any
t € R are satisfied.

We note that problem (11) can be represented as

0= £00;v1(8) — (vl +vi(§))n1(5), & €eR_UR,.
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After simple calculations, it turns out that the bounded solution (u1, v;)(&) of problem (11)
with 11 (§) = dv1(§) for any & € R can be represented as

ZH if ]R_,
u1(§) = dvi(§), vi(E) = ‘900‘(; (o) i g-‘ c
ooy H(-coé) if&E eRy,

1/3

where ag = (yo/€0)""° > 0. Hence, we take p; and ¢; as satisfying

p1=degagH(0), g1 = eoag H(0).

Moreover, we can check

(u1)(0)
d

= (11)(0) = —2&0030,1(0) = —¥o

because of 3,H(0) = 1/2, that is, the difference between left-hand and right-hand differ-
ential coefficients in problem (11) always holds true. Employing v, (£00) = 0, we calculate
the asymptotic expansion of v, (§) as |§] — +00, and then we have

v1(§) = CL Ai(wol£1) (1 +0(1))

as & — +o00, where Ai(z) is the Airy function of the first kind, and C° and C? are suitable
positive constants.

3.2 Constant ¢,
In this subsection, setting w(§) = uy(t,§) and z(§) = v,(7, &), we seek a bounded solution
(w,2)(§) of the problem

0 = £0d7w(§) — vi(E)W(E) — (ua(§) — dyo§)z(8)
+e107u1(£) + £0(€ = 1)1 01 (€) — 1,671 (8),
0 = degd;z(§) — vi(E)w(E) — (w1 (§) — dyo§)z(&)
+de1d7vi(8) + deo(l = 1)t 71 0:v1 () — upr£?n1(8), £ €R,,
0 = £9d7w(§) — (V1(§) + yo&)w(§) — w1 (§)2(%) (12)
+e107u1(§) + £0(€ — )T 811 (§) — v ,5°u1 (§),
0 = degd;z(§) — (n1(€) + Yok )W(E) — u1 (§)z(&)
+ dslagzvl(é) +deg( — 1)t 0:v1(8) - vi,6%m(8), & €R,,
w(0)=ps,  (3w)(0)=0,  2(0)=q2,  (32)(0)=0

with (w,z)(£00) = 0, where p, and ¢, are suitable constants to be determined. From the
condition at £ = 0, we remark that w(£¢) and z(£) are of C'-class in £ € R.
Since W(€) = w(€) — dz(£) is a C!-class solution of the problem

0=€035212’(§), ;,: GR—URH
ﬁ/(O) =psr — dqz, ﬁ/(:l:OO) = 0,
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we have w(¢) = 0 for any & € R, which implies p; = dq, and w(§) = dz(§) for any & € R.

Hence, we find out that z(£) is a C!-class solution of the problem

Kz(£) =& F.(§) + F_(§), &e€R_UR,,
z(0) = qo, 0:2(0) = o,

(13)

where

AE) =2n(E) +nlgl,  Kz(§) = e0dfz(€) - A§)z(8),
Fi(§)=-3;n(5),  F_(§) = —eo(t — )T 18:v1(8) + vg,6 1€ (5),

and g is a constant to be determined. By Lemma 3 and the expression of v;(§), we have
A(&) > 0 for any & € R. Since v1(£) is an even function in £ € R, it turns out that F_(§)
(respectively, F.(§)) is a bounded odd (respectively, even) function in § € R.

Let /(&) be the solution of the problem

0=Ky(), §cR_UR, (14)

with ¥(0) = 1 and 9:(0) = 0. Since v1(£) and A(§) are even functionsin& € Rand A(§) >0
holds true for any & € R, we see that (&) is positive and increasing in £ € R, and satisfies
¥ (&) = ¢ (-§) for any £ € R. From

£ ot £ ot 3
vE)=1+ i/ f A@S)Y(s)dsdt > 1+ @/ / sdsdt=1+ V0§~
& Jo Jo € Jo Jo 6

€0

in & € R, it follows that

¢®:wa£ W%F%,éeR

is a positive solution of problem (14) and satisfies

; ds >0, 9:¢_(0) = -1, Elir_n ¢_(&) = +o0.

0= wor

Moreover, it follows that ¢, (&) defined by ¢, (§) = ¢_(-§) for any & € R is a positive solu-
tion of problem (14) in £ € R, and that

Sl_i)r_noodh(-%) = sETw¢‘(§)

' o q L L
ZEETOO{W(&)/E W‘is}‘gﬂlﬂom_o

holds true because of L’'Hoépital’s rule. Summarizing the above argument, we see that
{d_(&),9,(£)} is a fundamental set of solution for problem (14).
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Employing v;(£00) = 0, we calculate the asymptotic expansion of ¢_(§) and ¢, (§) as
|&] = +00, and then we have

b.(6) = C-Bi(agl€])(1 +0(1)) as& — —o0,
T ¢ Allaolg ) +0(1) as £ — +oo,
6.(6) = Ct Ai(al€])(1 +0(1)) as& — —o0,
| e Bitolg (1 +0(1)  asE — +oo,

where Bi(¢) is the Airy function of the second kind, and CJ and C are suitable nonzero
constants. Employing the asymptotic expansion of Ai(t) and Bi(¢) as t — +00, we have

Ai(?) 1 Bi(¢) 1
0 AID) Vi (Lro@), i = 71 o)
Ai(e) Bi(1) = ﬁ(l +o(1),

as t — +00, and then we obtain

(0 ©Pe©) _ Cict
06 ©)  2nedlel
b Ol E)F _ CiCt
9. €)  2magle]

(1+0(1)) =0,

(L+o(1)) =0

as & — +oo. From the above estimate and L'Hopital’s rule, it follows that for any bounded
function f(£) from R to itself, the functions

& +00
f $_(6)bu () (5) s, L 6_(5)9. (€ )f(5) s

from R to itself are bounded and satisfy

£ +00
Jim / eOY =0, lim fé b-(5)6: ()f(5) ds = 0.

Let f (&) be an arbitrary bounded function from R to itself. After simple calculations, we
see that the bounded solution W (&) of the problem

KwWE)=/&), §eR
can be represented as
1 3 +00
W)= T oado </_Oo P-(§).(s)f (s)ds + /s ¢-()9:(§)f (s) dS) (15)

for any &£ € R, where

¢-(0)  ¢.(0) 1
do=d =2 ds > 0.
o=t (ag¢(0) 3§¢+(0)> b WORTT
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We denote by K"1f(¢) the solution W(£) given in equation (15). Since

W(-E) = -— ( / C 6. 06 (o) ds ¢ | e-oneres ds)
£0®o \J_ £
holds true because of ¢_(&) = ¢, (—&) for any & € R, we obtain W (&) = W(&) (respectively,
W(-§) = -W(&))for any & € Rif f(§) is an even (respectively, odd) function in § € R

Let z(£) be a solution of problem (13) with z(&00) = 0 for (1,42, 32) € R3. Since A(£) is
an even function in & € R, it follows that

2= T, 7y )
satisfy
KZ_(§) = F_(8),

KZ.(§) =e1Fi(§), §€R_UR,,
Z_(0)=0, 0Z-(0)=q2  Z.(0) =1, 9:Z,(0) = 0.

Since F_(£¢) and F, (£¢) are bounded in & € R, we can represent the solution z(§) of problem
(13) as

2E)=Z_(£)+e1Z.(£), EeR_UR,, (16)

where

Z©=[K'E]®,  Z.E)=[CR]E), EeRr

By integration by parts, we have

~£0320-(0) = | (KZ_(8)p-(s) = Z_(s)K¢p_(s))ds = | F_(s)p_(s)ds,
R

R+

002,00 = | (KZ:()9-(5) - Z.()Kp_(5)) ds = | E.()p-(5)ds
R

Ry

=L [P + rom)]s- () ds <o,

&0 JR,

which implies that ¢, and Z, (0) are determined by the above equations. Hence, we see
from ¢, = Z.(0)e; that the positive solution of problem (12) is determined for any fixed
&1 € R.

Lemma 4 Let €1 € R be arbitrarily fixed, and let (w,z)(§) be a solution of problem (12)
with (w,z)(£o0) = 0. Then w(§) = dz(&) holds true for any & € R and z(§) is represented as
equation (16).

Because rigorous proofs are not given in the above arguments, the summary of this paper
is written down as a conjecture.

Page 11 0f 13
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Conjecture 1 Ifwetake w asw = 83, then there exists 8 > 0 such that there exist continuous
functions (u,v)(-,8) and €(8) defined on an interval (0,8y) such that (u,v)(r,d) is a positive
solution of problem (8) with ¢ = £(8) for each § € (0,8), and

}1{% 8(8) = €0,

(lsi\r‘ré(u, v)(+,8) = (1o, vo)(:)  uniformly in any compact set on (0, )
are satisfied.

4 Conclusion and future works

Since we can study the rough solution structure and the fine solution structure of problem
(1) through limiting systems (3) and (4), respectively, we might guess that these structures
lead to the global solution structure for problem (1). In this paper, we formally constructed
a family of solutions for problem (8) arising from limiting system (4). To do this, we em-
ployed the singular perturbation technique such as in Ito [4].

Recently in [6] it was shown that 0 < ] < & holds true for any d > 1. Furthermore,
employing the argument as in Dancer et al. [2], it follows that limiting system (3) has no
nontrivial solutions for any ¢ > ¢] and has quasi-positive solutions for any 0 < € < £7. Al-
though we have not yet determined the value of ¢; in estimate (10), it is possible that we
could determine its value by studying the higher order asymptotic expansion of the solu-
tion as § \ 0. If the validity of £(8) > ¢ can be proved, then we obtain a positive solution
of problem (1), which does not appear in limiting system (3), by employing limiting system
(4).

Since problem (1) has nonlinear diffusion terms, only the linearized stability is not suf-
ficient for the stability analysis of solution for the system of evolution equations whose
stationary problem is represented as problem (1), so that the stability analysis is still open
also for the solution corresponding to the positive solution of limiting systems (3) and (4).
Since in this paper we have obtained the asymptotic expansion of positive solutions with
large amplitude for limiting system (4), it may be possible to establish the stability of the
solution by using the expansion of the solution constructed in this paper.

Since the existence of the solutions constructed in this paper seems to be proved in an
analogous way to the argument in Ito [4], one of our future works is that we establish a

rigorous proof.
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