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wherea € (0,1), N> 2, 0 < o < 2¢x, € is a positive parameter. Here (-A)* stands for
the fractional Laplacian, V is a linear potential with periodicity condition, and M is a
nonlinear reaction potential with a global condition. We establish the existence and
concentration of ground state solutions under general nonlinearity by using
variational methods.
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1 Introduction and main result
In this paper, we deal with a class of nonlinear fractional Choquard equations with indef-
inite potential

M(ey)G(u)

(=AY u+Vx)u= [ v Tl

dy]M(ex)g(u), xeRN, (1.1)

where € > 0 is a parameter, « € (0,1), N > 2«, (—A)* stands for the fractional Laplacian
operator, the nonlinear function G is the primitive function of g with subcritical growth.
The operator (—A)* is nonlocal and can be defined by

aru =-S5 [ (s +y) + ulx - y) - 2u(x)

5 M dy, VxRN,

where Cy, is a suitable normalization constant. We recall that the problem (1.1) is
inspired by the study of standing wave solutions for the time-dependent nonlinear
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Schrédinger equation

ih% = PP (=AW + (V&) + E)¥ = (Ix] ™" % W) W70,  (x,)eRY xR, (1.2)
where i is the imaginary unit, & is the Planck constant, and W represents the wave function
of the state of an electron.

Regarding the applications of equation (1.2), we recall that fractional Laplacian opera-
tors are the infinitesimal generators of Lévy stable diffusion processes. They have appli-
cation in several areas such as anomalous diffusion of plasmas, probability, finance, and
population dynamics. For more details on the application background, we refer to Apple-
baum [4] and the monograph [24] of Molica Bisci—Radulescu—Servadei.

When o = 1, problem (1.1) becomes the usual Choquard equation. The early existence
and symmetry results were established by Lions [21] and Lieb—Loss [20]. After the cele-
brated work [20, 21], the existence and qualitative and asymptotic properties of nontrivial
solutions for the Choquard equation or its generalized version have been extensively in-
vestigated by using various methods of nonlinear analysis (such as the variational method,
moving plane method, Lyapunov—Schmidt reduction method, and shooting method). We
refer the readers to [2, 5, 7, 14, 25, 26, 29, 30, 35, 43, 44] and the references therein.

For the case « € (0,1), during the recent years, problem (1.1) has attracted consider-
able interest, the literature related to this equation is numerous and encompasses several
interesting lines of research in nonlinear analysis, including existence, multiplicity, con-
centration, and qualitative properties of solutions. Let us now briefly recall some related
results in this direction.

In [10], d’Avenia—Siciliano—Squassiona studied some results involving existence, regu-
larity, and asymptotic of the solutions for the fractional Choquard equation with constant

potential

1
(~AYu+ou=| — x|ul’ ||uf?y, xRN,
||

where o > 0. The analyticity, uniqueness, and radial symmetry of ground state solu-
tions were investigated by Frank-Lenzmann [13]. Later on, under general source terms,
Shen—Gao—Yang [32] proved the existence result of ground state solutions for a frac-
tional Choquard equation involving a nonlinearity satisfying Berestycki—Lions-type con-
ditions. Without any symmetry property, Chen—Liu [8] established the existence of pos-
itive ground state solutions by using the usual Nehari manifold and concentration com-
pactness principle. We also refer to Zhang—Wu [41] for the existence result of nodal solu-
tions.

Recently, there have been some results for fractional Choquard equations with critical
growth; we mention the works of Mukherjee—Sreenadh [27] for an analogous Brezis—
Nirenberg-type problem; He—Radulescu [17] for a small linear perturbation problem;
Guan-Réddulescu—Wang [16] for the existence of positive bounded solutions. Moreover,

concerning the semiclassical analysis of the singularly perturbed problem

1
||

€X(=A)u+ Vx)u= e“_N[ * G(u)]g(u), xeRN,
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the papers [3, 6, 15, 19, 36, 37] showed the existence or multiplicity of semiclassical
solutions which concentrate around the local or global minimum points of the linear
potential V. For other related results involving the qualitative and asymptotic analy-
sis of nontrivial solutions to nonlocal elliptic equations, we also refer to the papers
[12, 18, 28, 31, 34, 38—40] and the references therein.

We would like to emphasize that, in the works mentioned above, the authors dealt only
with the case where the potential V' is a constant or positive function, in the sense that
the corresponding energy functional is strongly definite, which has the mountain pass
geometry structure in general. In the variational framework of strongly definite functional,
the classical Nehari manifold method and mountain pass theory are available. However,
as far as we know, there are very few works considering the case where the potential V(x)
as in problem (1.1) is indefinite (or sign-changing), which motivates the present work to
consider this case.

Concerning the indefinite potential case, we would like to mention the recent work done
by Fang-Ji [11] in which the authors first considered the fractional Schrodinger equation
under the condition (V') and proved that the fractional Schréodinger operator (-A)* + V
has a purely continuous spectrum which is bounded below and consists of closed disjoint
intervals, see [11, Theorem 1.1]. So in this framework, we know that the energy functional
of problem (1.1) is strongly indefinite, which has a more complicated geometry structure
than that of a strongly definite functional. In the sense we can see that zero is no longer a
local minimum point of the energy functional, and then the usual Nehari manifold method
and mountain pass theorem do not work for this case.

Under the variational framework of strongly indefinite potential, motivated by the work
of Alves—Germano [1], Chen-Ji [9] proved the existence and concentration of solutions to
fractional Schrodinger equation, which extend the relevant ones in [1] from the classical
to fractional Schrodinger equation. Very recently, Zhang—Yuan—Wen [42] investigated the
fractional Choquard equation with a pure power nonlinearity, and obtained the existence
and concentration properties of ground state solutions. We also mention the recent paper
[23] in which the existence and asymptotics of ground states to the fractional Schrédinger
equations with indefinite and Hardy potentials are discussed.

Motivated by the above works, in the present paper, we aim to study further the existence
and some properties of ground state solutions of the fractional Choquard equation (1.1)
under a more general nonlinearity. To be more precise, the interest in the study of this
paper is twofold: one is to establish the existence of ground state solutions to problem
(1.1); the other is to study the asymptotics of these solutions as € — 0.

Before stating our results, let us give some suitable conditions about the potentials V,
M, and the nonlinearity g. We first assume that V' and M satisfy the following conditions:
(V) Ve C(RN,R) is ZN-periodic, 0 ¢ o ((-A)* + V) and o ((-A)* + V) N (=00, 0) # 9,

where o denotes the spectrum of Schrodinger operator (—A)* + V;
(M) M € C(RV,R) and 0 < infypvnM(x) < Moo = limpy_ 00 M(x) < M(0) =
max,gn M(x).
Meanwhile, we suppose that the nonlinearity g satisfies the following conditions:
(1) g(u) = o(Jul) as [u] — 0;

(g2) There exist co >0 and g € (2, 22

7 N-2«a

) such that

lgw)| < co(L+|ul") forallueR;
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(g3) Gu)> O for all # € R and % — +00 as |u| — +00;
(ga) ur &2 ) is strictly increasing on (—00,0) and on (0, +00).
The main result of this paper is the following theorem.

Theorem 1.1 Assume that (V), (M) and (g1)—(gs) are satisfied, then
(a) there exists €g > 0 such that problem (1.1) has a ground state solution u. for each
€ €(0,¢);
(b) ifx. € RN denotes a global maximum point of |u.|, then

lin(l)M(exE) = M(0);
€e—

(©) uelx+xc) = uase— 0, where u is a ground state solution of the limit equation

(=A)*u + V(x)u = M(0)? [f G

dy}g(u), xeRN,
RN |% —y|*

The features of this paper are the following:

e The problem combines the multiple effects generated by the indefinite potential, re-
action potential, and general nonlinearity;

e The strong indefiniteness of the energy functional together with the double nonlocality
bring some difficulties in our analysis;

e The lack of compactness due to the unboundedness of the domain leads to the fact
that the energy functional does not satisfy the necessary compactness property.

Let us explain shortly the strategies of the proof of Theorem 1.1. Based on the above
features, firstly, we intend to make use of the method of generalized Nehari manifold de-
veloped by Szulkin—Weth [33] to conquer the difficulty caused by the strong indefiniteness
feature. Secondly, we must verify that the energy functional satisfies a necessary compact-
ness condition at some minimax level. This goal will be achieved by doing a finer analysis
and using the energy comparison argument to establish some relationships of the ground
state energy value between the original problem and certain auxiliary problems. Finally, in
order to characterize the concentration property of solutions, we need to draw upon the
Moser iteration arguments to show the L>-estimate. Summarizing, the results included in
the present paper complement several recent contributions to the study of concentration
of solutions to the fractional Choquard equation.

2 Variational setting and preliminaries
Throughout this paper, for the sake of simplicity we will use the following notations:
e L1(RN) (1 < g < 00) denotes the Lebesgue space with the norm | - ||, = (fRN || dx)14;
o (-,-)2 denotes the usual L2(RY) inner product;
e ¢, ¢;, C; denote positive constants possibly different in different places.
In the following we introduce the variational framework of the fractional Sobolev space
and some comprehensive presentations of the space can be found in the book [24].
For any « € (0, 1), the norm of the fractional Sobolev space D*?(R¥), which is the com-
pletion of C5°(RY), is

—u(y)|?
ulpea = //]RNXRN | — y[N+2e dxd
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Based on this, we can define the following fractional Sobolev space H*(RN):

2
(]RN) uel? ]RN // Julx) = u(y)| dxdy < +ooy,
RN N |3 — y N2

and the corresponding norm is

1

Cno lu(x) — u(y)? / 2 |2

= - dxd d .
llzello [//RNXRN 2 iy xdy + ]RNlM' x

Furthermore, H*(RY) can also be represented as

H(RY) = {u e L*(RN) : (-A)2u € L*(RY)},

with the norm of the form

llullo = [[I;N’(—A)guf + Iulzdx:|2.

Next we define the energy functional associated with problem (1.1), namely

Jolu) = %fN[|(—A>%u|2+ V@lul?] dx

(ex)G(u(x)) M(ey)G(u(y))
dxd .
//RNxJRN lx — y|# ’ @D

//' M(ex)G(u(x))M(ey)G(u(y)) drdy
RN xRN o — y|* ’

((( A+ V(®)u,u

It is well known that the potential V is bounded in RN due to the continuity of V. Let £ :=
(—A)* + V.From (V), we know that L is self-adjoint and has a purely continuous spectrum
which is bounded below and consists of closed disjoint intervals, see [11, Theorem 1.1].

Furthermore, by (V') again, we get the following orthogonal decomposition:
L? ::LQ(RN):L_69L+, u=u"+u,
in this case, L is positive definite (resp. negative definite) in L* (resp. L™). Let |£| denote

the absolute value of £, and let | L| 2 represent the square root of £. We define the working
space E = D(|L] 2 )- Then E is a Hilbert space, with the inner product of the following form:

(u,v)=(|£|%u,|£|%v)2=f IL12u|C) 2vdy,
RN

and the corresponding normis ||| = (, u)% . Obviously, from (V), the two norms || - | and
| - llo are equivalent. Therefore, E = H*(RN). Furthermore, by the decomposition of L2, we

have

E=E ®E", where Et=ENL%,
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which is orthogonal with respect to the two inner products (-, -); and (-, -). Moreover, the
polar decomposition of L yields that

Lu =-|Llu", Lu*=|Llu* forallu=u"+u" €E.
Define the following bilinear map A(u, v):
A(u,v) = /;{N (—A)%u(—A)%v + V(x)uvdx.
For every u € E, from the above decomposition, we obtain that
Alu,u) = A(u*, u*) + A(u’, u’)
and
A(u®,ut) = (u*,u”), Awu)=—(u"u").
Therefore, we can rewrite functional (2.1) in the following form:
T = 5 (| |~ o) - weto,

where

) M(ex)G(u(x)M(ey) G(u(y))
me‘/ﬁmﬂN PR

dxdy.

Moreover, according to the conclusion in [24], we have the following embedding prop-
erty.

Lemma 2.1 Let«a € (0,1) and N > 2a. Then there is a constant ¢ = c(a, N) > O such that
lull3e oy < T ulpnr  Vu€E,

where 2 = 2N /(N — 2a). The embedding E — LP(RN) is continuous for all p € [2,2}] and
E< LV (RN) iscompactforall p € [2,2).

loc

We also get the following Lion’s compactness lemma from the monograph [24].

Lemma 2.2 Suppose that the sequence {u,} is bounded in E, and for every r > O there holds

lim sup / lu,|>dx = 0,
Br(y)

neooyERN
then u, — 0 in L1(RN) for all q € (2,2%).

Since we will treat the nonlocal problem (1.1) with Choquard term, the classical Hardy—
Littlewood—Sobolev inequality [22] will be frequently used throughout this paper. Hence
we present the following Hardy-Littlewood—Sobolev inequality.
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Lemma 2.3 (Hardy Littlewood—Sobolev inequality [22]) Let1l<r,t<+o0oand 0<u <N
be such that +1 cr=2.0fpel’( RN) and v € LX(RYN), then there exists a sharp constant
C(N, u,r,t) > O, mdependent of ¢ and , such that

//RN PCWO) 4 dy < CN, o1, DI 111

xRN |x—)’|”

From (g1) and (g2), we can deduce that for any € > 0, there exists C, > 0 such that
-1 € 5 Ce
|g(u){ <elu| +C.lul? and |G(u)| < §|u| + —|ul?. (2.2)
q
Accordingly, we use (2.2), as well as Lemmas 2.1 and 2.3, to obtain the following estimate:

[, ., SRS gy < v, Gt et

G

<q |:/ (€lul® + celul?) dxi| '
RN

4 2
< e€llully, + callully}

(2.3)

Since2 < g < 2]{[\[:220‘[‘ iﬁ;’; ,weobtainrqg € (2,2}) and 2r € (2,2}). According to Lemma 2.1,
we obtain
G G
// dedy§e||u||4+c3||u||2q. (2.4)
RNxRN X —y|*

Therefore, we get the following relation:

// M(ex)G(u(x)M(ey)G(u(y)) dxdy
RN xRN e — y|#

() Glu)
=MO //wam PR TR (25)

4 2
<ellull® +callul™.

Based on the above discussion, it is easy to see that 7, € C'(E,R), and the critical points
of the functional 7, are weak solutions of problem (1.1). Then, for each u,v € E, we have

(Je’(u),v) = /]RN(_A)%M(_A)%de+ /RN V(x)uvdx—(‘l{(u),v),

where

\IJ c(u),v //RN . Ix yI“ )M(ex) (u)vdxdy.

Using Lemmas 2.1 and 2.3, and combining some standard arguments, we can check the

following lemma.

Lemma 2.4 The functional V. is weakly sequentially lower semicontinuous and V. is
weakly sequentially continuous.

Page 7 of 24
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3 The autonomous problem
We will use the limit problem to prove the main results, and next we introduce some
important results for the autonomous problem. For any 7 > 0, in this section we consider

the following autonomous problem:

G(u)
N |x—y|*

(=A)u+V(x)u= 712|:/ dy:|g(u), xe RV, (3.1)
R

where V satisfies the condition in (V). Meanwhile, we define the corresponding functional

as follows:

1, . ] 2 G(u(x))G(u(y))
Zw=gw P-le )= 5 f[ | FERED vy

e =yl
Similar to the discussion in Sect. 2, we conclude that 7, € C'(E,RY), and the critical
points of functional .7, correspond to the weak solutions of the problem (3.1).
In order to establish the existence of ground state solutions for the problem (3.1),
we will apply the generalized Nehari manifold method developed by Szulkin and Weth

[33]. In the following we introduce the generalized Nehari—Pankov manifold .4, of the

form
Ny = {u € E\E™: (jjé(u), u) =0and (j,;(u), v) =0,Vve E’},
and set the ground state energy d,; of functional 7, on .4; as follows:
dy = uénAf% T ().
Furthermore, for every u € E\E~, we also define the subspace
E(u)=E ®Ru=E ®Ru",
and the convex subset
Ew) =E @ [0,+00)u = E- @ [0, +o0)u”.
Lemma 3.1 Letu € Ny, thenforeachve X :={su+w:s>-1,we E }andv +#0, we have
Tx (e +v) < Tz (w).

Furthermore, u is a unique global maximum of Ty |z

Proof We apply the arguments in the proof of [33, Proposition 2.3] to prove this lemma.

First, we notice that for each u € .#;, we have

0=(T,w),p)=Alu,¢) - > //}RN . |xG_(I;)|Hg(u)<p dxdy forall ¢ € E(u).
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Letv=su+we X, thenu+v=>0+s)u+we E(u). Computing directly, we have

Tn (W +v) = T (u)

= %[A(u +1v,u+v)—Ay, u)]

(u+v)G(u +v)
’ _[//RNXM lx — yl” dedy - //RNXM o — y|* dxdy}
2
=— Il +A(u,s<i + 1>u +(1 +s)w>
2 2
G(u)G(u) Gu+v)Gu+v)
U/RNXM RPN dy_//mxm =y dxdy}
i, G(u(y)) s
=— T /RNI:(/]RN P dy)g(u(x))(s(i + 1>u+ (1 +s)w)
1 G(u) 1 Gu+v)
T2 </RN | — y|* dyG(u)) 2 (/]RN % — y[# dy) Glus V)} &

2
:_“W” +712/ gls,u,v)dx,
2 RN

where

gsuv) = (./]RN |xG_(L;)|,L d)’>g(”)<5<% + l)u +(1+ s)w)
1 G(u) 1 Gu+v)
' E(fm = yl¥ dy) Gl 5</RN =y dy)G(” +).

According to the argument in [33, Lemma 2.2], we conclude that g(s, 4, v) < 0, and then we

can obtain that J, (u + v) < J (). Hence, u is a unique global maximum of T, |z.,,. O

Lemma 3.2 IfQ C E* \ {0} is a compact subset, then there exists R > 0 such that J; <0 on
E(u) \ Br(0) for each u € Q2.

Lemma 3.3 We have the following conclusions:
(i) there exists k >0 such that d, > infs, Jr >0, where S, :={u € E* : ||u|| =«};
(ii) for each u € Nz, |lu*|| > max{|u~|l,/2d,} > 0.

Proof (i) For each u € E*, it follows that

Tolu) = 3 ul? - - / fR - GUENGUL) 4 4,

lx = yl*

Observe that

G(u(x))G(u(y)) ,
7‘1 dy =o(|lu as u — 0.
/_/I;NXRN x — y|# Y (|| Il )

Hence, we find that there exists a small constant « such that infs, 7, > 0 when |u| = «.
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On the other hand, for each u € 44, there is s > 0 such that s| u«|| = «, and then su €
E(u)NS,.Itis easy to check that 7 (u) = max, g, Jx (V) = Jr (su) according to Lemma 3.1,
so inf 4, J, > infs, Jr > 0.

(ii) Let u € A7, it is easy to see that

o<dr =gl =gl [ SO aray
2 RN xRN Ix s
1 2 _
<L -l
therefore, ||u*|| > max{||u~||,~/2dx} > 0, finishing the proof. a

Following the idea of the proof of [33, Lemma 2.6], we can establish the uniqueness of a
maximum point of 7, restricted to E(u) without proof.

Lemma 3.4 Forany u € E\E™, the set 4 N E(u) has a unique element i, (1), which is the
global maximum of Jr |7,

Moreover, employing Lemmas 3.1 and 3.4, we have the following consequence.

Lemma 3.5 Forany u € E\E™, there exists a unique pair (t, ) with t € (0,+00) and ¢ € E~
such that tu + ¢ € Ny N E(u) and

T (tu + @) = max Jr(w).
weE u)
Lemma 3.6 The functional Jy is coercive on Ny for each > 0, that is, J (u) — +00 as

[|z]] = +o0.

Proof Arguing by contradiction, we may assume that there exists a sequence {u,} C
A% such that J,(u,) < C for some C > 0 as ||u,|| — +00. Set w,, :
Lemma 3.3(ii), we obtain [|u}:|| > ||z, |, [[wi[? > [lw; |1 and ||w}[* >

HZ—””, then using
n

. In the following

N= ]

we show that there exist a sequence {y,} C Z", R >0, and § > 0 such that

/ i dx > 5. (3.2)
Br(yn)

If this is not true, Lemma 2.2 yields that w!, — 0in L1(RN) for g € (2,2}). From Lemmas 2.1
and 2.3, for each 6 > 0, we obtain

GOw;)G(Ow]) . 2
[, SO vy < ot [, + o 22— o

Hence, we derive from the above fact that

1 2 oW )GOW!
CZjn(GW;)z592||w;||2—%//RNXRNdedy

lx — y|#

0 0?
___// (W)d dy »> —,
RN xRN Ix y* 4

which is impossible since 6 is arbitrary. Therefore, we get that (3.2) holds.

Page 10 of 24
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We define ,(x) := u,(x + y,), and then w,(x) := w,(x + y,). So, we infer from (3.2) that
W' — w* #0. Note that i1, (x) = Wy (x)||iL, |, thus i,(x) — +oc a.e.in RN as ||it,|| = ||u, || —

+00. Taking advantage of Fatou’s lemma, we get

||Mn|| ENGRN -yl
// G(un G(un) dxdy
T lal? JSavay Jx- Y+
G(u,) G(u, G G -
:/f (#4) (Mzdxdy:/f G#n) (unz)| i e dy
RN xRN X — y[# [|ot | BN SN [x— Y11 ik,

G(u, G(uy,) .
2/ |:/ (i) dy] fuz)|wy,|2dx—> +00,
[iin70] L/RN [ = y[H |22,

where [i1, # 0] denotes the usual Lebesgue measure of the set {x € RN : iz, (x) #0}. Thus,

/ / G(u,)G(uy) Cu)Gltn) 4 gy
2||H 12 ) Jensmn -yt Yl

// Gu)Gw,)
=3 2||un||2 I P '

So, we obtain a contradiction. The proof is completed. d

we have

Tx(un) 1
=i = ||——|| A

[ )

In the following, we introduce the method of generalized Nehari manifold developed by
Szulkin and Weth [33]. For this, define the mapping

Wiy : EN\{0} - A, and m, = nig s+,

with the inverse of m, being

+

m N> St mw) =

I’

where S* = {u € E* : ||u|| = 1}. From now on, let us consider the reduction functional/f,, :
E*\{0} — R and the restriction I, : S* — R given by

To() = Ta iz @) and Iy =Trse,
which are continuous by Lemma 2.8 in [33]. The following result establishes some signif-
icant properties involving the reduced functionals T, and I, which play a crucial role in

our arguments. And their proofs follow the proofs of [33, Proposition 2.9, Corollary 2.10].

Lemma 3.7 We have the following important results:
(@) T, € CHE*\{O},R) and for u,v € E* and u #0,

B =N 7 )
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(b) I; € CY(S*,R) and for each u € S* andv € T,(S*) ={w € E* : (u,w) = 0},

(0, v) = |7 0) | (T (it @) v).

(¢) {un} is a (PS)-sequence for L if and only if {m, (u,)} is a (PS)-sequence for Jy .
(d) u € S*isa critical point of I, if and only if mi, () € Ny is a critical point of Ty
Moreover, the corresponding values of I, and [J, coincide and

i;lf[n = 'i/rgj,, =dy

Furthermore, in view of Lemma 3.5, the ground state energy value d, has a minimax
characterization given by

dr =inf J; = inf max J;(v). (3.3)
N u€E*\{0) yeE(u)

The existence result of ground state solutions of problem (3.1) is the following:

Lemma 3.8 Assume that (V) and (g1)—(gs) hold. Then problem (3.1) has at least one
ground state solution.

Proof We note that Lemma 3.3 shows that d, > 0. If u € .4, with J, (4) = d, it is easy to
see that m;!(u) € S* is a minimizer of functional I,;, and hence it is a cr1t1ca1 point of ;.
Then, u is a critical point of the functional 7, according to Lemma 3.7. In the following, we
want to prove that there exists a minimizer # € .45 such that J (i) = d. Indeed, applying
Ekeland’s variational principle, there exists a sequence {v,} C S* such that I,.(v,) — d,
and I/, (v,) = 0 as n — o0. Set u,, = M, (v,) € Ay for all n € N, then from Lemma 3.7 we
can infer that J (u4,) — d, and J.(u,) — 0. Moreover, Lemma 3.6 shows that {u,} is
bounded. Next we claim that

lim sup / |, dx > 0.
By

n—)ooye]RN

If not, Lemma 2.2 yields that u, — 0 in LY(RN) for any g € (2,2}). Hence, according to
Lemma 2.3, we deduce that

xRN |x y|“

and we also have

dﬂ +0n( ) jﬂ(un - _<j (M,,) Mn)

:_//RN ) ity — Glan)] dxly

xRN |x J’|“

= On(

Evidently, this is impossible since d,, > 0. Thus, there exist {y,} C Z" and § > 0 such that

/ |42 dx > 8.
)

Bl+«/17(y”
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We define i, (x) = u,(x + y,), then it follows that

/ |it,|* dx > 6. (3.4)
Bl+«/ﬁ(0)
According to the periodicity condition, we can conclude that ||z, || = ||u,| and

Tr(ty) > dy  and T, (i1,) = 0. (3.5)

(RN) for q € (2,2%),
and iz, (x) — #(x) a.e. on RN, Hence, combining (3.4) with (3.5), we know that & # 0 and
J. (1) = 0, which implies that &z € 47 and J (&t) > d

On the other hand, it follows from (gs) and Fatou’s lemma that

Passing to a subsequence, we get that i, — i in E, it, — @ in L _

= Jim | 710) - 3725, )|

G (i)
= li ~ n)Un n
e 2 //me o yw[g(” Vit = Glin) | dedy
G(u)
— G dxd
- //RNxRN ey (807~ G)] dxy

| -~ -
T (i) = E(J;(u), it) = T (@),
which shows that 7, (i) < d,;. Thus, J;(%t) = d, and # is a critical point of 7, which

implies that # is a ground state solution of problem (3.1), completing the proof of the
lemma. O

4 Proof of Theorem 1.1
4.1 Existence of ground state solutions
In the following we will give a proof of the existence of ground state solutions for problem

(1.1). As before, we define the associated generalized Nehari manifold
N = {u € E\E™: (ﬂ(u),u) =0and <\7€/(u),g0> =0,Vp € E‘}

and the ground state energy value
de = glyf Te.

We also define the mapping
e : EXN[0} = A, and m, = m|s,

with the inverse of . being

+

m;l s N — S, 1(u)—

llat |l
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Then, the reduction functional 7, : E*\{0} — R and the restriction I, : S* — R are defined
by

T.(w) = O (e (w) and I =T|s.

Employing the same arguments explored in Sect. 3, we can check that all relevant conclu-
sions in Sect. 3 remain true for J,, d., 4¢, mie, mg,'I:, and I, respectively.
Similar to the proof of Lemma 3.5, we can conclude that for every u € E\E~, there is only

one point in ¢ N E(u), and then there exists a unique pair £ > 0 and ¢ € E~ such that

Je(tu + ¢) = max J.(v)

veE(u)

and

0<d.=infJ. = inf max J.(v).
Ne u€E*\{0} veE(u)

Consider the limit problem

(A + V()u = M(O)z[ / Gw)
R

—_dy|g(u), xeRN. (4.1)
N —yl#

Moreover, for convenience, we denote Jo = Jum), do = damo), and Ao = o)

In the next step we shall establish an important relation between d, and d.
Lemma 4.1 lim._,qd. = d.

Proof Letd,, = J.,(u,) be the ground state energy of J;, for u,, € E. From Lemma 3.5, we
can deduce that there exists a unique pair (¢,, ¢,) with ¢, € [0, +00) and ¢, € E~ such that
Ll + @, € A and

Jo(tuts), + u) = max Jo(u).

uekE(uy)

In view of the definition of dy, we conclude that

do < Jo(tnths; + ou)

= u7ey, (tnu:q' + %)

M(Gny G(t, u +‘pn)M(€nx)G(t u +(/)n)
+ - dxdy
RN xRN e — y|#
M * n M n * n
B _/f (0)G(tnu;, () + 9u(W)IM(0)G(L,1s), + @ )dxdy
RN xRN [ — y|*
<d o / M(e,y) Gttty + )M (€,%) Gttt + @) dxdy
RN xRN o — y|#
1 // G(tntsy, + @) M(0)G(tnts;, + ¢n) drdy.
RN xRN | — y|#

Page 14 of 24
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Letting €, — 0 as n — 00, for each n € N we have M(e,x) < M(0), therefore, combining
with the above inequality, we obtain dy < d.,, for any n € N.

On the other hand, employing Lemma 3.8, we can conclude that problem (4.1) has a
ground state solution u#y. According to Lemma 3.5, we know that there exist ¢, € [0, +00)
and ¢, € E~ such that ¢,uf + ¢, € ¢, and

max Je,(u) =T, (t,,ug + (p,,) >d.,>dy>0, VmeN.

ueE(ug)

Moreover, by Lemma 3.2, the sequence {¢,u + ¢,.} is bounded. Thus, we can assume that
t, — to and ¢, — ¢ in E~ and

den =< u7en (tnug + Qon)-
Therefore, applying Fatou’s lemma, we get

do = liminfd,, <limsupd,, <limsup J,, (t ug + <py,)

n— 00

n— 00 n—0oQ

< lim sup[ e2ug)’ - —||<pn||2

4 // Eny G(t Mo + (Pn)M(Enx)G(tnua + (pn) dxdy]

RN xRN e —y|#
_to Huo ” - —||<.0||2
Gltouy + ¢(x))G(toug + ) dxdy
RN xRN e —y|#
= Jo(toug + @) < Joluo) = d,
which implies that lim¢_, o de = dj, ending the proof. O

From the above discussion, we obtain the conclusion Jy(touj + ¢) = Jo(uo) = do, hence
toug + ¢ and u, are elements of .4g ﬁf(uo). Applying Lemma 3.5, we can deduce that there

is only one point in .44 ﬁf(uo), thus touj + ¢ =upand t, - th=1, 9, =~ ¢ = 15.
Lemma 4.2 There exists €y > 0 such that for any € € (0,¢€y), we have d. < d,,.

Proof First, we can obtain that M(0) > M from the assumption (M). So it is easy to see
that dy,, > do. Using Lemma 4.1, we find that there is €y > 0 such that d. < dy,, for any
€ €(0,¢p). O

Now we give the existence result of ground state solutions of problem (1.1) as follows.

Lemma 4.3 Assume that (V), (M), and (g1)—(ga) hold. Then problem (1.1) has a ground
state solution for each € € (0, ).

Proof Following the proof of Lemma 3.8 and using Lemma 3.7, we have to prove that there
exists u € A, such that J(#) = d.. Observe that, by Lemma 3.7, we know that there exists
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{un} C A< such that J (u,) — d. and J!(u,,) — 0, moreover, up to a subsequence, we can
assume that %, — u in E. Evidently, J/ () =
In the following we show that u# # 0 and 7, (#) = d.. It follows from Lemma 3.3 that

0,(1) = <\7g/(un)’ u;)
M(ey)Gun()) , .
- ), dxd
i P- f[ M(ex)g(u i ey

x =yl
M(ey)G(u,
>2d, — // (€)Glu (y))M(ex)g(u,,)u; dxdy,
RN xRN lx — y|#
which implies that

M n
// (€9)G(u @))M(ex)g(un)u; dxdy > 2d, > 0.
RN xRN |x y|ﬂ

Therefore, there exist a sequence {y,} C Z~, R >0, and § > 0 such that
/ |u; |2 dcx>68, VmeNlN. (4.2)
Br(yn)

Otherwise, according to Lemma 2.2, we directly get a contradiction.

We claim that the sequence {y,} is bounded in RN, Arguing by contradiction, we assume
that {y,} is unbounded and |y, | — +00 as n — co. We set w,,(x) := u,,(x +y,), then w, — w,
and (4.2) implies that w # 0. For any ¥ € C°(RN), computing directly, we have

0,(1) = < (un) Yx- yn)>
- / [ A 20 Y (= ) + V)it @) (x — )]
)
o |x—| D) gt - ) ety ws)

_ / [ A wa)¥ () + V(e ()] ds

n G n
// Mey + €yn) Gwn(7)) M(ex + €y,)g(w,)¥ dxdy.
RN xRN lx — y|*

Taking the limit # — +00, we obtain

[ Learwy - vamplar- [[ 22O gy ardy

BN x—ylr

= (TLw), ) =0, Ve CP(RN).

From the density of C;°(RN) in E, we derive that

Mo G(w)
-A)* dx - —— Mo, dxd
/RN[( A"+ Viwg [ dx //waw v =yl Moegle)f iy (4.4)

=(TLw),9)=0, V¢ €L,
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which implies that w is a nontrivial solution of problem (3.1) with 7 = My, and w € A,
It follows from Fatou’s lemma that

Ao < Tt W) = Tt (W) — (jMoc (w), w)

1 MyG
2 / /RN MG o Tewpw - Glw)] dwy

xRN |x—y|“

M (eny)G(wn)
< hnrglogfz ,/:/RNX]RN P M, (e nx)[g(wn)wn - G(Wn)] dxdy

= liminf = // Mley G(u")M(ex)[g(un)un - G(un)] dxdy
RN xRN

n—oo 2 |x_ |M

—11m1nf[$(un) - 1( T (), ”n)]
= d€1

where M, (¢,x) = M(€,x + €,y,) and M, (€,y) = M(€,y + €,Y,). Thus we deduce that dy,, <
d. for all € > 0. However, according to Lemma 4.2, we know that d, < dy;, for € < €g, a
contradiction. Thus, {y,} isbounded, and then there is Ry > 0 such that B, , /x(y:) C Bg,(0)
for all 7 € N, so we have

f |u,,|2dx2/ |u,,|2dx28,
Bg, (0)

0 BH\/ﬁ(yn)

which shows that #, — u in E and u # 0. By repeating the arguments leading to (4.3) and
(4.4), we know that u € 4/ is a nontrivial solution for problem (1.1), thus, d. < J: (u).
On the other hand, on account of Fatou’s lemma, we conclude that

d. = liminf|:‘7e(un) - %(Z(un); un>:|

n—00

=liminf - // M(ey)G( u")M(Ex)[g(un)un - G(un)] dxdy
RN xRN

n— 00 |x_ |M

2 M(ey)G(u) )
- /-/l;{NxRN oc — y|© M(ex)[g(u)u G(M)]dxdy

= Je(u) - 5(.1’(%), u)
= TJe(u).

Consequently, d. = J. (), which implies that u is a ground state solution of problem (1.1),

ending the proof. O

4.2 Concentration of ground state solutions
We now shall prove the concentration of the maximum points of the ground state solution
u. obtained in Lemma 4.3. Furthermore, the completed proof of Theorem 1.1 will also be

given. Our aim is to show that if x, is a maximum point of |u.|, then

lirrg)M(exe) = M(0).

Page 17 of 24
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In other words, we have to show that if €, — 0, then, for some subsequence, €,x., — z for
some z € ./, where

M ={x RN : M(x) = M(0)}

is the set of the maximum points of M(x).
Let {e,} C (0,€0) with €, — 0 as n — o0, and we denote u, := u.,. Then we get the

following relation:
\75/,,, (un) =0 and \7@1 (un) = de
Using a standard argument, we can deduce that {u,} is bounded.

Lemma 4.4 There exist {y,} C ZN and constants R > 0, § > 0 such that

f i de> .
BR(yn)

Proof Ifitis not true, then, using Lemma 2.2, we get u; — 0in L1(RN) for g € (2,2}). Fur-
thermore, from (2.3), Lemma 2.1, and Hardy-Littlewood—Sobolev inequality, we obtain

M(Gny)G(Mn) .
0= fANXRN |x — y|lt (6 x)g(un)un dx dy

G(uy,
< M(0)? f f (14,) gl dredy
RN xRN |% — |"

-0

This, together with the fact that u, € .4, leads to ||z};|| — 0. Evidently, this is a contra-
diction since ||u} || > +/2d > 0, finishing the proof. d

Lemma 4.5 The sequence {€,y,} is bounded in RN and lim,_ €nyn=2€ M.

Proof Set v,(x) := u,(x + y,), then, up to a subsequence, we have v, — v with v #0. In the
following, we show that the sequence {e,y,} is bounded in RN. Otherwise, we suppose
that |€,y,| — 00 as n — 00. Observe that i, is the ground state solution of problem (1.1),
and then we obtain the following fact:

M, (Gny)G(Vn)

08 Vo, = | [ MV

dy]Mn(enx)g(vn), xRN, (4.5)

where M, (¢,x) = M(€,x + €,7,), and we also have the energy relation

My (€2%) G (V)M (€4Y) G (V)
5l =l -5 [ PHERSEIRenEE g,

= l76n (1)

eny) (n)

5;1
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Moreover, since M,(e,x) — My, due to the fact v, — v, for any ¢ € C°(RY), we can
deduce that

MG
/ [(—A)"‘vq) + V(x)vd)] dx — // 7(1))Moog(v)¢> dxdy =0.
RN RN

xRN |x—y|“

So we can see that v € 4, which is a nontrivial solution of problem (1.1) with 7 = M.
According to Fatou’s lemma and Lemma 4.1, we obtain

it = Tt ) = Tt )= (T 1Y)

//RN G(V(y)) g(v)v - G(V)] dxdy

xRN |x J’|“

<liminf — // M, (Eny)G(Vn(y))Mn(Enx) [g(vn)vn - G(Vﬂ)] dx dy
RN xRN

— 123
n—00 [ =yl (4.6)
< liminf — // M) G, (7)) M(enx)[g(un)un - G(un)] dxdy

n=>00 2 JJrNypN - ylH

= hnfggolf[\jen () — E(\Z/n (Un), un>:|

=liminf 7., (u,) = lim d., = do,
n—00 n—00

while dy < dy,, from Lemma 4.2. So, we get a contradiction. Thus {¢,y,} is bounded, and,
passing to a subsequence, we may assume that €,y, — z. Similar to the above discussion,
for any ¢ € E, one has

f [( A¥viy + Vix le dx //]RN o Al/ic(Z)jI(:) (2)g()r dxdy = 0.

Evidently, we know that v € .4y, and it is a ground state solution of the problem

M@GY)) ,

A v+ V(x)v= [ AN Pa—T?

i| (2)g(v), xeRN. (4.7)

Similarly, we can show that d(,) < dj according to the above argument. Using assumption
(M), we know that M(z) = M(0). Hence, we get that

lim €,y,=z and ze .Z,
n—00
completing the proof. g

Lemma 4.6 The sequence {v,} converges strongly to v in E, and there exists C > 0 such that
Wulloo < C forall n € N, and v,(x) — 0 as |x| — oo uniformly in n.

Proof First, following the arguments used in [42], we can derive that v, — v in E. More-
over, Lemma 4.5 shows that v, satisfies the following equation:

My (€ny)G(Vn)

=A)v, + V(x)v, = [ N "y

dy]Mn(Enx)g(vn), xRN,
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Next we need to claim that there exists C > 0 such that

H: Mn(eny)G(Vn)
RN

<C. (4.8)

Employlng Hardy-Littlewood—Sobolev inequality, we observe that forany y > N/u, ifw €

L= W*N , then

=CWN, /A,V)IIWII .

*ILV +N

— kW
HI "

Hence, together with Lemma 2.1, for any y > N/u, we deduce that
G(va
/ (V) dy
RN X —y|#

Letting y — +00, due to the boundedness of M, we can see that (4.8) holds.
Forany L >0and 8 > 1, let

=< Clivall <cs.
(N- u)y+N

14

Vi Vn(x) <L,
L, v,(x)>1L.

We define the function

1
r(vy) =rpp(ve) = V,,VL(f )eE.

Since r is increasing in (0, +00), we obtain
(k=1 [r(k) - r(l)] >0 foranyk,/eR".

Set

|t

P(t):t7 and Q) = / (¥(0)? de

For each k,/ € R, without loss of generality, we may assume that k > /, and then Jensen
inequality yields that

k
Pk =D[r(k) = (D] = (k = O[r(k) - r()] = (k=) /1 Y (¢)de

k k 2
:(k—l)/l (Q/(t))zdtz[/l Q/(t)dt} .

Similarly, we can conclude that the above inequality is also true for the case k <. There-
fore

P'(k-D[rk) - r()] = |Qk) - Q)|* foranyk,leR. (4.9)
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Using (4.9), we derive

Q@) = Q)| < (@) = V) (V2 ) @) = (22 ) )] (4.10)

2(8-1)

Combining with (4.5) and (4.10), and taking r(v,) = v,v;, ', we can conclude that

() f Vv, dx
RN
(Vn - V,,(y
//RNXRN |x y|N+2o{ [( ”VL n )(x) (VnVL " )(y)] dxdy
+/ V() val*v; (ﬁ Y dx
n(€ny) (Vn)M ) dd
RN «RN |x y|u n(énx)g(vn)vnan x dy.
Since
(B-1)

1
L(v,) > EVWVL,,, ’

in view of Lemma 2.1, we get

2 1)’ (B-1)
27\ 5 r|vavi,

On the other hand, using (2.3) and (4.8), it follows that

[QUW]2ss = cs]| QW) (4.11)

2*’

”V”VLn ”2* <C:B / |Vn|qVL

Letting wy ,, := V,,V(L’? . Y on account of Holder inequality, we infer that

q-2 2

2 2 2 % ok o

”WL,n||2* <cop [Va|“ dx (W ul% dx ’
“ RN RN

22}

m € (2,2%). Moreover, from the boundedness of v, we derive

where of

2 2 2
Wenllze < c10B”IWenllgs- (4.12)

Observe that if vn € L% (RN), using (4.12) and the fact that v, , < v,, we obtain

2
w2 5c11ﬁ2( / vl dx) " <o0. (4.13)
R

Letting L — +00 and taking the limit in (4.13), by Fatou’s lemma, we have

L1
IVl gos < cloBP 1Vallgozs (4.14)

.
whenever v,,”* € L}(RN).
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We set B := 2 5 1 and note that v, € L% (RN), so the above inequality holds for the case

of 8. Then, obsuerving that B20 = B2, we know that (4.14) holds with g replaced by 8.
Therefore, we obtain

1

(F+-7)
72
”Vn”ﬂsz,j <cp3 B

B B2

2
# ”Vrl”ﬁZaojF =Cu

(3+3%)
B N ullgog-

Using iteration and recalling that fo := 2%, we can infer that for each m e N,

m
i=

1 .
150 m L
Wallgmag < cpa P g=

Vil - (4.15)
Letting m — +00 and recalling that [|v,[l3z < K, we have
valloo < €76 B7K < o0,

where

o0 oo .
1 i

o] = — <00 and oy:= — < o0.
ﬂl 1

i=1 i=1

Finally, by using a similar argument as in [3], we can conclude that v,(x) — 0 as |x| — oo
uniformly in #. This proves the lemma. g
Lemma 4.7 There exists v > 0 such that ||v,||c > v forall n € N.

Proof Arguing by contradiction, we assume that ||v,|l« — 0 as n — oo. Then according
to Lemma 4.6, it is easy to see that v = 0, which implies a contradiction, completing the
proof. d

Now we are in a position to finish the proof of Theorem 1.1.

Proof of Theorem 1.1 (completion) Assume that p, is a global maximum point of |v,(x)]
for each n € N, then

[va(pn)| = max v, (@)]-

Since v, (x) = u,(x + y,), we see that s, = p, + ¥, is a maximum point of |, (x)|. Lemma 4.7
shows that there exists v > 0 such that

|V,,,(p,,,)| >y forallmeN,

which implies that the sequence {p,} is bounded. So, we conclude from Lemma 4.5 that
€nSn = €uPp + €nYn — 2 € M.

Consequently, we have

lim M(e,s,) =M(z), ze . #.

n—00
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Furthermore, following the proofs of Lemmas 4.5 and 4.6, we know that u,(x + s,,) con-

verges to a ground state solution v of the following limit equation:

G
(=A% + V(x)v = M(0)? |:/ & dy]g(v), xeRN,
RN | —y|*
finishing the proof of all conclusions of Theorem 1.1. g
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