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1 Introduction
The existence of solutions for the discrete nonlinear p-Laplacian equations by variational
methods has been a hot topic in the last twenty years and we refer readers to [4, 13, 15,
19, 20] for example. In particular, in [4], Chen-Tang considered the following discrete p-
Laplacian system:

Alpp(Au(n - 1)) — a(n)p,(u(n)) + VW (n,u(n)) =0, nelZ, (L1)
lim,,_, 4o M(}’l) =0, .

where p > 1, g, is the p-Laplace operator, u e RN, a: Z — Rand W : Z x RN — R. When
W (n,x) is an odd function in x, continuously differentiable, and satisfies other suitable
conditions, they obtained that the system has an unbounded sequence of homoclinic so-
lutions using the symmetric mountain-pass theorem. When p = 2, (1.1) reduces to the
discrete nonlinear Schrodinger (DNLS) equation. The DNLS equation is one of the most
important inherently discrete models and plays a crucial role in modeling various phe-
nomena from solid-state and condensed-matter physics to biology [7—10]. In recent years,
the existence of standing-wave solutions for the DNLS equation has attracted some atten-
tion (see [3, 5, 11, 14, 23]). In particular, in [5], Chen-Tang-Yu studied the following DNLS
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equation:

—A?u(n-1) + e(n)(u(n)) — wu(n) =f(n,u(n)), nez,

lim,,_, 400 (1) = 0.

When f satisfies the superquadratic growth condition and the monotonicity condition, us-
ing the method in [6] and [21], they obtained that the equation has a ground-state solution
and a least-energy sign-changing solution, which changes sign exactly once. Furthermore,
they obtained that the energy of the sign-changing solution is twice that of the ground-
state solution. Next, we recall two studies [2] and [21] that inspire our work partially. In
[2], Chang-Wang-Yan studied the following logarithmic Schrédinger equation on a locally
finite graph G = (V, E):

—Au+ax)u=ulogu®, xeV,

where a : V — R. When a is bounded from below and the volume of set {x € V : a(x) < M}
is finite, they used the Nehari manifold method to obtain that the equation has a ground-
state solution. Moreover, when a is bounded from below and 1/a(x) is a Lebesgue inte-
grable function on the set {x € V : a(x) > My}, they also found that the equation has a
ground-state solution by using the mountain-pass theorem. In [21], Tang-Cheng investi-
gated the following Kirchhof-type problem:

—(a+b [o|Vul*dx)Au=f(u), x€Q,
u=0, x €09,

where  is a bounded domain in RN, N = 1,2,3. When f satisfies the supercubic growth
and the monotonicity condition, they used a new energy inequality, the deformation
lemma, Miranda’s theorem, and the non-Nehari manifold method to obtain the same re-
sult as in [5].

In this paper, inspired by [2, 4, 5], we mainly use the method in [21] to develop the re-
sults in [5] to the following discrete nonlinear p-Laplacian equation involving logarithmic

nonlinearity:

—Ala(n - 1)gp(Au(n - 1)) + b(n) g, (u(n))
=c(n)|u(m) |7 2un) n|u(x)|”, neZ, (1.2)

lim\n|—>oo M(Vl) =0,

where 1 < p < g, ¢,(s) = [s|P~%s is the p-Laplacian operator, £ € N*, N* denotes the posi-
tive integer set, a,b,c: Z — (0,400), r > 1, u: Z — R, and Au(n) = u(n + 1) — u(n) is the
forward difference operator. Note that the nonlinear term c(n)|u()|7 2u(#) In |u(n)|” does
not satisfy the monotonicity condition in [5]. Therefore, the situation we studied is differ-
ent from that in [5] even if p = 2. There exist two main difficulties in studying equation
(1.2). One is that the associated functional I of equation (1.2) is not well defined in E,
which is caused by the logarithmic nonlinearity, and the other is that the quasilinearity of
the p-Laplacian operator makes it difficult and complex to establish energy inequalities.
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For the first difficulty, we mainly use the idea in [2] to establish a well-defined space D,
thereby avoiding the case that }_

we use the binomial theorem and the combination number formula, and then by some

nez €M) |u(m)|?1n|u(n)|” = —oo. For the second difficulty,

careful calculations and analysis, establish some useful energy inequalities. We introduce
the following assumptions:
(Cy) there exists a positive constant by such that b(n) > by for all n € 7 and
lim|,|— 400 b(n) = +00;
(Cy) there is a positive constant ¢ such that c(n) < ¢ foralln € Z and ", c(n) < +00.

Next, we define

V= {{u(n)}}qu :u(n)eR,me Z},

E-= {u € V:Z[a(n)|Au(n)|p +b(n)|u(n)|p] < +oo}

nez

and

1

. (1.3)

llul| := (Z[a(n)|Au(n)|" + b(n)|u(n) |”])

ne’z

Then, E is a reflexive Banach space. As usual, let 1 < p < +00 and define

P(Z,R) = {u € V:Z{u(n)|p < +oo}

nez

with the norm

llallw = (Z|u(n>|">’l’.

nez
When p = +00, we define
I*®(Z,R) = {u € V:sup’u(n)‘ < +oo}
nez
with

lllloo = sup|u(n).
nez

Note that equation (1.2) is formally related to the energy functional I : E — R U {+00} that

is defined by
I(u) = }7 Z[a(n)|Au(n) }p + b(n)‘u(n)’p] + % Z c(n)}u(n)‘q

nez nez

_ 611 Zc(n)|u(n)’q1n !u(rz)‘r.

nez
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However, the functional [ is not well defined in E (see Appendix 1). We discuss the func-
tional I on the set

D= {u eE: Zc(n)|u(n)|qln |u(n)|r < +oo},
nez
that is,
1 r
I(n) = —||u||” +—= Z |u(n)’q - = Zc(n)|u(n)’qln |u(n) , VueD. (1.4)
nez 9 nez
Note that
t4~1n |t ot n|e”
A -0 and im =0 (15)

for all n € Z, where ¢ € (g, +00). Then, by (C,), for any given ¢ > 0, there exists a positive
constant C;, such that

c(m)|el T In[e]"] < c(m)e|el?™" + c(m)C, 2]

<coeltP™ +coCelt|*™t, VteR,Vnel. (1.6)
Then, D is the closed subspace of E, I € C'(D,R) and

(I'@),v) =" [a(m)| Aum)|" Au(n) Av(n) + b(n) |u(m) " ulm)v(n)]

nez

- Z c(n) |u(n) |q_2u(n)v(n) In |

nez

Yu,veD. (1.7)

Using Abel’s partial summation formula (also known as Abel’s transformation) in [16] and
the definition of Au(n), we have

Z )| Au( n)|p Au(n)Av(n) = ZA a(n - g, (Au(n - 1)))v(n),

nez nez

which implies that

(I’(u),v) = Z[—A(a(n - l)gop(Au(n - 1)))v(n) + b(n)\u(n)|p_2u(n)v(n)]

nez

_ Z c(n) ’u(n) ’q&u(n)v(n) In |u(n)

nez

" Yu,veD.

According to the above equations, we can derive that (I'(«), v) = 0 for any v € D if and only
if

~A(a(n = 1), (Auln - 1)) + b(m) |ulm) | uln) = cm) |ju(m)| " u(n) In |u(n)|".

Therefore, it is easy to see that the critical points of I in D are solutions of equation (1.2).
Furthermore, if u € D is a solution of equation (1.2) and u* #0, then u is a sign-changing
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solution of equation (1.2), where
u*(n):= max{u(n),O} and u (n):= min{u(n), 0}.
To be precise, we obtain the following results.

Theorem 1.1 Assume that (C1) and (Cy) hold. Then, problem (1.2) has a sign-changing
solution uy € M such that I(ug) = infaq I := m, > 0 and ug only changes the sign once,
where

M= {u eD:ut #0, (I'(u), u*) =0and <1’(u),u_> = 0}.

Theorem 1.2 Assume that (C1) and (C,) hold. Then, problem (1.2) has a solution u € N
such that I(z) = infar I := ¢, > 0, where

N={ueD:u#0and(I'(u),u)=0}.
In addition, m, > 2c,.

2 Preliminaries
In this section, we provide some lemmas that play some important roles in the proofs of

our results.

Lemma 2.1 Assume that (Cy) holds. Then, D is continuously embedded into I“(Z,R) for
any p <k < +09, that is, for all u € D,

1

leellae < bo” Nl (2.1)
Moreover, D is compactly embedded in I“(Z,R) for any p < k < +o0.

Proof For any u € D, when « = p, there holds
1 1
P s o A
lull = (Y bm)|um)|”) =g (D |ut)]”) =55 lulp.
nez nez
When « = +00, we can also obtain that
AV AV AL 1
= (L s0fuf?)” = of (L huonl” )= (suplul”) =6 k. 22
nez nez ne

For any p < k < +00, it follows from (2.2) that

laellfe =Y "u(m)[* =D Jutm)| " |um) [

nez nez

< Nl S Julm)? = Nl ﬁb(m!u(m\”

nez nez
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K=p
<b,”

L1
ol o= el = by el
0

Hence, (2.1) holds.

Next, we prove that the embeddings are also compact. Suppose that {u} is a bounded
sequence in D. Then, there is a subsequence of {u}, still denoted by {u4}, such that uy — u
weakly in D for some point u € D. In particular,

kEIPoo ;Z: 4k = Z ue

neZ

where ¢ € D is defined by

1, m=n,

0, m#n

o(m) =

for any fixed #n. Thus, we have
klim ur(n) = u(n) for any fixed n € Z. (2.3)

We now prove u; — u in [*(Z,R) for all p <« < +00. When « = p, since u € D, according
to the boundedness of {u;} and the definition of || - ||, there appears a positive constant 8,
such that

> ()| u(m) — u(n)|” < 8o

nez

For any given positive constant €1, there is a ny € Z such that ﬁ < &1 as |n| > ng. Therefore,
we can obtain that

3 ) - umf = 3 ﬁb(m)yuk(m —um)[’ < exdo. (24)

[n|>ng |n|>ng

On the other hand, (2.3) implies that limy_, , Zln\srzo lux(n) — u(n)|? = 0 since {n € Z :
|n| < np} is a finite set. Then, according to the arbitrariness of &; and (2.4), we have

kEIPoo g;uk(n) —u(n) |p =0. (2.5)

For « = +00, according to the definition of || - ||, and (2.5), as k — +00, we have

llax = ullfoe <" ua(n) = u(m)|” — 0 (2.6)

nez

and for p < k < +00, by (2.5) and (2.6), there exists

lotx = ullfe =Y [ux(n) = ()| | () = () |?

nez

< llux — ull) Z‘uk(n) ~u(m)|” -0, ask— +oo. (2.7)

nez



Ou and Zhang Boundary Value Problems (2024) 2024:6 Page 7 of 39

Consequently, by (2.5), (2.6), and (2.7), we can derive that u; — u in [“(Z,R) for all p <

K < +00. O

Proposition 2.1 For all § € N* and u € D, there hold

-1
W) =I(u*) +I(u) + 1 Za(n) c,; Cl2 (Aut (n))’” ) (Au (n))”’
nez i=1 j=0
+ = Za(n) ZC] 27_1 AM+(}1))2 }(Au (n))
nez j=0

__1 i

O )+ a ZZ Cy_, G2 (au )" (8w ()™

nez i=1 j=0
5 in
+ Z a(n) Z Z C’lg’_l1 CLlZ"’l_"(Au*(n))pi(m)(Au’(n))”j
nel. i1 0
and
51
(I’(u) u ) <I’( ),u‘)+2a(n) C’p lle iZ"’(Au*(n)) ”(Au (n))w
nez i=1 j=1
5-1 )
+ Y alm)| Y €y 257 (Aut () > (A ()2
nez j=1
’% i-1
+ Za(n) C; 11Cf 27 (Aut () ”(Au (n))”’
ne’ i=1 j=0

Proof Let
7 = {neZ:u(n)zO} and Z,:= {neZ:u(Vz)<0}.

Note that Au*(n)Au~(n) = —u*(n + 1)u~(n) — u* (n)u~(n + 1) > 0. Then, according to the

definition of || - ||, Appendix 1 below, and the binomial theorem, we have

||| = Z[a(n)|Au*(n) + Au~(n) |p + b(n)\u*(n) +u (n) |p]

nez

= Z[a(n)| (AM+(}’I))2 +2Aut (n)Au(n) + (Au_(n))2|% + b(n)|u*(n) +u (n) |p]

nez

s

=Y a(n) % (Au* ()" > Cl2au* (m)Au(m) 7 (Aw (m)”

net. j=0

+ Zb(n)‘u*(n) +u (n) ’p

nez



Ou and Zhang Boundary Value Problems (2024) 2024:6 Page 8 of 39

= Za(n) Z Clzz—l Aut(n )) f(i+j)(Au_(n))i+j
nez i=0 j=0

+ 3 bt @) + Y blm)|u ()]

neZq nely
= [atm)| Au ()| + b(m) | (m) "]
nez
n Za(n) Z Z C% Cj:zi—/(Au+(n))pf(l+])(AM_(H))HJ
nez, i=1 j=0
+ Y [atm)| Aw ()| + b(m)|w (m)|"]
nez
51
+Za(n) Z 22_’ Au*(n) : ](Au (n))
nez j=0
7_1 i .o P
= |ut |+ |lu " + Za(n) ZZC% Cf:2i_j(Au+(n))p_(l+')(Au‘(n))”’
nez, i=1 j=0

Similarly, we have

Z [a(n) ’ Au(n) ‘pfz Au(n)Au*(n) + b(n) ’u(n) |‘!7721,t(n)u+ (n)]

nez

= Z[u(n)|Au+(n) + Au~(n) |p72(Au+(n) + Au‘(n))Au*(n) + b(n)|

nez
u(m) " ulm)u” (m)
= 2:[51(;/1)|(Au+(;1))2 +2Aut(n)Au~(n) + (Au‘(n))2|p%2

nez

+ Z b(n) ’zf(n) }p

neZl

(Au*(m)’]

+ Z[a(n)|(Au+(n))2 +2Au’ (n)Au(n) + (Au‘(n))2|z%2

nez

Au‘(n)Au*(n)]

p
51

PPl (A ()" (Aum ()

i=0 j=0

+ Z b(n) ’Lf(l’l)‘p

neZl

> |:a(n)

neZ

=> |:a(n)

nez

(Au*(n))2:|

p .
i ! P
D> Chp G (Autm)" D (Au(m))™

i=0 j=0

Au~(n)Au* (n):|
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5l , y y
= ||u+ Hp + Za(n) Cfg_lC§2"_j(Au+(n))p7(w)(Au’(n))”’
net -1 0
5 ,
+ " aln) Zc;, 1027 (At ()" (Aw (m)™ (2.9)
nez i=1 j=0

and

> " [al)| Au(m) [ Aulir) Aw™ () + () |wa(m) |~ () ()

ne’z
= Z|:6l(l’l) ZZC C]2’ - Aqu(n))P —2-(i+)) ( bf(n))”j (Au(n))2:|
ne i=0 j=0
+ Z b(n)’u‘(n) s
neZs
i Ly N N
B> [d(”) >o>Cp G2 (A ) (A ()™ Au*(n)Au‘(n)i|
nez i=0 j=0
1%*2 i ‘ N
=a ]+ an) ZZCP (Cl2 (Aut ()" (Aw ()
neZ i=0 j=0
52 N
a0 30 ¢ 2 A )5 ()
nez j=0 2
51 N N
+ Za(n) Cp lqzt—j (Au* (n))pili(lﬂ)(AM_(}'I))H“I
nez i=0 j=0

=+ 2 et Z Cyt, G2 (s )™ (8 ()Y

nez i=1 j=1
5! r P

+ Z a(n) Z C],;_IIZ%_/(AW(H)) 7_](Au_(n)) 2Y

nez j=1

5 i

> am|d N cit a2 (aut () (Au (m)™]. (2.10)

nel 10

By (1.4), (1.7), (2.8), (2.9), and (2.10), it is easy to see that the conclusions hold. a

Next, we establish an inequality associated to I(u), I(su* +tu~), (I'(w), u*), and (I'(un), u").

Lemma 2.2 Assume that (Cy) and (C,) hold. For all u € D and s,t > 0, there exists

1-s1 1-t1 l—sp 1-s7
1 I(su* - I'(u),u” I'(n),u”
(u) > (su +tu)+ p; ( (u)u>+ p ( (u)u)+( » )H ”

1-t# 1-41\, _
(- ey
p q
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*—1 i-1
+Z ZZZ"’ Au =) (Au (n))”j o, (2.11)
nez i=1 j=1

25 Cl, C’+spC‘ Ld 1+2t17C’ 1l tI’C’ L d-advic, ]

where © = 5 2p 2 >0.

Proof 1t is easy to see that (2.11) holds for u = 0. Next, we let # # 0. According to Ap-
pendix 1 in [17], there holds

r(l - rq) +qtilnt" >0, Vre(0,1)U(1,+00). (2.12)
For u € D\{0} and all 5, £ > 0, we have

Z|su+(n) + tu’(n)’qln’su"(n) + tu_(n)’r

nez

Z|su )+ tu ( )|qln|su+(n) +tu’(n)|r

neZl
+ Z !szf’(n) + tu_(n)‘qln|su+(n) + tu‘(n)‘r
neZz

= Z |sue* (m)|? In|su* (n)|" + Z |tu(m)|" In|tu(n)|"
nezZy nely

= [|su ()| (In|u* ()| + Ins") + |tu ()| (In|u~ ()| + In#")]. (2.13)
nez

By virtue of Appendix 2 in [17], the function f(x) = 1=% is strictly monotonically decreas-

ing on (0, +00) for a > 0 and a # 1. Then, by (1.4), (2 8), (2.13), (2.9), (2.10), (1.7), (2.12),
and Appendix 2 below, we can derive the following inequality

I(u) — I(su+ + tu_)

- }9(||u||p - ”su’r +tu” Hp) + é Zc(n)(|u(n)|q - |su+(n) + tu’(n)|q)

nez

_ - Z |u(n)|qln |r - |su+(n) + tu’(n)‘qln |su+(n) + tu’(n)|r)

neZ

ST =yt

nez
N r(1 —2t‘1) Zc(n)|u_(n)|q
q nez
1-s c(m)|ut ()| In|u* (n)|" - 1=a Zc(n)|u_(n)|qln lu=(n)|"
nez q nez
+ 1 Zc(n)|su*(n)|qlns’ + 1 Zc(rz)\tu‘(n)vln ¢
9 nez 9 nez

*11’

+— Za(n) Z Z C% C{2i‘j(Au+(n))p_(i+j) (Au‘(n))i+j

P i=1 j=0

Page 10 of 39
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+ 1 Za(n) C’EZg_j(Au"(n))%f](Au‘(n))gﬂ
nez j=0 >
L , y g
-— Za(n) Z (o C;Z"’/(Asu"(n))pf(lﬂ)(Atu’(n))w
Pz -1 0
£-1
J o5 N — 5
- —Za(n) C,22 ’(Asu (n))2 (Atu (n))2
neZ j=0 2

1 ;Sq |:<I/(u), u') =Y a(n)| Auln) P72 Au(n) Au* (m) - > " b(m)|u* () {”]

nez nez

. ;tq [(F(u), w) =" a(m)| Auln) P Au(n) Au(n) - Zb(n)|u-(n)|”]
neZ ne’z
R U T =y ECI Y

nez

. r(lq—z t9) ZC(H)W,(M)V

nez

+ é Zc(n)|su+(n)|qlns’ + é Zc(n)}tu’(n)vlnt'

nez nez
1 b »
+ —Za(n) ZZC‘ C’Z‘_’ Aut( )) ) (A (n))”’
nez i=1 j=0
5l p_; p
+ - Za(n) Z C’é2%’/(Au+(n))7_](Au’(n))7“
neZ j=0
,1 i .
-— Za(n) ZZC% C{ZH(Asu*(n)) (E) (Atu (n))w
i=1 j=0
- Za(n) Z C;Z%‘j(Asu"(n))Tl(Atu‘(n))7+1
neZ j=0
-y ) (5L e

q
1-¢ 1-¢
(- e

1-57) +¢s71 1-t9) + qtfnt"
+ r(s)q# Zc(n)|u+(,,,)|‘7 + r(t)q# Zc(n)|u‘(n)|q

nez nez

+<1_Sp _Sq>Zzz(n)

p

Z Z Cp ICZZZ —j Au* (n))P—(Hi) (Au’(n))”j

,_1 i ‘

nez i=1 j=0

—gP ..

+ (1 5 )Ztl(n) ZZC; lle 279 (Aut(n )) ( u (n))"™”
p nez i=1 j=0




Ou and Zhang Boundary Value Problems (2024) 2024:6 Page 12 of 39

£
_t 1 2 ! . .
N (1 t B 1-t¢ ) a(n) ZCZ 11C§ iZ"’(Au (n )) 7(l+])(Au_(n))L+;
p q nez i=1 j=1
1-t# 1-¢1 s j-1 o2 NN
+ - an)| ) _C, 22 H(Au*(n))>7 (Au~ (n))
p q - 2
neZ j=1
p .
_p _ 2 1 S iy o
N (1 t B 1-t¢ ) a(n) Z C}_}lCﬁ_IZZ_I_I(AMJr(Vl))p_(m)(Au_(n))H]
p q — < 2
nez i=1 j=0
1-¢ a9 T +0 P+ NN
- Za(n) CI%_ICLQ ’(Au (n)) (Au (n))
neZ i=1 j=0
177 i-1
1-s# i-1 A oi-1- +0 VP-4 — (Vi
_ p Za(n) C%_1CH2 (Au (n)) (Au (n))
nel i=1 j=0
5-1
1-t7 i-1 ~~loi-j (i+)) - it
- >oatn| Yy Cpt Ch2 i (autm)” (Au ()
nez i=1 j=1
1-¢ B
- Za(n)chjlz’%-f(Auwn)y '(Au ()
ne j=1
1t 5 i '
-———— ) am Cyt Cy 27 (Aut (n)) (Au ()™
nez i=1 j=0
1 L
+ —Za(n) C, C27 (Au* (n)) (l”)(A “(m)"™
nez i=1 j=0
1 ik
+— Za(n) C’,,%2177’/‘(Au+(1f1))2 I(Au_(n))iﬂ
neZ j=0
5-1
——Za(n) C C],2i’/(Asu+(n)) ll(At ( ))H]
neZ i=1 j=0
f-1
- - Za(n) C],%Z% ](ASM+(I’1))2 1(Atu (n))
neZ j=0
Y _4 _gP Y
> Lo )+ 120 (I/(u),u")+(1 ¢ Los )||u+||P
q p q
1-¢# 1
H—- 7]
p
1—s” 51 y
- Za(n) ZZC,, 1C{Z” (Aut(n))” H])(Au’(n))w
nez i=1 j=0

1-¢ 2 ; j i—1—j —(i+] i+j
_ pS Z“(”) ZZC%_,llq—lzl_l_](Aqu(”))p ( l)(Au_(n)) j

nez i=1 j=0
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_ P 51 y
_L-e 3" an) ZZC; a2 (Aut () (Au (m)
p ne’ i=1 j=1
1-¢ ’%—1 . p . r_; )4
- Za(n) Z C’IZIZT’(AL{*(n))77}(Au’(n))7”
p nez j=1 2
D .
1-t 2 i nielei —(i+) i+j
- Za(n) Z C;_}1C§_12’_1"(Au+(n))p 1(Au‘(n)) /
L i1 0
g-1
+ —Za(n) o C’2“’(Au*(n)) ”(Au (n))w
nez i=1 j=0
e ,
+— Za(n) C’B2§_’(Au+(n))771(Au_(n)) K
nez j=0 >
1 L
- —Za(n) Z C‘ C’2’ 7 (Asut(n)”” ) (Atu™(n ))W
pneZ i=1 j=0
£-1
1 j L PN N
- —Za(n) Cy22 ’(Asu (n))2 (Atu (n))2
nez j=0 2
_ _u _sP _gd
= 1-s (I/(u),u+)+ t (I/(u),u’)+ (1 & 1z )||u+||p
p q

’_1 i-1
+Za(n ZZZ"’ (Aut( ) (A (n))i+j e
nez i=1 j=1

2C‘ —26; l—cgll C;ll

+ 2 Za(n

2p

Z (Aut(n)”” I(Au (n))‘

nez
c,-C, -Cyl 51 9 ”
+ 2 2 2 Za(n) Z(Abf(n))pf L(Au’(n)) '
p nez i=1
2c, -, -20,' -, 5-1
+ 5 5-1 3 g1 g-1 +(n))§7j(Au_(n))g+j
D nez
%—1 i-1 o
+Za(n) ZZZ"’ (Aut( =) (Au(n)"”|©
nez i=1 j=1
27C) | +'Cyl 1~ 2970 §-1

+ 2 2 2" Z l’l)

Zp nez

Z (Au*(n)”” (Au (n))

)4
b1

Z(Au*(n))piZi(Au’(n))Zi

i=1

$C, 4+ #Cl _ i,

+ 2 2 2 Za(n)

p nez
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, N , o
$’C,  +2°C, +#7C),  -2s57t59C,

+ 2- 2- 2" 2 Zﬂ(”l)

219 ne’
!21_1 P P P
x Y 277 (Aut(n)? 7 (Au(n))>"
j=0
_sd _ _s? 1-¢
> 1-s (I'(w),u*) + 1-f (I'(w),u) + (1 s 1S )”u* I¥
q q p q

1-## 1-¢ N
+(———)||u I
p q

+ Za(n)

nez

Nl'c

i-1
E:Z“IAu )" (au(m)|®, (2.14)

i=

J J 1 1 -1 1
/ 2C‘2C 2c’p G- c;, Lo lfzc’ c- 7c’p LG
where @ = o

formula) and ® > 0 (see Appendix 2). Hence, we obtain that (2.11) holds for all u € D,
s, t>0. O

= 0 (use the combination number

Remark 2.1 Let s =t in (2.11). It is easy to see that ® = 0. Then, for all u € D and ¢ > 0,

there holds
-t 1- -t g 1_-p
I'(w), L
< (u)u>+( p )H P+ < p . )Hu I

Corollary 2.3 Assume that (Cy) and (Cy) hold. For all u € D and t > 0, we have

I(u) > I(tu) + L

1-t1
q

I(u) > I(tu) +

1-¢# 1-¢1
<1/(u),u> + (— - —) Il2|?. (2.15)
V4 q
Proof According to (1.4), (1.7), and (2.12), there exists

1(u) — I(tu)

;(nunp—nmnp +—Zc(n) ()| ~ |t ()| )

nez

_ é 3" clm)(Julm) | 1n [u(m)|” — |eaa(m)|* In | eu(m)|)

nez

1-¢ r(l—t1) 1-t1 ,
= ——[ull? + —5—_ em[um)]|" = —— " c(m)lul?In|ul

p q nez 9 nez

1

+ - Zc(n)|tu|qlnt’

qneZ

1-t 11—t (1 - t)

== (.= i) +

lluell” +

S cm)|u(m)|*

nez

1
+ - Zc(n)hfulqln t
q

nez
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-1, 1-¢# 1-t1 r(1-t9) + qt?In¢
=T <1(u),u)+(7— p >||M||p+Tch(n)|u(n)|q

nez

> (I'(u), u) + (ﬂ - 1_—tq) llee|?. (2.16)
p q

Hence, (2.15) holds for all # € D and ¢ > 0. a

Note that 1 < p < ¢, ® > 0 and the function f(x) = =
ing on (0, +00) for a > 0 and a # 1. Then, in combination with Lemma 2.2, we have the

following corollary.

Corollary 2.4 Assume that (C1) and (Cy) hold. For any u € M, we can obtain that 1(u) =
maxg,>ol(su® +tu").

In combination with Corollary 2.3 or Remark 2.1, we have the following corollary.

Corollary 2.5 Assume that (C1) and (C,) hold. For any u € N, there holds I(u) =
maxso I(tu).

Lemma 2.6 Assume that (Cy) and (C,) hold. Forany u € D with u # 0, there exists a unique
positive constant ty such that tou € N'.

Proof First, we prove the existence of . For any u € D with u #0, let u € N be fixed and

define a function g(¢) = (I'(tu), tu) on (0 +00). On the one hand, by (1.6) and Lemma 2.1,

there exist two positive constants &, < and Ce, such that

g(t) = ||ull? - Zc(n)’tu(n)’qln ‘tu(n)!r

nez
> P ||\ ullf - Z%&’m n)’ —ZCO |tu
nez nez
> |ull? = by coeat? ull? = £ " coCe, |u(m)]|". (2.17)

nez

Then, according to ¢ > g and g > p > 1, we have that g(¢) > 0 for all sufficiently small ¢ > 0.
On the other hand, noting that ¢(#) > 0 for all n € Z, by (C;) and (1.6), there exists

gy = |ull? —t7Ine" > " c(n)|ulm)|” - 1 " c(m)|ulm)|* In [u(n)|"

nez nez
< tP|lu|f -1 lnt’Zc(n)|u(n)|q +t1 Zco(siu(n)ry + Cg|u(n)|§). (2.18)
nez nez

Then, by 1 <p<gq,r>1and (2.18), it is easy to see g(¢) < O for all large ¢. Hence, it follows
from the continuity of g(¢) that there exists a £y € (0, +00) such that g(¢y) = 0, which implies
that there exists a positive constant £, such that tu € V.

Next, we prove the uniqueness of ty. Proofing by contradiction, we assume that there
exist u € D and two positive numbers ¢ # £, such that t;u € N and t,u € N. Note that the
function f(x) = =% is strictly monotonically decreasing on (0, +00) for 2 > 0 and a # 1.
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Taking u as t;u and ¢ as % in Corollary 2.3, there holds

t: L
-2y 1-(2y
p

I(t1u) > I(tru) +tf< >||u||1’ > I(thu). (2.19)

On the other hand, taking u as t,u and ¢ as % in Corollary 2.3, there also holds

1-(4 1_(a
1(t2u)31(t1u)+t§< ;m)”_ ()

q
)Ilull’” > I(tyu). (2.20)

Hence, (2.19) contradicts (2.20). Hence, t; = t,, that is, there exists a unique positive con-
stant £, such that tou e N. O

Lemma 2.7 Assume that (Cy) and (C,) hold. For any u € D with u™ # 0, there exists a
unique pair of positive constants (so, tp) such that sou* + tou~ € M.

Proof First, we prove the existence of (so, ). For any u € D with u™ #0, according to (2.9)
and (2.10), we have

hi(s,t) := (F(su+ + tu’),su*)

=s"ut | - Z c(n)|su*(m)|" In |su* (m)|"

nez
+ Za(n) Z Z C%71C;Zi_js”‘(i+j)ti+/(Au*(n))p_(m) (Au_(n))w
nez i=1 j=0
+ Za(n) Z Z C%‘_llCf_l2i_1_jsp_(i+/)ti+j(Au+(n))p_(w)(Au‘(n))w (2.21)
ner i=1 j=0
and
ho(s, t) := (I/(su+ + tu’), tu’)
= tpHu_”p—Zc(n)|tu‘(n)|qln|tu‘(n)|r
nez
51 y y
+ Z a(n) Z Z C%:llijZi_jSp_(”j)tHj(Au*(n))p_(l”) (AM_ (I’l))H]
neZ i=1 j=1
5 i P_ip_ip.,; L L4
+ Za(n) Z C},Z_1127_’s7"t7“(Au*(n)) 7_’(Au_(n))jﬂ
nez j=1 2
§ i , o g
+ Za(n) ZZ C%—_llCﬁ_lzi—l—isp—(m)tﬁj(Au+(n))pf(z+1)(Au_(n))nl (2.22)
ner, i=1 j=0

It follows from (2.17) and (2.18) that /;(s,s) > 0 and /,(s,s) > O for s > 0 sufficiently small
and /1;(t,¢) < 0and /x(¢, t) < 0 for ¢ > 0 large enough. Thus, there are two constants 0 < 0; <
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05 such that
h1(61,61) >0, hy(601,61) >0, h1(62,6,) <0, h3(62,6,) < 0. (2.23)
For all s,t € [0;,6,], according to (2.21), (2.22), and (2.23), there exists

hi(0y,t) > 67 ||Lt+ ||‘” - Zc(n)|91u+(n)|qln |91u+(n)|r

nez
+ Za(n) ZZCP 1c}2l—]917 Au+(l’1))p (t+})( Z4_(”))”/
nez i=1 j=0

+ Za( ZZC’,, 11C£ 12’ 1_’9p(Au (n)) (Au (n))w

nez i=1 j=0

= h1(61,61)

and similarly, we can obtain that

(62, 8) < h1(02,6,) <0, hy(s,01) > hy(61,01) >0 and
(2.25)
hy(s,62) < hy(6,6,) <0

Therefore, by virtue of (2.24), (2.25), and the Pincaré—Miranda Theorem [12], there ap-
pears a point (so, £p) with 6; < so, £ < 6 such that 411 (so, Zp) = h2(s0, £p) = 0, that is, there exist
a pair of positive constants (so, £y) such that sou* + tou~ € M.

Next, we prove the uniqueness of (so, ). Proofing by contradiction, we suppose that
there are two unequal pairs of positive constants (s1, 1) and (s, £2) such that syu* + tiu~ €
M and syut + thau™ € M. Note that the function f(x) = =

creasing on (0, +00) for a > 0 and a # 1. Hence, taking u, s, and t as s;u* + tyu~, : s2 ,and tz

in Lemma 2.2, respectively, and noting that p < g, then we have

1-(2y 1-(3)
o +t) = Koo+ ) +sf;( S el
1— (2w _(Rky
(e
V4
5-1ia . I
+Za(n) 22‘1 (Au*(n))” @ )(Au"(n))m 770"
nez i=1 j=1
> I(szbf + tzu_), (2.26)

52 Sz 1 A tz 1/1t2 1 32—"t2"'/'
)pcp 1 G+ )pcin S Ciat2(e )pcin Gt )pclp G2 Y (H})(H)H/Clzzjci

where @ = o > 0 (see

Appendix 3). Also, taking u, s, and ¢ as spu* + thu™, z—;, and %, respectively, we have

I(sou® + tou™) > I(syu” + fuo). (2.27)

Page 17 of 39
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As a consequence, there is a contradiction between (2.26) and (2.27). Hence, (s,£1) =
(s2,£,) that implies that there is a unique pair of positive constants (so,%;) such that
sou™ + tou~ € M. O

Lemma 2.8 Assume that (Cy) and (Cy) hold. Then,

inf I(u) =:c, = inf 1 2.2

ulél/\/ (1) =:c. uean,u#Or{lzag( () (2.28)
and

inf I(u) =: = inf I(su® +tu™). 2.29

Jnf 1) =i, = inf, | maxd(ou” + i) (229)

Proof On the one hand, according to Corollary 2.4 and the definition of M, there holds

inf I(z) = inf rnax[(su’r + tu‘) > inf max[(su+ + tu‘).

ueM ue M s,t>0 ueD,ut 0 5t>0
On the other hand, for any u € D with u* #0, by virtue of Lemma 2.7 there appear two
positive constants sg, £y such that sou* + touz~ € M. Then, we have

max I (su” +tu”) > I(sou’ + tou”) > inf I(u),
ueM

5,t>0

which implies that

inf  maxI(su*+tu)> inf I(sou’ +tu") > inf I(u).
ueD,ut+0 st=0 ueD,ut+0 ue M

Hence, it is easy to see that the conclusion (2.29) holds. Similarly, it follows from Corol-
lary 2.5, the definition of A/, and Lemma 2.6 that (2.28) also holds. O

Lemma 2.9 Assume that (Cy) and (Cy) hold. Then, m, > 0 and c, > 0 can be achieved.

Proof For any u € M, there holds (I'(u),u) = 0. For &3 = ;7% > 0, by (1.6), (1.7), and

Lemma 2.1, there is a positive constant C;, such that

1 _z
laell? = >~ e(m)|um)| " Infu(m)|” < coesllullfy + coCey lullfy < il + eoCby” laal).

nez

¢

Yy
Since 1l <p<g<¢,then |ul| >p:= (%)H" for any u € M.

Let {ux} C M be such that I(u) — m,. By (1.4) and (1.7), there holds
1 !
my +0(1) = 1) - ;1<I (uar), )

- <p% _ é) g |12 + I Zc(n)|uk(n)|q > (l - ;]) (177918

2
9 nez p

This shows that the sequence {u;} is bounded in D, that is, there exists a M; > 0 such that
llug|l < M;. Thus, there appears a 1y € D such that u,f — ug in D. Then, according to

Page 18 of 39
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Lemma 2.1, we can obtain that u,f — uojE in [“(Z,R) for k € [p, +00] and u,f(n) — u(jf(n)
for all n € Z.

Since {uz} C M, there exists (I’ (i), u,f) =0 and then by Proposition 2.1, we have

e |7 =" elm)| e ()] " [asf ()|

nez
71 - y
==Y alm| Yy ¢, (B ) (Aup(m)™
nez i=1 j=0
7 il 4 - y
=N a3 cit Al 2 (Au () (Mg ()™ (2.30)
nez i=1 j=0 ’
and
e[ = 3 cm]ue(m)| 1n[uic ()|
nez
51 y
== an) c; 1 C2 7 (Aup ) (A ()"
nez =1 j=
%_1 ) P
= am| > Gt 257 (Aup () (Aug ()
neZ j=1 2
5o y L
- %a(n) 21: 2 c;%*_llc;,lztflff(Au;(n))”’(””(Au;(n))”’ . (2.31)
ne i=1l j=

It follows from (1.6), (2.30), Lemma 2.1, and the boundedness of {u;} that there exists

o= |

= > )| 0n)|“ In Jug; )

nez

Nl’w
L

i

) ZC’ C2 (Auf(m)” ™ (Auge(m))™

nez i=1 j=0

(SIS

i-1

N am >3 c%-_llc{_lzi-1-/( A (A (m)™

ne’ i=1 j=0

< Zc(n)\u,ﬁ(n)vln |u;;(n)|r

neZ

< coeaug ”1;7 + coCey |l ”1;;
< 6084b61 ” up ”p +¢0Cey ” ug ||§:

< cotaby MY + coCe, | uf | li’

Page 19 of 39



Ou and Zhang Boundary Value Problems (2024) 2024:6

pp—coe4b61M117

which implies that ||z ”K > > 0. Similarly, by (1 6) (2.31), Lemma 2.1, and

C()C
the boundedness of {1}, «; such that
(2 ||[{ > % > 0. Then, let &' := max{84, 85} and Cy := max{Cy,, C,,}, we have that
||uk ”H > W > 0. For any p < k < +00, by virtue of the compactness of the em-
bedding D — [“(Z,R) and
pP — coe' by M
u —— >0,
s = 2=

which implies that u§ #0. Note that Au*(n) = u®(n + 1) — u*(n). By the fact that u,“f(n) —
ug(n) for all n € Z, we can derive that

|Au (n) = Auy ()] = |5 (n + 1) — ug (n + 1) = (i (n) — ug (n))| — 0,

which implies that Au,“f(n) — Aua—L(n) for all n € Z. Note that

|uf ()| < Mgl < bf’ llul < b;éMl, for all n € Z. (2.32)
Also, by (1.6), for any given ¢ > 0, there exists C; > 0 such that

|t19|In¢"| < et + Celtlf, VteR. (2.33)
Then, we can obtain that |u}(n)|?|In|uf(n)|"| < eluf(n)P + Coluf(n)|* < eby' M} +

¢
C.b," M5, which implies that
o M

_¢
Zc(n)|u,t(n)|q|ln|u,ﬁ(n)|r| < (ab{)le + Cgbopr) Zc(n).

nez nez

Note that
tinuity of norm, Fatou’s Lemma, and the Lebesgue dominated convergence theorem that

wez, €(n) <00 (by (C3)). Thus, it follows from (2.30), the weak lower semicon-

(I (o), 1)

< hm 1nf|| uy H + hm 1an a(n) Cp 1C52’_j(Au,i(n))p_(l+})(Au;(n))”’
nez i=1 j=0
5 i 4 L y
Hliminf Y a(n)|Y S €5 27 (Aug ()" (Aug ()"
k=oo 2 -1 0
_limianc(n)|u,i(n)|qln|u,t(n)|r
k— o0 -t
L
fliminf|:”u; ||p+Zzz(n ZZC C’2‘ / Au,’;(n))p_(m)(Au,;(n))”j
koo nez i=1 j=0
1% i-1
+ Za(n) Z Cf 2° 1"(Au*(n)) (Au,;(n))”j
nez i=1 j=0
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_ Zc(n)|u,t(n)|qln \u,ﬁ(n)|r:|

nez

= 11km inf(l/(uk), M]i) = O;
which implies that
(I'(uo), uf) < 0. (2.34)

Similarly, by (2.31), the weak lower semicontinuity of norm, Fatou’s Lemma, and the
Lebesgue dominated convergence theorem, there exists

(I'(uo),uy) <0 and then (I'(uo), uo) <O. (2.35)
According to Lemma 2.7, there are two positive constants s3, £3 such that
ssug + tsuy € M and I(Sgug + tgbta) > m,. (2.36)

By (1.4), (1.7), the weak lower semicontinuity of norm, (C;), (2.32), Lemma 2.2, (2.34),
(2.35), and (2.36), there exists

my = klirglo[l(uk) - é(l/(uk): Mk)}

1 1 r
> liminfl (=~ = p, I q
> limin [(p q)llukll t > c(n)|u(m))| ]

nez

> (}9 - 611) ol + 25 3 et ot

nez

 Iuto) — ~{1'(u0), o)
q

_d 4
% (I' (o), ) + %(ﬁ(u@, ug) - ;1(1/(”0)’ o)

> I(s3ug + tsug) +

S 1) ) — B ),
Z o =1 o), ) = - {1 (o), 1)

> m,. (2.37)

Moreover, in combination (2.37) with (2.35), we can obtain that

310
e o) ) <

KNS

(I' (o), ug) + my < m,

which implies that (I'(x), u§;) > 0. Similarly, we can also obtain that (I’ (uo), #5) > 0. Then,
by (2.34) and (2.35), we have (I’ (uo), u(f) = 0and then (I'(ug), ug) = 0. Furthermore, accord-
ing to (2.37), we can obtain that I(u) = m, and 1, € M. Note that uj # 0. If we let s3 =0
and 3 = 0in (2.11), then we have

=10z (5 =Yg+ (5 -2 ) g o

r q
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Through arguments similar to the above, we can also conclude that ¢, > 0 can be
achieved. O

Lemma 2.10 Assume that (C1) and (Cy) hold. If ug € M and I(uo) = m,, then uy is a
critical point of I.

Proof Arguing by contradiction. If we suppose that I'(1) # 0 for all uy € D, then there are
two positive constants § and ¥ such that

17@)|| =0, Ylu-ul < 3.

Since uy € M, we have (I' (1), ua—L) =0, and by Lemma 2.2, for all s, > 0, there exists

51 iy L
I(sug + tug) < I(uo) - Za(n) Z Zgif/(Aug(n))P—(w)(Aua(n))m o
nez i=1 j=1

(1= 141 +p_<1—t1"_1—tq> L
(S5 - 20wl - (S5 -5 )l

£-14 N N
=m =Y am)| > " 27 (Aug ()" (Aug ()" |©
nez i=1 j=1

1-s# 1-47 P <l—t1” l—tq) e
- - === . 2.38
(S5 - 0wl - (55 - 5 ) bl 239

Let D= (%, %) X (%, %). It follows from (2.38) that

Y := max 1(su3 + tug) < M. (2.39)

(s,t)edD

For € := min{@, %} and S; := B(uo,8), by [22], we can obtain a deformation 7 €
C([0,1] x D, D) such that
(1) n(1,u) = uif [I(u) — my| > 2¢;

(i) n(1,"™*NSs) CcI™ ¢, whereI°:={ueD:I(u) <c};

(iii) I(n(1,u)) < I(u), Yu € D;

(iv) n(1, %) is a homeomorphism of D.
By virtue of (2.38), (iii), and for all s, > 0, which makes |s — 1|? + |£ — 1|2 > §2/||u0||* hold,
there exists

I(n(1, su§ + tug) ) < I(sug + tug) < (o) = m. (2.40)

Also, by Corollary 2.4, for all s, > 0, we have that I(suf + tuy) < I(1o) = m.. Then, by (ii),
we have

I(n(1,suy + tug)) <m, —€, fors,t>0,|s— 1>+t — 1> < 8*/||uoll>. (2.41)
By virtue of (2.39), (2.40), and (2.41), we have

max I(n(1,sug + tug)) < m. (2.42)
(s,t)eD
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Define k(s, t) = sug + tug. Next, we prove that (1, k(D)) "M # @. Set y (s, £) := n(1, k(s, t))

o1(s,t) := ((I’ (k(s, 1)), ug), (I’ (k(s,1)), “5))

= (yl(S» t)ryZ(s’ t))

and

05.)= (10 (50, (/6.0 ) {0 50), (r6.0) ).

Note that ¢; (s, £) and ¢, (s, ) are two-dimensional vectors. According to (2.21) and (2.22),
it is obvious that y;(s,t) = 11, (s, £) and y,(s, £) = %hz(s, t). Hence, ¢ (s, t) is a C! function of
s, t and we have
9y1(s, 1)
as

1L1)

:(p—l)”u(’;”p—Z(q 1)c ‘”o ln|u0 |—Zrc |u0
nez

nez
LR o i,
+p—i=j=1) ) atn)| Y > Cp 27 Ay (m) ™ (A )
nez i=1 j=0
1; i-1 o
+p—i=j=1 Y alm)|Y" " Cp L2 (B ) (Augm)™,

nez i=1 j=0

9y1(s, )

51 o i,
=(i+)) D aln) ) Cl27 (Aug ()" (Bt ()™
nez i=1 j=0 >
% i-1 .
+(i+))) aln) Zc‘p 1 CL 27 (Aug ()" (Aug ()™,
neZ i=1 j=0
Similarly, we also have
3}’2(5, t)

as w)
51 o iy

1) Y a0 30 30 € 2 (s (i)

ne’ i=1 j=1 :

5l p_; )4

+ <§ —j) Za(n) C’,%T_IIZP%’j(Au(’;(n))TJ(Aua(n))i”

neZ j=1

4

2

i-1
> Y CpCL2 T (M)

tp—i-j)> aln) N (Auy ()™,
i=1 j=0

ne’Z
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9ya(s, t)
ot w1
=(p-D|u|” - Z(q ~ De(m)|ug (m) | In |ug ()| - Zrc(n)|u5(n)|q
nez nez
Engll - L
Hi+j-1) an) ZZClp 1O (Aug () (A ()™
nez i=1 j=1

ZC’ ! 27_’(Au3(n)) (Auo(n))

< +j- 1) > a(n)

nez

+(i+j—1)2a(n)

nez

S| ‘ ‘
> ct 2 (dum) ™ (aug ).

i=1 j=0

Let
3y1 st) 3y2(s,t)
Mo l, Frad (08
=l By (s, .
J’l St) | }’28(: t) |(1,1)

By (2.30) and (2.31), we have

9y1(s, )
sl
=@ =g |" = 3 rem)]ug(m)]”
nez.
5-1
+p-i-j- I)Za(n) ZZC” leZ‘ K Au(’;(n))pf(”j)(Aug(n))”j
neZ i=1 j=0

p-i—j-1> am|> Y cg_llcjf_lszlff (Aug ()™ (Aug ()™

neZ i=1 j=0

_,1 i

ZZ@ G2 (Bug(m)™ (g ()™

i=1 j=0

—(@-D|uw|" - q-1D_am

nez

V4 .
7 i-1

D230 Cla2 ™ (Au ) (A )

i=1 j=0

_q)|:HM6 ”p + Zﬂ(

nez

~(q-1)) aln)

nez

p_ .
2 i

Zc,, 27 (Aug ()™ (A ()™

|

=1

(S8

-1
Zc;, 1027 (Aug () (Aug (m)™

i=1 j=0

- Z rc(n)|u{;(n)

nez

+ Za(n)

nez
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P
F(=i=) Y aln) ZZC,, (C2 (A () (Duy ()™
nez i=1 j=0
5 i ’ 4 N
w(=i-) Y am|> 3" it 2 (Auy () (Aug ()™
nez i=1 j=0 :
_ 9y1(s, ) Lt
and
8)’2(57 t) _ 8)’2(5, t) " C_,
where
-1
=(p-q) [||ug P +> atm)> c’zl T (Aug(n))” () (Aug(m))™
nez i=1 j=0
5 i . y -
n Za(”) Z Z Cig_jlC;_lzi_l_j(Aus(”))p_(w)(AME(VI))H] i|
ner i=1 j=0 ’
_ Z re(n) |u(+)(n)‘q
nez
and
f-1 o
Cc = (p—q)|:Hu5 1P+ " atm) ZZC Co27 (Auy () (Mg ()™
nez i=1 j=1

p
L1

+ Za(n) ZC%__

nez j=1

+ Z a(n)

nez

r .
2 i1

i=1 j=0

- Zrc(n)|u5(n)| .

nez

It follows from 1 < p < g and u(ﬁf #0that C* <0,C™ <0, ayla—(f’t)kl,

Then, we have

y1(s, ¢t
detM = (1)

>3 G Cla2 I (Aug ) (A )

% 33/2(5, t)

112§‘j(Au3(n))g_j(Aua(n))g”

|

q

>0, and 3y2 St) |(1,1)

as wy

B <_ 9y1(s,2)
- ot

_ Onlst)
ot

(L1)

+ C*) X <—
wy as

8_)/1 (51 t) 3)’2(31 t)
- la,1) x
w) ot s

a b
Y2 (s, ) s C‘)
(1,1)

at 1)

» 3ya(s, t)
as

la,1)

> 0.
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. 8)’1(5; t) C+ . ay2(sr t)
it s lay

-_C

>0,

which implies that det M # 0. According to the topological degree theory [1], we can ob-
tain that deg(¢s,D, (0,0)) = 1. By virtue of (2.39) and (i), there exists y = k on dD. As a
consequence, it follows from the homotopy invariance of the Brouwer degree that

deg(¢2, D, (0,0)) = deg(¢1,D,(0,0)) = 1,

which implies that ¢,(s4, 1) = 0 for some (s4,£4) € D and so (1, k(s4, 1)) = Y (sS4, ts) € M.
Then, by the definition of M, we know that I(n(1, k(s4, £4))) > m*. This contradicts (2.42).
Hence, I'(ug) = 0, that is, u is a critical point of I. O

3 The existence of sign-changing solutions
In this section, we will prove the existence of sign-changing solutions that only change
sign once.

Proofof Theorem 1.1 First, it follows from Lemma 2.9 and Lemma 2.10 that problem (1.2)
has a sign-changing solution 1, € M such that

I(uo) =m, and I'(ug) =0. (3.1)
Next, we prove that u, only changes sign once. Denote uo = u; + uy + us, where

u; >0, u; <0, Vinv, =4,
(3.2)

u1lz\(uvy) = Ualza(auvy) = uslvuy, =0,

Vi= {neZ:ul(n)>O}, Vy = {neZ:uz(n)<0}

and Vi = {ny,m +1,...,m + my}, Vo = {ny,ny + 1,..., 1y + my}, where the value of n; or n,
may be —oo and the value of n; + m; or ny + m, may be +00.

Setting w = u; + uy, it is easy to see that w* = uy, w™ = uy, and wt £0. According to
Lemma 2.7, there is a unique pair of positive constants sy, £5 such that s,w* + t,w™ € M.
By virtue of I'(ug) = 0, we can derive that (I'(u), w*) = 0. Then, by (1.7), we can obtain
that

(I'(uo), w*) = Z[a(n)|Aw(n) + Aus(n) !p_z(Aw(n) + Aus(n)) Aw* (n) ]

nez

+ Z[b(n)!w(n) + usz(n) |p_2 (w(n) + M3(l’l))W+(l’I)]

nez

- Z c(n)iw(n) + uz(n) |q_2 (w(n) + ug(n))w*(n) In |w(n) + ug(n)|r

nez

= (1’(w),w+> + Z a(n)|Aw(n) + Aug(l/l)|p_2AM3(l’l)AW+(l’l)

neVy

+ Z a(n)|Aw(n)+Aug(n)|p_2Au3(n)Aw+(n)
neZ\Vy
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Aw(n)Aw* (n)

C“g_1 (Aw(n))pizfi(Aug(n))i

i=1

P2t (s (my — 1)

=(I'w),w*) = a(n - 1)|w* (1) — uz(n; - 1)
—a(ny + my)|-w* (ny + my) + us(ny +my + )P
x w(m + my)uz(ny + my + 1)

+ Za(n

nez

ZC Aw(n) P 2_i(Aug(l/z))i Aw(n)Aw* (n).

Note that

Awn)Aw* (n) = Aw*(n) Aw* (n) + Aw™ (n) Aw* (n)
= (Aw"(;’z))2 + Aw™ (n)Aw* (n)

= (Aw*(n))2 —w(n+1)wr(n)—w (mw'(n+1)>0.
According to (3.3), one has

, -2
(I'(w), w*) = a(my - 1)|w* (m) — us(ny = 1)[" " w* (n)uz(m; - 1)
+ (n1+m1)| n1+m1)+u3(n1+m1 +1)|p 2

x wh(ny + my)us(ny + my +1)

4
27

) Z (Awm)" ™ (Aus(m)'| Aw(n) Aw* ()

nez i=1

<o.
Similarly, we can obtain that
(I'w), w™) = alny = 1)|w™ (n2) = us(ns = D> w™ (m2)u (1 = 1)

+a(ny + mz)’—w’(nz +my) + uz(ny + my + 1)|p7

X W (ny + mp)uz(ny + my + 1)

_Za(n ZC p 2_i(Aug(n))i Aw(n)Aw™(n)

nez

<0.

On the basis of (1.4), (1.7), (2.11), (3.1), (3.2), (3.4), and (3.5), using the same processing

method as (2.7), we have

my = I(ug) — ;I(Il(uo), Mo)

)4 )
51

1
=Iw) +1 ==Y a
(w) + (u3)+<p q>

neZ

i=1 j=0

Z CIZH Aw(n)) () (A (n))m

(3.3)

(3.4)

(3.5)
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£-1
+ <1 - 1) Za(n) C;Z%_’(Aw(n))g ](Aug(n))§+j
r 4 nez j=0 z
q q
> I(sow" + bow™) + 15 (I’(w), +> + 1 :Ito (I’(w), )

¢ Tts) = (W) W)= (1 (1), 1)
q q

H ¢l 1
=I(sow" +tow™) — S—0<I/(w), w*) = 21" (w), w™) + I(uz) = —(I'(u3), u3)
q q q
s £l
=I(sow" + tow™) = 2{I'(w), w*) = 2{I'(w), w")
q q
1 1 r
+ (— - —) lusll + = > c(n)|us(m)|”
r 4q 9 '
1 1
> my + (— - —) N,
p 4q
which implies that u#3 = 0. Thus, #( only changes sign once. g

4 The existence of ground-state solutions

In this section, we will prove the existence of Nehari-type ground-state solutions for
(1.2) and provide the relationship between the sign-changing ground-state energy and the
ground-state energy. We mainly use the method in [2, 4] to prove that the functional I sat-
isfies the Cerami condition at any level d € (0, 00), and then use the method in [5] to prove
that the functional / has a mountain-pass geometry. To prove the above conclusions, we

need the following lemmas.

Lemma 4.1 ([18]) Let X be a real Banach space. For some constants o, B, p >0, and e € X
with ||le||x > p, there exists a functional I € C*(X, R) satisfying the following mountain-pass
geometry.

max{I(O),l(e)} <a<pB< inf I(u).

lullx=p

Set dy = infy cr maxo<,<1 [(y(t)), where T = {y € C([0,1],X) : y(0) = 0 and y (1) = e}. Then,
there exists a Cerami sequence {ur} C X of I at level dy, where a sequence {uy} is called a
Cerami sequence at a level dy if it satisfies

I(ug) > do and ||I'(wi) || (1 + lluxll) — 0. (4.1)

Remark 4.1 Itis easy to obtain that dy > 8 > 0 (for example, see the proof of Theorem 1.15
in [22]).

Lemma 4.2 The Cerami sequence {ux} C D at any level dy € (0,+00) has at least one
convergent subsequence in D.
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Proof Since {u;} is a Cerami sequence at the level dy, then (4.1) holds. We claim that {u}
is bounded in D. Arguing by contradiction, we suppose that {u} is not bounded in D, that

is, there appears a subsequence, still denoted by {uy}, such that ||u|| — +00 as k — +oo.

Let wy = ”Z—iu Then, there exists a subsequence, still denoted by {wy}, and a function

w € D such that

W —w inD,
wi(n) = w(n) foreachne?Z, (4.2)
W —>w in I*(Z,R),« € [p, +<].

Then, we will prove the claim by discussing the following two cases.
Case 1: w=0.
Set i € [0, 1] such that I(#xux) = maxyeo,1] [ (¢ux). For any given constants t > 0 and N > 0,

it follows from the unboundedness of {u;} that
1
lles |l > (pr + 1)7,  for large enough k > N.

Set wy = (pt + 1)1l’wk. By virtue of (C,), the boundedness of {wi}, (2.1), (1.6), and the

Lebesgue dominate convergence theorem, we have

(lim 3t In

= kEIPoo c(n)(pt + 1)1% |wk(n)|qln ((pt + 1)15 |wk(n)‘r)
nez

= lim (pr + 1)» (Zc(n)|wk(n)|qln (pr +1)7 + > e(m)|wi(m)|"In |wk(n)|’)

nez nez

=(pt + 1)1% (Z c(n)’w(n)}qln (pt + 1)15 + Zc(n)‘w(n)’qln ’w(n)‘r)

nez nez

=0.
Then, for k large enough, we can obtain that

(pT + 1)1%

I(txug) > 1(
flearcl

uk) 1) 2 1l =~ Sl )| I )] = .

nez

According to the arbitrariness of 7, we can obtain that
lim I(t;uy) = +00. (4.3)
k—+00

If #; = 1, substituting it into (4.3) can obtain limy_, (1) = +00, which contradicts (4.1).
Then, it follows from I(0) = 0 that #; € (0,1). Thus, %I (tug) |4=4 = 0. Therefore, according
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to the definition of {u}, we can obtain that

I(teur) = I(tek) - 1(1/(tku/<),l-‘kbtk) = (l - 1) |t |IP + LZ ZC("){tkuk(Vl”q
q P 4 ~
< (1 - 3) ol + 2 o) )| = Tse) = {1 ) )
“\r q 7~ q
<d+o(1),

which is contrary to (4.3). Hence, the assumption is not valid, that is, {z} is bounded in D.
Case2: w #0.

Let V' = {n € Z;w #0}. Then, |ux(n)| — +00 as k — +oo for each n € V’'. According to

I(ug)
g 1?

the fact that ||uy|| = +00, as k — +00, and I(u;) < c,, there holds
that is

— 0,as k — +00,

1 r) et 3, ep cm)lug(n)1n i (m)]”
oy , - =ox(1),
p q° |l qllux|lP

which together with the definition of D, (C;), and (C;) implies that G(u) :=

Y ner I 3 yeg clmlug (m) T In Jug ()|

is bounded, that is, there is a positive constant M,

a*llui 1P qllugll?
such that
|Gu)| <M,, VkeN. (4.4)
We set
Gluy) = DO E S W O RS YO Ey &/ 1 1/ 8 (4.5)
neZ\V';lup(n)| <Ms neZ\V’;|uy(n)|>Ms3 nev’

1 r
where M3 =e4 >0and (-) = reluglt _ conlug Dl Inlug ) g g i (4.5), according to (1.6),

g2 lluglP qllug P
Lemma 2.1, (2.33), and ), _; c(n) < +00, there are two positive constants &¢ and C,, such

nez
that
_ re(m)|ur(m)? C(n)luk(n)lqlnluk(n)V)
> ( 2l qlcl?

neZ\V';|up(n)| <Ms

- Z (rC(n)Iuk(n)I” . c(n)eglux(m)|P + c(n)Coy |ur(m)| )

B q*llu 1P qllui|l?

neZ\V';luy(n)| <Ms

<

(mMMs  c(n)eeM3 + c(n)Cog M3
Z <rc . )

2 '3 »
N A gl

< <7’M3 ZneZ C(I’l) + (86 + C86 )M3 ZneZ C(”))

q* |l |IP qlluxl?

— 0, ask— +o00. (4.6)
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For II in (4.5), we have

-y (fc(n;luk(?lq _ c(n)luk(nnﬂr; |uk(n>|’>
neZ\V';lu(n)|>M3 q° |l qllurl
c(n)|ur(n)|?
- X S el
neT\Vilmoms 1K
I q-r
= Z O ) (r—qInMj) - —o0, ask— +oo. (4.7)

2
neZ\V';|ug(n)|>M3 1

Note that |uy(n)] — +00 as k — +oo for each n € V'. Then, similar to the argument of I,

we also have

i = Z (rc(nz)|uk(n)|q - C(Vl)luk(n)|qln|uk(n)|’> — —00, ask— +00. (4.8)
. q* |urll? qllurll?
Thus, limg_, o G(ux) = —00, which contradicts (4.4). Therefore, we deduce that {u;} is
bounded in D.
As a consequence, both of the above cases indicate that the assumption is not valid, that
is, {ux} is bounded in D. Then, there exists a subsequence, still denoted by {u}, and a
function u € D such that

U —u in D,
ur(n) — u(n) foreachn e, (4.9)
Uy — U in “(Z,R),« € [p, +o0].

Note that {u;} is a Cerami sequence. Then, there holds

lim (7' (ux), e — 1) = 0. (4.10)

k—+00

Moreover, by (4.9), we have

lim (I'(s), ux — u) = 0. (4.11)

k—+00

Note that {u} is bounded in E. On the basis of (1.6), (2.1), (4.9), and ), _, c(n) < +00 there
exist two positive constants ¢ and C, such that

Z c(n) |u(n)|q_2u(n)(uk(n) - u(n)) In \u(n)|r

nez

<3 clm) (u(n) - w(m)) (e |u(m) "~ + Ceulm)| ™)

nez

— 0 ask— +oo. (4.12)

Similarly, it follows from the boundedness of {||u||}, (1.6), (2.1), (4.9),and ) _, _;, c(n) < +00
that

kErPOO c(n)!uk(n) |q72uk(n)(uk(n) - u(n)) In !uk(n) ’r =0. (4.13)

nez
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Then, using the Holder inequality

ST

dydy + dsds < (& + )7 (& + )7,

where ds, dy, ds3, dy are nonnegative constants and p* = 1%1’ p > 1, by virtue of (1.7) and
(1.3), we have

(I (), wxe — ) = (I (), aye — )

= Z a(n) | Auy(n) !p_zAuk(n)A (uk(n) - u(n))

nez

+ 3 b() | () [*~ ) () — ()

nez

= clm) s (m)|* () (s (1) — () In [ ()|

nez

_ Z a(n) | Au(n) ‘pizAu(n)A (uk(n) - u(n))

nez

_ Z b(n)|u(n) |p72u(n)(uk(n) - u(n))

nez

+ Z c(n)|u(n)|q_2u(n)(uk(n) - u(n)) In |u(n) |r

nez
= Noagll? + Nall? =" ()| Avar(m) " Avage(m) M) = > () |z () | s () a()
nez nez
=3 ()| (m)| " () (s (1) — 1) I | ()|
neZ
_ Z a(n)| Au(n) \p_zAu(n)Auk(n)
nez

- Z b(n)|u(n) |p_2u(n)uk(n) + Z c(n)|u(n) |q_2u(n)(uk(n) — u(n)) In |u(rz)|r

nez nez

> Noae? + leell? = > a(m)| Aue ) [P~ | M) = > b(on) | () [P~ ()|

nez nez

=3 el )| i) (s (1) = 24(m)) I [na ()| = > alom)| Aa) [P | At ()|

nez nez

=" b)) [P )| + > ) )| () (i () — 2a()) 1 a )|

nez nez

> N + [l (Z(a(n)% |Au(n)|)P)” (Z(a(n)l,% | Au(m) |- 1)"1)1’

nez nez

- (St o) (S ooy

nez nez

(g (Do asnr 1)

nez nez
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(ot ) (00 )
nez nez
=3 ) ()| () (s (1) — wa()) I | ()|
nez
+ Z c(n)‘u(n)|q72u(n)(uk(n) - u(n)) In |u(n) ’r
nez
= Noell? + l|ull?” - <Za(n)|Au(n)|P> (Za(n IAuk(n)|1”>T
nez nez
_(Zb(n)|u ) (Zb ‘uk )p
nez nez
_ <Z a(n)!Auk(n) |p) ’ <Z a(n)\Au(n) |p> 7
nez nez
- (Z b(n)|uk(n)|”)” (Z b(n)|u<n)|") "
nez nez
=3 ) s (m)|" i () (s (1) = 14()) I [0 )|
ne’
+ Z c(n)|u(n)|q_2u(n)(uk(n) - u(n)) In |u(n) |r
nez
> uel? + lull? — (Z[a(n)!m )|+ b(m) | u(n !”])”
nez
x (Z[a(n)|Auk(n)|p + b(n)|ux(n) |”]) 7
nez
N
_ (Z[a(n)|Auk(n)|p +b(n)|uk(n)|]> )
nez
e
x (Z[a(n)|Au(n) P+ b(n)|u(n)|]> )
nez
=3 ) ()| () (s (1) — wa(m)) I | ()|
nez
+ Z c(n)‘u(n)‘qizu(n)(uk(n) - u(n)) In |u(n) ’r
nez

-1 -1
= Nlawcll? + Null? = Nl loa P~ = Nl |2

= 3 ) )] "1 00) ) — ) g )|
nez

+ Z c(n)‘u(n)|q_2u(n)(uk(n) - u(n)) In |u(n) |r
nez

= (Iloagc P~ = aelP=") (s = Nell)

Page 33 of 39



Ou and Zhang Boundary Value Problems (2024) 2024:6 Page 34 of 39

=3 ) ()| () (s (1) — wa()) I | ()|

nez

+ Z c(n)|u(n)|q_2u(n)(uk(n) - u(n)) In |u(n) |r. (4.14)

nez

According to (4.10), (4.11), (4.12), (4.13), and (4.14), we have |ux| — |lu| as k — +oc. By
the uniform convexity of D (similar to the argument of the Appendix A.1 in [24]), the fact
that iy — u in D and the Kadec—Klee property, we can obtain that uy — u in D. Thus, [

satisfies the Cerami condition. (|
Next, we prove that the functional I defined by (1.4) has a mountain-pass geometry.

Lemma 4.3 (i) There are two positive constants p and §' such that I(u) > §' for all u € D
with ||u|| = p.
(i) There is ¢; € D \ {0} such that I(tg;) — —00 as t — +0o.

Proof For (i), it follows from (1.4), (1.6), and Lemma 2.1 that there exists ¢; € (0, %) and
C., > 0 such that

1) > S - }I S cn) || 1n ()|

nez

1 1
¢
= —lull? - 6—16087||u||§a - ;ConIIMII,;

1 1 1 -5
- - —00871901) lll? = ~coCe, by ” 1l
rp q q

=

AN NI T

_¢
pPq-pPpeole7by  +Cerby ¥

Choose p > 0 sufficiently small. There appears a constants By = o7 >0
such that I(x) > B, for all u € D with ||| = p.
By the definition of c,, for any j > 0, we can choose a ¢; € N C D \ {0} such that
1
e =I(g) <ci+ - (4.15)
J

Then, for any ¢ > 0, there holds

tiint”

p q
1t0) = S gl + 53 cm|gm)]|” = T 3 el ()|
p q nez nez
# . ,
— =Y cm)|gi(m)|" n|g;(m)|
q nez
p q ant"
< Zlgl + 53 emgon|? - EEE 3 clm|gy(m)°
p nez nez
q
+ %ZCO(5|¢’/‘(”)|p + Ce|g(m)]),
nez

which implies that I(t¢;) — —oc as t — +00, and hence, (ii) holds. (]
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Proof of Theorem 1.2 Lemma 4.1 and Lemma 4.3 imply that / has a Cerami sequence {u;}
at the level d}, that s,

I(wj) - d; and ||I/(ukj)|| (1 + ||ukj||) — 0, askj— +oo.

By virtue of Remark 4.1 and the definition of dj, it is easy to see that d; € [Bo,
maxo<;<11(¢¢;)]. Furthermore, noting that ¢; € AV, according to Corollary 2.5, we obtain
that I(¢;) = max;-oI(tg;), and hence, d; € [Bo,1(¢;)], which together with (4.15) implies
that d; € [Bo, ¢ + %]. Thus, we can choose a subsequence {ui i} denoted by {x}, such that

I(w) —>d, and |I'(w)](1+ul) =0, asj— +oo, (4.16)

for some d, € [‘32—0,0*]. Equation (4.16) and Lemma 4.2 imply that {z;} has a convergent
subsequence, still denoted by {u;}, such that u#; — & as j — +00. By the continuity of /
and I’, we obtain that I(i) = d, and I'(#) = 0, which together with the fact that d, > ’370 >0
implies that & € A is a nontrivial solution of (1.2) and obviously, 1(it) > c, = inf,cpnr I(u).
Moreover, according to (4.16), (1.4), (1.7), and the weak lower semicontinuity of norm,
there exists

. L, AT
c*zdﬁ/gglw[z(u/)—;(uu,)u,)]-lggnw[( q)||u,||+ 5 " )| ui(m) }

> (}? - ;I)Ilﬁll” + q—VZZC(n)Iu(n)Iq I(ix) —1—9(1/(”) i) = 1(),

nez

which implies that I(iz) < c,. Thus, I() = ¢, = inf,cnr I(12) > 0.
Finally, we prove that m, > 2c,. In fact, it follows from Corollary 2.4, Proposition 2.1,

Lemma 2.6, and Lemma 2.8 that there are two positive constants s’ and ¢’ such that s'u{ €
N and #'uy € N, then one has

m, = I(ug) = max I (su; + tu;
* (O) 8150 ( 0 0)

> max|[1(suf) +1(tuy)]

s,t>0

= I?EZ)XI (suo) + maxl (tuo)

>1(s'ug) + I(t’ua)

> () + I(iz) = 2c,.
The proof of Theorem 1.2 is completed. g
Appendices
Appendix 1 There exists u € E such that ", _, c(n)|u(n)|?1n |u(n)|” = -

Proof Set

1
u(ny = | v =P

0, In|<p+1,
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where |n| represents the absolute value of #. Let

n?l, |n|=p-1, nll, |n|>q-1,
U (v AN L
1, n| <p-2, 1, n| <gq-2.

Using the method for discriminating the convergence of improper integrals, we can obtain

the following results

1 < +00, that is, the series convergence, 6 > 1,

o2 n(In n)° = +00, that is, the series divergence, 0<6 <1.
According to the definitions of A, u(n) and a(n), using the C, inequality, we have

> a(m)| Aum)|”

nez

1 p
= Py - p-1
p+1] <m+2HMp+m) L

|n|=p+2

p
Z nfp! 1 s 1
[n+1|In|n+1| |n|In|n|

[n]>p+2

1 1epl 1 4 1 P
s——— 4 > e (——) +
lp +2|(In|p + 2|)P |n+1|In|n + 1| |n|1n |n|

[n|>p+2

1 1 i

m+1Injn+1 |n|ln|n|

.
p+2ilnp 27

1 1 1
<— 42! Z +
lp+2[(In|p +2[) In+1|(njn+ 1)) |n|(In|n])?

|n|=p+2

< +00.

Then, according to the definition of u(#n) and b(n), there holds

. Pt 1
Zb(n)\u(n)| = Z (n|n ) Z |n|(ln|n|)"’<+C>O

nez |n|>p+2 |n|=p+2

Therefore, it is easy to see that u € E.
Now, we prove that Y - c(n)|u(n)|?1n |u(n)|" = —co if 1 < g < 2. Note that if |n| > p + 2,

then

joe(n) |10 [ = ——— T —— :_( r +Vmﬂﬂnn>_

= X n
(InfIn |n[)7 (I In|,a])" In|9(In|n)2-1 ~ |n]?(In|n|)7

nez

Thus, there holds

- _ r rin(In|n|)
Zc(n)|u(n)|qln]u(n)| = Z |n|7 x [_(|n|q(1n|n|)q—1 + |n|q(ln|n|)q>]

nez |n|=p+2
( Z r Z rln(ln|n|))
= — —_— 4 _—
q-1 q
a2 |n|(In |n]) 2 |n|(In |m])

= (1 +10').
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As |n| > p +2, we have Inln |n| > 0 and then I’ > 0. On the other hand, it is easy to see that

I' = oo since 1 < g < 2. Thus, we complete the proof. O
Appendix 2 Foralls,t > 0 and 0 < i,j <%, there exist

257 c%_lc{f + cgjlc{_l + 2t1’cgjlc{f:} + 1P cﬁ%*_llc{i_l ~ 2 Cy c

>0,
2p

sf”CiZ_1 + L"’C",ﬁ,‘_l1 —sP2gAC,

2 2 2 Z O,

p
29C,  +9Cil 1+ Cl _awidC,
2 2 2 2>0 and
2p

CL wourCt L, — 255

V4 p V4 V4

771 5-1 371 2

> 0.
2p -

Proof Using the combination formula Cj,_l = I%Cf,, Cj;_ll = I%Cf, and deformation of the

Young inequality x*y'~* < Ax + (1 — 1)y, (0 < A < 1), there exists
g inequality x"y y

2SPC%_1C{ +57Cy ! Chy+ 27 Cy! 1Co+ tPC%’_IICf_l 2 Cy cl

2p

2

25 (2 cz )C) + sp(yC’ )W(EC) + zw(?cz )LC)) + t7(4-Cy ) (ELC) — 257044 T, C)
2 2 2

N
™l

2p
C% Cl2(p = 20)s + 2(i — j)s? + 4]t + 2(i — j)t? — 2ps?~ () £i4]]

2p?
C’ cl .
- [1’ CH) p B+ peti tm}
P p V4
i
e p(i+) itj L
> 2 [(Sp) 1 (tp) P —s"‘(“’)t‘”] =0.
p
o ‘ 257 Chy B +spC’£11+priéil—2sP’itiCiE #Cl _1+tpcgil—51’*2it2icig
Similarly, we can obtain that Z 2 o 2 2 >0, —2 Zp 2 >0
&, 1+2tpcféil+tpc/ 2s2"¢2”c’
and —2 2 i > 0. Thus, we can see that the conclusions hold. [

2p

Appendix 3 For all 2 ? >0and 0 <i,j <L, there exists

2(s2)1’C

Plz

L (2PCYL L+ ARPCEL O+ (RO CLy - 22 0(2)ICy €

> 0.
2p -

Page 37 of 39
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Proof Using the method of Appendix 2, we have

ALY Cy G+ (BYCP CLy + 2RV CE O+ (2P T CLy = 2277 (2)C, €

2p
) Ci% C{[Z(p - 2i)(§—f)’” +2(i —j)(i—f)’” + 41'(%)1’ +2(i —j)(i—f)” - 2p(§—f)”’("*’)(§—f)"*"]
= ¥

i . .
. C,%Ci I:p_(i+j) <52>17+ i+j(t2)p (SZ)p—(z+/)(t2>z+1]

p p 81 p \hu S1 151

i —(i+j) i+j - .
()T (E) - E) -
B V4 S1 4 S1 t )

Thus, we complete the proof. 0
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