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1 Introduction

Fractional differential equations describe various phenomena in diverse areas of natural
science such as physics, polymer rheology, biology, mechanics, epidemiology, and other
fields, see [1-6]. Over the last few decades, the study of fractional calculus and fractional
differential equations had been gaining more and more attention because researchers have
found that fractional-order models are more suitable than integer-order models for some
realistic problems due to their excellent description of the memory and hereditary proper-
ties of numerous materials and processes. Compared with classical integer-order models,
the main advantage of fractional differential equations is the accuracy of description of
the real world.

Recently, lots of papers on fractional differential equations with finite domain have ap-
peared [7-12]. By means of many methods, such as the variational method, the upper
and lower solution technique, Legett—Williams fixed point theorem, and so on, the exis-
tence results of solutions for boundary value problems of fractional differential equations
have been obtained. While much of the work on fractional calculus deals with finite do-
main, there is a considerable development on the topics involving an unbounded domain
[13-19].
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In [20], the authors proved the existence and uniqueness of a positive solution to the
following problem:

D x(t) + n(f (£, u(t)) + q(t)g(x(2))) =0, £ € (0,+00),
x(0) = x'(0) = 0, (1.1)
D tx(00) = By x(s) ds + A,

where 2 <o < 3 and Dj, is the standard Riemann-Liouville fractional derivative. 8,7 > 0,
and I'(« + 1) > Bn%; i, A > 0 are called the eigenvalue and disturbance parameters, respec-
tively.

In [21], the authors considered the fractional differential equation with integral bound-
ary value condition on the half line:

HD%. x(t) + a(e)f (£, %(£)) =0, te(1,+00),
x(1)=4'(1) =0, (1.2)
HDex(+o0) = Y7 el Ifix(n) + p Y1 oj(&),

where #D?, is the Hadamard-type fractional derivative, 2 <o <3,0<& <& <+ <&, <
+00. They got the existence of at least three positive solutions from the generalized Avery—
Henderson fixed point theorem.

Through the discussions of (1.1) and (1.2), an interesting question is proposed: whether
the positive solution still exists and what kind of properties it has for a fractional boundary
value problem with f(¢,x(¢),#'(¢)) and the infinite-point? As far as we know, there is no
answer to this question, which inspired us to study the following problem on an infinite
interval:

DE.x(t) + a(t)f (&, x(2), ¥ () =0, € [0,+00),
x(0) = x'(0) = 0, (1.3)
1im, s o0 DY () = [ B (0) dt + 355 0Dy, x(&),

where 2< 8 <3,0<y <g -1, and D§+ is the standard Riemann-Liouville fractional
derivative; 0 < &) <&y <+ <& <1< <400, 1;>0,i=1,2,....
In this paper, we make the following assumptions:
(H1) f € C([0,+00) x [0,+00) X [0,+00),[0,+00)), f(£,0,0) = 0 on any subinterval of
(0, +00) and f(¢, (1 + t#~1)x, (1 + tP~1)y) is bounded when x, y are bounded.
(Ha) a,h e C([0,+00), [0, +00)) are not identical zero on any closed subinterval of [0, +00)

and

+00
f a(s)ds < +oo.
0

(Hs) A=T(B)=(B-1) [ eP2h(r)dr — {2 > ni&l 7' > 0.
In the study of radially symmetric solutions of nonlinear elliptic equations and gas pressure
models in semiinfinite porous media, the problem of boundary values on the half-line
arises naturally. It is well known that there are not many studies of fractional differential

systems on an infinite interval, although it is necessary to do so.
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In this paper, we aim to obtain the existence of positive solutions for system (1.3) on an
infinite interval. In contrast to the existing research, we study the system with an improper
integral and infinite-point boundary value conditions on the half-line, which is more gen-
eral than those of multipoint boundary value conditions in the known papers. What is
more, the method which we use in this paper is Avery—Peterson fixed point theorem, and
multiple positive solutions are obtained for the system (1.3).

The remainder of the paper is arranged as follows. In Sect. 2, we introduce and derive
several key definitions, lemmas, and properties. In Sect. 3, we investigate the existence and
multiplicity of positive solutions to boundary value problem (1.3). In Sect. 4, an example

is displayed to demonstrate the applicability of our main results. Finally, we conclude this

paper.

2 Preliminaries
For the convenience of the reader, we introduce here some indispensable definitions and

properties which will play an important role in the following sections.

Definition 1 ([1]) The Riemann-Liouville fractional integral of order « > 0 of a function

g:(0,+00) — R is given by

1.g(6) = ﬁ /O (- 5)"g(s) ds.

Definition 2 ([1]) The Riemann-Liouville fractional derivative of order 8 > 0 of a func-
tion & € C((0, +00), R) is defined as

1 d"

B _ -
Do-h®) = 50—y

/t(t—s)"_ﬁ_lh(s) ds, n=[p]+1.
0

Lemma 1 ([22]) Assume that h € C(0,1) N L'(0,1) is such that D% h € C(0,1) N L'(0,1),
then

I$.DE k() = h(E) + crt* ™ + ot + - 4t

wherec; € R,i=1,2,...,n,n=[a] + 1.

Lemma 2 ([1, 22])
(1) D12 h(t) = h(t), where h € C(0,1) N L}(0,1);
2) Ifhe L}0,1), & > B >0, then DY 1% () = I P h(e);
(3) If A > -1, then

I'(A+1) b

DPt =
0 Fr(A-p+1)

andDgJﬁ‘”‘ =0,m=1,2,...,n, wheren=[B] + 1.
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Lemma 3 Suppose that g € C([0, +00), [0,+00)), 2 < B < 3, then the solution of boundary
value problem

Dgx(t) +g(8) =0,
x(0) = x’(O) =0, (2.1)
hmt—>+oo 0+ x(t) f h(t)x/(t) dt + Z?:OI ngmC(gt)

x(t) = /+°0 G(t,5)g(s)ds,
0

where

Glt,s) = { r(i,;; {(o 2(s) = mE =), 0=s<t<+oo, 22)

1ﬂ(ﬁ)z(o)z(s) 0<t<s<+00,

2(s) =1~ ﬁ / (t - 9)"2h(v)dr - ) ; ni& — )P (2.3)
Proof Considering D0+x(t) +g(t) = 0 and Lemma 1, we have

x(t) = — gg(t) + 18P cotP72 4 5t 3,
Due to x(0) = x'(0) = 0, we get ¢; = c3 = 0, which implies that

x(6) = I g(t) + c1t? " = TG / (t—s)P1g(s)ds + c tP1. (2.4)

Thus

1 t
x/(t) = _m fo (t- s)’s’2g(s) ds+c1(B - l)t'sz,

D' x(t) = D [-15.8(8) + 1tP 7] = —Ioi g(0) + e D P!
t
= —/ g(s)ds +cT'(B),
0

and
D}, x(t) = Dy, [—I@g(t) +atf] = —Igfyg(t) + ¢ Dy, P

= _¥ ' _ ﬁ—)/—l F(ﬂ) ﬁ—]/—l
F(ﬁ—y)/o(t s) g(s)dHClF(ﬁ—y)t .

In view of the boundary condition lim;_, , Dg: 1x(t) = 0+oo h(e)x'(¢)dt + Y, ningc(éi),
we obtain

- / g(s)ds+ exT(B)
0

= /0"'00 h(t)|:_ F(IBI_ 5 /:(‘L’ —5)P~2g(s)ds + c1(B - 1)15—2] drt
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S g L) L }
+Z”l[ F(6 - y)/ -9 e ds v e

i=1

= _ﬁ /0+00 h(t) /:(t —s)ﬁ_zg(s) dsdt +c1(B-1) /0+00 #2h(7)dr

 — §i . rp) «— Y
- ; L — B-y-1 d iﬁyl'
F(ﬂ_y);n/() 69"l ds e S n

Therefore

|:F(,3) -(B- 1)/0 7 2h(t)dv - F(;(If)y) Zﬂii’iﬁ_y_lj|c1
i=1

_ +00 _; +00 T ~ ﬂ,Z
/0 g(s)ds (,8—1)/ h(r)/ (t —s)"“g(s)dsdt

1
TB-v) y)

/ (& - 57 g(s) ds.

Hence

1 +00 1 +00 T
q:Z[ /0 g6 ds -y /0 h(r) /0 (v —5)"g(s) dsdx

&
n | (&—s)P7""gls) dS}.
0

Substituting c; into (2.4), we get

x(t) = _%ﬂ) /0 (t—s)P'g(s)ds + c1tP!

:_%ﬁ) /0 (¢ — )P g(s) ds

A1 +00 1 +00 . b
+T|:\/0 g(s)ds—mL h('L')\/O (T—S) g(S)de‘L’

& &
L S 69 a0
r(6-7) 2

_ F(lﬂ) (¢ — )P g(s) ds

tﬂ—l 1 +00 +00 e
t |:/(; g(s)ds—ir(ﬁ_l)/ (/s (t—s) h(t)dr)g(s)ds

T y)/ > nilg—9)f! S)dS]

s<&;

1 A1

= —— (t S)ﬂ 1 (S)dS+ —_— 0+Oo|:1— ﬁ/s‘+w(f—s)ﬂ_2h(‘[)df

F(ﬂ) A
> niEi -5 l]g(s) ds

s<&;

(ﬂ Y)
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- [ etogras
0
where G(t,s) is defined by (2.2). The proof is completed. O

Lemma4 [f(H3) holds, then the function 0 < z(s) < 1, s € [0, +00), and z(s) is nondecreasing
on [0, +00).

Proof From hypothesis (H;) and (2.3), we have

IR S AR ol N e A
z(0) =1 F(ﬁ—l)/(; (t —8)Ph(r)dr I”(,B—y);m(&) F(ﬁ)>0

and z(s) < 1. On the other hand,

1 +00
Y-y | -9 M F(ﬂizm(sl 9P,

s<§&;

Consequently, z(s) is nondecreasing on [0, +00) and 0 < z(s) < 1, s € [0, +00). The proof is
completed. O

Lemma 5 If (H3) holds, the function G(t,s) in Lemma 3 satisfies the following properties:
(1) G(¢,3) and L 5;G(t,s) are continuous on [0, +00) x [0, +00);
2) G(t,s) > Oand 5;G(t,5) >0 forall t,s € [0, +00);

(

6
3) lfi;sl L 26 <(,3 1)L for all t,s € [0, +00), whereL-%;
(

’ 1+tl8 1
4) Let k > 1, then

G(t:S) - 01 0§S<%,
1 117 ) 1 1
stk TPk 1)’ s> %
Proof In view of (2.2), it is obvious that
t$-2 B2
3G(t,s) = (ﬁﬂ”f(‘” 2(s) — rpp(t—9)P 2 0<s<t<+oo, 25)
ot T(B-1)z(0)? z(s), 0<t<s<+o0.

(1) It is evident to see that G(¢,s) and -2 G(t s) are continuous on [0, +00) x [0, +00).
(2) For0 <s <t< +00,

Glts) = — sy L (gt
T B0 T TR
- th1 1 1
= @0 g Y
p-1
- T2

For 0 <t <s<+00, it is easy to show that G(¢,5) > 0.

In the same way as for G(¢, s), we obtain %G(t,s) >0 forall £, s € [0, +00).

Page 6 of 17
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(3) For0 <s <t < +00,

G(t,s) A1 n )
1+ TR0+ P 1)~ T(B)(1+tbY)
z(s) 1 1
e
=TB)20) “T(F)=0) A
2. G(t,s) P2 B-1tP2 p-1
Jt — _
150 = TE- DA+ = aqzom < a -V
P 3(g—2—P1

p-2
Indeed, ;"= < 1. Denote h(t) = wy
2
1 e
we get £ = (ﬂ - 2) F1.50 hmax = (ﬁ—ﬂerf - < _ﬁil <1.

ForO0<t<s<+o0o,

G(t,s) th-1 8 1 I

1+ 61 TR0 +p-) " A~

9 B-2

 G63) ! 2(s) < (B - D)L.

1+tA-1  T(B-1)z(0)(1 + A1)

(4) For0<s< %, combining with the increasingness of z(s), we have

. Gl tP! 2 (£=s)f"!
I 11 %’i‘iﬁk[rw)z(mu o) Y T T(B) L+ P Y)
Pl — (¢t —s5)Pt

> min ———
pt<k L(B)(1 +tF1)

PG
T (A + kA

>0.

For%fsgk,

G(t,s) . G(ts)

. G(t,s)
min

%ftfk 1+ ¢tP1 %

By simple analysis, we find

=min{ min min .
{ Lopog 14+ 1P~V szi<k 1 + tP-1 }

_ Glt,s) th-1 )
e 1+ 1 s TR0+ )
. 1
= L TEA )
_ 1
- T(B)KP1 +1)
and
- Glts) . th-1 » (t—s)P 1!
R T gﬁ[r(ﬁ)z(om )Y T B+ )

)

B-2 ’ /
Ty £ € [0,+00), then (1) = 2555 Let i (1) = 0,

Page 7 of 17
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— A1 — (¢t —s)P1

= Sk TB) 1L+ D)
sP1

>

T TR+ kT

= T(B)KFL(L + k)

Thus

min G(t,s) > min L 1
o L+ 01 = L | TR T+ ) TR 1+ k) |

that is,

G(t,s) 1
min > .
Lopek 1+ tA-1 = T(B)kB-1(1 + kA1)

For s > k,
. Glts) . 1 %
min = mn ———— (s
Tt LA T B0+ D)
. 1
mn ——————
T laa DAL +1P)
1
> .
T T(B)KPL(1 + kP1)
In conclusion,
0, 0<s<1i
G(t’;)l > . — ‘: < k
) =
;Stfkl‘}'t W’ SZ}.
The proof is completed. d

Now, we consider the space E defined by

E:{xeCl([O,+oo),R): lim +()] < +00, lim G20l <+oo}

t—>+o0 1 + tB-1 Tt otoo 1 4 -1

0]

ToPT" It is not

endowed with the norm [lx|| = max{|[x|lco, [|x'[lc}, where [¥[lco = SUp;-o
difficult to see that E is a Banach space.

Lemma 6 ([23]) Let U = {x € E,||x|| < [,wherel > 0}, U(¢) = { M)y e uj, U =

1+¢8-1

{116;521 ,x € U}. The set U is relatively compact in E if U(t) and U'(t) are both equicon-

tinuous on any finite subinterval of R* and equiconvergent at oo, that is, for any € > 0,
there exists § = §(€) > 0 such that

x'(t1) x'(£)
1+ tf‘l 1+ tf_l

x(t1) B x(t)
1 +tf_1 1 +t§_1

<€, Vxel, t,tp>34.

’

Page 8 of 17
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Lemma 7 ([24]) Let K be a cone in a real Banach space E. Let w and | be nonnegative
continuous convex functionals on K, 0 be a nonnegative continuous concave functional
on K, and ¢ be a nonnegative continuous functional on K satisfying ¢(ex) < ep(x) for all
0 <€ <1, such that for some numbers N >0 and C > 0,

0(x) < p(x), %]l < No(x),

forall x € K(w,C). Let [, b,r > 0 and define the following convex sets:

K(w,C) = {x € K|wo(x) < C},
K(w,0,b,C) = {x € K|b < 0(x), w(x) < C},

K(@,14,0,b,1,C) = {x € K|b < 6(x), u(x) < r,0(x) < C},
and a closed set
Q(®,¢,1,C) = {x € K|l < p(x),w(x) < C}.

Suppose

T :K(w,C) — K(w,C)

is completely continuous and there exist some numbers I, b,r > 0 with [ < b such that
(h) {*xeK(w,u,0,b,r,C)0(x) > b} D and 6(Tx) > b for x € K(w, u,6,b,r,C);
() 6(Tx)>b forx € K(w,0,b,C) with u(Tx) >r;
(I3) 0¢ Q(w,¢,1,C) and ¢p(Tx) <[ forx € Qlw, ¢, 1, C) with ¢p(x) = L.

Then T has at least three fixed points x;,x,,%x3 € K(w, C) such that

wkx)<C, =123
0(x1) > b;
l<@p(xy) with6(xy) < b;
dx3) <L

3 Main results

Define a cone K = {x € E,x(t) > 0,x'(¢) > 0,¢ € [0, +00)} and the operator 7 : K — E as
follows:

Tx(t) = /+°° G(t,s)a(s)f(s,x(s),x/(s)) ds.
0

We can deduce that the fixed point of the operator 7 is a solution of the boundary value

problem (1.3) from Lemma 3.

Lemma 8 If (Hy), (H>), and (Hs) hold, then the operator T : K — K is completely contin-

uous.
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Proof To complete the proof, we divide it into the following five steps:
Step 1. We will show that 7 : K — K.
Clearly,

+00 8
Tx(t) = fo &G(t’ s)a(s)f (s,x(s),x'(s)) dis.

Due to the continuity and nonnegativity of G(¢,s), %G(t,s), a(t), and f(t,x,y), we know

that 7x(¢t) > 0 and 7 «'(t) > 0 are continuous with respect to t € [0, +00). Applying (3) of

A0 <l 290 < |lx]), £ € [0, +00),

Lemma 5 and (H3), (H>), for any fixed x € K, we get AT = e

and then there exists «, > 0 such that

7a(s)f(s,x(s),x/(s)) ds

[Tx)] . /'+°° G(t,5)
——— = lim
t—+00 1+ A1

to400 14+ t6-1

oo _ (s) _ '(s)
SL/O d(s)f(s,(1+s’3 l)lf;ﬁil,(1+s’3 Y *s )ds

1+sf-1

+00
< Lozx/ a(s)ds < +00
0

and

T« @O .. [* %G(ts)
lim = lim
t—>+o00 1 4 tB-1 t—+00 J 1+ t8-1

<(B-1)L /0 mﬂ(s)f(s,(lﬂ,s_l) 5y gy 56 )ds

1+sp-1 1+sf-1

a(s)f (s, %(s), %' (s)) ds

<(B-1)Lay /+00 a(s)ds < +oo.
0

As aresult, 7(K) C K.

Step 2. We will check the continuity of 7.

Let {x,} C E withx, — «, %, = x" as n — +00. Hence, there exists a positive constant ry
such that

max{ [1¢]| o> SUP ||x,,||oo} <10, max{ Hx/Hoo,sup”x; ”OO} <19.
neN neN

With the help of Lemma 5, the continuity of f, and Lebesgue dominated convergence the-

orem, we have

Tx,(t) Tx(t)

1+tA-1 1 4¢h1

”Txn - Tx”oo = sup

t>0

=sup /0 Gt,s) a(s)[f(s,x,,(s),x;(s)) —f(s,x(s),x’(s))] ds

>0 1+ -1

<L /‘0+0<> a(s)|f (5,%(5), %,(5)) = f (s,%(5), 8 (5)) | ds — O (1 — 00)

Page 10 of 17
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and
|72, - T+
_ Tx,(t)  TX(2)
0|1+ ¢f1 T 1 4thl
+00 0

-supl [ IS a1 0209,7,09) 509,56 s

<(B- l)L/0 a(s)[f(s,xn(s),x;(s)) —f(s,%(s), %' (s)) | ds—0 (n— o0).
Therefore

T, —Tx|| =0, n— oo,

which implies that 7 is continuous.
Step 3. Let P C K be a bounded set, then there exists a positive constant k; such that
llz]l < k; for any x € P. By (H1), let

ko = sup{f (£, (1 + £ "), (1 + £771)), (£, %) € [0, +00) x [0,ki] x [0, k;]}.

Next, we will prove 7 (P) is bounded.
For all x € P, from Lemma 5, we get

Tx(t)
1+¢h-1

1+ 1%

= Stlig /0 Gt.s) (s)f (s, %(s),%'(s)) ds

7 %lloc = sup
=0

400 x(s) 1y #(s)
SL_/O a(s)f(s,(1+SB 1)1L (1+s° 1)1f-s;"1>ds

+sp-17

+00
<Lk, / a(s) ds < +00.
0
In a similar manner, we establish
+00
||7‘x’||oo <(B- l)Lsz a(s)ds < +0o
0

for all x € P. It follows that 7 (P) is uniformly bounded.

. T () T (2) : : :
Step 4. We will prove that { T7-1:% € P}, {1771, % € P} are equicontinuous on any finite

subinterval of [0, +00).
For any p > 0 and ¢4, £, € [0, p], without loss of generality, we assume that ¢, > ¢;. For all

+00
3/

0
) /*00 Gltrs)  Gltws)
“Jo 1+ 148

/+OO‘ G(tlvs) G(tlt S)
+ —
o 1+ tf_l 1+ tf_l

x € P, we obtain

G(tz,S) G(tlys)
1 +i,‘2‘371 1 +t’ff1

Tx(tz) Tx(tl)

1+ 14 als)f (5,(s), /() ds

a(s)f (s,x(s), x'(s)) ds

a(s)f(s,x(s),x/ (S)) ds
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i /w’ G‘(tz;)—G(tl» (5,(5),x'(5)) ds
o 1+
. /+°° Glens)lty ' -1 1|a(5)f(s x(s),%/(s)) ds
o (1+f" 1)(1

<[ %ﬂ“”'a@m&x(s»%@» 2

2 |G(ts,5) - G(t1,9)] ,
+/;1 Ta(s)f(s,x(s),x(s)) ds

/m 1G(£2,5) = G(t1,9)]
+ —[3_1
ty 1+ tZ

a(s)f (s,x(s),%'(s)) ds

+00 4B _ A1
+L / g als)f (s,x(s),4/(5)) ds
0 1+ t2

—0 (tl — tz).

Similarly, we have

Tx(t) Tx'(t1)
167 1447

—0 (tl — tg).

Hence, { tﬂ 1, x € P}, {T’;ﬂ(tl,x € P} are equicontinuous on any finite subinterval of

[0, +00).
Step 5. We will prove that the sets {1 tﬁ ), x € P} and (L " tﬂ Y x € P} are equiconvergent

at £t — +o0.
Forallx € U,

Tx(t)

1m
t~>+oo‘ 1+ t/g—l

m /0 G(tt’ﬁs_)lﬂ(s)f(s,x(S):x,(s)) s

T 5400 1+

+00
<Lk, / a(s) ds < +00.
0

Moreover, we get

Tx'(t)

t—>+o0| 1 + A1

Accordingly, {3 Tx( ﬂ 1 ,x € P} and {7 T ﬂg 1 ,x € P} are equiconvergent at £ — +00. As a result,

T:K—Kis completely continuous by Lemma 6. The proof is completed. g

Next, we will prove the existence of at least three positive solutions by making use of

Avery—Peterson theorem. For convenience, we denote

1
C(B)kB-1(1 + kB-1)’

L=
M = —-1)L " ds,
T )/0 als) ds

k
m:Llfl a(s)ds,

k
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and define
lx(8)] . x(t)
o) =pnx) =lxl, k)= SUp I 0(x) = %rgrslk o1
where x € K.

Theorem 1 Assume that (H,), (H,), and (H3) are hold. If there exist constants 0 <[ < b <

r < C such that
S) f&, 1+ PDx, (1 +tP 1)) < £,0<t<+00,0<x<C,0<y<C,
(S2) f(&, L+ PN, L+ PN )y) > 2, 1 <t<kb<x<r,0<y<C,
(S3) f&, (1 +PN)x, (1 + PN )y) < L, 0<t<+00,0<x<[0<y<C.
Then the boundary value problem (1.3) has at least three positive solutions x1, xy, and x3

satisfying

<
M
b
m

ox)<C (i=1,2,3);

0(x1) > b; [ < ¢p(x7),0(x) < b; Plx3) < L.

Proof Evidently, 6(x) < ¢(x), ¢(ex) < e¢(x), and [x]| < pu(x).
For all x € K(w, C), we know w(x) = ||x|| < C. That is to say, 0 < ft(é),l <Cand 0 <

1
1f;gfl < Cfor ¢t € [0, +00). Applying (S;), we find

x'(£)
1+¢8-1

S (&x(2),%'(2)) =f<t’ (1+£57) x(t;_l (14677

C
<—, te]l0,+00).
1+t

M

Then combining with Lemma 5, we obtain

Tl = sup L2,

t>0 1 +t'8_1

+0 g :
= sup /0 %a(s)f(s,x(s), x/(S)) ds

t>0

<L /+00 a(s)f (s, x(s),x'(s)) ds
0

C +00

and

|71, =sop 0%

t>0 1+ tﬂ71

+o0 0
= sup/0 2 G(69) a(s)f (s, %(s),%'(s)) ds

t>0 1+ ¢!

<(B- 1)L_/0 a(s)f (s, x(s),x'(s)) ds
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<(/3—1)L~A—C/[/O+Ooa(s)ds

=C,

which lead to || 7x|| = max{||7 %/, | 7% lloc} < C. Thatis, T : K(w, C) - K(w, C).

Next, we will show that 7 satisfies the conditions of Lemma 7.

First, let xo(£) = 25(1 + t#71), 0 < £ < +00, then x)(t) = Wtﬁ’z. Clearly, x € K and
[1%0loo = b” <r < C.In addition,

EAG] B-1Db+r) tF2 (b +7) ﬂ_
= = [
L vy i S (B-2) =¢
Hence, ||xo|| < C, that s, (%) < r, w(x9) < C. What is more, 6 (xy) = min1 20l bir

Stk 14¢8-1 2

b. Thus, {x € K(w, 1,0, b,7r,C)|0(x) > b} #@. In view of (S;), we have

F(6x(0),2(0) = f(t, (1+60°1) (21 (1+68°1) x/(t’;)_l) o b e (0,400,

1+ 1+ M
For all u € K(w, ,0,b,r,C), we get b < te[ ,k]. Then
Tx(¢)
0(Tx) = %n;tslk 1o
i oo G(t s
- i [ oo

> /‘+0° min Glt,s a(s)f(s x(s),x (s))
0

<t</< 1 t'B 1

b
Ll-—/ a(s)ds =
mJ)

So, the condition (I7) is satisfied.
Second, if x € K(w,0, b, C) and u(Tx) > r, by (S,), we know

. Tx(t)
T = i T

= min /+00 G(t,s) s)f(s,x(s) X (s))

T i

> /0+00 min G(tﬁ 1a(s)f(s x(s), x(s))

<t</< 1

b
L1~—/ a(s)ds =
mJ

Therefore, the condition (1) holds.
Finally, it is easy to see that 0 ¢ Q(w, ¢, [, C) because of ¢(0) = 0 < /. Assume that x €
Q(w, ¢, 1, C) with ¢(x) = I. According to (S3), we find

T ()|

o(Tx) = SUP AT

Page 14 of 17
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= sup/0 G(t s a(s)f(s,x(s) X (s))

>0 1+

<L /‘+00 a(s)f(s, x(s),x(s)) ds
0

l +00
<L~—/ a(s)ds = ! <l
M Jy B-1

Thus, the condition (/3) is satisfied.

By Lemma 7, the conclusion of Theorem 1 holds. This completes the proof.

4 Example

Consider the following boundary value problem:

Dé,x(t) +at)f(t,x(t),x'(t)) =0, ¢te]l0,+00),
x(0) = x/(O) 0,

lim;_, 400 Do+x )= [ ) @) de+ Y 411D6 x(1-75),

where a(t) = e, h(t) = % ,

—t
e 1 X 2 Yy

1000 + 1r(— )+ 3
1463 10,000(1+£2)

if (¢,%,9) € [0, +00) x [0, 4(1”7 )] x [0, +00),

et L g2y 1000(x—%(1+t2)) N y
flt,x,y) = 1 10° 10003 (1423 )2 , 10,000(1+¢3)

if (¢,x,9) € [0, +00) X (l;t2 1 +t2] x [0, +00),
et 1 x )2 200 y
£+ —( )+ s ——
1000 © 10%%, 5 1463 10,00001+£3)

3
if (¢,x,9) € [0, +00) x (1 +£2,+00) X [0, +00).

By direct computation, we get

[e.¢]

A=T(B)~(F-1) /Om o hrdr - % >l ~0.5845,

i=1
1
L=—=17109,
A

1
L= ~ 0.0695,
T T (B)KFI(1 + kFT)

M=(B-1)L /‘+00 a(s)ds = 2.5664,
0

k
m=1L; ﬁ a(s)ds = 0.0327.
3

Letl= %, b=1,r=C=1000, k = 2, and assume f (¢, x, y) satisfies

F(& 1+, (1+£771)y) <300.101 < A%

(4.1)
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if0 <t<+00,0 <x<1000,0 <y <1000,
b
F(6 1+ )x, (1+771)y) > 53.141 > —,
m
1
if5 <t<2,1<x<1000,0 <y <1000,

F(& @+ ), (1+£771)y) <0.100 < Ai/[

4
if0<t<+00,0<x< g,Ofyf 1000.
Then the boundary value problem (4.1) has at least three positive solutions x1, x5, and x3

satisfying
w(x;) <1000 (i=1,2,3);

4 4
0(x1)>1; z < d(x2),6(x2) < 1; d(x3) < 3

5 Conclusions

This paper is devoted to the study of a class of fractional boundary value problems which
involve an improper integral and the infinite-point on the half-line. Thanks to Avery—
Peterson fixed point theorem, we have presented sufficient conditions that demonstrate
the existence of at least three positive solutions. The new results generalize some existing
results in the literature. From the discussion and results in this paper, we conclude that
Avery—Peterson fixed point theorem is an effective method to deal with the multiplicity
of positive solutions of fractional boundary value problems on the half-line.
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