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1 Introduction
Boundary value problems of fractional differential equations have always been of great
interest to researchers and are of great importance in the fields of physics, biology, chem-
istry, control theory, fluid mechanics, aerodynamics, complex medium electrodynamics,
and other areas of engineering and science [1-6]. The Guo—Krasnoselskii fixed point the-
orem, Avery—Peterson fixed point theorem, Leggett—Williams fixed point theorem, etc.,
are important research tools in solving fractional differential equations of boundary value
conditions [7-9]. In recent years, the study of finite multipoint boundary value problems
for fractional differential equations on finite intervals has yielded more significant results
[10-17]. However, the existence of multiple positive solutions for fractional differential
equations with infinite multipoint boundary conditions on infinite intervals is relatively
rare.

In [10], the authors investigated the fractional differential equation boundary value

problems at resonance:

D&x(t) + Af(t,x(t), Db.x(£)) =0, 0<t<1,
u(0) = /(0) = 0,
D.x(1) = 37 niDly.x(&),

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-023-01776-5
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01776-5&domain=pdf
mailto:zhouzf12@126.com
http://creativecommons.org/licenses/by/4.0/

Cui and Zhou Boundary Value Problems (2023) 2023:85 Page 2 of 16

where 2 <a <3,a-2>8>0, 17,->0,0<§1<--~<Em<1withzzlni§f_ﬂ_l =1, and Dg.
denotes the Riemann-Liouville derivative.

In [11], the authors investigated the following m-point p-Laplacian fractional boundary
value problem involving Riemann-Liouville fractional integral boundary conditions on

the half-line:

Dg+ (Dp(Dg- u(t))) + a(t)f (¢, u(t),u/'(2)) =0, ¢ e [0,+00),
u(0) = 4'(0) =0,
limy o0 D3 0i(t) = S0 il (€),  Diyu(0) =0,

where D}, and D, are the standard Riemann-Liouville fractional derivatives and 169,, is
the standard Riemann-Liouville fractional integral, 0 <y <1,2<a <3,8>0,0<§ <
Er<  <Epua<+00,m;>0,i=1,2,...,m—2,¢,(s) = |s|F2s, p>1, }7 + é =1.

Motivated by the above papers, in this work, we consider the following fractional differ-

ential equations with infinite-point boundary conditions on an infinite interval:

D§,u(t) + a(t)f (¢, u(t),u'()) =0, ¢t e [0,+00),
u”0)=0, j=0,1,2,...,n-2, (1)
lim;, ;0 Dg:lu(t) = ijl 77;'15 (Dg+ u(®)(&) + Z;fl /OiDg+ u(&),

where Dj. is the Riemann-Liouville fractional derivative, € € {c, §, 0}, Ig+ is the Riemann—
Liouville fractional integral, n—1<a <n,n>3,,,neN*,>0,6>0,0 >0,ando < -1,
S<a+fB-1,0<a,0<é1<bp<- << <+00,m;, 0;>0,i=1,2,....

For boundary value problem (1), we will first construct the Green function and then
use some properties of the Green function to obtain at least three positive solutions to
boundary value problem (1) by using the Leggett—Williams fixed point theorem.

The research in this paper is different from the existing studies. In [11], the boundary
condition contained finite integral terms, and the authors obtained existence of one pos-
itive solution by using the Leray—Schauder nonlinear alternative theorem. In this paper,
the boundary condition of boundary value problem (1) contains infinite integral terms and
infinite points, and the order of the fractional derivative is higher. The method which we
use is the Leggett—Williams fixed point theorem, and we get the existence of three positive
solutions. The new results of this paper can be considered as a contribution to this field.

The organization of this paper is as follows. In Sect. 2, we show some necessary def-
initions and lemmas from fractional calculus theory. In Sect. 3, we prove the existence
of multiple positive solutions of boundary value problem (1). In Sect. 4, we will give an
example to illustrate the applicability of our conclusions.

Now we list some conditions for convenience:

(H) 3:=Tla+B-8)(@=0)~T(a-0) X% 0" =T(a+p-8) 3% pi&f = > 0;

(Hy) f € C([0,+00) x [0, +00) x R, [0, +00)), and when u, v are bounded, f(¢, (1 + t* 1)u,

(1 + t* V) is bounded;
(Hs3) a € C([0,+00),[0,+00)) is not constant to 0 on any subinterval of [0, +00), and

/ a(s)ds < +oo.
0
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2 Preliminaries
In this section, some definitions and lemmas are introduced.

Definition 2.1 The Riemann-Liouville fractional integral of order y (y > 0) for a function
f+ (to, +00) — R is defined as

Y _L ‘ _gyr-1
Ita (t)_F(y)/t()(t )Y f(s)ds, t=>t.

Definition 2.2 The Riemann-Liouville fractional derivative of order y (y > 0) for a func-
tion f : (£, +00) — R is defined as

DZ»), (t) F(Ty)dﬂ‘ / (t—S)n v f(S) dS, t> t(),

where n = [y] + 1, where [y] denotes the integer part of the real number y.
Lemma 2.1 ([11]) Suppose that u € C(0,1) NLY(0,1), @ > 0. Then

D% u(t) = u®) + Cit* '+ Cot* 2+ -+ Cyt*™N, CieR,i=1,2,...,N,
where N is the smallest integer greater than or equal to «.

Lemma 2.2 ([11]) If o,8 > 0, f € L'[a,b), then Igﬁléf(t) = I f @) = Ingﬁf(t),
DELI%f(8) = £(2), Vit € a, b].

Lemma 2.3 ([11]) Ifo, B >0, then

1_ T 1
Dg, P~ T a)tﬂ “, B>n
Dg.tk=0, k=012,...,n-1,

where n is the smallest integer greater than or equal to «.

Lemma 2.4 Suppose (Hy) holds and let h € C[0,+00). Then the fractional differential
equation boundary value problem

D§,u(t) + h(t) =0, te[0,+00),
u”(0)=0, j=0,1,2,...,n-2, 2)
lim;, o0 Dg:lu(t) = Zl 1 77110+ (D ~U()) = gt Z, 10D +u($z)

has a unique solution
u(t) = / G(t,8)h(s) ds,
0

where

G(t,s) = T(e) tp(0) - = (3)

L8l (4 _ge-l] 0 <s<t<+00,
PO _ga-1 ) <t < g < 400,
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PO =T(+p-8)(@=0)-Tla=-0) Y ni(s -5

s<§;
“Tla+p-8) Y pili 51, @
s<§;
Proof In view of Lemma 2.1, applying I§, to both sides of Dfj, u(t) + h(t) = 0, we have
u(t) = =I5 h(t) + At Vet ey 0T Y, g eR,i=1,2,... 0.
By u(0)=0,j=0,1,2,...,n— 2, we can know ¢y = ¢c3 = --- = ¢, = 0, s0 u(t) = —I§ h(t) +
Clta_l.
We have

D&t u(t) = -DE IS h(t) + ¢ D e

=- foth(s) ds + ¢ Eﬁ)) gttt = - /Othu) ds+ (@),

15.D%. u(t) = I8, DY I8 h(2) + ¢ 15, DY 127

()
B N b : ’
- 1§D (O 0+ el o s >

_ _ B ja-s F(O{) F(O(_(S) 0(+/381>>
= ol h(t)+cl<F(a—8)(F(a+,3—8)t

_ _qa+p-s I(a) a+p-5-1
=l O Y e s

’

DS u(t) = —IE7 h(t) + 1 DG, t*7!

F(Ol) a—-o-1

- _ID(:(T N
ORES

By the boundary condition lim,_, .o g u(t) = Y0} 77;‘163+ (Dg+ u(®)le, + Yooy DG u(&;), we

obtain

> I'(a) a+f—s-1

_‘/0‘ h(S)dS+C1F(O[) = Zr]i<—lgrﬂ—5h(fi)+cl mgl >

i=1

+ Z Pi (—Ig+ah(fi) +c Ta—o) (Z((j)a) flqal).

i=1

Then
1
= r Bo-1 T o
F(O[) - 1*(%%{3)2?51’71’5? - p(a((fz,)ziﬂpiéf‘ !

o]

+00 1 &
- X L QyatB-o-1
x (/0 h(s)ds r(a+ﬁ-5)2”’/o (T h(s)ds

i=1

o &
- ﬁzpi/() (Ei—s)a_a_lh(s)d5>
i-1
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T+p-8la-ao)f [ 1 ad & a+p-s-1
= T(@)n </(; h(s)ds — m;m/o (& -s) h(s)ds

1 ad §i ot
_m;m /0 (& -s) h(s)ds).

Thereby
_ a-1 Mo+ B-8)a—-o
”(t)__r( ) / (6= )" h(s)ds + =2 / (s) ds
ta_lr(a — O’) i a+p-8-1
e /0 (& = 5B U(s) ds

) n(s) ds

s 1r(a+,3 8) —
o[-

~ 1 w1 ta—l +00 p(S)

-—m/(; (t—s)*""h(s)ds + I‘(a),/o mh(s)ds

= /+OO G(t,s)h(s) ds. 0
0

Lemma 2.5 Suppose (Hy) holds and p(0) > 0. Then p(s) > 0, Vs € [0, +00).

Proof By (4),

ps)=(a+B-8-1)(x-o0) Z ni(&; — 5)+F0=2

s<&;

tla-o-Dl@+p-8)  pil&i-s" "2

s<&;

> 0.
Then p(s) is a monotonically increasing function in [0, +00). By p(0) > 0, we get p(s) > 0. O

Lemma 2.6 The function G(t,s) in Lemma 2.4 satisfies the following properties:
(i) G(t,s) and == BG” are continuous on [0, +00);
(i) G(¢,s) >0, dGafs >0, Vs, t € [0, +00);

0G(Ls) (1 4 po-1)-1 < p(s)(a 2)a-t

b

(lll) G(t,s) < p(s)

1+t2-1 — T(a)p(0)’ 9t a)p(0) ;
(iv) for k > 1, we have min1 Lok 1+EotS)1 > (s) mini Loiek ‘)G{,t”)(l + 19717 > gy (s),
where
11 (1 gye-ly__1 1
als) = Fo (1 = (e =9 Dy s€10,2), 5)
e se [}, +00)
(ko1 (1+k1-2)’ x ’
( =2 _(l_s)a—Z)%’ s€ [0’l)>
S) = [(a- 1) ko= k 1+k1-a k 6
@) : i ©)
T(a- Dk 2(1+k1-%) x .

Page 5 of 16
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Proof By calculation we can give

V”%w2—u—sw4L 0<s<t<+00,

0G(5,5) | tas 1)
a ps) a2
Tapo?t 0<t<s<+00.

BG ) it is clear that (i) and (ii) hold. Next we will

According to the definition of G(Z,s) and

prove that (iii) and (iv) hold
a—1 o
For all £, s € [0, +00), 1+t°‘ Ls) < E ;g))t(ma . Let ®(¢) = lttall Then

(o0 = 1)ge2pxL (o - 1)t*2

-1 toz—2 1 ta—l _
o @ DEPL e ) |
(1+z071)2 (1 +z0°1)2
As @'(t) = 0, we have ¢ = 0. Therefore, ®(¢) is monotonically increasing on [0, +00). More-
over,
-1
cb(t)maxogt5+oo = tlll;noo m =1.
t,5) ps)
It follows that £ - zor T < Fap@)”
For all t,s€ [0, +OO) ()Gts (1 t* 1)71 < F(‘)‘_SS()W Let \Ij(t) = m Then
(@ =22+ — (@ - D" 22 (@ —2)t*3 -2
(L)

Vi) = (1 + go-1)2

When W'(¢) = 0, we gett—Oort:(a—Z)a_ll.Because Y(0)=0and ¥((@ —2)a-T) >0, we

/
know that W (¢) is monotonically increasing on [0, (¢ — 2)&-1) and monotonically decreas-
ing on [(« — 2)5, +00). Therefore,

(a-2)et

[(o —2)@1]o2
oa-1

lIJ(t)max0§t§+oo = 1
1+ [(@-2)@T]e

b

Thus aG ts (1 - 1) 1o pB)(e-2)« o=
’ T'(a)p(0 )
By Lemma 2.5,if s € [0, k),

»—A‘

. That is to say, (iii) is certified.

Ges) o 1 (P ) !
Lepsi L4071 %nsl « T(e) (P(O) o ) Lyt
1 a-l 1
s ra(m-G) e
ifse [%,k),
. Glts) O 1
e T+ Lo T@pO)1+ 1) ~ T(@ke (1 + k<)’
b GO L 0y e L
min - min s (Lt 9 )

s<t<k 1 + o1

Sa—l

>
T I'a)(1 + s’
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SO

G(t,s) 1
min > ;
Lok 1+ 2271 = T(@)ke 1 (1 + K1)

if s € [k, +00),

. Glts) pls)e*! 1
min = min > .
Loper 142070 1y D(@)p(0)(1 + £%71) ~ D(e)ke1(1 + k)

. G(t,s)
In summary, MINL o Tpa-T > g1(s).

Similarly, we can obtain the following: if s € [0, %),

. 3G(t,s) woly-1 1 Ps) 4 a2
min 5 (1) _;Tigkr(a—l)(p(o)t e )

1=tk
1
X —_—
1+t

ifse [%, k),
aG(t, _ o2
min —( 9 (1 + t“’l) '~ min pls) T
log<s O Lopes T(a = 1p(0)(1 +t71)
1
> ’
T T'la — Dk*2(1 + k1)
dG(t, _ . 1
min (&,5) (1 + t‘)"l) '~ min Iﬁt‘)"2 —(t-s)?
s<t<k Ot s<t<k T'(a — 1) \ p(0)
1
« -
1+
Sa—2
> 7 2N/ 10
T T —1)(1 +s*1)
1)
. aG(trS) 1\-1 1
1+t% > ;
e ) = e era )

if s € [k, +00),

G(t, _ o2
min J(l +*71) '~ min r(s) -
tst<k t<t<k [ - 1)p(0)(1 +2271)
1

= .
T Ta - 1)k*2(1 + k=)

In conclusion, min Lorek a%(f’s) (1 + 1)1 > g(s). Therefore, (iv) is proved.

Page 7 of 16



Cui and Zhou Boundary Value Problems (2023) 2023:85 Page 8 of 16

Let By = {# € CH[0,+00),R) : lim;, o0 llft(ﬁl < 400, lim;_, o0 llf;fff‘l
lu(®)]

dowed with the norm |[lu| = max{|#|lcc, |#'lc}, Where [[ulloo = SUP,zg 1ot 14l =

SUpP;= 1'?;(@'1 . It is clear that E, is a Banach space [11].

< +00}, en-

Lemma 2.7 ([11]) Set O = {u € E,, ||u|| < p,where p > 0}, O(¢) = {1+”t(cf)_1,u €0}, 0@ =
{li’;{le ,u € Q). Then Q is relatively compact in B, if O(t) and Q' (t) are equicontinuous
on any finite subinterval of [0, +00) and equiconvergent at +00, that is, for any € > 0 there

exists { = £ (€) > 0 such that

u'(t) u'(t)
L+ 1+t

uty)  ults)
L+6870 1+57!

<€, YueOt,t>c¢.

’

Lemma 2.8 ([12]) Let P be a cone in a real Banach space. Assume that there exists a con-
cave nonnegative continuous functional @ on P, with 6(u) < |ul|, Vu € P.. Letting a,b,c > 0

be constants, we define

Po={ueP:|ul<d}, Py={uecP:|ul<d}

P(6,a,b) = {u eP:0(u)>a,|ul|l < b}.

Let T : P, — P, be a completely continuous operator. Suppose that there exist constants
0<a<b<d=<csuch that the following conditions hold:
(i) {ueP@,b,d):0(u)>b}#0 and 6(Tu) > b, Vu € P(0,b,d);
(ii) |Tu| < a, Yu € Py;
(iii) 6(Tu) > b for u e P(0,b,c), with || Tu|| > d.
Then T has at least three fixed points uy, uy, and us in P.. Furthermore, ||uy|| < a, b < 0 (us),

a < ||uzl|| with 0(u3) < b.

3 Main results
Define a cone P C Eo, by P = {u € Ex : u(t) > 0,4/(¢) > 0}. We introduce an operator

T :P — E4 as follows:
Tu(t) = /+00 G(t,s)a(s)f(s, u(s), u/(s)) ds. (7)
0

By Lemma 2.4, we can know that the fixed point of T is the solution of the boundary value
problem (1) and vice versa.

Now we make the following assumption:

(Hy) 0+°° a(s)p(s) ds < +00, where p(s) is defined as (4).

Lemma 3.1 Suppose that (H,)—(Hy) hold. Then T : P — P is a completely continuous op-

erator.

Proof First of all, we will show that T: P — P.

In view of the properties of G(¢, s) and % and the nonnegativity of f, it is easy to know

that Tu(¢) > 0, Tu/(t) > 0, V¢ € [0, +00).
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u(t)

By (H;)-(H,) and Lemma 2.6, for any u € [P and ¢ € [0, +00), we have =27 < [lull,
;tgf + < |4 ||, and there exists u, > 0 such that
| Tu(2)]
te(0,+00) 1+l
+00 G
= sup / (& 1az(s)f(s,u(s) u s))
te[0,+00) J O 1+t
> pls) ao1y  H(S) w1y H(S)
< sup / ————a(s) <s, 1+s (L +s ds
telo4o0)Jo  T(a)p(0) /(s ( ) 1+ sl ( ) 1+ sl

L +00
< Wp(o) /0 p(s)a(s) ds < +o0.

Similarly,

[T u(t)]
te[0,400) 1 + o1

- /0+oo 9G(t,5) (1+ t“‘l)_la(s)f(s,u(s),u/(S)) ds

te[0,+00) at

< amp (o —2)a-T 2)ect
_te[0+oo F(Ol)P(O)

)
_@=2)Tu,

I'(@)p(0) /0 p(s)a(s)ds < +oo.

Therefore, T(IP) C P.
Secondly, we will prove that T': [P — P is continuous.

Let u, — u as n — +oo in P, that is, ||u, — u|| > 0 (n — 00). By Lemma 2.6,

Tu, () Tu(t)
1+l 1+

/0+oo lG(L;as 5 (5660, 9) s — /0+oo 1G(t s -a(s)f (s, u(s), u'(s)) ds

< m '/()+Oop(s)a(s)]”(s, (), 1, (s)) ds — fomop(s)a(s)f(s, u(s),u'(s)) ds
1 oo wety Un(S) wety Un(s)
Sm/() p(s)as)f(s,(1+s 1)1H)101_1,(1+s 1)1+s°‘—1>

(o B o

It can be known from Lebesgue’s dominated convergence theorem and the continuity of
f that

| Tty — Ttt||oo =  SUP -0, n— +00.

te[0,+00)

Tu,,(t) Tu(t)
1+l 14l
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In the same way, we have

(Tun (@) (Tu(®))
1+l 140t

= ‘/0+°° aG;? s) (1 + tu—l)‘la(S)f(S, U, (s), u;,(s)) ds

_ /Om aGa(? 2 (0 )t (5 ) 5) dis

(a — 2)% +o0 a1 I/ln(S) a—1 M;,I(S)
SWP(O)/O p(s) ﬂ(S)f(s’(l‘*S )1+Sa_1»(1+5 )1+Sa—l>
u(s)

- a(s)f(s, (1+s*71) Tat (1+5°70) - :l—,ii)_l) s

It is known from Lebesgue’s dominated convergence theorem and the continuity of f that

(Tun (@) (Tu(®))
t€[0,400) 1+ g1 1+ ¢l

”(Tun)/ - (TU)IHOO = -0, n— +oo.

Hence, T : P — P is continuous.
Now let Q2 C P be bounded. Then there exists a positive constant « such that ||u| <«,
Vu € Q. Next we will prove that T(2) is bounded.

In view of (H,), let the positive constant
r=sup{f(t, (1 + " Yu, (L+*7")v) : (t,u,v) € [0,+00) x [0,«] x [0,]}.

For any u € Q, by Lemma 2.6, we obtain

Tu(t)
1+t

[ Tulloo = sup ‘
)

te[0,+00

= sup /:OO Gt,s) a(s)f (s, uls), u'(s)) ds

te[0,+00) 1+t

1 +00 " M(S) o M/(S)
Stefo‘ff’mr(a)p(m/o b (S)“(S)f<s’(1” I (s 1)1+S‘“)ds

r +00
= T(@p(©) /o Pl ds.
Similarly,
0 (Tu(®))
”(Tu) “OO - te[0,+oo)‘ 14zt

= sup /Owo 9G() (1+ t""l)_ltz(s)f(s, u(s), u'(s)) ds

te[0,+00) ot
(o —2)et

< sup ———
te[0,+00) F(“)P(O)

Page 10 of 16
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r(o - 2)5_:% o0

T a)p(0) p(s)a(s) ds.

Therefore, because || Tu|| = max,co |l Tu| 0o, || (Tu)/lloo}, we get that T(2) is bounded.

Next we will show that { IT':at)l ue Q) and {4

finite subinterval of [0, +00).

" t"‘ Tut) . 1y € Q) are equi-continuous on any

Forany A >0, £1, £, € [0, ], without loss of generality, we may assume that t, > #;. For all
u € Q, by Lemma 2.7, we have

Tu(tz) TM(tl)
I Y

/(;+OO G(tz’f) a(s)f (s, u(s), u'(s)) ds — /Om G(tl’f) a(s)f (s, uls), u'(s)) ds

L+ Tt
e ) G(t,
) ./0 <1Y§gf)l 1it;a 1> s)f (s u(s), u'(s)) dis

. /+oo< G(tl’f) _ G(tl,-i) )a(s)f(s,u(s)r”/(s)) ds
0

L+t 1+

| Glls)  Gltys)
</ |

1L+ 1+

| Glts)  Gltr,s)
o

a(s)f (s, u(s), u'(s)) ds

I Y

a(s)f (s, u(s), u'(s)) ds,

and

/*+OO G(t27 S) G(tl! S)
o |1+t 1+t

h G(tZ’S) G(tl»s)
)

12}
/
t

L+ 1+4870
/*‘”’ G(t,s)  G(h,9)
+
2

a(s)f(s, u(s), u' (s)) ds

a(s)f (s, u(s),u'(s)) ds

L+ 1+t

a(s)f (s, u(s), u/(s)) ds

G(tZ’S) G(tlrs)
1+50 1+

(s)f(s, u(s), u (s))

p0s) ya—1 _ pls) qa—1 a-1
r |:/ (0) 153 (o)t +(t1 =98 = (t2—59) a(s) ds

<
IMa) 1+t

&ta—l (t _S)ot—l _ P8 a1

ty —
(0) "2 (0) "1
+/t P Tt d a(s)ds
1
oo PO £ 1

()ta 1
+/ ro2  pon (s)dsi|—>0, t1 — ty,
t

1
2 1+

/*“" G(t,5)  Glt,s)
0

1+t 1 + gt

a(s)f(s, u(s), v (S)) ds

t a-1_ o1
) / Gt NG~ =87 1 01f(s,us), 1 (5)) ds
0

T+ A+

Page 11 0of 16



Cui and Zhou Boundary Value Problems (2023) 2023:85 Page 12 of 16

+00 a-1_ ja-1
* / (l(j-l, )|f)(1 + tta 1)| a(s)f (s, uls), u'(s)) ds

a(s)ds

o / (B3t — (1 -5 Dl - 57
BRNCY L+ + 7Y

+00 IIZ(((S) ttlx 1|tot l_trx 1|
+/ a(s)ds | — 0, t — b.
3]

A +t5HA+e7h)

Tu(t: Tu(t
Thu s,|1"tit2)1 —1“ﬂ1)1|—>0ast1—>t2

(Tu) (!2) (Tw) (t1)

TE T T L d i) )| >0 uniformly for u € Q when ¢, — £.

Similarly, we can prove that |4

So { lT’:C(fl u € Q} and {<T‘;£f T : u € Q} are equicontinuous on any finite subinterval of

[0, +00).

At last we will prove that {IT’Zyl u € Q} and {

t“ U ue Q) are equiconvergent at

t — +o0.
For any u € Q, by (Hy), we get

/0 ps)a(s)f (s, uls), u'(s)) ds
:/0 P(s)a(s)f(s,(l +5a1)%,(1+s°‘1)#§)1> s
d )
= "/(; p(s)a(s)ds < +o00

It can be known from Lemma 2.6 that

‘ Tu(t)
m | ——
t—+oo| 1 + @1

m /+00 G(t, S) d(S)f(S: M(S); u’(S)) ds
0

T 500 141

r +00
=< Wp(o) /0 p(s)a(s) ds < +o0,

Tu(®)) % 9G(4,
o ifg))l gt /0 Eg S) (L+e7) ﬂ(S)f(s, u(s), u'(s)) ds
-2 22 r+o0
% /(; p(s)a(s)ds < +oo.

Therefore, {-242- : i € Q} and {1

L+l 1+ t"‘ 1
Lemma 2.7, we can know that T'Q is relatively compact. So T is completely continuous. [J

: u € Q} are equiconvergent at £ — +0o. By

Now in the following part of the paper, we take k = (o — Z)ﬁ. Then k > 1 and
min Lok % =(a - Z)ﬁ. We will use the Leggett—Williams fixed point theorem to
prove that there are at least three positive solutions to boundary value problem (1). For
convenience, we denote

r -0 o - oo
K= T bole=o) [ o
[ (a)p(0) 0
T+ B -8 (a—o)(a—2)eT [+
a(s) ds,
I(e)p(0) 0

K =
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k k
K= [aands, K= [ aasa
% k

K =max{Ky,K;}, K" =min{K{,K}}.

We denote a nonnegative concave functional on P by

u(t) ()
6(x) = min{ min .
7<t<k 1+ tD( %Stik 1+ tol_l

Theorem 3.1 Assume that (H,)—(Hy) hold. Let 0<a<b<d=c, let b < [2(a - 1)% —1]d,
and suppose that the function f satisfies the following conditions:

(C1) f(t, (1 + t"‘_l)u,(l +t“_1)v) < %, 0<t<+00,0<u<c¢0<v<eg,

(Cy) f(t,(1+t°"1)u,(l+t“’l)v)> Ki*’ %ftgk b<u<c¢b<v<cg,

(G) fE@+e N, (1+ ) < %, 0<t<+00,0<u<a0<v<a.

Then boundary value problem (1) has at least three positive solutions uy, uy, us € P, such
that ||u1|| < a, b < 0(us), a < ||us|| with 6(u3) < b.

Proof We will show that all conditions of Lemma 2.8 are satisfied for T defined by (7).

For all # € P,, we have |Ju| <, that is, 0 < 1”((5 ;<0< +Ef)1 <¢, YVt € [0,+00). By

using assumption (C;), we can get f (¢, u(t), u'(t)) = f (¢, (1 +t*~ l)lfﬂf (L +2% 1)1”& 1)< %

t € [0,+00).
For all u € P,,

[ Tulloo = sup

te[0,+00)

= sup f GO o (s, uls) i (s)) ds

te[0,+00) J 0 1+ ﬁxil

c +00
< X (@)n(0) @) /0 p(s)a(s)ds

MNa+B-8)T(a—-o) [ K
=7 KT(@)p) /0 ale)ds == =c

’ Tu'(t)
0 te[0,+00) 1+t

= sup /0+oo 96(4,9) (1+ t“’l)_la(s)f(s, u(s), u'(s)) ds

te[0,+00) ot

Tu(t)
1+t

|7

(o — 2)% +o0

< W A p(S)ﬂ(S) ds

Ma+p -0 (a—-o)cla—-2)eT [+ )
= KT (@)p(0) fo als)ds == =¢
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we have || Tu|| < c. Thus, T : P, — P,.. By Lemma 3.1, we can know that T is completely
continuous. Using the above argument, it follows from assumption (C3) that if € P, then
|| Tu|| < a. Hence, condition (ii) of Lemma 2.8 holds.

Next we will show that condition (i) of Lemma 2.8 holds.

To check that, we choose u*(t) = #(1 +t%71), 0 < t < +00. Obviously, u* € P. By the

proof of condition (iii) of Lemma 2.6,

o _btd v b+d) (- (b+d)(a-2)it

|, = <d, || = sup ) - <d
> © 7 eloroe) 21 +297T) 2
Thus, ||u*| < d. Also, because
u*(t) b+d
=——>bh,

1 p<k 1+ ta—l 2
k— —_

. ut () C bda-1? (brdia-2)FT b+d
min ——— = min — > S b,
Lo L+t g 2(1+127h) 2 2

we have 0(u*) > b. Therefore, u* € {u € P(0,b,d) : 6(u) > b} # 0.
For all u € P(6,b,d), ¥t € [}, k], we have b< lfﬁ <¢b< {40 <
that f (¢, u(), u'(£)) = f (£, (1 + 271 1= ta D (1+¢% D= ) ) > o Foranyte (£ k], weget

Twe) /*O" G(t,s)
1<k

%ftfk 1+ ¢l N 1+ ¢!

a(s)f(s, u(s), u'(s)) ds

> /o - %rgirslk 1G+(tt’ozs_)1 a(s)f (s, u(s), u'(s)) ds

k
> I%_/];( gi(s)a(s)ds

> b]i > b,
z e =
(Tu(®)) . [T 0G(S) o fqy-1 ,
min gt - inflg/{/o oy (L+ 7Y " als)f (s, uls), u'(s)) ds

*

k
K
b ‘/1 g(s)a(s)ds = bK; > b.
x

> —_—
K* K* —

Thus, 0(Tu) > b, Vu € P(9, b, d), that is, condition (i) of Lemma 2.8 holds.

At last we assume that u € P(6,b,¢) with || Tu| > d. Then |lul| <c, b < {; (oc)l <c¢, and
b S 1 o( l
of Lemma 2.8 is satisfied.

<cforte [ ,k]. By assumption (C;), we have 6(Tu) > b. Hence, condition (iii)

To sum up, all hypotheses of Lemma 2.8 are satisfied. So we get that the boundary value
problem (1) has at least three positive solutions u, 1, and u3, such that ||u; || < a, b < 6(uy),
and a < ||uz| with 6(u3) < b. a

4 An example

Letw=32,8=06,8=12,0=07,&=1- = &, pi= 3, and a(t) = de™".

21+2 » Ni
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Now we consider the following fractional boundary value problem on an infinite inter-

val:
D32u(t) + 4e ' f (L, u(t),u'(£)) =0, t € [0,+00),
u”(0)=0, j=0,1,2, 8)
lim,_, . D(l)gu(t) = Z?:l 771106(D u(t))(‘i:z) + Z?:ol PiDg'ZM(&);

where

1 1 u 5 1 v 5
Tere + 300 (rz)” + 3500 (mz)
(t,u,v) € [0,+00) x [0, 35] x [0, +00),

1
1 duysy ) 1 vy
_ ) 167(1+£2) ' 3500\ 1+¢12 1867(1+t12) " 3500 ‘1+£12
f(tr ur V) -

(t,u,v) € [0, +00) x [30, 15] x [0, +00),

1 + 1 )5 7 1 v )5
167(1+£2) " 3500 1+t12 5601(1+t12) 3500 \ 1+£12

(t,u,v) € [0,+00) x [55,+00] x [0, +00).

A direct calculation shows that

0.6 0.6
= TLE)(15) - r(1.5)[% : (1 - 1) L (1 _ é) e

1 1 \06
+—-1-—= +-
4 ( 2l+2) ]
1 1\% 1 1\05 1 1 \05
-rae)|--{1-- +—=-11-= ot = 1-= o
5 4 25 6 5! 2i+2

> I (1.6)I(L.5)

1 1 1 1 1 1
-Tr(1.5)- dte ottt -T(1.6)- g+§+--~+§+~~-

=0.2731>0,

JoZa)de= [T etde=1.
By Theorem 3.1, we seta = 4, b = =, ¢ = 5, and k = 1.0864. The calculation yields

30
K; =2.6316, Ky =2.0125, K} =0.1277, K} =0.4599.
Then f satisfies

Fl6 (Lt (L4 77)u) <18238< =, 0=t<+00,0=u=50<v=5;

b
u) > 0.5764> —,
K*

~

FE @+ Nu, (1

1
0.9205 < t < 1.0864, §u§5,1—5 <v<5;

Gl

f(t,(1+t°“1)u,(1+t""1)u)50.0060<%, 0<t<+ooO<u<% OSVSB—IO
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Therefore, all assumptions of Theorem 3.1 are satisfied. Thus, the fractional boundary
value problem (8) has at least three positive solutions u;, u;, and u3 satisfying ||u; || < %,
% < 0(us), and % < |lus|| with 6(u3) < %
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