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1 Introduction

In this paper, we consider the following initial-boundary value problem with a delay term

vie — (a+ bIIVVII3 +a [ VVv, dx)Av
+ fotg(t —S)AV(s)ds + puve + vt — 1) = VP21, xe€Q,t>0,

v(x,t) =0, x€dQt>0, (1.1)
V(x» 0) = V()(?C), Vt(x: 0) = Vl(x)r X € Q,
Vt(xvt_t) =ﬁ)(x7t_77)7 X € Q,te [O,'L'),

where Q C R” is a bounded domain with sufficiently smooth boundary 9. p > 4,4,b,
o, (41 are fixed positive constants, s is a real number, 7 > 0 represents the time delay, and
g is a positive function.

In the absence of the Balakrishnan—Taylor damping (« = 0), Problem (1.1) is reduced to
the well-known nonlinear wave equation with b = ¢ = 0 and a Kirchhof-type wave equation
with g = 0, which has been extensively studied, see for instance [5, 8, 13, 24, 30, 31, 35,
38, 41, 42] and the references therein. Balakrishnan—-Taylor damping (@ # 0), g = 0, and
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1 = o = 0, was initially proposed by Balakrishnan and Taylor [2], and Bass and Zes [3].
It is related to the panel flutter equation and to the spillover problem. So far, it has been
studied by many authors, we refer the interested readers to [12, 15, 32, 39, 43, 44] and the

references therein. Zarai and Tatar [44] studied the following problem

t
Vi — (u + blleII% +0 / VvV, dx)Av + / h(t—s)Av(s)ds = 0. (1.2)
Q 0

They proved the global existence and the polynomial decay of the problem. Exponential
decay and blow up of the solution to the problem were established in Tatar and Zarai [39].

It is well known that time-delay effects often appear in many chemical, physical, and eco-
nomical phenomena because these phenomena depend not only on the present state but
also on the past history of the system. Nicaise and Pignotti [33] considered the following

wave equation with a delay term
Vie — AV + v + (ove(t—1) = 0. (1.3)
They obtained some stability results in the case 0 < t3 < ;. Then, they extended the result

to the time-dependent delay case in the work of Nicaise and Pignotti [34]. Kirane and Said-

Houari [23] considered a viscoelastic wave equation with time delay

t
Vi — AV + / gt —s)Av(s)ds + p1ve + pave(t —7) = 0. (1.4)
0

They proved the global well posedness of solutions and established the decay rate of energy
for 0 < uo < 1. Kafini et al. [17] investigated the following nonlinear wave equation with

delay

Ve = div(| Vv 2 V) + pave + pave(t - ) = blv[P . (1.5)
They proved the blow-up result of solutions with negative initial energy and p > m, and we
refer the interested readers to [9, 10, 18, 27] and the references therein. For the viscoelastic

wave equation with Balakrishnan—Taylor damping and time delay, Lee et al. [25] studied

the following equation

Vy — <a+b||vV||§+a/ VVVthx)AV
Q
t
+/ gt —s)Av(s)ds + pove + pivi(t—1) =0 (1.6)
0

and established a general energy decay result by suitable Lyapunov functionals. Gheraibia
et al. [14] considered the following equation

t
Vit — (a+b||Vv||§+oz/ VVVvtdx)Av+a(t)/ gt —s)Av(s)ds + w1 |ve|" v,
Q 0

+ pa|vet =) vt -1) = 0 (1.7)
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and proved the general decay result of the solution in the case |p3| < 1. For the related
works of PDEs with time delay, see for instance [6, 7, 11, 16, 19-22, 26, 28, 36, 37, 40] and
the references therein.

Motivated by the previous work, in this paper, we consider the problem (1.1) and under
suitable assumptions on the relaxation functions g, we prove the global existence, general
decay and the finite-time blow-up results of the solutions.

The outline of this paper is as follows: In Sect. 2, we give some preliminary results. In
Sect. 3, we obtain the global existence of the solution of (1.1). Section 4 and Sect. 5 cover

the general decay and blow-up of solutions, respectively.

2 Some preliminaries
In this section, we give some notation for function spaces and preliminary lemmas. Denote
by || - I, and || - || to the usual L7(2) norm and H'(£2) norm, respectively.

For the relaxation function g, we assume

(A7): g:R* — R* is a nonincreasing differentiable function satisfying

a- /Ooog(s) ds:=1>0. (2.1)

(A3): There exist a nonincreasing differentiable function & with £(0) > 0 satisfying

€020, ¢O<E0FO, t=01<r< . (22)
(A3): The constant p satisfies
p>4, ifn=12  4<p< 2(:__21), ifn > 3. (2.3)
(A4): The constants 1 and i, satisfy
|2l < p1.
Assume further that g satisfies
fo " o) ds < %. (2.4)

Lemma 2.1 (Sobolev—Poincare inequality [1]). Let q be a number with2 < g<oo(n=1,2)
or2<gqg< % (n > 3), then, there is a constant c, = ¢,(2, q) such that

IVIlg < cullVVila forve Hy().

By using direct calculations, we have

t 1 d t
/0 g(t—s) /Q V(s)dsvt(t)dxz—EE[(gov)(t)— v /0 g(s)ds]

- L0+ (g 0V, 25)
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where
(gov)(t) = / gt —9)|[v(e) - v(s)|} ds.
0

To deal with the time-delay term, motivated by Nicaise and Pignotti [33], we introduce a

new variable

z(x, 0,t) =vi(x,t —1p), x€,0€(0,1),t>0, (2.6)
which gives us

T24(%, 0, ) + 2,(%, 0,£) =0, in Q x (0,1) x (0,00). (2.7)

Then, problem (1.1)is equivalent to

vie — (@ +b|VVI3 + o [, VYV dx)Av
+ fotg(t —S)AV(s)ds + vy + poz(1,8) = [v|P2y, xeQ, t>0,
12:(p,8) + 25(p, 1) =0, xe, pe(0,1),t>0, 2.8)
z(p,0) = fo(-1p), xeQ, pe(01),
v(x, t) =0, x€0R, t>0,
v(x,0) = vo(x), v (x,0) = v1(x), xeQ.
Let ¢ be a positive constant satisfying
Tlpal <& <t (2p1 - pal). (2.9)

We first state a local existence theorem that can be established.

Theorem 2.2 Let (A1)—(A4) hold. Then, for every (vo,v1) € HY(R) x L2(Q), fo € L*(Q) x
(0,1)), there exists a unique local solution of the problem (1.1) in the class

ve C([0, T Hy(R))NC ([0, THL*(RQ)), v € C([0, T Hy(22)) NL*([0, T x ().

Now, we define the energy associated with problem (2.8) by

1 1 ¢ b 1
E@t) = §||vt||§ + 5(“‘/ g(s)ds) IVvIl5 + Enwné + 5@V
0

¢ [ 2 1
= O do — —1v|IE. 2.10
+5 | leto.0 o - (2.10)
Lemma 2.3 Let (v,z) be a solution of problem (2.8). Then,

E'(6) < = (¢ o V)@ - co(Ivell? + |2(1,0) ). (2.11)

N =

Page 4 of 17
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Proof Multiplying the first equation in (2.8) by v,, integrating over €2, and using (2.5), we
obtain

dl1 1 t b 1 1
S5z e (a- [ a0 as)ivuize S1mze Jeo v - v
S| 1
=—af =— 2) - = V|2-=(g' oV
a5 IVR) - 5eNVVIE - 3¢ e V)0

il = s [ 21, (212)
Q
Multiplying the second equation in (2.8) by ¢z and integrating over 2 x (0, 1), we obtain

Zdt//‘z'o' ‘d,odx-——// —‘z,o, ‘d,odx

- (Il - 2w 0. (213)

Using Young’s inequality, we have

| 2] 2 |l
s [ 2t = B2 w0+ 2w (214)
Q

Combining (2.12), (2.13), and (2.14), we obtain

1 21 1
E(t) < a(——||Vv||2) + E(g/on)(t)—ig(t)HVvH%

2

= co(llvell3 + |21, 9)]3), (2.15)
where ¢y = min{u; — % - %, 2C—T - “‘f' }, which is positive by (2.9). The proof is com-
plete. O

Next, we define the functionals
¢ b
16)- (a- [ 0ds) 19912+ U901 + g2 990
! 2
+¢ / |20, 8) | do = VI (2.16)
0
and
1 t , b 1
J@) =—-\a—- [ g)ds)IVvll; + —IIVVI; + = (g o V¥)(¢)
2 A 4 2
é“/l 2 1
= O do——1v|2. 2.17
vy |20, 8)|, dp SV (2.17)
Then, it is obvious that

E6) = 5 Il +0). (2.18)

Page 5 of 17
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3 Global existence
In this section, we will prove that the global existence of the solution to (1.1) is in time.

Lemma 3.1 Assume that (A1), (A3)—(A4) hold, and for any (vo,v1) € H(Q2) x L*(R), such
that

10)>0 and B= ?[ z (;’_” 2)15(0)] Y (3.1)

then,
I(t)>0, Vt>O0. (3.2)
Proof Since I(0) > 0, then by the continuity of v, there exists a time T}, > 0 such that
I(t)=0, Vtel0,T,]. (3.3)

From (2.16) and (2.17), we have

-2 ‘ b !
10 =222 (a- (g0 as)ivuiz J19mit+ o w0+ ¢ [ 10,0134

+ lI(t)
p

-2 t b !
2%[(d—/0 g(S)dS)IIVVII§+EIIVVI|3+(goVV)(t)+§/O IIZ(p,t)Ilidp]

. %2 [(a , /0 ) ds) ané]. (3.4)

Thus, from (A1), (2.11), (2.18), and (3.4), we obtain

t
HVvl3 < (a— / g(s) dS>|IVV|I§
0

2
p-2

<2 5 < <2 E0), VieloT,). (3.5)
p-2 p-2

Exploiting Lemma 2.1, (3.1), and (3.5), we obtain

p-2

d( 2w kS
Vil < 2Ivvil < 5 ( oo 2)E(0)> Hvvl3
t
=ﬁl||w||§<(a— / g(s)ds)nwn%. (3.6)
0

Hence, we can obtain
I(t)>0, Vtel0,T,].

By repeating the procedure, T, is extended to T'. The proof is complete. d
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Theorem 3.2 Assume that the conditions of Lemma 3.1 hold, then the solution (1.1) is
global and bounded.

Proof 1t suffices to show that [|v;]|3 + || Vv||3 is bounded independently of t. By using (2.11),
(2.18), and (3.5), we obtain

EO) = EO =)+ Il = 22 (09vi3) + Sl (37)
Therefore, we have

llvell + 1V VI3 < KiE(0), (3.8)
where Kj is a positive constant. g
4 General decay

In this section, we prove the general decay result by constructing a suitable Lyapunov

functional.

Theorem 4.1 Let (vo,v1) € HY(Q) x LX(Q). Assume that (A1)—(A4) hold. Then, there exist
two positive constants K and k such that the solution of problem (1.1) satisfies, for all Vt >

tO’
E(t) < Ke o081, (4.1)
1 1/(2r-2)
E(t) §I<[t—] , rsl. (42)
fto £2-1(s)ds + 1

Moreover, if

400 1/(2r-2)
1 3
—_— dt<+00, l<r<-—, (4.3)
0 tE2-1(t) + 1 2

then

1/r-1
E(t) < K|: ] , r>1. (4.4)

[ & (9)ds+1

For this goal, we set
F(t) := E(¢) + eW(2), (4.5)
where ¢ is a positive constant to be specified later and
w(t) =/vitdx+ %nwng. (4.6)

In order to show our stability result, we need the following lemmas:
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Lemma4.2 Let (v,z) be a solution of problem (2.8). Then, there exist two positive constants

oy and o such that
o F(t) < E(t) < ayF(t), (4.7)
for & >0 small enough.
Lemma 4.3 Assume that g satisfies (A1) and (A,), then
o0
f E(t)g" " (H)dt < +00, VO<2-r.
0

Corollary 4.4 ([4]) Assume that g satisfies (A1) and (Ay), and v is the solution of (1.1),
then

£(t)(g o V)(t) < [E/(0)] 7.
Lemma 4.5 Let (v,z) be a solution of problem (2.8). Then, the functional F(t) satisfies

F'(t) < -k E(t) + ka(go VV)(8), Vt>to, (4.8)
where ki and k, are some positive constants.
Proof Taking a derivation of (4.5), using (2.8), and Lemma 2.3, we obtain

F'(#) =E'(¢) + e/ vZdx + s/ Yy dx + soc||VV||§/ VvV, dx

Q Q Q
<—(co—&)lvell3 - CoHZ(Lt)Hz —ea|Vv|; - eb| Vv +ellv
+ S/QVV/Otg(t—s)Vv(s) dsdx — s,ul‘/ﬂvvt dx—suzfgz(l,t)vdx. (4.9)

By using Holder’s, Young’s, Sobolev—Poincare inequalities, and (4;), we obtain

(a-1)

t
/ Vv/ gt —s)Vv(s)dsdx < (77 + (a—l))||Vv||§ + ) (goVy)(2) (4.10)
Q 0 n
and
22 2 1 2
w1 | vvedx < nuiclIVvll; + 4_||Vt||2 (4.11)
Q n
and
1
Mz/ 2(L, t)vdx < nuic2 || Vvli3 + E”Z(Lt)”z' (4.12)
Q

Combining (4.10)—(4.12) and (4.9), we obtain

1 £
F/(t)g-{c()-e(u E)}nvtng- { E}llz(l,t)llj—ebnwné

(a-1)
—e{l-n(1+puicuscd) HIVvl3 + ?(g o VW)(t) +&|vIl5. (4.13)
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At this point, we choose 1 and ¢ so small that (4.7) remains valid and

1 &
I=n(L+ pieuse) >0, CO_S(I+E)>O’ Co—5>0.

Consequently, inequality (4.13) becomes
F'() < —kE@t) + ka(g o VV)(8), VE>1, (4.14)
where k;, i = 1,2. are some positive constants. d

Now, we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. Multiplying (4.14) by &(¢), we obtain

EWF () < ~kE@E®) + k& (t)(g o Vu)(2), VE=t. (4.15)

4.1 Case:r=1
Using (A3) and (2.11), then inequality (4.14) becomes

E(OF(£) < —ki&E(DE() + ka2 (£)(g 0 VV)(2)
< —-kiE@R)E(t) — ko (g o VV)(2) (4.16)

< —ki&(¢)E(t) - 2k, E'(t).

We choose G(t) = & (t)F(t) + 2k, E(t) that is equivalent to E(¢) because of (4.7). Then, from
(4.16) we can obtain

G (t) < ~ko£ ()E(t) < -kE()G(t), Vt=to. (4.17)
A simple integration of (4.17), leads to

G(t) < Gtg)e F0fO% s g, (4.18)
which implies

E(t) < Ke Mo0%  yps g (4.19)

4.2 Case:r>1
Applying Corollary 4.4, then inequality (4.15) becomes

E(OF(1) < —kEWDEQ) + k[-E 0], Vi= 1. (4.20)
Multiplying (4.20) by £"(¢)E"(t) where v = 2r — 2, we have

£V OE" (1)F (2)

< k&N OE"0) + kot OE O)[-E 0]V, Vit (4.21)
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v+l

Using Young’s inequality with g = v + 1 and g* = ==, yields

£ 1 (H)EV (H)F'(¢)
< -k " OE"(¢) + kao[nEV (E T (8) - C,E(1)]

= —(ky — nkp)§ "L (E)E" 1 (8) — C,E'(8),  VE > to. (4.22)
At this point, we choose 7 < % and recall that £/(¢) < 0 and E’(¢) < 0, we obtain

(E"E'F) (t) < " ()E" (OF (1)

< —ks§" U (E" 1 (8) - kaE (1), VE = 1o,
which implies
(8" E'F + kaF)'(t) < ~ks&" N ()E"1 (1), Yt > to. (4.23)
We choose G(t) = EV*1(£)E" (£)F(t) + k4E(t) that is equivalent to E(¢). Then,

G'(t) < -ks&" ' (DG (1)

= k32U HGTL), VE=t. (4.24)

A simple integration of (4.24) and using the fact that G(¢) ~ E(t), leads to

1/(2r-2)
E(t) < K|: :| , Vi>t. (4.25)

ftg £2r-1(s)ds + 1

4.3 Case:1<r<3/2
To establish (4.4), we note that from simple calculations show that (4.2) and (4.3) yield

/wE(t) < 00.

to

Next, let
t 2
o(t) = / H Vu(t) — V(t —s) H2 ds,
0
then, we have

o(t) gc/t[||Vv(t)||§+ HVv(t—s)”i]dsfc/t[E(t)+E(t—s)]ds§2c/tE(t—s)ds
0 0 0

t [e'e}
:2cf E(s)ds§2c/ E(s)ds < 00.
0 0
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Applying Jensens’s inequality for the second term on the right-hand side of (4.15) and
using (A;), we obtain

E(D)F'(t) < —kiE(DE(L) + k£ (£)(g 0 VV)(2)

- ke WE)+ k7Y [ e o]

2
o0 ) V() — V(t —s) ||2 ds

<k EWEW) + ko (1) [% /0 £ (5) | V(e - Ve - 9)| ds} r

< —kEDEW) + koo T (E1(0) [ /0 E(s)g" ()| Vu(e) - V(e —9) ||§ds] '

1

7

< kEW®E®) + ky [ /0 )| V() - Vit -9)|; ds}

~i—

< —kiE(DE(®) + ko[-E'(1)]" .
(4.26)

Multiplying (4.26) by £"(£)E"(£), where v = r — 1, we have
1

EHOE(OF (8) <~k E"H (OE"™ (1) + ko (OE' (O[-E (1)) ™7, VE > 1o, (4.27)
The remainder of the proof is similar to (4.2). The proof is complete.
5 Blow up
In this section, we state and prove the blow up of the solution to problem (1.1) with neg-
ative initial energy.

Let

H(t) = -E(®), (5.1)
where E(0) < 0. From (5.1) and (2.11) we have

H'(8) = =E' (&) = co(Ive)13 + |2(1,8)] ) = 0 (5.2)
and H(¢) is an increasing function. Using (2.10) and (5.1), we obtain

0<HO) < H( < VI, (53)

Moreover, similar to the work of Messaoudi [29], we can obtain the following lemma that
is needed later.

Lemma 5.1 Suppose that (A1), (A3), (A4), (2.4), and E(0) < 0 hold. Then, we have, for any
2<s=<p,

1
vl < c(—H(t) = lvell3 = IVl = (g o VW)(2) - /0 |2(0,0) |5 dp + ||v||1;>,
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where C is a positive constant.

Theorem 5.2 Let the conditions of Lemma 5.1 hold. Then, the solution of problem (1.1)

blows up in finite time.

Proof Set

L) =H"@)+ 8/

wedx + S| Vv, (5.4)
o 4

where ¢ > 0 is a small constant that will be chosen later, and

-2 p-2
0<0§min{p ,p—}. (5.5)
2p p

Taking a derivative of (5.4) and using the first equation in (2.8), we have

I't)=(1-0)H (t)H'(t) + s/

Vfdx+8/ vvttdx+a||Vu||§f VuVu;dx
Q Q Q

= (L= )H " (OH'(t) + € [vill% — eal VI3 - eb] V] + e [lv]

t
+8/ Vv/ g(t—s)Vv(s)dsdx—eulf VV;dx—&‘pLz/ z(1,t)vdx. (5.6)
Q 0 Q Q

Applying Holder’s and Young’s inequalities, for 1,8 > 0, we have

/Q Vv/otg(t —s)V(s)dsdx > (1 - %) (fotg(s) ds) ||VV||% —1n(g o V)(¥), (5.7)

1 1
wodx < S|V + —||v |12 < Su||vI|? + —H'(¢ 5.8
ulfg i < Bu3IG + ol < B + T H ) (5.8)
and
o / AL vdx < SIEIVIE + — 2L O < SU2IVIE + —— H'(9). (5.9)
o = 43 2= 4y

Combining these estimates (5.7)—(5.9) and (5.6), we obtain

2008

1 t
—s{a - (1 - 5) (/0 g(s)ds) } IVvI3 —e8(uf +u3)lvi;

—en(g o Vv)(¢). (5.10)

£
e = {(1 o)1) - —}H’(t) ¢ elvld = ebIVVIE + Vi

Applying (2.10) to the last term ||V||11§ on the right-hand side of (5.10) and using (5.1), we
see that

') > {(1 —o)H () - —— }H’(t) + s(g + 1) vl + eb<§ - 1) vy

+8{61<§ - 1) - (‘g -1+ %) /(;tg(s)ds}IIVvlﬁ +8<§ — r))(go Vv)(t)

Page 12 of 17
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1
—e8(ut +u3)IvIl3 + s%f |z(0, ) ||§d,0 +epH(t), (5.11)
0

for some number 7 with 0 < n < p/2. By recalling (2.4), the estimate (5.11) reduces to

F'©) 2 {1 -0 H () - —— tH' @) +( 2+ 1) vl + ect | VI
2605 2
+ 8C2||VV||% +ecs(go V)(8) - 85(#% + M%)HVH%
¢ [
+8%/ ||Z(,0,t)||§dp+8pH(t), (5.12)
0

where

1 t
61=b<§—1>>0, cz:a<‘g—1>—(§—l+a)/og(s)ds>0, 03:§—n>0.

Therefore, by taking 8 = H(t)° /2cok, where k > 0 is to be specified later, and exploiting
(5.3), we se that

2
1 c
HEP VI < VI IIE < 2. (5.13)

Substituting (5.13) into (5.12), we obtain

I'@t) > {(1-0) - ek} H 7 (0)H'(¢) + s(g + 1) [velld + ecr | VVIl5

op+2

Cs
2
+eca||Vvli; +ecs(g o Vv)(8) + ecallvIh - £ vl

e ! 2
+ 87 ; ”z(p, t) ”2 dp + epH(t), (5.14)

where ¢5 = (CZ(/,L% + 13))/2¢op? . From (5.5) and Lemma 5.1, for s = op + 2 < p, we de-
duce

1
Il < c(—H(t) — vill3 = 19Vl - (g 0 V() / |20, 0)|2dp + ||v||5;). (5.15)
0
Combining (5.15) with (5.14), we obtain

C'(t) > {(1-0) - ek} H (H'(£) + e(‘g i1+ C/—SC) vel2 + e | Vv 2
K

+ £(c1 + %C) IVvl3 + e(q + C—ksc)(go Vv)(t) - %CIIVIIZ
1
+e(’5 + %C) / |20, 0)[3 dp +e(p+ %C)H(ﬂ. (5.16)
0

Subtracting and adding ey H(t) on the right-hand side of (5.16), using (2.10) and (5.1), we
deduce

() > {(1-0) - ek H (VH (8) + a<§ ~La1s %c) Ivell2
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+e cz—a—)IIVv||2+£<c1 b£+— >||v It

(
(cs N )(g VIO + (— - —c) e
(

2220 [letoolan

+el =
2

+e<p Y+ ? )H(t) +eyEy.
First, we fix y such that

2¢y 4cy
0<y <minyp, —, b —,2c3, ¢.
a

Secondly, we take k large enough such that

Z—C—SC>0.

p k

Once k is fixed, we select ¢ > 0 small enough so that

(1-0)-ek>0, and F(O)=H1_J(0)+8/Vovldx+%||VV0||;L>0.

Q

Therefore, we obtain from (5.17) that
r'(¢) > w(”"t”% + VY3 + VIl + (g o VV)(2)

! 2
* fo |2(o, 0|5 dp + VI, +H(t)),

where w is a positive constant.
1
We now estimate I'(¢) = . By Holder’s inequality, we have

/ v dx
Q

which implies

= Ivli2llvellz = Cullviiplivell2s

)
—_

-0

a1
wedx| < CilvIp ™ llvelly ™

S~

Young’s inequality yields

I
—_

C1(||V||p'” + vy )

S

v dx

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

for i + % = 1. To obtain 1% = ﬁ < p, by (5.5), we take ¢ = 2(1 — ). Therefore, (5.21)

{3
becomes

/ v dx
Q

I
—

C1(||V||S + Ivell3),
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2
1-20°

/ v dx
Q

where s = Using Lemma 5.1, we obtain

1
I-o

<C (H(t) +vell3 + VI3 + (g 0 VV)(2)

1
¥ fo ||z<p,t>||§dp+||v||z).

Combining (5.4) and (5.22), we obtain

1
-0
I‘ﬁ(t) = (Hl—a(t) + 5/ v dx + %”VV”%)
Q
<c¢6 <H(t) + el + 11V + (€0 VV)(@)

1 4
+./o ||z(,0,t)H§dp + VIS + ||VV||2H)'

We note from (3.8) and (5.3) that

N 2 2 H
IVVI < (KiE0) ™ < (KiE(0) ™ %

It follows from (5.23) and (5.24) that
1 2 4 ! 2
[To(£) < ez H(E) + [Ivell; + 1 VVly + (g o VY)(E) + / |z(p,)|5 dp + v ).
0
Combining (5.25) with (5.18), we find that
I'(t) > kT (£), ¢>0.

A simple integration of (5.26) over (0, £) yields

1

e (t)> ————.
[~15 (0) — ¥

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

Consequently, the solution of problem (1.1) blows up in finite time 7% and T* <

1-0
0 -
ko' T-0 (0)
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