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xeR" (0.1)

where Apu=div(|VulP?Vu), 1 <p <N, >0,and
T<m<p<ap<qg<ap*= %. The functions V(x), h; (x), and h;(x) satisfy some
suitable conditions. Using variational methods and some special techniques, we

prove that there exists Ao > 0 such that Eq. (0.1) admits infinitely many high energy

solutions in W'P(RM) provided that A € [0, Ao].
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1 Introduction and main result
In this paper, we are interested in the existence of infinitely many solutions to a class of
quasilinear Schrodinger equations with a parameter « and a concave-convex nonlinearity

—Apu+ V()| ulP 2 — Ap(|u|2"‘)|u|2“‘2u = M ()™ 2w+ (%) || T 2w,

xRN, (1.1)

where A, u = div(|VulP2Vu)(1 < p <N) and a > % is a parameter.
For the case p = 2, a = 1, solutions of (1.1) are standing waves of the following
Schrédinger equation:

iz, = =Nz + W(x)z— I (1z1°)z - Ag(121*)g (1217)z,  x« € RN, (1.2)

where z: R x RN — C and W : RY — R is a given potential, /;,g : R* — R are real func-
tions.
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It is well known that the standing wave solutions of the form z(z, x) = exp(—iwt)u(x) sat-
isfy (1.2) with g(s) = s if and only if the function u(x) solves the equation of elliptic type

—Au+ V(x)u—A(uz)uzh(u), xeRY, (1.3)

where V(x) = W(x) - , © € R and () = h (Ju)?)u.

Quasilinear Schrodinger equations of form (1.2) appear naturally in mathematical
physics and have been derived as models of several physical phenomena corresponding
to various types of nonlinear term g. The case g(s) = s was used for the superfluid film
equation in plasma physics by Kurihura in [11] (see also [12]). In the case g(s) = (1 + s)V/2,
Eq. (1.2) models the self-channeling of a high power ultra short laser in matter, see [7].
Equation (1.2) also appears in plasma physics and fluid mechanics [20], in mechanics [9],
and in condensed matter theory [18]. More information on this subject can be found in
[15] and the references therein.

For p = 2, several methods can be used to solve (1.1), e.g., the existence of positive
ground state solution was proved in [17, 19] by using a constrained minimization argu-
ment; Eq. (1.1) was transformed to a semilinear one in [4—6, 10, 15] by a change of variables
(dual approach); Nehari method was used to get the existence results of ground state solu-
tions in [16, 22]. Especially, in [13, 15-17, 25], the existence of the ground state solutions
for the following problem with a parameter o(> %):

—Au+V(x)u-— A(|u|2“)|u|2"‘_2u =glx,u), xeRN (1.4)

was studied with subcritical nonlinearities g(x, u).

For (1.4), we find in the literature several types of potentials V(x) to obtain a solution.
Wu in [25] studied Eq. (1.4) considering the subcritical case and a potential V'(x), which
is unbounded in RY and satisfies the following assumption:

(A1) The potential V(x) € C(RY) and 0 < V; := inf,gv V(x), and for each M > 0,

meas({x € RN : V(x) < M}) < co.

In [15-17], Liu et al. proved the existence of a positive solution to problem (1.4) with
V(x) € CRYN), inf gy V(x) >0 and the following conditions:

(A2) limpy o0 V(%) = +00;

(A3) 0< Vy:=inf,cgn V(x) <limpy oo VI(X) = Voo = |Vl 1o @) < 00

(Ag) V is radially symmetric, i.e., V(x) = V(||);

(As) V is periodic in each variable of xy,...,xn.

Similar assumptions also appeared in Severo [24], Ruiz and Siciliano [22], Fang and
Szulkin [8]. By the variational principle in a suitable Orlicz space, do O and Severo in
[3] established the existence of positive standing wave solutions for (1.4) with a concave-
convex nonlinearity and the following condition:

(Ag) 0< Vy < V(x)in RN and V-1(x) € LY(RN).

Recently, Aires and Souto [1] considered (1.4) with « = 1 and the vanishing potential
V(x) at infinity.

Clearly, it is well known that assumption (A4;) or (A) guarantees that the embedding
W12(RN) < L5(RN) is compact for each 2 < s < 2. Similarly, the application of (43) in
[2, 15, 24] shows that the solution is nontrivial.

It is worth pointing out that the aforementioned authors always assumed that the poten-
tial V(x) has some special characteristic. As far as we know, there are few papers that deal
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with a general bounded potential case for (1.1). Motivated by papers [1, 25], in the present
paper we consider problem (1.1) with positive and more general bounded potential V' (x)
by a dual approach and establish the existence of infinitely many high energy solutions
under a concave-convex nonlinearity and different type weight functions /1 (x), s (x). It
is easy to verify that for a general continuous and bounded function V(x), assumptions
(A7) — (Ap) fail to hold. We shall use mountain pass theorem under the Cerami condition
to study Eq. (1.1).

Throughout this paper, we always assume the potential V(x) € C(RV) and the weight
function #,(x) > 0, # 0 in RN, Furthermore, we let C, C;, C,,... be positive generic con-
stants that can change from line to line.

The main result in this paper is as follows.

Theorem 1.1 Assume:
(Ho) 1<p<N,1l<m<p<ap<q<ap*= 21:1[17721;
(Hy) There exist the constants Vo, Vi > 0 such that Vo < V(x) < Vi for all x € RN,

(Hy) hy € L°(RN) with o = 2jljf’m;

In addition, suppose that one of the following two hypotheses holds:
(H3) Iy € LY (RN) N Cloc(RN \ {0}) with y = 5222

20lp*—q’
(Ha) ha(x) € LT, (RN) N Cioc(RN \ {0}) with v = 5222, and hy(x) — 0 as |x| — oo;

2ap*-q
Then there exists a constant Ao > 0 such that for all A € [0, Ao], Eq. (1.1) admits infinitely
many high energy solutions in u,, € W*?(RN) such that J(v,) — 00 as n — oo, where v, =

fWu,) and f(¢) is defined by (2.5) later.

Remark 1.2 Assumptions (H3) — (H4) are independent. For example, let 0 < t < N/y and
k > N, then the unbounded function

|| 7%, 0<|xl <1,
hy(x) = (1.5)
k .
exp(=|x[~| sin [zx[|7), |x] > 1,

satisfies (Hs), but /;(x) / 0 as |x| — co. On the other hand, the unbounded function
hy(x) = |x|7%, x € RN \ {0} satisfies (Hy), but fails to verify (H3).

Remark 1.3 Whenp =2, =1,1=0,and &, = u >0, problem (1.1) becomes
~Au+ V)u— A(|ul®)u = pwlu"u, xeRN, (1.6)

with 4 < g < 22*. The authors [15] proved that for any u > 0, Eq. (1.6) has a positive solu-
tion under assumptions (A;) — (As). Fang and Szulkin [8] also established the existence of
infinitely many solutions to (1.6) provided that V(x) satisfies (4s). Clearly, if V(x) is con-
tinuous in RN and verifies (45), then V(x) satisfies (H;). Theorem 1.1 shows that there are

infinitely many solutions to (1.6) if (H) is true.

This paper is organized as follows. In Sect. 2, with a convenient change of variable, we
set up the variational framework for (1.1). In Sect. 3, we verify that the energy functional
associated with (1.1) satisfies the Cerami condition. In Sect. 4, the geometric conditions
of the mountain pass theorem are verified, and the proof of Theorem 1.1 is given.
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2 Variational setting of the equation
Let E = W?(RN) be the Sobolev spaces with the norm

1/p
llullg = (/RN(WW + V(x)|ul”) dx) . (2.1)

By hypothesis (H;), it is equivalent to the standard norm in E. It is well known that there
is a constant S > 0 such that

plp*
S( f M dx) < f |Vvl?dx, Vve CP(RY). (2.2)
RN RN

From the approximation argument, we see that (2.2) holds on E.

We observe that the natural energy functional associated with Eq. (1.1) is given by
1 -11,(2a-1) 1
I(u) = — (1+(2a)p |u| 1”)|Vu|pdx+ - Vx)|ul? dx
P JRN P JRN
- / G(x, u) dx, (2.3)
RN
where
Gx,u) = / g(x, ) dt, g, 2) = My ()|t 72t + ha (%) |£]77%¢, VEteR. (2.4)
0

It should be pointed out that the functional I is not well defined in general in E. To
overcome this difficulty, we employ an argument developed by Colin and Jeanjean [6] for
the case p = 2 and Severo [24] for 1 < p < N. We make the change of variables u = f(v) or
v =f~1(u), where f is defined by

f(®)= ﬁ h(e) = (1+ QP f @), t>0,£(0)=0 (2.5)

and by f(t) = —f(~£) on (—00, 0]. Then we have the following.

Lemma 2.1 The function f(t) satisfies the following properties:
(f1) f is uniquely defined, odd, increasing, and invertible in R;
(L) 0<f'(t)<1,VteR;

(B) (O] < |t], Ve e R;
() .
(fa) fT —1last— 0
() IF(O)] < () V2P |22, v € R
(fe) 3/(&) < atf (1) < af (1), Vt € R* = [0,00) and af (t) < atf'(t) < 3f(t), Ve € R™ =

(—OO, O]r
(fy) There exists a € (0, (2a)"?*?] such that tflﬁgl — aast— +00;
(fs) There exists by > 0 such that

bolt| iflt] <1,
bolt|'* if|t] = 1;

If@)| =
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(f5) For each t > 0, there exist C(t) =nift =nand C(t)=n+1ift e (mn+1),neN
such that

vVt e R. (2.6)

[f(zo)] <

Proof The proof of properties (f;) — (fs) can be found in [24](for the case 1 < p < N and
« = 1) and in [25] (for the case p = 2 and s<a=<1).Forthecasel<p<Nanda>; L the
proof of (f;) — (f3) is similar and omitted. Here we prove (fy). Note that

tds
SO = fo ) t>0. (2.7)
Then
2t ds 2t ds
Fe0= I e / W T ne 28)
For the second integral in (2.8), we take s = ¢ + & and /(s) > (1 + (2a)?!|f(&)[PCe-D)lp,
Thus,
tds tdE

Similarly, we have f(nt) < nf(¢) for t > 0 and n € N. Since f(¢) is odd and increasing in R,
we obtain (2.6). 0

So, after the change of variables, we can write /() as

JW) =1(f(v)) = }7 /H;N Vv dx + }9 /]RN V(x)[f(v)|p dx - /RN G(x.f(v)) dx, (2.10)

which is well defined on E under assumptions (Hp) — (Hy).
Asin [24], we observe that if v € W (RN) N L (RN) is a critical point of the functional
J, that is, J'(v)p = 0 for all ¢ € W?(RY), where

J(W)e = / |VvIP2VyWVo dx + / V@)|f(v) |”‘2f(v)f/(v)go dx
RN RN
- /R SEFO)f ez, 2.11)
then v is a weak solution of the equation
-A,v=-V(x) V(V)|p72f(v)f/(v) +g(xfW)f'(v), xeRY, (2.12)

and u = f(v) is a weak solution of (1.1). By using Theorem 1 in [23], we can conclude that

v is locally bounded in RY. So, we consider the existence of solutions to (2.12) in E.
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3 The boundedness of the Cerami sequences
To obtain the existence of solutions to problem (2.12), we need to prove that the functional
J defined by (2.10) satisfies the Cerami condition.

We first recall that a sequence {v,} in E is called a Cerami sequence of J if {J(v,)} is
bounded and

.— 0 asn— oco. (3.1)

(L+1valle) |7/ )

E

The functional J satisfies the Cerami condition if any Cerami sequence possesses a con-
vergent subsequence in E

Lemma 3.1 Assume (Hy) — (Hy) and hy > 0 in RN. If {v,} C E is a Cerami sequence, then
{v,} is bounded in E.

Proof Without loss of generality, we assume v, # 0 for all n € N. Set ¢, (x) = J{,((V”(x)) Then,

vn (%)) *

using (f;) and (f5) in Lemma 2.1, we have

|<pn(x)| < 2a|vn(x) , |V¢>n(x)| < 2|an(x)| inRY and

lonlle < 2cllvalle VmeN.

Since {v,} is a Cerami sequence in E, there is a constant C; > 0 such that

1
Cl > ](Vn) - g]/(vn)(/)n

1 2« » (1_1) p
Z(p q)/RN|VVV,| dx + > 7 /RNV[]‘(V,,H dx

11 m
+A<———>/ I |f )| dx
q m RN
1 2« 1 1
> <— - —) IVvally —)»<— - —>|Ih1||a||VVnIIZ~ (33)
r 4q q

m

This estimate and the assumption m € (1, p) prove that {||Vv,]|,} is bounded. Moreover,

1, 20 -1 /
G2 )= o O = ot /R (V@ Ve[ dx

1 1 m 1 1 q
+)»<2p—a - Z) /Rthf(vm dx + (27& - 5) /Rthva dx

200 —1 1 1
> Z—IIMnIIIZ- - k(— - —) 1116 Vvl (3.4)
po m  2po
where u, = f(v,,). Then {f]RN V|f(v,)I? dx} is bounded and so is {A%}, where
AP =/ (IVvul? + VI|f(w)[") dx, VneN. (3.5)
RN

In the following, we show that there exists a constant Cy > 0 such that

/ (IVval? + V@) f(vi)[) dxe = Collvulle, ¥neN. (3.6)
RN

Page 6 of 17
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We argue by contradiction and assume that, up to a subsequence, v, € E such that

A= [ (90« V0 ds < (37)

p
Hence, ”:"l’lp — 0asn— 00. Let w,(x) = ”V;‘("‘C)E L fu(x) = V("":(ﬁ?‘p. Then
nllp n nlig

/ |V, P dx + / Vx)fu(x)dx — 0 asn— oo, (3.8)
RN RN
which shows
/ Vo, dx — 0 and / Vx)fu(x)dx — 0 asn— oo. (3.9)
RN RN
Moreover, since
/ (|Va)n | + V(x)|a),,(x)|p) dx =1, (3.10)
RN
we conclude
/ V()| wa ()| dxc — 1. (3.11)
]RN
Similar to the idea of [25], we assert that for each ¢ > 0 there exists o, > 1 independent of
n such that |2, < &, where €, = {x € RN : |v,,(x)| > .} and |2,,] = meas(£2,,). Otherwise,
there are g9 > 0 and subsequence {v,, } C {v,} such that |[2,, | > &, where
Q= {xeRY |y, ()| >k}, VkeN. (3.12)

By (f3), one sees

ya
a > / VI dr = Vb / vy |5 dx
R

Qe

> Ck## |Q,,| > Ceok¥s — oo (3.13)

as k — oo. This is a contradiction. Hence the assertion is true. Denote Q¢, = RN \ Q,,. For
x € Q¢, we have |v,(x)| < a,. Using (f3) and (), we get

Colva@) < [f (07 va@)[” < [f (va ()

’ xeQf (3.14)

for some C, > 0. Thus, as n — 00,

» 1 DI?
/ V|a),,|1’dx=/ V(x)'vﬂ(x)| dx < Vlf(v)| dx
Qc Qc

P =~ P
vl G Jag il

1
=— | Vfdx—0 (3.15)
G Jag

Page 7 of 17
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On the other hand, from the integral absolute continuity, it follows that there is § > 0 such
that whenever Q C RN and |2] < §,

/QV(x)’a),,(x)‘p dx < % (3.16)

For this § > 0, we have

/ V(x)|a),,(x)|pdx :/ V(x)|a)n(x)|p dx+/ V(x)|a)y,(x)|pdx
RN Qp Q¢

n

< % + fgﬁ V(x)|a)n(x) |p dx (3.17)

Letting n — 00, one sees from (3.11) and (3.17) that 1 < % It is impossible. So, (3.6) is true
and {v,} is bounded in E. O

Since the sequence {v,} given by Lemma 3.1 is a bounded sequence in E, there exist
a constant M > 0 and v € E, and a subsequence of {v,}, still denoted by {v,}, such that
lvalle <M, llvlle <M and

v, —v weaklyinE, v,—v inL} (RY), Vsel[lp"),

(3.18)
va(x) > v(x) a.e. in RV,
Lemma 3.2 Assume (Hy) — (Ha). If the sequence {v,,} satisfies (3.18), then
hm hi(x) [f(vn) dx = / h1(x) [f(v)| dx (3.19)
RN
and
lim / hi (%) [f(v,,)!'n_zf(v,,)f’(v,,)v,, dx = / hi(x) [f V)| f (v)vdx. (3.20)
n—>00 JpN RN
Proof From (3.18), we have f(v,(x)) — f(v(x)) a.e. in RV. Then
/ hllf(v,,) dx — / h1 " dx (3.21)
By

for any r > 0, where B, = {x € RV : |x| < r}, BS = RV \ B,. On the other hand, we see from
Holder’s inequality and (2.2) that

1/o m/2ap*
m o *
[omigonas< ([ e as) ([ )
By B; 2
<8 % |||l o gy IV Vil < S 2% M2 || 11 | o (g) — O (322)
as r — 0o. By Fatou’s lemma, we obtain

f|h1|[f(v)]mdxfliminf/ I |f (vi)|™ dax
Bg n— 00 Bi

< § %8 M3 ||y |10 ge) — O as r — oo (3.23)
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Then, the application of (3.21)—(3.23) gives that (3.19). Similarly, noticing that (f;) and

m
’

[ [F )" F 0 G)va] < I l[f ()
[ |f )" 2f ) ] < Il [f@)[" inRN,

we can derive (3.20). O

Lemma 3.3 Assume (Hy) — (H,) and one of hypotheses (Hs) and (Hy). If the sequence {v,,}
satisfies (3.18), then

lim [ ho)|f(ve)|" dx = / Iy (x) |[f (V)| dx (3.24)
RN RN

n—00

and

im | @) )| ) (v dx = /R @O0 vdx. (3.25)

n—o00 JpN

Proof 1f (H3) is satisfied, we use a similar argument in the proof of Lemma 3.2 to get limits
(3.24) and (3.25). We now assume (H,). Choose ¢ € (0,1) such that g = 2a(pt + (1 — t)p*).
Then

fhzlf(Vn)|qu§/ olval % dx
BS B

M

t 1 1-t
< (/ V|v,,|”dx) (/ |vul? Byt Vo dx)
B Bf

t
<CVy* suplhz(x)}( / V|vn|1’dx) Vv, 1§72
B

x€By.

4q
< Csup|h2(x)|||Vn||1§a

x€BS
< CM3% sup|h2(x)| —0 asr— o0 (3.26)

C
Xx€By.

and

f ho|f(v)|* dx < liminf f ho|f (v,)|* dx
B$ n— 00 Bﬁ

< CM% sup|h2(x)| —0 asr— oo. (3.27)

C
x€By.

Moreover, it follows from (3.18) that for all 7 > 0,

/ holf (v,)|" dx — / holf)|"dx asn— co. (3.28)
By By
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Then the application of (3.26)—(3.28) yields (3.24). Similarly, from (fs), it follows that

/ sl ) [ ) (v i < / o lf ()| da
BE B

< CM 3% sup}hg(x)| —0 asr— o0 (3.29)

C
x€By.

and
/ s 0|20 ()] e < / olf0)| dx
B¢ Bf
< CM 3% sup|h2(x)| —0 asr— oo, (3.30)
x€By
Jim | o T 0)f )y dx = [B half )| f W)f (v dx. (3.31)

Then we get (3.25) from (3.29)—(3.31). Then the proof of Lemma 3.3 is completed. a

Lemma 3.4 Assume that all hypotheses in Theorem 1.1 hold. Let {v,,} be a Cerami sequence
and satisfy (3.18). Then the following statements hold.:
(i). For each ¢ > 0, there exists ro > 1 such that r > r,

lim sup /B , (IVval? + V@) |[f(v)[7) dx < e, (3.32)

timsup [ 90l VG S ) d < (333)
and

lim . V)|f )| dx = /R V@ lfW)|” dx, (3.34)

fim [ V@I 0 Gand= [ V@O0 Ovds 635

(ii). The weak limit v € E is a critical point for functional J.
Proof (i). In fact, for r > 1, we choose the function 1 = n(|x|) € C'(RY) such that

n(|x|)51 x€B;, n(|x|)=0 x€B, and 0<npn<l,

2 (3.36)
IVl < -, inR%.

r

f(vn)

m, is also

Since the sequence {v,} is bounded in E, the sequence {n¢,}, where ¢, =
bounded in E. Hence, we have J'(v,)(n¢,) = 0,(1), that is,

(20 = 1) (20"~ [f (v, PP
/RN |Vv,,|”<1 + (I+ (Za)j—llf(lfn;ll’aa‘l) )ndx+ /RN V) |f (v ndx

:_/ |an|p‘2anVng0ndx+/ g(x,f(vn))f(vn)ndx+0,,(1)‘ (3.37)
RN RN
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For assumptions (H,) — (Hy), we have from (3.22) and (3.26) that

ANg(xrf(Vn))f(Vn)n dx =0,(1) asn— oo.

Hence, limits (3.37) and (3.38) show that

[ a9nir e vlrol s

< 205[ |VVn|p71|Vn||V77|dx+ 0,(1)
Bf

%Y
<— IVl vl dx + 0,(1)
rJBg, B

p-1 1
%Y P r
<— (/ Vv, P dx> (/ [V, [P dx) +0,(1)
" \JBS,\B; B3, \Bf

b P doaM . -
STVO ||v,,||}5+o,,(1)§TV0 +0,(1), asn— oo.

This estimate concludes (3.32). Moreover, limit (3.32) gives

lim sup/ Vix) [f(vn)|p) dx <e,
B

n—00 C
2r

and consequently,

/ Vix) [f(v) ’p)dx <e.
B,

Since v, — v in LP(By,), we get

lim V(x)[f(v,,)’p dx = / V(x) [f(v)!p dx.
By

n—00 BZ
r

Then, for all & > 0, limits (3.40)—(3.42) yield

lim sup <3e,

Hn— 00

[ veeal - o)) ds

and limit (3.34) holds.

In the following, we prove (3.35). We first note that (fs) and (3.38) show

/RNg(xrf(Vn))f(Vn)f/(Vn)Vy,n dx =0,(1) asn— oo.

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

Page 11 of 17
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Then the fact J'(v,,)(nv,) = 0,,(1) implies that
[0+ VOl R0 s == [ 19,20, nw, d
RN RN
+ /Ng(x,f(vn))f’(vn)vnn dx +0,(1)
R
daM -1
< [ Tl ds s 0,0) < SRV wo,)
RN r
This shows that there exists a constant ry > 1 such that

lim sup/ (|Vv,, ”+ Vix) Lf(v,,)|p72f(v,,)f/(vn)v,,) dx <¢
B

s C
100 2r

for r > ry. So,

lim sup / V@) P2 0 v dax < e,
BC

—
n—00 2r

and consequently

/B VO 0)f (v <e.

C
2r

Since v, — v in L?(B,,), we have

lim sup fB V@ @) @) () v dx = /B V)0 0)f v,

n— 00

and then

lim sup
n—00

/R . VE ([f 02 @) avn = [0 F )f ()v) dax| < 3e

for every ¢ > 0. Therefore, limit (3.35) is true. The proof of part (i) is completed.
(if). From (3.18), one sees that as n — 00

/ Vv, [P2Vv, Vo dx — / Vv ViVedx Ve e C(RY).
RN RN
As in the proof of (i), we can derive as n — oo
/R V@@ F 0 w) = [FOF 0 W) pdx — 0
and
| (el ) ) -5 SO W) ds— o
Then, from (3.51), (3.52), and (3.53), it follows

0= lim /o =/ Ol Vo & G (RY).

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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By the dense C°(RY) in E, we have J'(v)¢ = 0, Vo € E. In particular, J'(v)v = 0. Hence, v is
a critical point of J in E. This completes the proof of Lemma 3.4. d

Lemma 3.5 Assume that all hypotheses in Theorem 1.1 hold. Let {v,} be a Cerami sequence
and satisfy (3.18). Then v, — v in E, that is, the functional ] satisfies the Cerami condition
inE.
Proof From J'(v,)v, = 0,(1) as n — 00, we obtain
[ 1w ds== [ V@l 0. 0 ds
RN RN
+ /Ng(x,f(vn))f(vn)f/(vn)v,, dx +0,(1). (3.55)
R
Using limits (3.20), (3.25), and (3.35) together with J'(v)v = 0, we obtain
lim Vv, P dx = / |VvIP dx. (3.56)
n—0o0 JpN RN

The application of Brezis—Lieb lemma in [14] yields
lim |[V(v, - v)|’ = lim / |V (e —v)["dx=0. (3.57)
n—00 P n-sco RN
As in the proof of (3.6), we see that
/ (V@ =) + V@) f vy = W)[)dx = Collva - vIlE, VneN. (3.58)
RN

Clearly, it follows from (3.57) and (3.58) that, to conclude v, — v in E, it remains to

prove

lim V)|f (v, —v)[f dx = 0. (3.59)

n—00 R

Indeed, by Fatou’s lemma, for any r > 0, we have

/ V()|[f0|” dx < liminf / V) f )] dx,
By, n—00 Boy

(3.60)
/ Vix) [f(V)|p dx < liminf/ Vix) [f(vn)|p dx.
B5, e JBs,
On the other hand, from (3.34), one sees
lim/ V(x)[f(vy,)ipdx:/ V(x)[f(v)|pdx,
n—00 By By
(3.61)

lim V(x) [f(v,,)‘p dx =/ V(x) [f(v)|p dx.
BC

n—oo Jnc
BZr 2r

Noticing that the function ¢”(£) > p(p — 20)|f (©)|P~2(f'(£))* > 0 in R \ {0}, we know that
¢(¢) is convex and even in R, where ¢(¢) = |f(£)|. Hence, by (f), it follows from (3.40) and
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(3.41) that

J,

2

VOl -l s [

B

V) ([fual” + [f@v]") dx
< f V) ()] + |[fW)]7) dx < 26 (3.62)

for large n. Since |f(v, - V)| < |v, — V|’ and v, — v in LP(By,), we have fBzy Vx)If (v, —
V)IPdx — 0 as n — oo. Altogether, we get (3.59) and v, — v in E. This completes the
proof of Lemma 3.5. 0

4 Proof of Theorem 1.1
We need the following mountain pass theorem to prove our result.

Lemma 4.1 ([21], Theorem 9.12). Let E be an infinite dimensional real Banach space, ] €
CY(E,R) be even and satisfy the Cerami condition, and J(0) = 0. IFE =Y ® Z, Y is finite
dimensional and ] satisfies

(/1) There exist constants p,t > 0 such that J](u) > v on 0B, N Z;

(J2) For each finite dimensional subspace Ey C E, there is Ry = Ro(Ey) such that J(u) <0
on Ey \ Br,, where B, ={ve E: |v|g<r}.

Then ] possesses an unbounded sequence of critical values.

Proof of Theorem 1.1 Clearly, the functional / defined by (2.10) is even in E. By Lemmas
3.1-3.5 in Sect. 3, the functional J satisfies the Cerami condition. Next, we prove that J
satisfies (J;) and (J5).

From (f5) and Holder’s inequality, we deduce that

/ I |f )] dx < (20) %5 / ] IvI% dax < (20) % ||l V22
RN RN
<Glvig, veE (4.1)
with some constant C; > 0. Similarly, if (H3) is true, then one sees that
q q a
/ | llf @) dx < Qo) =2 i)l IVIE < CilvIE,  veE. (4.2)
R
If (H,) holds, one has
q 5L o o
hal[f )|* do < (20) %7 || 13 || v 8y VI 2 < CulIVIIZ*, v eEE. (4.3)
B

Moreover, it follows from (f3), (f5) and Holder’s inequality that

¢ - 1-¢
/ 'hzlb‘<v>|qusho(/ lf(v>|”dx) (/ ) dx)
B B B
t 1-t
comtin [ [ o)

1

<GV, veE (4.4)
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20p*—q

Sap Clearly, qo > %. Then

with some C, >0 and /g = ||h2”Loc(Bc1'), qo=pt+p*(1-1t¢),t=
(4.3) and (4.4) show that there is a constant C3 > 0 such that

a %
[ il s < s, e <1 @5)
R
As in the proof of (3.6), we can derive
/N(|VV|p +V(x) Lf(V)|p) dx > Collvlip, Vvl <1. (4.6)
R
Then, from (4.1),(4.2), and (4.5), we conclude that
Co, p T =
J(v) > ?HV”E = ABlvIE® = Balvlle®, Vvie<1, (4.7)
where g1 = C1, B2 = min{Cj, C3}. Denote
Co o a_
h(z)zz”(?—kﬁlzm P Byz2e P, 0<z<1. (4.8)

Choose z; € (0,1) such that

C C a_ C
—O—ﬂzz%""z—o—ﬁzzf" P>22 0<z<az. (4.9)
p 2
This is possible since ;= > p. Moreover, let
C, _m
0<A<ho=—2 7%, (4.10)
4pp
Then
C m_ C C
= _ Az > 2 and h(z)> —oz’f =1>0. (4.11)
2p 4p 4p

So, it follows from (4.8), (4.10), and (4.11) that there exist Ao, 7, 0 > 0 such that J(v) > 1
with p = z; = ||v||[g and A € [0, A¢]. Thus condition (J;) is satisfied.

We now verify (J,). For any finite dimensional subspace Ey, C E, we assert that there exists
a constant Ry > p such that / < 0 on Ey \ Bg,. Otherwise, there is a sequence {v,} C Ey such
that ||v,||[g — oo and J(v,) > 0. Hence,

1 ,
= [ 9w e vl e

Z[ G(x.f(vy)) dx

RN

- i m 1 q

= ,/RN hy V(V,,)| dx + q/]RN hZV(v,,)‘ dx. (4.12)

Set w, = ”V"—””E Then up to a subsequence, we can assume w, — w in E, ,(x) = w(x)
n

a.e. in RN, Denote Q = {x € RV : w(x) # 0}. Assume || > 0. Clearly, v,(x) — oo in Q. It
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follows from (4.1) that
vl / I [f )] dx < Crllval 7 0 asn— oo. (4.13)
Q

On the other hand, from (f;), we derive

q
”Vn”Ep/ halfa)|*dx= | hs lf(Vn)J |Vn|%_p0)£ dx—> 00 asnm— o0 (4.14)
Q Q Vy| 20
Therefore,
lim v, / G(x,f(v)) dx = 0. (4.15)
n—0oQ Q
But it is easy to see that
[l s VElrwa ) ds < [ (9w + V) di < vl (16)
RN RN

We have a contradiction from (4.12), (4.15), and (4.16). So, |2| = 0 and w(x) = 0 a.e. on RY.
By the equivalency of all norms in Ey, there exists a constant 8 > 0 such that

1/q
(/NlthIVqux) > Blvlle, YveE, and
R

(4.17)
/ o] |val?dx > B ||vallf, VmeN.
]RN
Hence,
Bl < nlirgo/N |hs||wy|? dx = 0. (4.18)
- R

It is impossible. This shows that there is a constant Ry > 0 such that J < 0 on E \ Bg,.
Therefore, the existence of infinitely many solutions {v,} for problem (2.12) follows from
Lemma 4.1, and so u, = f(v,) is a solution of Problem (1.1) for n = 1,2,.... We finish the
proof of Theorem 1.1. 0
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