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1 Introduction and statement of the results
In recent decades, the nonlinear system has received a very significant attention in the
field of mathematics and physics, since several phenomena in these areas are described
by the nonlinear differential system, such as thermionic emissions, isothermal gas sphere,
gas combustion and gauge theory [28]. The main objective of studying nonlinear initial
boundary value problems involving partial differential equations is to designate whether
solutions to a given equation develop a singularity. The blow-up problem can have an
impact on the physical relevance and validity of the underlying model. Therefore, it is
interesting to solve and characterize this type of problem.

In this paper, we investigate the existence of singular limit solutions for a four-
dimensional semilinear elliptic system of Liouville type. More precisely, we consider the

following elliptic system with Navier boundary conditions

Ala(u)Auy) = p*a(ur)er 1+ in Q,
Ala(us) Auy) = pta(uy)ef2*0-9m  jn Q, (1)
ui=Au;=0; i=1,2 on 0<2,

where  is a regular bounded open domain in R%, y,£ and p are constants. We assume
that y,£ € (0,1) such that y + & > 1. If we take a(u) = €** for the small parameter A > 0.
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Then, problem (1) becomes as follows

A%uy + L (uy) = prerrr-riuzjp Q,

Auy + L () = ptefer1-8um jn Q, 2)
ui=Au;=0; i=1,2 on 082,
where
L (u) = M(Au)? + 2AVu - V(Au) + 12| Vul* Au. (3)

The aim of this paper is to prove the existence of solutions (u1, u;) for the previous sys-
tem. More precisely, we are interested in studying the existence of this solution with singu-
lar limits as the parameters p and A tend to 0. We can use by deduction in all the following

1- 1-
I8 ad o). @)
1 §
Using the following transformation

W = ()LpA’eV”l)k and w, = ()Lpd’eguz)k.

Then, (w1, w,) satisfies the following system

—
<

kel
A’wy =" 0, inQ,
A

b 1-f (5)

>

Awy = ow,” o inQ,

y-1

with @; = wy = (Ap*)* on 9K, where ¢; = (Ap*) ¥ and ¢, = (Ap*)
Note that the system (1) can be seen as a natural generalization of the following equation

-1
v,

A%u=6e" inR* (6)

This type of equations appear naturally in conformal geometry and in particular in the
prescription of the so called Q-curvature on four-dimensional Riemannian manifolds. For
more details and background material we refer to [1, 13, 25]. The classification of solutions
to the last equation has been studied by Lin, see [21]. More precisely, the author proved
the following classification result.

Theorem ([21]) Let u be a solution of (6), satisfying the finite-mass condition
/ e dx < 0o 7)
R4

and |u(x)| = o(|x|?) at 0. Then there exists a point x° € R* such that u is radially symmetric
about x° and

=1 21
ux) =In| —— ).
1+A2|x— 02
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This result is decisive for solving completely (6) under (7), because it reduces the problem
to a simple ODE problem.

Wei in [29], has studied the behavior of solutions to the following nonlinear eigenvalue
problem for the biharmonic operator A? in R*. More precisely, consider the following
problem

A’u=)f(u) inQ,
u=Au=0 onadS,

(8)

when f(u) = . Before announcing the result of [29], we will introduce some notations.
Let G(x,«') defined over Q x €2, be the Green function associated with the bi-laplacian
operator with Navier boundary conditions, which is the solution of

A2G(x,x') = 64728,y  inQ,
G(x,x') = AxG(x,x) =0 ondg,

and denote by H(x,x") = G(x,x') + 81In |x — «'| its smooth part. Consider now the functional

E(xl,...,x'”) = il—[(xj,xj) + ZG(xj,xl)

Jj=1 Jj#

and denote by u* the solution of

Aur =647 " 8, inQ,
u*=Au*=0 on 0.

In [29], the author proved the following result.

Theorem 1 ([29]) Let Q be a smooth bounded domain in R* and f a smooth nonnegative

increasing function such that
e “f(u) tendstol, asu— +00. (10)

For u;, solution of (8), denote by ¥, = A [, f(u;) dx. Then there are only three possibilities:
(i) The{X%,} accumulate to 0. Then ||uy| o) — 0 as A —> 0.
(i) The {Z;} accumulate to +00. Then u; —> +00 as A —> 0.
(iii) The {X,} accumulate to 647 *m, for some positive integer m. Then the limiting
function u* = 1im,_,o u;_has m blow-up points, {x',...,x™}, where u, (x') — +00 as
A —0.

Moreover, (x!,...,x™) is a critical point of E.

In [8], Baraket et al. proved the inverse problem of the above result. More precisely, they

considered the following problem

A’u=pe" inQ, u=Au=0 onadQ, (11)
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where Q is a regular bounded domain in R* and p is a small parameter. More precisely,
they have constructed a family of solutions (u,), that converges to the function u* as p
tends to 0. Specifically, the authors proved the following result in [8].

Theorem 2 [8] Let Q be a smooth open subset of R* and x',...,x4™ € Q be given points.
Assume that (x,...,x™) is a nondegenerate critical point of E. Then, there exist py > 0 and
(1)) pe(0,pp) @ One parameter family of solutions of (11), such that

/l)iir(l)up =u* in Cl‘f)’z‘(Q - {xl,...,x’"}).

This result was extended in [4] for a general nonlinearity of type f(u) = " + e’* with
y € (0,1) instead of e*. Moreover, the author proved in [3] a similar result for the following
problem

A’u+Dy(u) = pte* inQ, u=Au=0 onaL,

where D, () := A[(Au)? + A(IVul?) + 2Vu - V(Au)] + 222 [Au|Vu|®> + Vu - V(|[Vu|?)] +
A3|Vul*. Similar results were proved by other authors, see for instance [7, 17].

In dimension 2, we consider the analogous problem as follows
—Au=p* inQ, u=0 onads, (12)

where the parameter p tends to 0. The study of this equation goes back to 1853, when
Liouville derived a representation formula for all solutions of (12) that are defined in R?
[24]. It is well known that as the parameter p tends to 0, non-minimal solutions exist and
they have singular limits. In [10], Baraket and Pacard proved the following result.

Theorem 3 ([10]) Let Q be a smooth open subset of R* and z,...,72" € Q. Assume that
(z4,...,2™) is a nondegenerate critical point of the function

F:(d....2") eC" — Zh(zj,zi) + Zg(zj,zl),

j j#

then there exist py > 0 and (1,) pe(0,00) @ ONE parameter family of solutions of (12) such that

m
limu, =u* =Y g(,7) nCre(Q-1{2'....2"}).
j1

p—0
Here g is the Green’s function defined as the solution of

-Ag(z,7) =878,y inQ,
g(z,Z)=0 on 9%,

and # is its smooth part defined by /(z,2') = g(z,7') + 41In|z — Z/|. Some generalizations
can be found in [6, 12, 18]. Problems like (12) are considered by many researchers. For
example, we cite [19].
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When X =0, the system (1) has been studied in [2]. More precisely, the authors consid-
ered the following system

A’uy = pter1*-vain Q
A2M2 — p4eEu2+(l—$)u1 in Q,

ui=Au; =0, i=1,2 onodf.

They proved the existence of singular limit solutions with blow-up on common points as
p tends to 0, using the nonlinear domain decomposition method. Similar result is proved
in [20]. In [9], Baraket et al. proved the existence of singular limit solutions for the above
system in the case where the singular sets are disjoint.

Recently, in dimension two, Baraket et al. in [5] studied the existence of a singular limit
solution for the following system in the case where the singular sets are not necessarily
disjoints

—Aug = A|Vuy|? = p2erat0-vima  jn Q,
—Auy — M| Vuy|? = p2efuat-5m jp Q, (13)

U =uy=0 on 0L2.

For A = 0 similar results are proved in [11]. Considerable effort has been devoted to the
study of singular elliptic problems in recent years, as can be seen in, e.g., [2, 5, 11, 20, 23,
26, 28] and references therein.

In this paper, we will extend the result of [5] in dimension four. More precisely, we will
show the existence of singular limit solutions of (1), which blow-up on common points
when the parameter p and A tend to 0, using the nonlinear domain decomposition method
and the Pohozaev identity.

We will suppose in the following that A satisfies

(A1) If0O<e <A, then AT 5 0as A — 0, for any u € (1,2).

-1
(Ay) If0O<e <A, then A3 5 0ash — 0, forany § € <O,min{ (&)

(o)) V

In order to facilitate the presentation of the main theorems, we consider the special case
where we have only three singularities x!, x> and x3. Specifically, our aim in this paper is
to construct singular limits (u,u,) such that #; blow-up in x!, x? and u, blow-up in &2,
x5,

At first, we give a necessary condition about the position of the points x!,x%, and x>

thanks to Pohozaev identity. More precisely, we prove the following result.

Theorem 4 Let Q be a regular open subset of R* and x',x2,x* € Q be given disjoint points.
Suppose that (u} - ubh *) is a one parameter family of solutions of (1), such that

lim uf”* = %G(-,xl) +G(,a?) =uf  inCr(Q\|x',4%})

P A—0 loc
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and

P A—>0 loc

lim uy” = éG(-,xg') +G(a?) =uy  in G (Q\|#%4%)).

Then (x',x%, %) is a critical point of the functional

+ (l—J/) (I_E)G(xl,x3)+ 1-¢
& 4 Y

A natural question that arises: can one find a solution that concentrates in a common
point x%. Before giving a partial answer of this question, we define an auxiliary function
which is a cut-off function in C3°(£2) such that ¢ = 1 in B(x!, 7o) UB(x?,79) and ¢ = 0 in 2\
(B(xt, o) U B(x3, 1)), where ro > 0 and such that B(x, 2ry) C 2 for i = 1,3 and B(x!, 2ry) N
B(x3,2ry) = 0.

Theorem 5 Let Q be a regular open subset of R*, ). > 0 satisfying (A1)-(A2) and x', 5%, x> €
Q be given disjoint points. We Suppose that (x*,x% x3) is a nondegenerate critical point of
the functional

E(xl,xz,xs) = %H(xl,xl) +2-y —E)H(xz,xz) + 1 ; yH(xg,x3)
(1-y)1-§)

+ —

§ Y

1-§

G(x",%%) + TG(xl,xz) + 1-v

G(xz,xg). (14)

Then there exist vy and & in (0,1) such that for all y € (yy,1) and & € (&, 1), there exist
po >0, Ao >0and (u’f”\, ug"\)pspo,,\s,\o a one parameter family of solutions of (1), such that

loc

lim gu* = %G(.,xl) in Ce(Q\{x'},

p,A—0
. , % . ,a
p’lxlﬂ()(pug)‘ = EG(~,x3) in C%(Q\{#°}

and

. _ s _ s
Jlim (=& + (1))

) ey 9t) )

Unfortunately, we are not able to give the asymptotic behavior of u/ *and ub g separately.
But, under an additional assumption on the points set {x!,x2,x3}, we give a positive answer.

Theorem 6 Let Q2 be a regular open subset of R*, ). > 0 satisfying (A1)-(A2) and x', 5%, €
Q be given disjoint points. We Suppose that (x*,x% x3) is a nondegenerate critical point of
the functional

1-

E(x a7 4%) = %H(xl,xl) +(2-y —EH( %) + 1-y

H(x3,x3)
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+(1—V)(1—5) X 1- 1-y 2 3)
& Y Y

such that
%G( Z,xl):ée(xw) and %VG(~,x1)(x2):éVG(~,x3)(x2). (16)

Then there exist yy and &y in (0,1) such that for all y € (yo,1) and & € (&, 1), there exist

Po >0, Ao >0, and (uf’k, ug’k)pgpo,mo a one parameter family of solutions of (1) such that

lim uf” = %G(-,xl) +G(,a%)  inCE(Q\[xh,4}),

pA—>0 loc

p,lxigo uyt = éG(~,x3) +G(,a%)  inCE(Q\[#%47)).

Let us now briefly outline the organization of the content of this paper: In Sect. 2, we
give necessary conditions for the position of the blow-up points (x%, 22, x%), thanks to the
Pohozaev identity and by using the techniques inspired by the work of Suzuki [27]. In
Sect. 3, we prove Theorem 5, motivated by the technics of Baraket et al. [8]. Indeed, we
discuss rotationally symmetric solutions of (1), we study the linearized operators around
the radially symmetric solution. We recall some known results about the analysis of the
BiLaplace operator in weighted spaces. Next, we study a nonlinear interior problem prov-
ing the existence of a family of solutions of (1) that are close to the rotationally symmetric
solution. Then, we prove the existence of a family of solutions to (1) defined on Q with
small balls removed. Finally, we show how elements of these families can be connected to
produce solutions of (1) described in Theorem 6. In fact, we patch these pieces together
via a nonlinear version of the Cauchy data matching.

Remark The conditions of Theorem 6 are certainly not valid on all domain of R*. It is
thought that a certain symmetry of the domain must be imposed for the condition (16) to
be verified.

2 Proof of Theorem 4
We first give the green identity for the bilaplacian operator:

YA d d JIA
/ (Azu).v— (sz).u = / u.v— Au—v + —u.Av— u.—V do. (17)
Q a0 v ov ov v

2.1 Behavior of solution around x?

For i =1,2, let £;(u;) be defined by (3). We multiply the equation A2u; = p*er*1+(1-1)u2 _
L;(u1) by V(yu; + (1 - y)uy) and then integrating over B, = B(x?, 1) where 7 fixed small
enough, we obtain a Pohozaev-type identity

y /I;Z(Azul)Vul +(1- )/)/B2 (A%u;)Vuy

= p* / (er V2 1)y do — / L)V (yur + (1 - y)u). (18)
9By By
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Using the Green’s formula, we obtain

/ (Azul)Vul = -
By

+f V(Aul).vVu1d0+/ Vu1.vV(Auy)do
0By 0By

(Aul)V(A(ul))—/ V(V(Auy).Vuy)

By By

=_%/332(Au1)2vd0—/ (V(Aul).Vul)vda

0By

+/ V(Aul).uVu1d0+/ Vui1.vV(Auq)do.
0By 0By

Similarly, we multiply the equation A%u, = p*ef*2*(1=9"1 _ £, (u,) by V(Euy + (1 — &)uy)

and then integrating over B, = B(x2, 1), we obtain a Pohozaev-type identity
£ (A’uz)Vuy +(1-8) | (A%uz)Viy
By By
=p* f (21 _Dvdo — | Lo (ua)V(Euz + (1 - E)us).
0By By
Using the Green’s formula, we obtain
/ (A%uz) Vuy = —/ (Aup)V (Aur)) - f V(V(Au). Vi)
By By By
+ / V(Auz).vVusdo + / Vu, vV (Au,)do
0By 0By
1
=—= / (Auy)*vdo — / (V(Auz).Vuz)vdo
2 0By 0B

+/ V(Auz).vVu2d0+/ Vu, vV(Au,)do.
0By 0By

Using the identity

/AZMZVM1+/ A2u1Vu2
By By

a(A a(A
:—/ V(Aug.Au1)+/ ( Mz)Vul do +/ ( ul)Vuzda
By E):) 0By 0

av v

d(Au J(Au
=- (Auy.Auy)vdo +/ ( Z)Vulda +/ ( I)Vuz do,
9By 9By v 8By %

then by combination of (18) and (19), we obtain

y(1-§) [;(Aul)zv — (V(Au1).Viy v + V(Auy)wViy
2

B>

+ Vul.vV(Aul)] do

+&E(1-y) /33 [;(Alh)zv - (V(AuQ).Vuz)v

(19)

Page 8 of 78
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+ V(Auy).vVusy + Vuz.vV(Auz)] do

B(Auz)

+(1-y)1- 5)[— (Auy.Aup)vdo + / Vuido

9By 0By

a(A
+/ ( Ml)Vug doi|
9By av

=p*1- f;‘)/ (e"’“"(l_”)”2 - 1)vda +p*1 - y)/ (95”2"(1’5)”1 - l)vda
9B, 3

B)

-(1-%) A L5 )V (yur + (1 - y)us)

—(1-y) | L)V (Eur + (1= &)m). (20)

By

In the desire to construct solutions of the system that blow-up in the point x2, this means
that if p and A tend to zero,

uy — uj(x) = G( ,xz) + %G( ,xl) and u; — uj(x) = G(x,xZ) + éG(x,xB).

Since we have G(x,x%) = —81n |x — 2| + H(x,x2), where H is a smooth function in €2, then
uﬁng@mﬂ+%g@mw:_mmmﬂﬂ+H@ma+%G@mg
= -81In|x —x*| + R(x,x”)
and
uymza@mq+§a@mﬂ:_smp_xq+H@wa+ée@m3
= _8lnlx— | + K(x,22).

Thanks to the fact that the solutions of the system (1) are regular on Q \ {x!,x% 4%} and
by inserting the profile of the limits of the solutions in the identity (20), when p and A tend
to zero and 7 fixed small enough, we obtain

lim (,04(1 _ %-)/ (eyu1+(l—y)uz _ l)vda + ,04(1 _ ]/)/ (eéu2+(l—é)u1 _ 1)vd0
9B, )

p,A—0 By

-(1-§) A L5 1)V (yur + (1 - y)us)

_(1-y) EWMV@W+O—SM0=Q

By

then

y(1-§) [_71 (Auw)*v = (V(Au).Vul)v + V(Aul) vVt
9B;

+ Vui‘.vV(AuT)] do

Page 9 of 78
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+&E1-y) [;(Auﬁ)zv - (V(Au;).Vu;)v
9By

+V(Auz).vVus + Vu’ﬁ.vV(AuZ)} do

+(1—J/)(1—5)|:—/8‘B (Auy.Auf)vdo +/ a(Aué)Vu’fda

9By ov
o(Auy
+/ ( M)V d}
9B, av

=0.
We set
Ins=y(1- E)/B |: (A’ = (V(Au).Vub)v + V(Aub) vV
2
+ w;‘.w(m;‘)} do
+E(1- y)/B [ (Aus)’v = (V(Au).Vig)v
2
+V(Aub).vVus + w;,vv(Au;)] do
+(1-y)1- $)|:— /93 (Auz.AuT)v do + / MVM’{ do
2

9By av
A(Auy
+/ ( ul)Vuﬁda:|,
9By v

by computation, we prove that

Iins = —§V(1 —%')/
n

VAR(x,%*) do — §§(1 - y)/ VAK (%,%%) do
9B, n

9By

+ %(1 -&)1-y) | ((VAK(x4%) + VAR(x,2)).v)vdo
9B,

+1—S[(1—5)/ AR(x,xz)vda+(1—y)f AK(x,xz)vda]
n 3By 0By
+3—§[(1—§)/ VR(x,xZ)dcr+(1—y)
n 8By 9By
Then we have
-8ny(1 —g)/ VAR(x,%*) do — 8n&(1 - y)/ VAK (x,%%) do
9B, [22)

+8n(1-&)(1- y)/ ((VAK (%,4%) + VAR(x,%%)).v)v do

9By

+16|:(1—“§)/BB AR(x,xz)vda+(l—y)/

0By

AK(x, xz) % da]

2 _ 2 _ 2 _ 3
+ , [(1 ’g‘)/aB2 VR(x,x )d0+(1 y)/332 VK(x,x )da] O(n ),

VK(x,x2) dcr] +O(n).

(21)

(22)

(23)

Page 10 of 78
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writing VR(x, x2) = VR(x%,x%) + O(n) and VK (x,x%) = VK(x%,x%) + O(), we obtain
(1-&)VR(x*,#%) + (1 - y)VK(x*,%) = O(n?),

which means that x? is a critical point of the functional

1-§

1-y
7G
y2-y-§)

EQ-y-§)

& ixr— (2, x") + H (x,5%) + G(x,%). (24)

2.2 Behavior of solution around x' and x3
We multiply the equation A%u; = p*e’*1*0=1)2 _ [, (1) by V(yu; + (1 — y)u,) and then
integrating over

By = B(x', 1), we obtain a Pohozaev-type identity

y/]; (Azul)Vul +(1—y)/B (Azul)Vuz
=p* / (er 0=V 1)y do — / L)V (yur + (1 - y)u). (25)
9aB1 By

Using the Green’s formula, we obtain

/ (Azul)Vul
By

=- (Aul)V(A(ul))—/ V(V(Au1).Vuy)
B By

+/ V(Aul).vVulda+/ Vui1.vV(Aup)do
9B 9By

1
— (Auy)*vdo —/ (V(Aul).Vul)vda
2 Jap, 3By

+/ V(Aul).vVuld(7+/ Vui.vV(Au)do.
aB1 0B1

Similarly, we multiply the equation A2u, = p*ef2* (=91 _ £, (1)) by V(Euy + (1 — &)uy)
and then integrating over B; = B(x!,7), we obtain a Pohozaev-type identity

£ (Auw)Vuy+(1-§) | (A’u2)Viy
Bi B

_ ,04/ (eéurr(l—é)ul _ l)v do — /j,\(uz)V(éuz +(1- E)u1) (26)
9B1 By

Using the Green’s formula, we obtain

/ (A2u2) VM2
B1

=—/ (Auz)V(A(uz))—/ V(V(Au).Viuy)
B

By

+/ V(Auz).vVu2d0+/ Vu, vV(Au,)do
aB1 0B1

Page 11 of 78
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_ _% (Awy)?vdo _/ (V(Auz).Vuz)vda

dB1 0By

+/ V(Auz).vVu2d0+/ Vu, vV(Auy)do.
aB1 0B1

Using the identity

/A2M2VM1+/ A2u1Vu2
B B

Ja(A a(A
:—/ V(Auz.Au1)+/ ( uz)Vu1d6+/ ( ul)Vuzdcr
B dB1

9B av V

d(A I(A
=— (Auy.Auq)vdo +/ ( MZ)Vul do +/ (Awm)
9B 9B v 9B1 v

then combining (25) and (26), we obtain

Vu,do,

y(1-¢§) [;(Aul)zv - (V(Aul).Vul)v + V(Au1).vVug + Vul.vV(Aul)] do
3

By

+&E(1-y) /83 [;(Auz)zv - (V(Aug).Vuz)v

+ V(Aup).vVu, + Vuz.vV(Auz)] do

B(Au2)

+(1-y)(1- E)|:— (Auy.Auy)vdo + / Vu, do

9B1 3B,

a(A
+/ ( ul)Vuz do:|
9B av

=p*(1- S)/ (e _1)vdo + p*(1 - y)/ (2718 _ 1)y do
9aB1 0By

-(1-8) | Liw)V(rm

By

e (= p)ms) - (=) /B L)V (1t + (1= Euay). @7)

In the desire to construct solutions of the system that blow-up at the point x!, this means

that if p and A tend to zero,
* 2 1 1 * 2 1 3
u — uj(®%) = G(x, %) + —G(x,x") and uy — ul(x) = G(x,47) + EG(x,x )-
Y
Since we have G(x,x!) = —=81n |x — x| + H(x,x'), where H is a smooth function in €2, then

ui(x) = G( ,xz) + %G( ,xl) = —gln’x—xl| + %H(x,xl) + G(x,xz)

= —; ln‘x—xly +S(x,x1)

Page 12 of 78
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and
us(x) = G(x,xz) + éG(x,xB) = T(x,xz,xg).

Thanks to the fact that the solutions of the system (1) are regular on  \ {x!,x2,%3} and by
inserting the profile of the limits of the solutions in the identity (20), when p and A tend

to zero and 7 fixed small enough, we obtain

lim <,04(1 —£) (ey””(l ¥u )vdcr +p*1 - y)/ §“2+(1"5)”1 - l)v do
P,A—0

0By

-(1-§) i L)V (yuy + (1 - y)uz)

—A=y) | Li(ua)V(Euz+(1- S)u1)> =0,

By

then
ra- S)_/. [ (Au})™ = (V(Au;).Vai)v + V(Auf) vV + Vu’{.vV(Au’{)] do
0B
rea-p [ [%(Au;)%_ (V(85).1s3)v
B,
+ V(AME).\)V@ + Vuz.vV(Aué)} do

+(1—y)(1—§)|:—/3‘8 (Aus.Auf)vdo

o(Au? J(Au*
+/ ( u2)Vu’{do+/ ( Ml)Vu;‘da]
9B, OV 0B, OV

=0. (28)

We set
-1
= r1-6) [ [ 5@ (v(00).9)
dB1
+V(Au})vVui + Vu’{.vV(Au*{)] do
+E(1- y)/ |: (Aus)’v - (V(Au).Vug)v
V(Auy).vVuy + Vuz.vV(Aug)] do

Vu do

+(1—y)(1—“§)|:—/33 (Au’z‘.Au’f)vdo+/ M

9B v
o(Aut
e
9B1 av

Page 13 of 78
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by computation, we prove that

8 L 8 INT (x,x%,%3)
Ins = —;(1—3,:)[)31 VAS(x,x") do + ﬁ(l—y)(l—é)/aBl(T)vda

+1—S[(1—§)/ AS(x,xl)vd0+ w AT(x,xz,xg)vdo:|
n 9B

14 3B;

32 (1-y)d-$)
+ ?[(1 —S)/BB1 VS(x,x") do + — ./331 VT (xx%%%) do:|

+0(n). (29)

Then we have

BAT(x,xz,x3)>
——— |vdo

_3n(1—s)[33 VAS(x,x") do + i—n(l—y)(l—é)/w ( .

_ 1 (1-y)1-§) 2 .3 :|
+16|:(1 E)/;Bl AS(x,x )vdo+—y /wlAT(x,x X )vda
20 N e o L=V -E) 2 3 }
+ , |:(1 E)/HB1 VS(x,x )da + ” /331 VT(x,x X )do
=0(n°), (30)

writing VS(x,x!) = VS(x', ') + O() and VT (x,x%,%%) = VT (x}, %% x%) + O(n), we obtain

(1- S)VS(xl,xl) + (I_J/))/&VT(xl,xz,xs) = O(ns),

which means that x! is a critical point of the functional

Evixr— H(,x') + G(,a%) + 1;VG(.,x3). (31)

In B; = B(x3,7), we proceed similarly as in B; = B(x!,7) and, taking into account the

changes, we obtain that x> is a critical point of the functional

1-&

Eyixr— H(,x%) + G(,a%) + >

G(.x"). (32)

Finally, by combination of (24), (31), and (32), we conclude that the point (x!,x2,x3) is a
critical point of the functional £ defined by

E(xl,xz,x3) — EH(xl,xl) +2-y —éj)H(xz,xz) + 1-v

H(x%,%%)

+

(L ; E)G(xl,xz) + 7(1 _ ii(; ~) G(xl,xS) + (1 ; V) G(xs,xz).
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3 Proof of Theorem 5
3.1 Construction of the approximate solution
We denote by ¢ the smallest positive parameter satisfying

., 384
po= (1+e2)4
Let
ue(x) := 41n(1 + &) — 41n(e” + [x/?), (33)

which is a solution of

A%y =p*e* inR%L (34)
Hence for all t > 0 the function

Uer (%) :=4In(1 + &%) + 4InT - 4In(e” + [Tx]*) (35)
is also solution to (34).

3.1.1 A linearized operator
First we introduce some definitions and notations:

Definition 1 Given k e N, « € (0,1), u € R, and |x| = r, we define the Holder weighted

ko

w¥(R*) for which the following norm

space C{j’“(R“) as the space of functions w € C
(0)))

_kr
”””c{j’“(R‘*) = ||ull cha g, o) + SBII’((I +r7)7? ||"‘(r')”ckﬂ(f;1(o)—3
r=

is finite. Similarly, for given 7 > 1, let C{j’“ (B;(0)) be the space of functions in C¥*(B;(0)) for

which the following norm

- -1
”””cﬁ'“(g;(o» = llull era s, o) +1S<lilz;(r “”(r')”ck:a(él(o)_s (0)))

Nl

is finite. Finally, set B¥(x') = B,(x') — {x}, let Clﬁ'“(l_?’{(O)) be the space of functions in
cke (B1(0)) for which the following norm

loc

el gion = 90" 140 ety 0)-1 1)

r<s

is finite.

We define the linear elliptic operator L by

, 384
(1+r2)Y
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which is the linearized operator of A%y — p*e* = 0 about the radial symmetric solution
Ue-1,:-1 defined by (35). When k > 2, we let [Cﬁ""(@)]o to be the subspace of functions
we cﬁ-a(s'z) satisfying Aw =w =0 on 9.

Foralle,A,7;>0,i=1,2,3and y,& € (0, 1), we define

yeEol  yebel , Yoo
yeé-l P T
6 7,6 £ ) and R, := e

[T

re; = max(e ) (36)

Proposition 1 [8] All bounded solutions of Lw = 0 on R* are linear combination of

|2

1- le‘
x)=4—— and ¢;x)=——— fori=1,...,4.
tol) =4 and G = o ford

Moreover, for u > 1, u ¢ Z, the operator L : Cl‘i‘“ (RY) — Cg’fﬁ}(]R“) is surjective.

In the following, we denote by G,, to be a right inverse of IL. Similarly, using the fact that
any bounded bi-harmonic solution on R* is constant, we claim

Proposition 2 Let § >0, § ¢ Z then A is surjective from Cy® (R*) to Cy% (R%).

We denote by /Cs : Cy% (R*) —> C5(R?) a right inverse of A% for § >0, § ¢ Z.

1 x2,% three distinct points in 2, we

Finally, we consider punctured domains. Given x
define X := (!,%%,%%) and Q*(X) := Q — {¥!,4%,%%}. Let r > 0 be small such that B, (¥') are

disjoint and included in 2. For all r € (0, 7o), we define
3
Q.(x):=Q - B (¥
i=1

Definition 2 Let k € R, € (0,1) and v € R, we introduce the Holder weighted space
Ck*(*(x)) as the space of functions w € C{gg‘(@*(i)) such that

”W”Cku ar®) = = [Wleke@, @) + Z sup ||w X'+ r)||ck,a(32(0)731(0)))
i=1 0<r<7
is finite.
Furthermore, for k > 2, let [C\’f'“(S_Z*(i))]o to bethesetof w e Cf’“(@*(i)) satisfying Aw =
w=0o0n9d%.

We recall the following result.
Proposition3 [17] Letv < 0,v ¢ Z, then A? is surjective from [C“‘(Q*(x))]o to C (Q*(x)).
We denote by G, :C% (Q*(X)) —> [C*(£2*(X))]o a right inverse of A% for v <0, v ¢ Z.

3.1.2 Ansatz and first estimates
For all ¢ > 1, we denote by &, : C) (B,(0)) — C)¥(R*) the extension operator defined
by

é//.,a (f)(x) Ef(x) for |x| <o,

(37)
Euo (@) = x(E)f (0 %) for |x| > 0.
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Here x is a cut-off function over R, which is equal to 1 for £ < 1 and equal to 0 for ¢ > 2.

It is easy to check that there exists a constant ¢ = c(u) > 0, independent of o such that

” su,a (w) ” Cgﬂ (R%) <c|wl cﬁ»a (B» (0)*

Here, we are interested to study the system

A’uy + Ly () = perari-ve,

A%uy + L5 (up) = phefrar=5u,
where
L3 (u;) = MAu)* + AVu; - V(Aug) + A2 |V |* A, fori=1,2.
Using the following transformations
v1(x%) = M1(f—1x) + slns - fln(%wz)) in B, , (x"),

va(x) = uz(£-%) in B, , (x"),

vi(x) = u1(5x) + 8lne — 41n(%+52)) in B, , (x%),

V() = uz(£x) + 8Ine —4ln(%ﬁ‘2)) in B, , (x*)

and

vi (%) = w1 (%) in B, , (x%),

2
va(%) = (%) + glns - gln(%) in B, (x%).

Thus, the previous systems can be written as

A%y + L5 (v1) = 24er"1+0-vv2 in BR;A («h),

) 4}/+§—1 8y+5—1 (1-¢) . 1
Ay + L(vy) =24C), 7 &7 7 &2 in B (xY),
7 &,

A2y + L (1) = 24er1t0-v2 - jp BRZA("2)’

A2yy + L, (vy) = 24€t72+1-8 jp BRzA(xz),

and
4 ¥+l oy
A%vy+ L5 (vy) = 24C5, TP A QIR B (x%),
A2y, + L, (vy) = 24572+ (1-Em in BRaA (x3),
where C;, = r(++52) for i = 1,3. Here 7; > 0 is a constant which will be fixed later.
1

We denote by i = u,_1 1,1, we look for a solution of (44) of the form

vi@) = La(e - al) - ELG(E,4%) - BLG(2,4%) - 22 1+ b (),

2
vo(x) = %G(%,xs) + G(%,xz) + hy(x).

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

Page 17 of 78
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Using the fact that ehe=) = ﬁ, we see that this amounts to solve the system
384 Li(-y)nd 1= 1-
Li = 38 (M0 il 2 1) - £ (R - o) - X G(E, %)
1- 1
- V_E)’G(%,xfi) - % +hi(x))¢
= Ye = 48
Azh% _ 24Cy 1; 167 8,5 iz ey+f—1 G(%,xz)*-y:/i_lG(%,x3)+§h;+(l—§)h% (48)
y 7 et T
~ (G, 6%) + G, x2) + (),

We denote by
Lhy =Ry(hy,hy) and  A*hy = Ry(hy, hy).

Fix u € (1,2) and § € (0, min{(%s_l), (%)}). To find a solution of (48), it is enough to
find a fixed point (/2], /23) in a small ball of C*(R*) x Cy*(R*) solutions of

M =Guok,m o Rl ) = Ny, bd),
B =Koy o Rl 1) = My (il ).

(49)

Here &, p1 X is defined in (37), G, and K5 are defined after Propositions 1, 2, respectively.

Then we have the following result.

Lemma 1 Given k > 0, there exist &, >0, A, >0, ¢, >0, ¢, >0 and yy € (0,1) such that for
alle € (0,6), » € (0,A¢), ¥ € (Yo, 1), € (1,2) and 8 € (0, min{(%g_l), (X)), We have

||N1(0> O)HCﬁ‘a(R‘L) = Ckrip ”Ml(o: 0) ”Cg‘a(R‘*) = Ckrip

”Nl (h}rh%) _-Ml(kllrk%) ”cff’(R‘L) = Ek’”az,,\ ||h% - ki “cﬁ'“(R‘l) +e(1-y) ”h% - k% “cg'“(R‘*)
and

”Ml(hi’h%) - Ml(kll'k%) Hc;"“(R‘*) = EK’"?,A ” (h%’h%) - (kll'ké) ”c,‘ir“(RAI)xc;*"’(R‘l)’
provided (h}, hy), (ki, k3) € Ci*(R*) x Cy*(RY) satisfying

| (1, 5)]

2 1,1 2
che rxche(ry) = 20cTo 0 | (ki k2) ||Cﬁ‘“(R4)><Cg‘°‘(R4) =267 (50)
Proof Using the fact that |VIG(x, )| < c|x —y|™ for i > 1, we get

sup r4’“|7?,1(0, 0)|
rgR}:’)L
1 1- 1- 1
Ek(—ﬁ(x—xl) - —yG(ﬁ,xZ) - —VG<ﬁ,x3) - ﬂ)‘
Y 14 3! 143 il Y

1_ n 1-v &x 1-y &X 4 >
Y Y 3l 123 3!

< sup pAr
r<Rl,

<A sup P
r<Rl,
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+2A sup

1 1- 1-
V(—it(x—xl) - —yG<§,x2> - —yG(ﬁ,x?’))‘
r<Rl, Y Y 7 43 T
X

V(A(lﬁ(x—xl) - l_—yG(g,xz) - 1_—yG<8—,x3)>>‘
4 14 51 143 1

+ 2% sup riH
r<Rl,

1 1- 1-
A(—Zt(x—xl) - —yG(E,ﬁ) - —VG(g,f))’
4 14 a1 143 1

. 2 3- 3- 2 4
<car(l+e+e'R "+ R+ R + e d®(1+ 7R + R + °RF)

X

<cr(L+e+e"r) v e n?(1+e ).

Making use of Proposition 1 together with (38), for u € (1,2), we get that there exists
¢, >0 such that

M O)HC;*;“(R4> <y (51)
For the second estimate, we have

4-5
sup r |R2(0,0)|
rgRé)L
4 v¥E-1 grtE-l 48 16 % V+E—1G(&x2)+V+§-1G(ﬂx3)
< ¢ Sup Cls oty a R 4 T’ vE T’
rSR;A ’ 1+7?)

B 2

aviEsl oy

1
+ sup r‘”ﬁ,\(—G(ﬂ,f) + G<g,x2)>
r<gl, &\ 7
1
<¢Cy, 7 €77 sup S(r)+A sup p*s A(—G(ﬁ,xs) +G(ﬂ,x2>)
' rgRi)h fSR;;L é 3} 3!
1
+A sup r+° V(—G(g,ﬁ) + G(g,ﬂ))‘
rSRSI,)» g T T1
1 _(ex 4 &x
VIAl =G| —x° )+ G| —,x
§ \n 7
1
+A2 sup r? V(—G(g,aﬁ) +G(g,x2))
VSR%)L %' T1 71
1 _[(ex 4 EX 4
Al =G| —,x° )|+ G| —,x
& T 71

where S(r) = Ll_g Then, using the fact that |V:G(x,y)| < clx —y|™ for i > 1, we get

(1+r2)4 v

X

X

’

Al e
4-5 Y 8i—=— 4 4-§ 2.4 48
sup 77| Ry(0,0)| < Cy, " & 7 sup S(r) +cche® sup 0 + ¢ ae* sup
rSR;'A rSRi,k rSR;k rSRi,A
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If4 -6 - 81)/;ng <0, then S is bounded on R,. If 4 —§ — 8% >0, supy, rgi,k[S(r) = S(VST’*),

then we get

graisl oo, 4-5-8LE

sup r4’5|7€2(0,0)| < max{e e, T }+ckkssr4ks +c 0 2el r J <c,<rik.
r<R!

=g,

Using the same argument as above, we get || M;(0,0)]| cho ) < ckril\.
Recall the following conditions.

(A1) If0O<e<A, then AT 5 0as A — 0, for any € (1,2).

-1
(43) 1fO<e<h, thenr!*2e™ — Oas i — 0, for anyd € <0,mi“{(y E >’

() y

To derive the third estimate, using the fact that for all functions in Cﬁ"" (R*) bounded
by a constant times (1 + r2)*/2 have their /-th partial derivatives that are bounded by (1 +
r)WD2 forl=1,... . k+a,...(ae |Viw| < cKr“‘l||w||cﬁ,u(R4),
large) and the fact that |V!G(x, y)| < c|x —y|~ for i > 1. Then for (41, hl), (k}, k3) verifying
(50), we have

(1473072 ~ pr=l for rvery

sup | Ry (hy, hy) = Ra(ki, ky)|

rSR;)h
384541
= sup L o) (@t i)
rfRi)L ( tr )
1 1
+ sup r*# ,C,\(—Et(x—x ) - —VG< 2)
"SRiA y V Tl

1 VG<_7x3) In ]/ hl( ))
143 7 Y

—L')\( 1 (x xl) 1- yG<g,x2> - l_—yG(g,xs) - ln_y +ki(x))'
Y 4 7 143 7 Y

384r% 1 1
< sup o [ (08) - (1)) + -l - ko]

r<Rl; Y

+ 4 sup r* | A(h] - k)|

1
r§1<’é "

2 _ 1- ex 1- &x
x (—|Au| + 2—V’AG<—,x2)’ + 2—y’AG<—,x3>
Y Y n 123 T
4 1 g1 2 1-vy )
+A sup V(b —ki) - V| =Au+2—=AG| —,x
r<rl, Y Y T

1-
12——YAG ﬁ,xg + Ahy + Ak}
123 3

V(A(h - k) - v(z 21—”G<T1 2)

14 14

o]+ |akl])
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1- 1 1
~2 s G<T1 >+h1(x)+k1(x))‘

4 1 1. 1-y [(ex ,
+A% sup r ”|A( -k )| —u—-——G[ —,x
r<R1 y V T

1- 2
- —G + I (x )
vé (Tl ) 1)
V(lﬁ—l_—yG(S—x,xz)—l—G( >+k%(x))
Y Y 51 143 T’
) 4_M(2 _ l—y’ <sx 2)
+ A% sup r —|Aul +2 AG|[ —,x
r<rl, 4 4 3t
1 1-
+ |Ak11|>HV<—ﬁ——yG(%,x2)
Y Y T
1- 2
- —G +h1(x))
vé ( ) !
1. 1-y 1-y 2
e 5re(n)- e ]
Y Y n 143 o’

= e[l e + Il cae) [ = kil g + e =) [y = ki | e

+ ]

1 —
+ 2—V’AG(§,x3)
vE T1

+ | A

+CK)»(1+8REA+8 R2A+‘»9BR§A

R (I gae + IR s [ = K

ot

+ chz(l +ER, + sszk + EBRS)\ +RY (||h% ”C:i,a + ”kll ch,a)
R (g + IR ge) + R ([ + [ )
R (g + R o) 1B = e

<o, [ - kg + 1= )|~ R

+eh(L+repte ”r2+”)||h1 ki ||C4-a

+ ckkz(l + T+ € ;erm + 8_2“ 2( 2+u )th kl ”C”“"

Using the following estimates

1-4
u 2 Ce€ T2 fore> A,
cetrlt <
« er = 1445
A tze™™ forA>e,

together with condition (A;), yield ¢, A(1 + e, + 8‘“r§:\“ ) < c,(ri)\ and ¢ A2(1 + 7,y +

2(2+u))

2+ -
M +e ZMrg)L

ehry < ccr?,. Making use of Proposition 1 together with (38) and using

the condition (A1) for p € (1,2), we get that there exists ¢, > 0 such that

[NL (i, ) = Na (ki k) | e s

602, i~ R g + 2t~ ) i~ oy )
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On the other hand, we have

sup 7473 | Ry (!, 1) - Ry (KL, D)

rgRi)L

< up 24CT s”“( 16 )
< sup y v e 7 | —=
rSRiA le (1 +r2)4

1-£
v

L&.’IG(Q 2)4 y+E-1 G(&x x3)

4-4 AP E By

Xr"e 7 1

% ’esh§+(1-g)h} _ esk;+<1-s>k{‘
+ sup i

8 ,C)\(lG(%,xQ‘) + G(S—x,x2> +h§(x)>
rng,)L E T1 1
1
—L)\(_G(ﬂ’x?)) * G(%,xz) * ké(x))’
§ \n T

arl 16 gyeen 16 \7
<ccsup 24C, 7 y Ve Y (7

r<R1

sl = k| + (1= 8) |1 - k]
+ A sup r‘L’S[|A(h1 k1 ( ’ G< )’
r<R£
+ = AG( 3) + )
3 n’
V(hy - ky) - v(zAG(i—x,x2> + gAG(i—x,xB) N Ak%)
1 1

V(A (A - K)
V(ZG(Q,ﬁ) + gG<g,x3> +hy +k§>H +2% sup ¥ |A(hy - k)|
T & \n r<kl,
1 £x &x 2
x HV(—G(—,x3) + G(—,xz) +h§(x))
§ \n 7
o(le(ze) ole) )
& 1 1 2
+ 1% sup r4_5<2‘AG(£—x,x2> + — AG( ) +
rfR;,)L 3! s
1 ex &x >
X HV(—G(—,xS) + G<—,x2) + h%(x))
§ \n 7
2
- ‘V(EG(g,xs) + G(g,x2> +k%(x)) ]
§ \n 1

|Ahy| + Ak

+

A+ |k )

1-¢
em 1 ¥
<ae®™ T sup (o) T Lo I - g+ 1 0 R ]

+ e h(ERg ). + &2R? 2+ 83R3A +R (Hh% ||C;L,a + ||k% ||C;m)) Hh% -k ||C;;,a
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+c A (e?R2, + &°R2,
+eRS ([ e + M| o) + &R (|12 ca + K | )
+ R ([ e+ K3 )*) 85 = 3 | g
<t =k s + cerdy | =K | s + cen(res + €7 r32) [ = ko | s

+ e h? (r?}k + e_srﬁj\g + 8‘25r§f£+2)) ”h% —ky “Cf“

Using the following estimates

8

3

5 248 fore > A,
Ce€ Tep = 5
3

£ for A > ¢,

together with condition (Ay), yield ¢, A(re, + £7°r2%2) < ¢, r?

2 2
5, and ¢ A%(r;

2 —8..0+3
A + & rs,k +

e 2r20*?)) < ¢,12, . Making use of Proposition 1 together with (38) and using the con-

dition (4,) for § € (0, min{(%s’l), (”f’l )}), we get that there exists ¢, > 0 such that

[ M 1) = Mu(kas o) | ey < Eeria | (B 1a) = (koK) (53)

O

) ” Cr* (R xCy™ (RY)”

Reducing ¢, and A, if necessary, we can assume that EKr?,A < % for all ¢ € (0,&,) and
A € (0, A,). There exists also y, € (0,1) such that ¢, (1 -y) < % for all y € (o, 1). Therefore
(52) and (53) are enough to show that

(hy,hy) > (N (I, hg), Ma (g, By ) )
is a contraction from the ball
{(n1,13) € Co (RY) x C3* (R*) : || (k1. 1)

” ChY (RY) xCo (RY) = 2¢.r, 3,,\ }

into itself. Then, applying a contraction mapping argument, we obtain the following
proposition.

Proposition 4 Given k >0, u € (1,2) and § € (0, min{(%s_l), (%)}), there exist g, > 0,
Ae >0, ¢ >0 and yy € (0,1) such that for all € € (0,5,), > € (0,A), ¥ € (Yo,1), and for
all v, in some fixed compact subset of [t7,7] C (0,00) there exists a unique (hi,h})(:=
(1,62, Mo,,7,,)) solution of (49) such that

11 2
[ (. 13) | Che Ry (rt) = 20T
Hence (47) solves (44) in BR1A(x1).
In Bps (x%), following the same arguments as the first case by reversing the roles of the

functions v; and v, and by respecting the changes of the coefficients, we can prove that
there exists (i3, 13) € C* (R*) x C*(R*) such that

| (1. 15) ||c§'“(R4)xcﬁ'“(R4) =267,

Page 23 of 78
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Furthermore, (43, 43) solves the equations

4J/+§_ L1y gy+é-l
24C; 16 £ & £ y+é-1 G(%'xz)*nyI G(i—;‘,xl)+yh§+(1—y)h§

A2h‘?: = T e &
sTmr )
-L (— (%,x1)+G(%,x2)+h3( ), (54)

]th 38;1) [eéh3+(1 )3 Shg —1]- Ek(é a(x— %) — %G(%’xZ)

- G - B )

Then we have the following proposition.

Proposition 5 Given k >0, u € (1,2) and § € (0, min{(%é_l), (%)}), there exist €, > 0,

A >0, ¢ >0 and & € (0,1) such that for all ¢ € (0,&,), > € (0,A), & € (§0,1) and for
all ©5 in some fixed compact subset of [t3,t5] C (0,00), there exists a unique (h3,h3)(:=
(M1,6,3,» Ma,,73)) solution of (49) such that

| (13, h5) ”c‘“‘ ®RY)xCH RS = 2,17,
Hence

G(5,a") + G(Z,4%) + hj (%),
i =) = FEG(2,0%) - FEG(E, ) - B + B)

vi(x) =

1
y
vy (x) := %

solves (46) in Bps (*3).

InB 2 (x%), we look for a solution of (45) of the form

vi(x) = u(x — x2) + h3(x),

va() = i — x%) + h3(x). -
This amounts to solve the equations
Lit = 5[ YU g2 1) - (e — 52) + H2(x)), (56)
LI = 28 [0 _ 2 _ 1] — £, (i — o) + ).
We denote by

Li = Ra(},J3) and - L3 = Rk, 15).

To find a solution of (56), it is enough to find a fixed point (42,/43) in a small ball of
C*(R*) x C»*(R*), solutions of

1 =Gy oy, o Ralhd, 1) = Nl 3),

(57)
1=Guo& e o Ralid,3) = Mol 1),

Then, we have the following result.
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Lemma2 Let u € (1,2), yo and & € (0,1). Given k > 0, there exist e, >0, A, >0, ¢, >0and
¢ >0 such that forall e € (0,8,), . € (0, 1), ¥ € (Y0, 1) and & € (§o,1). We have

||N2(0’ 0) ” Cﬁ‘a(R‘L) < ergyp ” MZ(O’ 0) ” Cﬁ‘a(R‘L) < Cﬂ"?,)\,

[N (3, 13) = Na (kS &)

”C,A;‘O‘(R“)
< (1 -y + rf‘k) ”hf - kf ||C;4L,a(R4) +¢c(1-y) th - k% ||C;LL,01(R4)

[ Mo (1, 15) = Mo (k3 53) | e,

<c(1- 5)||h% -k ch“(mzl) +ac(1-&+ rez,x) th -k ”c,‘i'“(R‘*)’
provided (13, 13), (k},k3) in C*(R*) x Cb*(R*) satisfying
| (1. 75) HC;IL’O‘(R‘L)XCﬁ’“(R‘*) <2r;, and | (k. K) ”c,‘i’“(w)xcﬁﬂ(n@ﬁ <2617, (58)
Proof We have

sup r4’“|723(0,0)| < sup r4’”|£,\(ﬁ(x—x2))|

2 2
rSRE,)\ rgRS')L

<A sup r4_“(|AZt(x—x2)|2+ |Vﬁ(x—x2)V(AZt(x—x2))|)

2
r SR&,A

+A2 sup r4’“|Vﬁ(x—x2)|2|Aﬁ(x—x2)}.
r<RZ;

Making use of Proposition 1 together with (38), for 1 € (1,2), we get that there exists
¢, > 0 such that

|V2(0,0) | cha ey < . (59)
For the second estimate, we use the same techniques to prove
” MZ(Oy 0) ” C,A:’a(R‘L) =< Cy ri}g (60)

To derive the third estimate, using the fact that for all functions in Cl’j"” (R*) bounded by
a constant times (1 + r2)*/2 have their /-th partial derivatives that are bounded by (1 +

P B forl=1,.. k+a,... (e VW < e Wl phagay, (1+72) D2 ~ i~ for rvery
m

R4)’
large) and the fact that |V!G(x, )| < c|x — y|™ for i > 1. Then for (h2, h3), (k?,k3) verifying

(58), we get
sup 1M Rs (bt h3) - R (k1. K3)|
rSRS,A

38474+
(1+r2)t

2
r SR&,)»

< sup |(eyh§+(1-y)h§ _ h%) _ (eykf+(1-y>k§ _ kf)l

+ sup r4_“|/3,\ (Et(x —x2) + h%(x)) - Ly (L_t(x - xz) + kf(x))|

2
rSRg,k
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4
B DR - R) + L=y (2= 2| + 2 sup [ A~ &)

<csup ———|(y -
r2) oy

rng,A (1 +

x (2|Anl + |ART| + | AKT|) + A sup PV (- kD) - V(285 + Ah + AKY)

rfRs‘}»
+ V(A(h% —kf)) -V (2i+ I+ kf)!

+A? sup P AR - k) |[|V (@ (x - 57) +hf(x))|2

rSRs,)L
+ ’V(Zt(x — xz) + kf(x)) ‘2]

2 ot i
22 sup r4‘”<;|Au| C2f AR AR + |Ak§|)

VSRE,,A
x [|V(L_t(x—x2) + h%(x))|2 - |V(ﬁ(x—x2) + k%(x))ﬂ
<=y -k cae + et =) = K3 cae + cen (14 RE, ([ 7] ot
+ |k cae)) 7 = K s

+ e A (1+ R, (|| A7

e+ R gge) + R (02 g+ |2

c;‘;;‘”)z) |7 =&t “cj%;“

<= P~ R g + (1= ) g + k(L &2 12— 2]

4,0
Cy

X red? (L e o2 e 22 [ = K e

Making use of Proposition 1 together with (38) and using the condition (A;) for u € (1,2),
we get that there exists ¢, > 0 such that

[N (3, 13) = Na (kS K3) | e oy
ey + i) =Kl gge oy + 8=V ~ K gy (61)
Similarly, we get

||M2(h%’ h%) - MZ(kf’ k%) ”Cﬁ’“(R‘L)

=c(l- E)“h% - k% Hcﬁ'“(w) + Ek(l —-&+ rf},\) Hh% - k% ”ij'“(]R‘*)' (62)
(]

Then there exist yp and &, € (0, 1), reducing &, and A,, if necessary, we can assume that
c(l-y+ri)<1/2andc(1-& +r2,) <1/2foralle € (0,&c), 2 € (0,A), ¥ € (o, 1) and
& € (&9, 1). Therefore (61) and (62) are enough to show that

(h3,13) > (Na (3, h3), Mo (hi, h3) )
is a contraction from the ball
{11, 13) € Cr (RY) x € (RY) - || (3, 13)

||cf;’°‘(R4)xcﬁﬂ(R4) = 2CKT§_A}

into itself. Then applying a contraction mapping argument, we obtain the following propo-
sition.
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Proposition 6 Given k >0, u € (1,2), yo € (0,1) and & € (0,1), there exist &, >0, A, >0
and ¢, > 0 such that for all ¢ € (0,&,), > € (0,A), v € (Yo,1) and & € (&,1) and for
all vy in some fixed compact subset of [t;,t;] C (0,00), there exists a unique (h3, h3)(:=
(M1,6,19» M2,6,7,)) solution of (57) such that

” (h%’h%) ”cﬁ"" R4 x Ch% (RY) = <267, Tear
Hence (55) solves (45) in BREA(xz).

3.1.3 Bi-harmonic extensions

Next, we will study the properties of interior and exterior bi-harmonic extensions. Given
(0, %), (@, %) € C+*(S%) x C>%(S?), we define respectively H™ = H'™(¢,v;-) = H}Y, and
Ht = H™Y(G, ;) = H;Xfp to be the solution of

A?H™ =0 in B;(0),
H" =g on 3B,(0), (63)
AH™ =+  on 3B;(0),

and

AZH™ =0 inR*- B,(0),
H™ =@ on 9B;(0), (64)
AH®™ = on 3B;(0),

which decays at infinity. We will also use

Definition 3 Givenk € N, @ € (0,1) and v € R, we define the space C**(R* - B;(0)) as the

space of functions w € C{;;"(R‘L — B1(0)) for which the following norm

_ —v
Wil et gy o) = ﬁ‘jﬁ’(’" 1w et 3y100-8100)
is finite.
We denote by ey, ..., e, the coordinate functions on S3.

Lemma 3 [4] Assume that
/53(840 —¥)dvg =0 and /53(12(/) —egdvgg =0 fore=1,...,4. (65)
Then there exists ¢ > 0 such that
|HY, ”c‘“’ E0) < c(ll@llcsass) + 1V llc2e(s3))-
Similarly, there exists ¢ > 0 such that if

¥ dvgs =0, (66)
SB
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then

||H;X1;j Hcff(R‘*—Bl(o» < c(l1lleaess) + 1Vl c2a(s3)-

If F C L?(S%) is a subspace S, we denote F* to be the subspace of F, which are L2(S)-

orthogonal to the functions 1,e;,...,es. We will need the following result.

Lemma 4 [4] The mapping

PO (SP)T x C2($%) — C3($%) " x CM(s%),

(9, ) > (3,(Hyy, — Hey ), 0, (AH)

oy AH:’);;/))

is an isomorphism.

3.2 The nonlinear interior problem
Here, we are looking for a solution of the following systems as in the above subsection, we

only add the interior harmonic extension and the perturbation term 1/l fori,j=1,2.

A2V + L (vy) = 24eV1+1-7)2 in By (x)),

JRZIS R © (67)
A2y + L5 (vy) =24C,, 7 &7 1= in By (ab),

4 &,h
A2y, + L, () = 24e?170-r2 - jp BR?:,A (x?), (68)
A2y + L, (vy) = 24€f72+0-8m jp BR?,A )
and

4“?’1 grté-l
A%+ L(n)=24C;, © & & et in By (x7), (69)
A%y + L; () = 2482+ (1-8m inBp (%),

where £, is defined by (40) and C; =
will be fixed later.

Given ¢ := (¢}, ¢5) € (C**(S%))? and ¥’ := (Yi, 1) € (C>*(S?))? such that (¢}, ¥}) and
(5, 1) are satisfying (65). We denote by i = #,_1,,,-1, we write for x € B Rl (x1) the follow-

ﬁ for i = 1,3. Here t; > 0 is a constant, which

ing system

) = Li - ') - LLG(E,4%) - LLG(E,4%) - UL+ bl ()

14
) 1
+ H"™ (1, ¥ 55) + vi(),
&,

. 1
va(x) = LG(2,2%) + G(2,5%) + hy(x) + H™ (g}, Y 55) + V().

Page 28 of 78
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Using the fact that H™™ is bi-harmonic and that ¢#**) = ﬁ, we see that this
amounts to solve the system
y(h%+Hi“1t 1+vi)+(1—)/)(h%-*—Hi“1t 1+v5) _
Lo} = (e o1 ™ - - £ Cate-w)
_ 1= V e ex ,3)_ Iny
G(2,4%) - L2 G, a%) -
+H“1‘¢,1<R1 )+ )+ h0) - A%,
yEcl g s
o1 uc, 7 167 6 (70)
A%y = = TTE
y et v , .
xeyj G(Ex a2y Lot G(i—i‘,x3)+s(h%+H;“%t’¢21+v%)+(1—£)(h%+H;“%t’w%+v%)
- L,(;G(E,2%) + G(2,%7) +Hm I(H ) + 3 (x) + v3(0)) - A%y,

We denote by
Lok = () and A% = Ro(h ).

Fix ;v € (1,2) and § € (0, min{(%g_l), (%5_1)}). To find a solution of (48), it is enough to
find a fixed point (v},v;) in a small ball of C+*(R*) x Cy*(R*) solutions of

=G, o éHRl o R1(v},v3) = M (vi,h),
vy =Kso Esrl, © R (v}, v3) = My (vi,v)).

(71)

Here§ n1 X is defined in (37), G,, and KC; are defined after Propositions 1, 2, respectively.
Given « > 0 (whose value will be fixed later), we further assume that the functions gojl
and ¢/ satisfy

||(p],1 ||C4,a(53) < /crgv)\ and || 1/fj1 ch,a(ﬁ) < KVE’)L, forj=1,2. (72)

Then we have the following result.

Lemma 5 Let ¢! := (pf,¢1) € (C**(S%)? and ¢! = (Yi,¥)) € (C**(S*)? such that
(o1, v1) and (@), ) are satisfying (65) and (72). Given k > 0, there exist &, >0, A, >0,
¢ >0, ¢ >0and yy €(0,1) such that for all € € (0,&,), A € (0,A), ¥ € V0, 1), n € (1,2)
and § € (0, min{(X5=2), (ZE21)}). We have

[ #1000 s sy < ccrtps [ MO, 0)||C4a <cer?;,

[ M (v1v2) = M8 65) | e ny < €72 V1= 81 ety + 8= 1) [V2 = 83 | e
and

| M (vy,v3) = Mo (81, 85) ”c“‘ &4 S G re;|(viv) = (1.8) ”c‘*“ (RY)xCH (RY)
provided (vi,vy), (t], 1) € C;*(R*) x Cy*(R*) satisfying

[ (viv2) Hcﬁ'“(W)xcgva(M) <2775, |(&6,6) HCﬁ‘a(R‘*)ng‘a(]R‘*) =267, (73)
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Proof The proof of the first and the second estimates follows from the asymptotic behavior
of H'™ together with the assumption on the norms of gojl and 1/fj1 given by (72) and it follows
from the estimate of H™, given by Lemma 3, that

: r
Hmt (_ )
‘ B Ri,)\

1
forallr < RFT* Then by (72), we get

. r
Hmt (_ )
H (pil"//il Ré,)\

On the other hand,

) =cr (R;,A)_Z(”?"jl ||c4va(s3) + ”‘ﬁjl ||c2,a(s3))’
C%®(By(0)-B1(0))

<c.er. (74)
C4(By(0)-B1(0))

sup 7| R1(0,0)]

rgRi i

384741 1 y(HT 1+hb+u—yxﬂg¥
. 2:

1
7—|e 1 1+h2)
1+r)ty

< sup V3

Tl
rSR&k

1- 1- £x In
i} _Vg(ﬂ,xz) _ _VG(_,,C3> _Iny
4 7 143 7 y
. x—xl
CHE <—R;A ) N h}(x)) . |A2h}|>

384r%H 1 ;
oy P e v [ e

- 1|+ sup r4‘“<

1
rSR&)L

E;(%Zt(x—xl)

= sup
r<Rl,

# =P g + (= p)r [ o)
+A sup rAH

1 1-
<A(—ﬁ(x—x1) - —yG<g,x2>
rSR:)L y V 7’—1
1-y [ex ‘ x—x! 2
-G =23 )+ Y (S ) + ()
yi: T1 o191 R;y)h
1 1- &x
+2X sup r* V(—ﬁ(x—xl) - —yG<—,x2>
VSREI,‘)L y 7/ Tl

1-y (ex me (X%
__?;G<?mﬁ>+H#ﬁ(7;—)+ﬂw0‘
4 1 &

14
Hint <x_xl) hl( )>)’
+ 1.1 + X
wl,lﬁl R;,)\

+ 1% sup
r<R};

1
int xX—x 1
+waf<‘ze1 )) +)

&\

—

2
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X

1 1- 1-
A(—L_t(x—xl) - —yG(E,x2> - —VG(g,xQ’)
14 Y T 143 1
_4t
+Hint < R )+h (x))

<cor?, o1+ e* R + 2R + R e

+ sup r | APk
rSR}w

R + e o
+ 2R, [ e + £ R, [ et

+RY | hi| Cﬁ,a) +ed2(1+ R + 2R + 2 RE" + °RO
 Re e + 2R, [ o

R, [t o + RS A )

2— +4
<cerl, +ech(Lrerl, + e r " + el ")

12— 5-u - Cp1 5
Y O R R SO S A}

Making use of Proposition 1 together with (38) and using the condition (A;) for u €
(1,2), we get that there exists ¢, > 0 such that

|-~1(0,0) ||C4a <cerl,. (75)
For the second estimate, we have

sup s |{R2(0, O)|

rgRi)L
AL e 016\ T
<c¢ sup C, " & 77 %
rSR;A (1 +r )

yrE-lgoex 2y, yrE-lgoen 3y EHTY +hy)+(1-E)(HT | +h})
e v GEATTE G5 Jo ey ottt

1
* sup r4_8<’£k<_6<g,x3) * G<g,x2>
r<gl, § \n T
Hmt x—x! h(x) |A2h1|
+ — )+ ) )|+
P30 R;,x 2 2

1-¢
&= 16 v
e s S () 6P+ il
r= &,

R L

+(1-&)r* Hh} Hcﬁ,a + 1) +A sup r*”
1

r<R
int <“ '[1) hl( ))
11 — | t %
033 R;,x

1 4l
5 V(—G(g,ﬁ) .\ G(Sx ) + H <¥> +h§(x)>’
& 151 T1 902’102 Rs,k

1
8 A(—G(g,xa’) + G(g,ﬁ)
& \n 7

&k

2

+ A sup A=
r<R;;
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x—x! 2 1 [ex
G , 2 Hmt hl A —G =, 3
+ (1'_1 x>+ Iy Rik )+ 5(x) : o x
x—x!
G , 2 Hmt hl
+ (T1 x > + 1yl Ri,,\ )+ 5()

+ sup 4| A%hy).

1
rng,A

With the same argument as above, but using the condition (A;), we get || M1(0,0)|| Cho(RY) <

2
CTs s

To derive the third estimate, for (v1,v}), (¢1,£3) verifying (73), we have

sup r* | Ry (vi, v) - Ri (8, 3) |

VSR;A
384r4—ﬂ 1 y(h1+Hi"t +v1)+(1—y)(h1+Him +v1)
< sup (e A bt
r<rl (1T+r2)ty
1 int 1 _ 1 int 1
B (ey(hlJer{.\//ll”l)Jr(l y)(h2+}—[‘p%'v/21+t2) _ yt%)|
1 1- &x
+ sup ri ﬁx(—ﬁ(x—xl) - —VG(—,xZ)
r<rl, Y Yy T
l-y [&x Iny . x— xl
- —'G _,3 __+H1nt +h1 +1
143 (Tl * ) y %w{( R, 1) + v (%)
1 1- sx
oy (—L_t(x —xl) — —yG<—,x2)
4 14 T
I—VG EX 3 lny Fyint x —x! hl( ) tl( )
T oyE Pl —— |+ (%) + £ (x
123 n y etvi\ Rl 1 1
384r41 1 . )
<csup oo [PA(0)" = (8)) + A= p)ha -]+ 4 sup A - 6)]
reml, LF7Y r<rl,
2 1- ex 1- sx ,
X —|Aﬁ|+2—y AG[ =, &% +2_]/ AG| Z, 43 +2‘AHmlt 1|
Y Y u yé 71 o1v

+2|AR!| + |Av)] + |At;|)

+2X sup

2 1-
V(v -t V(—Ait + Z—VAG(ﬁ,f)

rgRix Y Y 71
1- £x .
2= Y AG( 23 ) +28H | 420N
vé T 11

F AV 4 At}) + V(AW -£))- v(ga— 21_—7/6(%,x2>
14 14 a1
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1- .
—2—"G<§,x~”> F2HM 42!
143 71 11
1
+V}+t}) + A% sup r4“|A(V}—t})|HV(—ﬁ
’5Ri,x Y
1- 1- .
V() - () s
Y T 143 T e1¥1
2
1. 1- ex
+h +v{) + V(—u— —yG(—,xz)
14 14 3
l-y (&x 3 int e
-—G| —x’ |+HY +h +t
23 T P1¥1
2 1- 1-
+ 1% sup r4‘”(—|A£t| +2—y’AG<§,x2)’ +2—y’AG(§,x3>’
r<rl, v 2! 143 2!

+2|AH;‘}‘%1| +2|Ah}|

1

oA+ \Atﬂ) Hv(lﬁ_ *_VG<’“’_",x2)
4 Y T1

1- & ; 2
- _yéy G(T—T,xg) +H(‘21t,]/j11 +h+ v{)
1. 1- e 1- e : 2
v(ca-Ye( ) - G2 a3+ mi R R Th
Y 14 T 123 T1 P11

< C,J"?‘A Hv} -t Hcﬁ,o{ +c.(1- y)Hv% -4 Hcgl,oz + CKA(l T+ 8"‘;’52) H vl -t ch,oz

+ e A (L4 re + e‘“rf’;z + s'zurffiﬂ) [vi - ”C:i,o(.

Making use of Proposition 1 together with (38) and using the condition (A4;) for u € (1,2),
we get that there exists ¢, > 0 such that

| M (v1vy) = Mt 8) ”Cﬁ""(R‘L)
< E,Cr,iA “v% - ti ||Cﬁ,a(R4) +¢(1-y) ||v% - t% ||C§,Q(R4). (76)

Similarly, we get the estimate for

[ 2) = 2 ) o, 22 [ O )~ () oo )
O

Reducing ¢, and %, if necessary, we can assume that EKrg')\ < % for all ¢ € (0,¢,) and
A € (0,),). There exists also y € (0,1) such that ¢, (1 -y) < % for all y € (yy, 1). Therefore
(76) and (77) are enough to show that

(vi,v3) = (M (v1,v3), Mi (v v3))
is a contraction from the ball

{(vi, V%) S Cl‘i’a (R‘l) X C;L»a (R‘L) : ” (Vi,l/%) ||Cﬁ,u(R4.)Xcg,a(R4) < chrf,k}
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into itself. Then applying a contraction mapping argument, we obtain the following propo-
sition.

Proposition 7 Given k >0, u € (1,2) and § € (0, min{(%é_l), (%)}), there exist €, > 0,
A >0, ¢ >0 and yy € (0,1) such that for all € € (0,¢,), A € (0, 1), ¥ € (o, 1), for all 7y in
some fixed compact subset of [ty , ;] C (0,00) and for gojl and lﬁjl satisfying (65) and (72),

there exists a unique (vi,v})(:= (Vlye,rwi,wll’ Vz’gyrly(p%’wzl)) solution of (71) such that

[ (v1v2) “cﬁvﬂ(Rﬂc)xcgﬂ(R% =267
Hence

_ 1— 1—
n() = gl -2 - SEG(E, %) - TLG(E,%)

1 i —x!
24 ) + Hh, s ) + v (),
&,

: 1
Vo(x) := %G(%,xB) + G(%,xz) +hy(x) + H™ (@3, ¥1; ’;l’; )+ va(x)

solves (67) in B (xh).

In Bgs (x%), following the same arguments as the first case by reversing the roles of the
functions v; and v, and by respecting the changes of the coefficients we can prove that
there exists (v3,13) € Cy* (R*) x C*(R*) such that

3 3 2
(ICA%) ||c§v'1 (R xCH R = 27 -
Furthermore, (v3,3) solves the equations

g
24Cy, 16 £
~v 1-y

a2+l 1oy oyeb-l
&€
A3 =

|

== 4
g;l(lwz) § -
PR G )+ LE G a ) ey U5 +HY s +v3)+(1-y) UG +HT  54v3)

x e 3 ZIA MR M M A A

(LG, 2 + G(2,4%)

) .3 78
+ H™ (@2, ¢, ’23’; )+ I3 (%) + V3(x)) — A%h3, (78)
EUBHH™ S (1-) (3 +H™E 4 403) B
Lvi = E—(fffz>4 e 3V AT - vy - 1] = Ly(gulx - o)

_ 1 e 42y _ 18 oeex 41y Ing
=G(5x) - 7G5 x) - %

. 3
+ H™ (93, 935 BT h5(x) + v3(x)) — A%H3.

Given k > 0 (whose value will be fixed later), we further assume that the functions gof‘
and ¢ satisfy

||<p;°’ ”64"1(53) <krl, and | wﬁ ch,a(ﬁ) <kr?,, forj=1,2. (79)
Then we have the following proposition.

Proposition 8 Given k >0, 1 € (1,2) and § € (0, min{(%g_l), (%5_1)}), there exist €, > 0,
Ae >0, ¢ >0,and & € (0,1) such that for all ¢ € (0,&,), A € (0, 1), & € (&0, 1), for all 75 in
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some fixed compact subset of [t3, 73] C (0,00) and for (p.g and l/f-3 satisfying (65) and (79),

there exists a unique (v3,v3)(:= (v, a3 Vel ws)) solution of (71) such that
3 3 2
|(04.v3) | Che R4 x CH (RY) = 2¢¢ T )
Hence

M) = LG + G2, 2 + ) + H™ (0], v, 55) 4 vi(),

() 1= filx — %) - T G(E,4%) - LEG(E,a1)

| ; _
- "TE + I3 (x) + H (@3, ¢35, ’;3" )+ V3(x)

solves (69) in B ().

In B 22, (x?), we look for a solution of (45) of the form

vi(x) = (e - 2) + H™ (7, ¥} ’;_zx ) + B (x) + vi(x),

Vo (x) = i(x — x2) + H" (@2, 43; ’;‘2" )+ H3(x) + V3(x).

This amounts to solve the equations

Ly} = (lf%[ey(h%w:t'vfwl)”l y)(h%”{mtv%”%) ~v3-1]
— L (u(x—x%) + H“; 1//2 2(x) + V2 (x) — A%h3, %
L2 = (13%1)4 [eé(h§+H;“‘w%+v2) +(1- z;)(h2 H‘“thw%) P (80)
— L, (a(x —x?) + H‘“ wz(""‘ ) + h3(x) + v3(x)) — A%h3.

We denote by
L= Ro(hd) and L= Ru(1h ).

To find a solution of (80), it is enough to find a fixed point (v},v3) in a small ball of
C*(R*) x C»*(R*), solutions of

i =Guob, e, o R, h3) = Ma(v},v3), (81)
vi=Guobur, © Raliyv)) = Malviv)).

Given k > 0 (whose value will be fixed later), we further assume that the functions go,z
and wj2 satisfy

||(p]2 ||C4'°‘(SB) = Kréz‘,)\ and ” %2 “cZ,a (s3) = K”g,p fO['j =1,2. (82)

Then, we have the following result.
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Lemma6 Let u € (1,2), yo and & € (0,1). Given k > 0, there exist &, >0, A, >0, ¢, >0and
¢ >0 such that forall e € (0,&,), 2 € (0, 1), ¥ € (yo,1) and & € (§o,1). We have

200 gy <cirer [H0.0 g <6
[¥>(v1v3) = M (82,2) ”Cﬁ""(R‘L)
e (1= ) - g + 80— 2 - Bl g
| M2 (v1,v3) = Ma(£7,13) ”cﬁ"’(R‘*)
<c(1-8)|vi-1 ||cﬁva(R4) te(1-5+12,)|va-8 ”ij’“(R‘*)’
provided (vi,12), (£2,12) in C(RY) x C¥*(RY) satisfying
[ (1.v2) HC;‘;’O’(R‘*)XC,%‘“(R‘l) <21y, and | (8.5) chﬁ"’(R‘L)xcﬁ'“(R‘*) <201, (83)
Proof The proof of the first and the second estimates follows from the asymptotic behavior

of H'™ together with the assumption on the norms of q)jz and 1//j2 given by (82) and it follows
from the estimate of H™, given by Lemma 3, that

r
Hmt 2( )
(&

2
forall r < RST* Then by (82), we get

r
Hmt 2( )
(&

On the other hand,

) =cr (Rﬁ,x)fz(Hfﬂf ”C4v0‘(53) + ”‘ﬂ/2 ”cM(sB))’
€4 (By(0)-B1(0)

<c.e2r.

C4(B,(0)-B1(0)

sup r* | R3(0, O)|

rfRz i

384rtH Y (RHY S)+(1-y)U3+HY o)

=5 <R2 1+ 2)4| i i _1|
r

+ sup (| L (@ +Hln » + )| + |Ahy|)
’SREA
38414+
< ¢ Sup TZ)ZL

2H1nt oty h2
0 T O 1 g7 1

+ A=) [H o s+ A=) cse)

+4 sup A |(An+ AH‘“ R Ahz) |

rng)h

+2|V( u+Hmw2+h2) (A + H”‘wz +13))|]

sup r “|V(u+H"‘ 1#2+h2)| |A(a I-[“1 w2+h )|+ sup ¥ A%hH]|

r<R’ rgng
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2 + 6
<cer?, oL+ e r vk e ) 1 e a2 (L4 et v e

- 2u+6
+ et Tt e M),

Making use of Proposition 1 together with (38) and using the condition (A;) for u €
(1,2), we get

|-42(0,0) || ety < el (84)
For the second estimate, we use the same techniques to prove

||M2(0 O)||C4Q(R4 < c,(rfy)\. (85)
To derive the third estimate, using the asymptotic behavior of H™™ given by the estimate
(74) and for [ = 1,...,4 + «, |Viw| < cKr“‘l||w||Cﬁ,a(R4). Then for (v3,v3), (£3,£3) verifying

(58), we have

sup | R3(v1,v3) — Rs(£,83) |

r<R,,)L
384r* |y (Y oDy UG 5 403)
< sup 724(3 2521 222 2—1/%)
rSRgl)L (1+r )
2, zyint 2 2, zyint
B (ey(h1+Hw%’w12+t1) +(1-y)(hy+H 102”2) _t%)|
nt 2 - int 2 2
+ri1;£) r M|,C,\(M+H‘ d 2t +v]) - E,\(u+H;%’w12+h1+tl)|
4-
<csup 2V Ly~ -8) + Q=P (G- )|+ sup #|AWE -8
= P e 2)4)/ vi—t)+ (1 =y)(vy—13)|+A sup 7 vi— 1
r<RZ; ( r<R2,

x (21Au +2|AHY 5| +2|ARE] + |Avi] + [Ad])
1’71

+2x sup rH|V(E - 8) - V(2AL + 20H" , + 2AK;

rSRg)L 1'1//1
+ AV + AR) + V(A - 8)) - V(2 + 2H‘"tw2 +2h} + Vi + )|

+A% sup AV - 8)]

2
rSR&)L

X [|V(L_t( )+Hln 22 +h +V1 ’ |V(u+Hlrl 2,2 +h2+t1)| ]

2
+ A% sup (— | A
Y

r<R?;
+2|AH™ w2|+2|Ah2|+|Avf|+|Atl|)[|V(u+H‘ Lt A
‘V(M+H‘“ 2 2 +h2+t1)| ]
SCK(I—V)HVl‘tl”c“+C'<(1 4 HVz‘tzuc“
se]

+ech(l+rl, +e7r, |V%—t%||cﬁ,a
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+e A (1412, +¢ “r *y s‘zl‘r?(fw)) [vi-& ||c4oz

Making use of Proposition 1 together with (38) and using the condition (A;) for u € (1,2),
we get that there exists ¢, > 0 such that

| N2 (v v3) = Ma (2, 85) ”ij’“(]R‘L)
<c(l-y+ ”E,A) ”"% -1 ”cﬁ'“(R‘*) +ac(1- V)”V% ~t; ”cﬁ"’(R”‘)' (86)
Similarly, we get

”‘M2 (V%’ Vz) Mo (tl’ tz) ”c‘“’ (R%)

< (1-8&)|vi-t ||C4aR4)+CK(1 g+r)||vs- t2||c4aR4) (87)
O

Then there exist yp and & € (0, 1), reducing &, and A,, if necessary, we can assume that

c(l-y+ri)<1/2andc(1-& +r2,) <1/2forall e € (0,&c), 2 € (0,A), ¥ € (0, 1) and
& € (&0, 1). Therefore (61) and (62) are enough to show that

(v%, v%) = (Nz (V%, V%), M, (V%, v%))
is a contraction from the ball

{(v1v2) € i (RY) > € (RY) : | (v, v3) |

2
Che Rl (R = 2¢,r, s,x}

into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.

Proposition 9 Given k >0, u € (1,2), yo € (0,1) and & € (0,1), there exist &, >0, A, >0
and ¢, > 0 such that for all ¢ € (0,&.), A € (0,A), ¥ € (V0,1) and & € (&, 1), for all vy in
some fixed compact subset of [ty , 5] C (0,00) and for (pjz and 1/[2 satisfying (65) and (82),

there exists a unique (v2,v3)(:= w2)) solution of (81) such that

(Vlye,tz,wfﬂlf Vo002,
2 2 2
[ (v v2) | Che R Che vy = 20cTe
Hence

vi(x) = w(x — x2) + 3 (x) + H™ (@2, ¥2; ’;2" )+ V3 (x),

Vo () := iu(x — x%) + h3(x) + H™ (93, ¥2; ’;;2" ) + V3(x),

solves (68) in B (x2).

Remark also that the functions (v, v})(:= (v} ), for i € {1,2, 3}, depend

v
16,7 zp 1[/1 2,6, go x//’
continuously on the parameter 7.
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3.3 The nonlinear exterior problem

Given X := (%, %%,%%) € Q2 close to x := (x,4%,4%), 5 := (11,72, 113) € R close to 0, ¢; :=
(@1, 62, @3) € (C*(S)3, G2 = (@3, @5, @3) € (C*(S))3, Y1 o= (Yl ¥, ) € (C**(S%))® and
U = (d, 2, 93) € (C>*(S%))? satisfying (66). Let w; and w, be defined by

wi(x) = L ‘;771 G(x,fcl) +(1+ 772)G(x,5cz)
+ ZXro x—X )He"t(~1,1p1, —* ) and
=1 6’)"

. (88)
Wiy (x) 1= %G(x,a?) +(1+7,)G(x#)

+2Xr0x x)Hext< WZ,x x)

i=1 8')”

Here x,, is a cut-off function identically equal to 1 in B 0 (0) and identically equal to 0
outside B,,(0). We would like to find a solution of the system

A%uy = pter I _p ) and A2u, = pteft0m _ ) () (89)
in the domain Q,g (x ) which is a perturbation of wy, k = 1,2, with
L) = MAu)? + AVu; - V(Auw) + A2|Vu;|*Ay;,  fori=1,2.

Writing vx = Wi + V, this amounts to solve in S_Z,M x)

A%y = prer )+ (1=y)(atia) _ £ () + ) — AWy,

90
A%y = pref Va2t (=6W1471) _ £ (%, + T) — AWy, ©0)

Forallo € (0,%2) and all X = (&',%%,%%) € Q° such that | x - X| < %, where x = (x', %, %%),
we denote by &, 5 : C%%(Q, (X)) — C%*(Q*(X)) the extension operator defined by

Ex(N=f in Qq (%),
EN@ +x) = X(E)fE@+0) inB,#)-Bg@)V1<j<3,
E,x(f)=0 in Bg (') U Bg (¥) U Bg (°).

Here x is a cut-off function over R, which is equal to 1 for ¢ > 1 and equal to O for ¢

NI'—‘

Obviously, there exists a constant ¢ = ¢(v) > 0 only depending on v such that
||§U,i(w) ”CS‘“(Q*()‘()) =< E”W”CB‘O‘(QU ) (91)
We fix v € (—1,0), to solve (90), it is enough to find (¥, 7,) € (C**(Q*(X)))? solution of

f/l = IEV e} ér&)ﬂi o Sl(al,flz) and ‘72 = ’%v 9] grg’)h,i o SVZ(alr 172), (92)
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where

8171, 72) i= pler TN _ L (G 4 ) — A,

8a(01,79) := ptef PO _ £, (W) + ) — AW,
We denote by
N@1,7):= Ky 0&, x05100,72) and M1, 72) =K, 0, 5.0 201, 72).

Given k > 0 (whose value will be fixed later), we further assume that for i € {1,2,3} and

j € {1,2} the functions @;, 1/}}?, the parameters 7; and the point X = (¥}, %%, &%) satisfy
~i 2 7 2
”(p]l ||C4,a(53) S Krg’}\_’ || w; ||c2,ct(s3) S Krs,)h, (93)
Imil <krl,,  |F & <krep. (94)
Then the following result holds.
Lemma 7 Under the above assumptions, there exists a constant ¢, > 0 such that
Y 2
[N©,0)| st 1)) = 6720
~ 2
” M(Or 0) ||C3’a(5_2*()~()) = ¢ Fe
- - 5 e - o
[N (1 72) = N (7, 5) ”C,‘f"’(fl*(i}) < cerg, ||, 72) = (71, 7) | (CE (@ ()
and
- - o e o
|| M(Vli V2) - M (V/l’ V’z) || Cﬁ'a(fl*(i)) = ¢ rg,)L || (Vly V2) - (V,p V/z) || (C;LD((Q*(;()))Z;
provided (v1,7,,7,,7,) € (C2*(Q*(x)))* satisfy
~ =~/

”(f/l’172)”(63"’(@*(:2)))2 < 2c,<r§‘A and H (vl,vz) H(C‘%,O((Q*(i)))z < 2ckrf,k. (95)

Proof As for the interior problem, the proof of the two first estimates follows from the
asymptotic behavior of H®** together with the assumption on the norm of boundary data

¢} and 1iji, given by (93). Indeed, let ¢, be a constant depending only on «, by Lemma 3,

o XK
Hext((p;, jl; )
Ve

On the other hand,

< rf,,\ L (96)

$1(0,0) = pteW1+1-rWa _ £ (%) — A’w;  and

$,(0,0) = ptefW2r1-EM1 _ £ (W,) — AW,

We will estimate $;(0,0) in different subregions of Q*(X).
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oInB%g(icl)—B,“(a?l) we have x,, (x—x') = 1, x,,(x=%%) = 0, x, (x—&*) = 0and A’wW; =0,

so that |$1(0,0)| = p*e?™1+*0=¥)%2 _ £, (W;). Then

151(0,0)]

<cee 4|x % | —8(1+m1)

X 2
+A‘<A<1 + G(x,x") + (1+1m)G(x, % )+He)1( "1<xr_x1)))
& &M

14

+ A‘V(l J;m G(x,x") + (1 +1m2)G(x,5%)

+ HEE <x—_5cl>> . V<A<1 J;m G(x,5c1) +(1+ nz)G(x,fcz)

oLud Te

71
X=X
’ iﬁ(td}l( )))‘
1Y Te

2

S| 1+m -1 o (A
o (PG ) ¢ e 6 ) 5 (25
1+7]1 ~1 ext x-X
[a () s 1emote ) e, (S5

2
1+ 112 o 1=2
< ety 80Hm) ckk‘( n ‘x —x1| +(1+ nz)’x—x2| + rzkr‘g)

+ CeA

(1+T]1
X X —
14

<1 ‘;/771 |9c—5c1|_1 +(1+ n2)|x—562|_1 + rzkr&)

| 5c1|_3 +(1+ 772)|x—5c2|_3 + ’”3,)\"_4)
1+ ~11-1 ~-1 _ ?
e =E T+ L) |- &+

+ cKAZ

X ‘ﬂ’x—fﬂz +(1+ n2)|x—562‘72 +ro,r7.

14

Hence, for v € (-1,0) and 7; small enough, we get

IS1(0, O)HCOa (B Gy S SUP r7[$1(0,0)| < ceery} + e + cohrl,
2

0
Te ) Sr=—

eIn B, (x')-B 0 (%), using the estimate (96), we have

151(0,0)]

< ¢ ety 8l 4 [A2 a1\ prext( ~1 1 x -5
 Xro (% = X1 JH @1, B
-8

. 2
1+ x—x
" (A( y O]+ e zxm w(—)>)
+AV ﬂG(x D1+ Z x—X)HS ﬂ
y 772 Xro ‘pl"/fl For
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1+ ot [(X—F

X V(A( v G(xx )+(1 +12)G (%, % ZX’O x—% leﬂh -
2

L+m o [
V(—G( D+ (1+n)G(x % me x—x')HS 1//1( - ))‘

14

1+m . ot [
A(—G(x ) 1+m)G mex walw1 .

+22

X

14

2
<ce (e80T 4 713 ) 4o <1 J;m v - &' |_2 +(1+m)|x —5c2|_2 + rfyxr‘g)

(1 e RRNCRTRIF A rg,w) (1 LI

+ Ce A
14

+(1+m2)|x —562|73 + rf'lr"*)

2

(1+172)’x X | 3172

1+7}1‘ 561’

+ ckkz

-3

’

X ’—1 T |x—5c1|_2 +(1+ n2)|x—5c2|_2 +Tor

where

[A% o Jw = WA Yy + 2AWA Yy + 4V (AW) - Vo +4VW - V(A Xy,)
Xy
+
Z Bxlax, 8x,8x,

Hence, for v € (-1,0) and n; small enough, we get

||51(0 O)HCO“ ! By (1) “Eny Gl = sup ”4_‘)‘3:1(0’ 0)| <cer?y + ek +cehrl,.

7 =r=rg

o In B, /2(¥*) - B,, , (¥*), we have x,, (x—&') = 0, x,, (x—%%) = 1, %, (x—%*) = 0 and A’wW; =
0, so that $;(0,0) = p*e?™1+*0-¥W2 _ £. (y,). Then

151(0,0)]
<cee 4|x x2| 8(1+n2)
A (A( G0 + (L m)G?) 4 He, (E2F :
y ’ n2 ) 1'1#1 l"g,)L
)
+)L‘V(1+771 G(x,5cl) +(1+172)G(x, ) Hext (x X ))
14 Te

. V<A(1 J;m G(x,x") + (1 +m2)G(x,5%)

Hext x-&
1 ‘//1 Vg

v(ﬂe(x,icl) +(1+m)G (%) +H2’%‘fﬁ<x * ))

14 Ve

+22
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32

A(ﬂG(x,fcl) +(1+n2)G(x, %) +H;)%(t"~’12 (x : )> ‘

Y Te

X

Hence, for v € (-1,0) and 1, small enough, we get

”Sl (0,0) Hco"’ @) = < sup r4_”‘§1(0,0)} < c,(r,fyA + A+ c,()»rik.
g\ <r<ro/2

e In B, (¥*) — B,,2(¥%), using the estimate (96), there holds
$1(0,0)]

< ety 8

=2
[ = ) (¢f, ]

Te

1+771 ext l
(A( Y G(x&') +(1+m)G ZX’Ox * le‘”l( Te )))

L+m ext
V( » G(xx") + (1 +m)G Zx,ox xH‘h‘/’l -

+ A

+ A

1+m t i
% V(A( . G(xx") + (1+m)G ZX’O x - HZ% Te )))‘
1+m :
5 1 ~2 ext
A v(—y G(xx") + (1+m)G(x,5) + ;Xm(x x)H 1 Ter )’
1+ xt
x A( 5 G( )+(1+772 ZXVOx x H‘:ﬂ/’l Te )‘

Hence, for v € (-1,0) and 7, small enough, we get

”81 (0,0) Hc()a By sup r4’”’S~1(O, 0)| < c,{ri)\ +CeA + c,()\rg’,A

<
&2) —
ro/2<r<rg

Similarly, for v € (-1,0) and 73 small enough, we can prove the same result for x>.
e In Q—(B,, (') UB,,(x*) UB,,(5%)), we have x,,(x—x!) = 0, x,, (x &%) = 0, x,,(x—%%) = 0

and A’w; =0. Then
$1(0,0)]
<cet+ x‘ <A<1 ;'“ Gx,®) +(1+ nz)g(x,,?)))z
¥ )\‘v(l J;r“ G &)+ (1+ m)g@,;ﬁ))
x V(A(l G i) + (1 + nz)G(x,fcz)»‘

v

+ A2

V(%G(&cﬁl) (1+m)G(x,% )

x’A(lJ;mG( D+ (1 +n)G(, & >‘
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So for v € (-1,0), we have

151000 o 53 5y = Sup 7'[$1(0,0)] < e + e

We conclude that

[5100,0)[coe 6, 5 = €725 (97)

) —

Now, we are interested in the second equation of the previous system.
eInBrp (x')-B,,, (¥"), we have x,, (x—&") = 1, X, (x—&%) = 0, %, (x—%%) = 0and A’wW; =0,
so that |5,(0,0)| = p*ef™2*1-9"1 _ L. (W,). Then

15,(0,0)]

(1-§)(1+7n7)
~1 (-8 =L
< cK84 ’x —x! ‘ 4

1 -\’
+ A‘ <A<—;n3 G(x,%) + (1 +12)G(x,5%) + H;thz (xrsj )))
+A‘V(1 T G &) + (1+ 1) Gl #) + HS, (x—ycl))

rs,k

( 1+ ’73 ~3 +(1+ nz)G(x, )

(e
)
()

1 _xl
A(ﬂG(x,fcs) +(1+m)G(x, %) + He’{t X (x X ))‘
Y l// rs,k

Hence, for v € (-1,0) and 7; small enough, we get

V(%G(x,ics) +(1+n2)G(x, %)

t
+Hex
(X ]’02

X

|52(0, O)HCOa sup  r*7Y|$5(0,0)| < cer?; + Ch+ CeArY,

Te ) Sr=-—

(B r() @hH) — =

eIn B, (x')-B 1 (%), using the estimate (96), we have

15,(0,0)]
o (1-8)(Len) B e k=X
< CK<94I" 8 y 11 + [Az,xro(x—xl)]HeXt(‘ng 21; r_)’
&\
, 2
1+ n3 x—x
+A (A( : G(x, %) + (1 + )G (x,% me x—x H?’,‘%(K
1+1n; x— %
+AlV] —2G +(1+ x—x)HS"
( %- ( ) ( le ZXVO (,02!//2( Fex

1+T]3 _ ext x_ki
XV<A<TG(”C )+ L+ m)G ZX“’ d HW( Fon >)>’
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2

+ A2

1
(60 s o mste )+ Soote-2ty ()

Ve,

X

’

3 s
A<1;’73G(x,5c3)+(1+n2)e(x,5c) 3 ol ML, (""‘))

Y
i=1 &

where

[A% o [w = wA? Xy + 2AWA K,y + 4V (AW) - Vi, + 4V W - V(A xy,)

4
= axiaxj 3.961'3961‘.
ij=1

Hence, for v € (-1,0) and 7; small enough, we get

$2(0,0) HCM (B ()-Brg (&) = SUP r7$5(0,0)| < cer?; + ek + e hrd,
_T T

P=<rzrg

eln Br0/2(5&2) _BVE,A
0, so that $5(0,0) = p*efW2+(1-6W1 Then

55(0,0)]

<ces 4|x x2| 8(1+12)

- )
+A‘<A<1 +13 G(x%,3%) + (1 + 1) G(%, %) + HS <ﬂ)))
i: 2‘1/2 Ve

+A‘V(1;n3G( %)+ (1+m)G(x, & )+He2w2(x_—5‘2>)

rs,A

xv<A(1;"3G(x, ) 4 (14 1)G (5, 2)

ext xX- x2
HW2WZ< Ve )>)‘
1
V(%G(x,%3)+(l+nz)(5(x”~“) Hezt‘”2< Te )>
1
A(%G( %)+ (1 +12)G(x, & VH%W( Tea >>'

+ A2

X

Hence, for v € (-1,0) and 7, small enough, we get

sup  rV[82(0,0)| < ¢l + ek +chrl;
g, <r<ro/2

“ $,(0,0) H 2% (Bry (32)) =

e In B, (¥*) — B,,2(¥%), using the estimate (96), there holds

$5(0,0)]

< ¢ gby80Em) | [A2 ext 2. %~ %
— *K ’Xr()(x x )]H (02» ; Tes
&,

(%), we have x,, (x—x') = 0, x,, (x—&?) = 1, x,, (x—%%) = 0and A’wW, =

Page 45 of 78
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+ A

) 2
1+ns - ~ : ~i\ z7ex X%
(A( : G(x'x3)+(1+nz)G(x:x2)+Zxro(x"‘)H¢éf%( or )>)
leg ) ) 3 N rex x—x
V<T3G(x,x3) + (1 + nz)G(x;x2) + ZXVO (x_xl)H;;‘/_/é( , ))
1+773 B ext x_ki
et oo ()
l+n ¥ 2
3 ext -
V( 3 G(x,&%) + (L+m)G ZX’O x-x H~W2< Ten )>’
1+1n3 u (22F
A(TG( °)+ (L+m)G ZXro x-x HEE‘/’Z( : >)‘

+ A

+ A2

X

Hence, for v € (-1,0) and 7, small enough, we get

||Sz(0 O)HCOa (ByG2) = SUp r4‘“|S~2(O, 0)| < cer?;, + ek +cehrl,.

ro/2<r<rg

Similarly, for v € (-1,0) and 73 small enough, we can prove the same result for x>.
e In Q—(B,, (") UB,,(¥*) UB,,(x)), we have x,,(x—%') = 0, x,, (x —&?) = 0, x,,(x—%%) = 0
and A%w; = 0. So for v € (-1, 0), we have

||Sz(0 O)HCO[x (©-U2, By ) < sup r4‘”|§2(0,0)| < c,(ri)\.
o r>ro

Making use of Proposition 3 together with (91), we conclude that
[N(0,0)] a0 gy < €72 and  [M(0,0)] oo g gy < CcTon: (98)
For the proof of the third estimate, let ¥, 7, ¥, and ¥, € C*(Q2*) satisfy (95), we have

|1, 2) = S (7, %) |
< cster IR M0V _ R0 | | £ (g 4 5y) — £y (W + 7))
< ces (|71 =7 |+ (L= )72 =) + 2| A1 - 7,) | (21AW1 | + |47 + | AT))
FAIV ()= T,) - V(2AW, + Ay + AT) + V(A (5 = 7)) - V(20 + 7y + )]
XA =WV + 90+ [V (e +7) ]
+A2(|AW |+ | AT + | AT )|V + 50| = |V (W + 7))

So, for 7;, i = 1,2,3, small enough and using the fact that for all w € C*%(Q*), there exists

a constant ¢ > 0 such that |Viw| < C"r‘}#”w”(?s’”(ﬁ*(i))’ we get

sup r*"|S1 (V1 7) - S1 (7, ) |

xeQ*

<cee sup i (yr”||n - ”Cﬁ"’(fz*(i))
xeQ*
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+A=-y) ||V2 - VZHCAa ) + cM”vl 4 ||C4a (@ @)’
Using the estimate (91), there exists ¢, (depending on «) such that

[N (1, 72) - /\7(‘71’ 7) ”C,‘f""(fz*(i))

e, (-7 o= Pl ey 99
Similarly, we can use the same arguments to prove,
”M(‘?l’ V2) = M(Vv 7)) ”Cf}“"(fz*(i))
<arg (-7 e + |7 Q*(x))) (100)
O

Reducing ¢, and A, > 0, if necessary, we can assume that c,(ri,\ < % forall ¢ € (0,&,) and
A € (0,A,). Then, (99) and (100) are enough to show that

(V1,¥2) > (-/\7(171»172):-/\;1(‘711 172))
is a contraction from the ball

{17) e (C)" (R4)) |G, 92 (e = 26 rexh

into itself. Hence there exists a unique fixed point (v1, v) in this set, which is a solution of

(92). Applying a fixed point theorem for contraction mappings, we conclude that

Proposition 10 Given k > 0, there exists ¢, >0, A, > 0 (depending on «) such that for any
g €(0,6¢), A € (0,A), n; and X satisfying (94) and functions @; and &f satisfying (66) and
(93), there exists a unique (V1,V;)(:= (171'8,7“,"2&@{,&{, 172'8,772,”3,&@5%)) solution of (92) so that
for vi(k = 1,2) defined by

M

vi(x) =

LG (%, &) + (1+72)G (x5 Zxrox x)He’“<H,1/f1,—jC)+f/1(x),

i=1

1+7’]3

Vo(x) :=

~ ext| ~i .7.i x_‘;éi ~
G(x&) +(1+m)G(xx me x—&)H t< z,llfz;r—> + Va(x)
&\

solves (89) in Q,, , (X). In addition, we have
” (i’/lr i"2) ” Cﬁ‘a(ﬁ*(f()) < 2C,( rik.

3.4 The nonlinear Cauchy-data matching
We will summarize the results of the previous sections. Using the previous notations, as-

sume that X := (x',%%,%%) € Q3 are given close to x := (x!,x%,x3). Assume also that

1= (1,70, 13) € 11,7 X [13, 75 ] x [r5, 73] € (0,00)°,
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are given (the values of 7, and 7, for / = 1, 2, 3 will be fixed later). First, we consider some
set of boundary data ¢ := (¢}, ¢l) € (C**(5%))? and ¥’ := (Yi,¥i) € (C>%(S%)). Let ¢ €
(0, &,) and according to the result of Proposition 7, 8, and 9, we can find, #int := (Uint1, Uint,2)

a solution of (39) in B, , (¥') U B,, , (¥*) U B, , (¥%), which can be decomposed as

Te,

~1

Loy (6 &) - ELG(x,3) - ELG(x, 3%) - B2 +HE ()
G ) P
in B, , (&),
i () = 4ty = )+ HE (50 4 R(52 ) 4 (Bl
in B, , (%),
3) (x—#3)
Gl &) + G, & )+H‘nt 3(”) h3( ) +3( “” )
mB,M( 3)
and
FG @) + G @) + HIY (550 + P (B0 b,
in B, , (x"),
ey (5= )+ HIY Ly (522) 4 (B2 4 a0
Uint,2 (%) := in B, , (¥%),
biter (2 = ) — BE Gl ) - TEGo &) - B+ HIY o (55)
L1 ”erxx A “H )
inB,,, (¥%),
where for i € {1,2,3} and j € {1, 2}, R;A r“ and the functions hl satisfy
”(h}’h%)||Cﬁ‘”(R4)><C§‘a(R4)Szckrg,k’ H( h2)|| (Ch® (R%))2 <2CK’"?,)\ and

| (7 3)

2
| (Ch* Ry xCHRY) = 21

Similarly, given some boundary data ¢} € C**(S%), 1}; € C>*(S8?) satisfying (66), (1,72,
ns) € R3 satisfying (94), provided ¢ € (0, &), by Proposition 10, we find a solution ey :=
(hext,1, Uext,2) Of (39) in @\ (B, , (') UB,, , (¥*)) UB,, , (), which can be decomposed as

Uext1 (%) 1= B G, ) + (1+m) Gl 32) + 20 xop (& — E)VHO (@], ¥rf; 25 1) 13 (x),

Te,

Hoxtp (@) i= BB G0, E) + (14 MG, &) + L7y g (8 = FVHE G, T 55) + 9 (),
with 1,7, € C**(Q* (X)) satisfying
” (alr ]72) ” (Cﬁ'“(s‘z*(f())ﬂ = 20;(”22,;,

It remains to determine the parameters and the boundary data in such a way that the

function equal to uin in By, , (¥') UB,. , (¥*) UB,, (¥*) and equal to tey in Q. , (X) isa smooth
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function. This amounts to find the boundary data and the parameters so that, for each
j=1,2

uint,/ = uext,jy 8rlftint,j = 8ruext,ﬁ
(101)
AMint,j = AMext,j and 8rAuint,j = arAMext,j

on 3B,,, (x'), 8B,,, (¥*) and 8B, (¥°).

Suppose that (101) is verified, this provides that for each & small enough u,; € C**
(which is obtained by patching together the functions u;,; and the function u.y), a weak
solution of our system and elliptic regularity theory implies that this solution is in fact
smooth. That will complete the proof, since ¢ and X tend to 0, the sequence of solutions
we have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it is convenient to observe that
the function u, ;, can be expanded as
2.2

£°1;

Uer (%) =—4InT; — 8ln |x| + (’)( > on dB,,, (0). (102)

>

e On B, , (%1), we have

(uint,l - uext,l)(x)

= —élnrl + %In|x—5cl| - 1_—VG(x,5c3) Iy
Y Y v Y

1 A w1
X—X . X —X ~1 X—X
1 1 int 1 1, ext [ ~ 1,
+h1<RM )+H <<p1, 1,—)—H <‘/’1r 1,—)
rs,A ra,)L rs,k

H(x,&") - (1 + 1+ ! ’ ) +0(r2,).  (103)

p— 2 -
y)G(x,fcz) + (’)(i

lx — %12

1+7]1

Next, even though all functions are defined on 9B, , (¥!) in (101), it will be more conve-

Te,h

nient to solve on S? the following set of equations

(uint,l - ”text,l)(je1 + re,A') = 0¢ ar(lftint,l - ’flext,l)(~7~c1 + Ve,)»') = O)
(104)

A(ting1 = Uext,1) (B +765) =0 and 3, A(ting1 — Uex,1) (' +7617) = 0.
Since the boundary data are chosen to satisfy (65) or (66). We decompose

GL=glotPlit el Ui =8l + 1200 + Yy

P1=Pro+ @i+ @t and Y = 1}111 +1,

where ¢!, @1 € Eg = Rare constanton S%, ¢} |, @1, 1, belong to E; = Span{e;, e, €3, €4}
and @, @1, Y, @t are L2(S%) orthogonal to Eg and .
Using (103), we have for x € §3

(hing1 — thext,1) (B! + 7,%)

= _% Int + % In(relxl) - %(H(Ecl,fcl) +G(x',%%)

Page 49 of 78
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P LELG) ) ¢l ) -

- BE DR - G ) + O,

Then, the projection of the equations (104) over E yields

~4Int; +8nlnr, —Iny + 7/‘/’11,0 - V‘Z’io - &1, %) + O(’"z,)\) =0,
81 +2y @iy +2yPly+ O(2,) =0, (105)
16m + 8y ¢, +O(r2,) =0,

-32n1 + (’)(ri)\) =0,

where

E1(,R) 1= H(-7) + G(- ) + 6(.#).
The system (105) can be simply written as

m= O(Vsz,x)7 ¢11,o = (’)(rf,)\),

$1o=0(r2;) and [4In7; +Iny + & (31,%)] = O(r2,).

nre
We are now in a position to define 7; and 7;". In fact, according to the above analysis, as
¢ and A tend to 0, we expect X to converge to x' for i € {1,2,3} and 1; to converge to 7},
satisfying
4lnt) = -Iny - & (x',x).
Hence, it is enough to choose 77 and ;" in such a way that

4In(r]) <-Iny - 51(x1,x) <4In(z]).

Consider now the projection of (104) over E;. Given a smooth function f defined in €,
we identify its gradient Vf = (dx,f, ..., 0x,f) with the element of E;

4
Vf = Z 8x;fei'
i=1
With these notations in mind, we obtain the system of equations

Pl —@L - VEE,X) +0(2,) =0,

3pl, +3¢L, + Lyl - VEGELR) +O(2,) =0,
15‘/’%,1 - 3‘:’%,1 - I/~f111 + O(ri)\) =0,

15<P11,1 + 15‘»7711,1 + 17481;11,1 + O(’"sz,x) =0,

(106)

Page 50 of 78
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which can be simplified as follows

‘/’11,1 = O('"?,A)’ ‘Z’il = O("?,A)’

- _ (107)
Ui, = O(r%x) and V& (¥',%x) = O(rka).

Finally, we consider the projection onto L2(5%)*. This yields the system

1,1 ~1,1
2 2 O(rg,x) =0,
O (H™,  —HY, .,)+0(?,)=0,
r( (p%,L’wll,L @i'lﬂ//ll'L) ( g,)\)

1,1 71,1
YT =Y+ O02,) =0,

zJ,A(hr(:ngl_L - H;’l;}l,%l,l) +0(2,) =0.

(108)

Thanks to the result of Lemma 4, this last system can be rewritten as

ot =002,), et =0(2,),

Yt = @(ri,\), and ¢t = O(rf,x)‘
If we define the parameter t; € R by

4L

- e [41nrl +Iny + 51(561,)2)],

then the systems found by projecting (104) gather in this equality

1 1 ~1 1 ~1 71 we (=1 3 LL ~LL ,1,1 71,1
Tl,s:(tl’771"/’1,0"/’1,0"/’1,17‘/)1,1’Wl,lrvgl(x’x)"/’1 01T )

= O("sz,x)’ (109)

where, as usual, the terms O(rﬁyk) depend nonlinearly on all the variables on the left side,
but is bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
r2,, provided & € (0,¢,) and A € (0, ).

e On 9B, (¥'), we have

~1 ~1
13 ~ ~ X —X . X—X
(uint,2 - uext,2)(x) = _gG(x; xS) + G(x, xZ) + h% (Ri,)L ror ) +H™ (‘Pgl, 21; V—)

&, &\

a1
- (1 +m)G(x,5%) - H™ (952, Vs xr_x) +0(r2,). (110)

&\

In the same manner as above, we will solve on S* the following system

(ting2 — Uext2) (B! +7e07) =0, Oy (ting2 — Uext2) (B! +7epr) =0, 111

A(uint,Z - I/lext,Z) (5&1 + r&:,k‘) =0 and arA(l’lint,Z - Mext,Z)(;C1 + rs,A‘) =0.

We decompose

1_ 1 1 1,1 1_g 1 1 1L
Yy =Pt Po1 O, 2 =8¢0+ 1205, + ¥,

Page 51 of 78
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~1_ =1 | ~1 , ~1,L 71 _ 71 gLl
P =Pr0t P21t ¢ and ¥y =Yy + Y57,

with ¢}, 630 € Eo, 031, @11, ¥4, € Er and )", @y, ¥y, ¥, belong to (L3(S%))*.
Projecting the set of equations (111) over Eg, we get

P30 Pao+ O(r2;) =0,
2050 + 2G5 + O(r2,) =0, (112)
8(/)%'0 + (’)(rg,k) =0.

From the L2-projection of (111) over [E;, we obtain the system of equations

9021,1 - ‘Z’%,l + O(rg,k) =0,
303, + 305, + %1/}211 +0(r?,) =0,

o (113)
15031 = 3¢5, — Y31 + O(2,) =0,
1503, + 15¢3 1 + By} + O(2,) = 0.
Finally, we consider the L2-projection onto (L?(S%))*. This yields the system
ot =@y 002,) =0,
3, (H™ -HY, ., )+ 0072,)=0,
r( (p;,iyszi w;,i'wzl,L) ( g’A) (114)
Ut =y + 00 =0,
8,A(H;EEL%1,L - H;’Z;fl@l) +0(r2,) =0.
Using again Lemma 4, the above system can be rewritten as
1L ~1,1 LL AN
) :O(”g,x): ¥ = O(’”?,x)» ¥y = O(’”f,x) and ;" = O(’”f,x)~
Then the systems found by projecting (111) gather in this equality
T3, = (03,00 s 03,0 Py Ua 1o @y @y 5 0y 50y ) = O(r2,). (115)

e On 9B,, (¥?), we have

(1 - %-)(uint,l - uext,l)(x) + (1 - y)(uint,Z - uext,Z)(x)

=-4Q2-y —%‘)lnt2+8(2—y—S)n21n|x—5cz|

x - x* x - %
ra-em (R, ) sy (R, 20 )

&,A &g,A
22 2
. X —X . X —X
+(1—€)H'"t(<p12, 12;—)+(1—V)H”“<<p§, 3;—)
rs,)L rg,k
Ly g X—X2 oy X— X2
—(1—$)He’“(<pf, 12;—>—(1—V)H6Xt<€0§r 22?—)
Ve Ve

- [(2_ Y~ E)H(xi) + %G(x,xl) . I_TVG(x,EcB)]
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e2t;?
+O(|x_;2|2) +0(r2,). (116)
We denote by
O =(1-8¢i + 1-pp3, ¥V =1-5yi+1-¥3,
G =1-O¢+(1-)g5, P ==Y+ 1-y)Y;
W =1-&h+(1-y)h3,
Then we have
(1 - S)(uint,l - Mext,l)(x) + (1 - y)(uint,2 - uext,Z)(x)
=—4Q2-y-&)Int, +82-y —S)n21n|x—5cz| + h2<R§’Axr x )
e\
int{ 2 .2, x -5 ext g X=X
HH ((P:‘/f: Te ) " ( w Te )
- [(2 —y —&)H(%x%) + 1 _EG(x,%l) + lg—yG(x, ~3‘)]
(117)

e’1,” 2
O(Ix _x2|2) LO(2)).
Next, even though all functions are defined on 9B, , (*%) in (101), it will be more conve-

nient to solve on S3, the following set of equations

((1 - g)(uint,l - Mext,l) + (1 - y)(uint,Z - Mext,Z)) (562 + rs,A-) = 0;

((1 5)(uint,1 - uext,l) + (1 - y)(uint,Z — Uext,2 )(x + T )
(118)
((1 = &) (thing1 — text,1) + (1 = ¥) (hing2 — thext2)) (B + 7en.) =0

arA((1 - ‘%—)(Mint,l - uext,l) + (1 - y)(uint,Z - uext,Z)) (5C + rs,k ) =0.

Since the boundary data are chosen to satisfy (65) or (66). We decompose

PP =i+l + o>t Yt =8¢) + 1207 + Y,

G =gy +@i+@*t and Y=y + P
where @2, 3¢ € Eo = R are constant on 3, ¢, @2, ¥? belong to E; = Span{e;, ey, e3, 4} and
>t @, Y, > are L2(S?) orthogonal to Fg and E;.
We insist that, for x € S3, both equations (117) involve the same relation of the parameter

7, and the appropriate energy £;. Then we have
(1 g)(umt 1— Mext,l)(x) + (1 - V)(Mint,Z - Mext,Z)(jE2 + rs,Ax)
2y )Ty +8Q2—y — E)mInreplxl + H™ (02, 9% x) - H*(¢%, Y% %)

- [(2—y—£)H(5c2,5c2) Rl T I_TVG( 2 ~3)} LO(). (119)
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Projecting the set of equations (118) over Eg, we get

“42-y -&)Int + 82—y —&)mInres + @} — @ — E2(5%,X) + OF2)
=0,
8(2—y —&)na + 29 +2¢5 + O(r2,) =0, (120)
16(2 ~y — &) + 8¢5 + O(r7,) =0,
-322-y - &)+ 0O(2;) =0,

where

E(,%) =2y —EH(-7) + 1=

N2 = O(’”?,x)» 90(2) = O(’?,/\)’

-
|:41n T+ M} =0(r2,).

@ =0(r?;) and 2-y ¢

nrm

We are now in a position to define 7, and 7; . In fact, according to the above analysis, as
e and X tend to 0, we expect X to converge to x' for i € {1,2,3} and T, to converge to 75,
satisfying

52 (x2 ) X)

4111'[2* = —ﬁ.
_y_

Hence it is enough to choose 7; and 7, in such a way that

82 (xZ’ X)

4111(7:5) < —m

<4In(zy).

Consider now the projection of (118) over E;. Given a smooth function f defined in €2,
we identify its gradient Vf = (3,.f, ..., dx,f) with the element of E;

4
Vf =) dyfer

i=1

With these notations in mind, we obtain the system of equations

KDf - ‘5% - V&R X) + O('"g,x) =0,

392 +3¢2 + 242 - VEE,X) + O(2,) = 0,
15¢2 - 3¢7 — U2 + O(r2,) = 0,

15¢7 + 15¢2 + 292 + O(12,) = 0.

(121)

Which can be simplified as follows

pr=0(2;),  ¢1=0(72), ¥i=0(72,) and V&(F,X)=0(r2,). (122)
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Finally, we consider the projection onto L%(5%)*. This yields the system

P =+ 062,) =0,
3r(H;gt,Ly,,,2,L - H;;FLy&Z,L) +0(r2;) =0,

Y- 002,) =0,

arA(H;gfL,wZL _H;);:EL’J,Z,L) + O(r?,k) =0.

(123)

Thanks to the result of Lemma 4, this last system can be rewritten as
2,1 2 ~2,1 2 2,1 2 79,1 2
e =0(r2,), > =0(r2,), Yy>*=0(2,) and Y>=0(r,).
If we define the parameter t, € R by

) =
[4lnrz + M],

15)
2-y-§

Inrg,

then the systems found by projecting (118) gather in this equality
Tcz,é‘ = (t2; 772’ 903’ ¢§' (p%’ (;5%7 IZ‘lzt 6(5‘2 (5621 i)r (P2’J'; (Z)Z,J_; wZ,J_, ILZ'L) = O(réz‘y)‘), (124')

where, as usual, the terms O(r2,) depend nonlinearly on all the variables on the left side,
but is bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
rZ;, provided & € (0,¢,) and A € (0, ).

e On 9B,, (¥*), we have

(uint,l - uext,l)(x)

x - ‘ x-x
= —EG(x,icl) -G (x, %) + h?(RiA ) +Hmt<<pf, 3 ; )

14 Ve £,

=3
— H® <¢>f, 3, u) +O(r2,). (125)

rs,A

In the same manner as above, we will solve on S? the following system

(uint,l - uext,l)(kg + rs,A') =0, ar(l'iint,l - Mext,l)(%3 + Vs,k') =0,
(126)

A(ting1 = Uext 1)) (F +727) =0 and 3, A(ting1 — Uex,1) (£ + 7e07) = 0.

We decompose

3_ 3 3 3,1 3_o. 3 3 3,1
Pr=¢r0t11+¥1 > Yy =8¢+ 1207 + Y1,

-3 _ -3 =3 =31 3 _ 73 . 73,1
P1=%10t¥111t% and Y7 =Y7, + Yy,

with 93,33, € Eo, 031,33 1,3, € Er and ), ¢, ¥, ¥ belong to (L3(S%))*.
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Projecting the set of equations (126) over Eg, we get

Pro—Pio+ O(’"?,,\) =0,
2030 +2¢3,+ O(2,) =0, 127)
8¢l +O(r2;) =0.

From the L2-projection of (126) over [E;, we obtain the system of equations

‘Pil - ‘Z’io’l + O(raz,,\) =0,
3‘9%,1 + 3@%,1 + %&131 + O(’”ix) =0,

2t (128)
1593, -3¢, — v, + O(2,) =0,
1503, +15¢3 | + By, + O@2,) = 0.
Finally, we consider the L2-projection onto (L?(S%))*. This yields the system
e O?;) =0,
9, (H™t —HS )+ 0F,) =0,
r( 9"13'lj/’13'l W:f'lﬂ//f'L £,A (129)
gt 0e2,) =0,
a,A(17{(;';,5{\[/%L - H;?lg_tlﬁ,l) +0(r2,) =0.
Using again Lemma 4, the above system can be rewritten as
3,1 ~3,1 3,1 73,0
¥1 :O('"?,A)’ Y = O("f,x)’ Y= O(’"SZ,A) and Yy = O(”f,A)’
Then the systems found by projecting (126) gather in this equality
T} = (¢l o @in o Vin el @0 ¥ U ) = O(r2))- (130)
e On 3B, , (¥*), we have
(uint,Z - uext,Z)(x)
4 8 - - - In
=——Int3 + ﬂln’x—xﬂ - —SG(x,xl) _Ing
3 3 143 3
+ hg<R2Ax—5c3) +Hi“t<<p§, 55 x—5c3) —HeXt<(,5§, V3; x_%s)
T e Te,n T,
1+1n3 3 1-¢ ~2 &2 )
-—Hxx)-(1+nmn-—)Gxx")+ O = +0(r;,). (131
é: ( ) N2 S ( ) |x_x3|2 ( E,A) ( )

Next, even though all functions are defined on 9B, , (%#%) in (101), it will be more conve-
nient to solve on S® the following set of equations

(ting2 — Uext2) (R° +7e07) =0, Oy (ting2 — Uext2) (R + Teps) = 0,

(132)
A(Uing2 — Uext,2) (5&3 + r&:,k‘) =0 and 0, A(Uinto — Mext,z)(.;cs + l"g,)g) =0.
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Since the boundary data are chosen to satisfy (65) or (66). We decompose
3,1 3,1
O3 = @0t Ot V5 =8psg + 1205, + ¥y
~ ~ ~ ~3,1 7 7 731
</’§ = 903,0 + ‘/’3,1 T ¢ and 1/’3 = 1/f23,1 + Yy
where @3, @3, € Eo = R are constant on $%, 93 |, @3 |, 1/}231 belong to E; = Span{ey, e, €3, e4}

and @3+, g3+, Y2+, Y3t are L2(S?) orthogonal to Eq and E,.
Using (131), we have for x € S

(Uing2 — uext,Z)(&B + rs,kx)

= _g Ints + zﬁ ln(rs’;\|x|) - é(H(i&,iﬁ) + G(y”c3,5c2)

1}—/5 G(5c3,5c1)> +Him((p;,%3;x) _Hext((ﬁ;, &f,x)
- % - %H(;ﬁ,sﬁ) -mG(E,%) + O(r2,).

Then, the projection of the set equations (132) over E, yields

—4Ints +8nzlnr, —In& + E¢3 - £05 ) — E3(33,%) + O(2,) =0,
8ns + 26935 +26@5,+ O(r2,) =0,

16n3 + 8593, + O(r2,) =0,

-32n3 + (’)(ri)\) =0,

(133)

where

E3(2R) 1= H(2 ) + G(72) + 1 - 56 (7).
The system (133) can be simply written as

N3 = O(’"f,x)’ 9"3,0 = O(’f,)\)’

¢§,o = O(r?y,\) and

[4In7s + In& + &(3°,%) ] = O(r2,).

111}"5,)L

We are now in a position to define 7; and 73 . In fact, according to the above analysis, as
¢ and A tend to 0, we expect ¥’ to converge to x’ for i € {1,2,3} and 73 to converge to 1},
satisfying
4Int} =—In& - 83(x3,x).

Hence it is enough to choose 7; and 73 in such a way that

4In(ry) <-Iné —53(x3,x) <4In(zy).
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Consider now the projection of (132) over E;. Given a smooth function f defined in €,
we identify its gradient Vf = (dx,f, ..., 0x,f) with the element of E,;

4
Vf =) dyfer
i=1
With these notations in mind, we obtain the system of equations

@31~ @3, - VEF,X) + O(r2,) =0,

3¢5, +3051 + 3V3, - VERE,X) + O(2,) =0,
15¢§,1 ‘Pz 1 ‘/fz 1t O("g ) =0,

15¢3, +15@5, + By, + O(2,) =0,

(134)

which can be simplified as follows

‘/’3,1 = O('"?,A)’ ‘7’3,1 = O("?,A)’

~ _ (135)
1/;23’1 = O(r%x) and V& (5c3,i) = O(rka).

Finally, we consider the projection onto L2(S?)*. This yields the system

=@t +002,) =0,

a (Hm H?);tJ_ 3L)+O(rg)\) 0,
BJ_ ZZL wz (136)
1/’2 - % + O(rg A) =

d A(H";tj_ it H%tl ‘//23l)+0( sx) 0.

Thanks to the result of Lemma 4, this last system can be rewritten as
3,1 3,1 3,1 73,1
P = O(’"g,x)’ ¥y = O(V?,x)f vy = O(’"?,x) and ¢, = O(’"g,x)'
If we define the parameter 3 € R by

t3 =

e [4ln 3 +1Iné + 53(9?3,5()],

then the systems found by projecting (132) gather in this equality
T3 = (63130300 P03 P V31 VE(FX), 05,6003 9 ) = O(2,), (137)

where, as usual, the terms O(r?,) depend nonlinearly on all the variables on the left side,
but are bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
rfw provided ¢ € (0,¢,) and A € (0, A,.).

We recall that d = ., (X — x), in addition the previous systems can be written as for
i=1,2,3:

(d, ti, Ni» (Pi, (ﬁi; Wi) ‘(/}ir 6gl) = O(rg,)»)'
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Combining (109), (115), (124), (130), and (137), we have

Tie = (T} T7,

v T Ti) = (0(12,),0(12,),0(r2,)), - fori=1,2. (138)

Then the nonlinear mapping, which appears on the right-hand side of (138), is contin-
uous and compact. In addition, reducing ¢, and X, if necessary, this nonlinear mapping
sends the ball of radius k72, (for the natural product norm) into itself, provided « is fixed
large enough. Applying Schauder’s fixed point theorem in the ball of radius /crszlk in the
product space where the entries live, we obtain the existence of a solution of equation
(138).

This completes the proof of Theorem 5. d

4 Proof of Theorem 6

4.1 Construction of the approximate solution

4.1.1 Ansatz and first estimates

We define an other ansatz for solving the following system.

Aluy + L (uy) = prerrr-viuz,

(139)
Auy + L;(ug) = ptefrari-m,
where
L) = M(Au)? + 20V - V(Au;) + A2 |V |* Ay,  fori=1,2.
Using the following transformations
' 8 _ A (need)y 1
vi(x) = Ltl(rl x) + , Ine > In(+5=) in B, , (x"), (140)
V(%) = ux(5x) in B, (x'),
vilx) = ul(f—zx) +8lne — 41n(%*82)) inB,, , (x?), (141)
va(x) = up(£ %) + 8lne — 41n(%+82)) in B, , (x?)
and
) =u(£x) inB, , (x°
=il mB 1)
V() = ur(£x) + fIne — ¢ In(25%)  in B, , (+°).
So the previous systems can be written as
A%y + L5 (v1) = 2471+ 0772 in B (1Y),
4'y+§—l 81/*5—1 o (143)
A%y + L3(n) =24C,, 7 & 7 20 BRbl\,)L («h),
A%y + L5 (v1) = 24e"1+ 0772 in B (x2), (1a4)
144
A2y + L, (vg) = 24€f72+0-8n i BRgA(xz)
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and
4”?’1 grté-l
A%+ L(n)=24C;, © & & et in By (x7), (145)
A2y + L;(vy) = 24€52* 1791 in Bs (x3),
where C;, = rﬂ% for i = 1, 3. Here 1; > 0 is a constant, which will be fixed later.

In B o (x!) and BR3 (%), we reproduce exactly the same as in the proof of Theorem 4,

so we have the followmg propositions.

Proposition 11 Givenk >0, u € (1,2) and § € (0, min{(%s_l), (%)}), there exist ¢, > 0,
A >0, ¢ >0, and yy € (0,1) such that for all ¢ € (0,&,), A € (0,A), ¥ € (Yo,1), and for
all T, in some fixed compact subset of [t;, 7] C (0,00) there exists a unique (h},h})(:=

(M1,6,215 M2,,7,,)) solution of (49) such that

|| (h%’ )||C4°‘ Rél) C4OI(R4) < 2CK EA

Hence
nile) = i = ') - SEG(E ) = TEG(E,20) - BF + H™ 0l v ) + (),
1) = EGE, ) + G(E ) + (b, ) 1)

solves (143) in B (x").

Proposition 12 Givenk >0, u € (1,2) and § € (0, min{ )}), there exist €, > 0,
Ae >0, ¢ >0 and & € (0,1) such that for all ¢ € (0,&,), > € (0,A), & € (§,1) and for
all t3 in some fixed compact subset of [t;,75] C (0,00), there exists a unique (h3,h3)(:=
(M1,6,23, N2,6,75)) solution of (49) such that

(L), (B
14

| (. 5) ChoRA)x CH(RY) = 20t
Hence

SG(E,ah) + G(E2,a%) + 3 (),
o) = Filx - x%) - S G(E,6%) - TEG(Z,x1) - BE + H}(w)

solves (145) in Bps (x®).

In By (x?), we look for a solution of (144) of the form

G(”,x ) y)/ G(ex’xS)_}_hZ(x),
G(S",xl)+ f 5G(E,2%) + I3 ().

i) = a(x — %) + L 2}/&)

vo(x) = i(x — x2) —
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This amounts to solve the equations

LK = 538 e BV (G 6l A - F GO )y i1y — K1)
- Ly(alx - %) + S5l 5 G(2,xY) - 5ol G(E,2°) + 1 (%), (146)
L2 = 38;;4[67(1}3&; b lee x‘>+ G, 3)>+sh§+<1 2
(1+r%)
- Ly((x - 2%) - S5 G(E,x) + ;g G(E,4%) + B ().
We denote by

Lk = Rs(h3,h3) and Lh3 = Ra(h},h3).

To find a solution of (146), it is enough to find a fixed point (42,43) in a small ball of
Cr*(R*) x C»*(R*), solutions of

h% = gp, o SI,L o RB(h%rh%) = NZ(h%r h%); (147)
h3 =G, o0&, 0 Ra(hi, h3) = My(hi, h3).
Then, we have the following result.

Lemma8 Let u € (1,2), yo and & € (0,1). Given k > 0, there exist g, >0, A, >0, ¢, >0 and
¢ >0 such that forall ¢ € (0,&,), . € (0, 1), ¥ € (Y0, 1) and & € (§,1). We have

[N200,0) [ gty < ceriys [ Ma(0,0)] s sy < 7t
[ N2 (1 13) = Na (K K) | ey
<e(l=y + 7)1 = K geguay + 81 =) = ko] e
[ Mo (i, 13) = Mo (K2, K5) |
<21 O R ope + 5 (16 + 2 ) K ey
provided (12,12), (k2,k3) in C4 (R*) x C4*(R) satisfying
”(h%’h%)||Cﬁ‘“(R4)><Cﬁ‘“(R4)Szckrg,k and ||( kl’k2)||c4“ )xChe (RY) <2ccr7;. (148)
Proof Using the assumption (16), we get

sup i |R3(O, 0) |

2
rgRS’)L

384r%7M | Up0aE) (1G22 41)-LG(2) 1|

< sup ———|e 2-y-%) ™
_r<R2 (1+l"2)4|
4 - 2 -y & 1
+ sup rH|L; u(x—x)+7G —,x
r<r?, y2-y-§) \n

el
E2-y -8 \n
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d—p

<c su +A sup r

- E (1+7r2)4 g
rfRs,)» rsRe,)»

+ 1_7J/AG(ﬂ,x?’))2
E2-y-§) %)
s 12 ) Bt ) )

V(”(x e, a0 ) ey -\

=)o g o) gy m o))

XV<A(”(’“ G Ao v Ul (el o s Ll (e

V(i) e S)

2

3841’4 Ky 2 2 |:

(Ait(x - xz) + %AG(g—x,xl)

+

+ 1% sup

2
rng,)L

)
£EQ2-y-§)
=)o g6(5) ey mel(5))

A(”(x ey o\ %t ) resy o\ n

<cer?, + oL+ emr51) + e a(L+ e,

X

Making use of Proposition 1 together with (38), for i € (1,2), we get that there exists ¢,
such that

||N2(O; O)HC;*"YU(RAL) E Cl(réz‘y)g (149)
For the second estimate, we use the same techniques to prove

||M2(O! O) ||C3,’“(]R4) =< Ckrg,k' (150)
To derive the third estimate, for (43, h3), (k1,k3) verifying (148), we have

sup 74| Ra (12, 12) - Ra (I 2)|

VSR?A
< p B | T G665 a8 _ 2
,<R2 (1+72)%
_ MR GOE -1 g1k 2|
1- &x
+ sup 7N ﬁ/\(’_l(x_xz)‘* 7)/6‘(—,98)
r<R2, y2-y-§) \n
1- €
- 7VG(—x,x3) +h%(x)>
£2-y-8) \n
_ 1- &x 1- &x
~Ls (”(x_xz) + 7)/@(—,961) - 7yG(—,x3> + kf(x))‘
y2-y-§) \n £2-v-§) \n
< w h2_/2 1— h2_k2 A 4_th2—k2
<¢e sup 4\ ~D)(h -k)+Q=y)(h3-k3)| + A sup r (2 - k)
= (Ler r<R;

x V(2Ai¢ + Z;yAG( >
2-y-§)
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1-vy X 4 9 5
275(2 - G( >+Ah1+Akl>

v(A(R2 - K2)) - V(2ﬁ(x —a%) 21_7’/(;(%,9&)

y2-y-§)
B 1-y G(sx,xs)
5(2 y—§)

+h2(x)+k1(x)>’
o i‘fﬁ’ A kz)'H (”(x'x2)+y(zl—_yy—S)G@’xl)

1-y 2 )
_— h
TE2—y - s)G( )+ 1)

1-y
_— k
TEay - S)G( )+ (")
+217y AG(ex,xl) +2
y2-y-§) T2

- 2 1—)/ &X 1
XUv<u(x_x)+V(Z—V—S)G(r_z’x>
—71_)/ G(g x3)+1f12(x))2
EQ-y-§& \n’ !

_ 9 1-y &X
_'V<”(x_x)+y(2—y—s)G(r_z’x)

1-y ex 2 2
TEay S)G( ’x)+k1(x)) ]

Proceeding as in the proof of the Theorem 5, we obtain

2 1-y (wc 1)
A S ] i
( AT
2
] sup r (—lAul
V<R2 4
()

1-y

i)+ k)

[N (i1, 1) = Na (ki K3) ”04“ (RY)

< (L= y 4 2 ) [ = R gy + 61~ I - | gy (151)
Similarly, we get

[ Ma (i, 15) = Mo (k3 K3) | ey

<610~ K gt + 8 (1= +72,) |12 = K2 o (152)
O

Then there exist y, and &, € (0, 1), reducing ¢, and X, if necessary, we can assume that
-y +rl)<1/2andc(1-§ +r2,) <1/2foralle € (0,&c), 2 € (0,A), ¥ € (0, 1) and
& € (&0, 1). Therefore, (151) and (152) are enough to show that

(12, 12) > (N (2, 12), Mo (12, 12))
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is a contraction from the ball
{11, 13) € C (RY) x € (RY) - || (3, 1) ||c,‘§'“(R4)xc;‘:“(R4) <21,

into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.

Proposition 13 Given k >0, u € (1,2), yo € (0,1), and & € (0,1), there exist &, > 0, A, >
0 and c, > 0 such that for all ¢ € (0,&,), > € (0,A), ¥ € (Yo,1), and & € (&,1) and for
all t, in some fixed compact subset of [t5,7,] C (0,00), there exists a unique (h?,h3)(:=
(M1,6,295 M2,,1,)) SOlution of (157) such that

” (h%, hZ) ch;a R4 Cﬁ’a(R‘L) < 26’(73,)\‘

Hence
vi(x) = i(x — x2) + y(zl ;’ 5 G(&,xl) - s(zl y” 5G(E, x3) + (),
Vo) = ix = 2%) — 555 G(E,x) + g G(E,2%) + 3 (%)

solves (144) in B (x?).

4.2 The nonlinear interior problem
Here, we look for a solution of the following systems as in the above subsection, we only

add the interior harmonic extension and the perturbation term \/l fori,j=1,2.

A%vy + L5 (vy) = 24e"* 12 in Bl (x1),
Al yae o (153)
A%y + L5(nn) =24C,, " & 7 &2t 0 n BRi,A(xl),
A%y + L5 (v1) = 24er"1*0-v2 ip BRzA(xz), (154)
2 4
A%y + L5 (vy) = 24€572* 181 in By (x?),
and
2 4V+§*1 grai-l vi+(1-y)v : 3
A*vi+ L5 (v1) =24C;, ° & & M2 in BR;A(x ), (155)
A2V2 + L (1n) = 24et72+1-6n i BR??/\(JCS),
where £; (1;) = M(Au;)? + 20Vu; - V(Auy) + A2|Vu;|?Au, for i = 1,2 and C = ﬁ for

i =1,3. Here 7; > 0 is a constant, which will be fixed later.

Given ¢ := (¢}, ¢b) € (C**(5%))* and ¥’ := (Y1, ¥d) € (C>*(S))* such that (¢}, ¥{) and
(¢5,¥}) are satisfying (65). We denote by i = u.-; =1.In BR1 (x) and BR3 (%3), we repro-
duce exactly the same as in the proof of Theorem 5, so we have the followmg propositions.

Proposition 14 Givenk >0, u € (1,2) and § € (0, min{(%s_l) (’”E 1)), there exist &, > 0,
A >0, ¢ >0and yy € (0,1) such that for all ¢ € (0,&,), A € (0,A¢), ¥ € (Yo,1), for all v, in
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some fixed compact subset of [t1, ;] C (0,00) and for (pjl and 1/fj1 satisfying (65) and (72),

there exists a unique (vi,v})(:= (VLE,Tl,wi,wll, vz’mwé%l)) solution of (49) such that

[ (i) Ch R x CH (RY) = 267
Hence

n®) = pile—a) - BEG(E,2%) - TLG(E,x%) - B+ hi(v)
+ H o s 55 4 A

Vo(x) := %G(%,xs) + G(%,xz) +hy(x) + H™(p3, ¥4 ’;f‘ )+ va(x)

. 1
solves (153) in BRFII')L (xh).

), there exist €, > 0,

Proposition 15 Givenk >0, u € (1,2) and § € (0, min{(%s’l), (”*::’1

A >0, ¢ >0and &y € (0,1) such that for all ¢ € (0,¢,), > € (0,A,), & € (§o, 1), for all 73 in
some fixed compact subset of [t3, 5] C (0,00) and for gojg and 1,0/3 satisfying (65) and (79),

there exists a unique (v3,v3)(:= (Vl.s,rs,w{’,wf’ VZ,s,ra.goS,w%)) solution of (49) such that

[ ()] ChRAxCh(RY) = 201

Hence
V(%) := %G(”,xl) + G(Ex,xz) + I3 (x) + HY (@3, yrd; ’;;3’“ )+ V3(x),
wle) 1= i =) - FEG(5 )— Te G - 5+ )
+ mt(‘ﬂz’wzgr
solves (155) in Bgs (x%).
In B 22, (x2), we look for a solution of (144) of the form
vi(%) = i — ¥%) + — L G(E, &) - L= G(EE, %)+ HY (HZ)
! y2-y-§ "\’ EQy-8) \n’ o2yl
+ h(x) +v3(x),
— 2
valo) = s =) = S GO ) + g GO, ) + HEY (i

+ I3 (%) + Vi(x).
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This amounts to solve the equations

A-y)(y+§-1)

1 &x 1 &x inf in
]L,v% 1383)4[ o (VG(E,xl)—gG( 20 +y (2 +H ztw%”‘) +(1-y) (3 +H! ;w%wg)
+7"
-vi-1]
_ 2 1-y ex L1y _ _ 1=y &x ,3
L:)\(I/l(x X )+ —§) G( rx ) EQ2—y-§) G(rz’x )

Y-
) + Vl(x)) A,

y(2—
Hult,,pl (x—x )+h2(
v

(1~ E)(V*’E 1) ex 1 ex .3 int int 2 (156)
]LV% _ 13%*)4[ O-y=8) (- G(l_2 X )+¥G( X ))+$(h +H' 2II%H/Z) +(1— E)(h HW%:’/’%-H,I)
—vs-1]
1 3
—/.:)\(u(x X ) 2 )/ E G(Sx,x )+ 5(2 y= %—)G(Exrx )
+ H“}th(’;‘zx ) + hZ(x) +V3(x)) — A%h3.
We denote by

]va =R;3 (V%,V%) and ]Lv% = RA,(V%, V%)

To find a solution of (156), it is enough to find a fixed point (v3,v3) in a small ball of
Cr(R*) x C*(R*), solutions of

V% = g/l. o é/.l. o RS(V%rV%) = NZ(V%; V%)

(157)
Vi =G, 0&, 0 Ra(V2,13) = My(v3,v3).
Then, we have the following result.

Lemma9 Letu € (1,2), yo and & € (0,1). Given k > 0, there exist g, >0, A, >0, ¢, >0 and
¢ >0 such that forall e € (0,&,), . € (0, 1), ¥ € (v0,1), and & € (&p,1). We have

[ 420,0) [ ctozey < et [ M2(0,0)] gy < 7
| M2 (v, v3) — ‘NZ(tl’tZ)”C“‘ (®R%)

=e(1-y + )V - Bl ooy + 8=V - 5] g ey
| Mo (7, 15) = Mo (K, K5) | s

<81 -9)i - 1| cgaga + (1= & +72,) [V = 5] et oy

provided (v},v3), (1, £5) in C2*(R*) x C»*(R*) satisfying

| (v1v3) ||cﬁv“(R4)xc,‘i'“(R4) <27, and |(8,8) ||cﬁv“(R4)xcﬁ'“(R4) =2y, (158)

Proof The proof of the first and the second estimates follows from the asymptotic behavior
of H™ together with the assumption on the norms of ¢7 and ¢ given by (82), and it
follows from the estimate of H™, given by Lemma 3, that

r
Hmt 2( )
(&

) =cr (Rﬁ,x)fz(H%z ”(:4,01(53) + ”W/2 ”02«1(53))'
€4 (B, (0)-B1(0))

Page 66 of 78
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2
forallr < % Then by (82), we get

A r
H GV \R2,

On the other hand, using (16), we obtain

<c.e2r.

C4(B,(0)-B1(0))

sup 7| R3(0,0)]

VSRE,)L
384rt 1 0+t (1 Glex -6 Y VUREHS )+(=y)UG+H )
< sup 74|e @-y=8) ‘¥ £ Y w33 _1
rng)L (1 + 7'2)
4y _ 1-vy &x
+ sup r Lo+ ————G —,«
r<R%, y2-y-§) T2

1-y X int 2 272
_7‘5(2_7/—5)G< )+H 1[/2+h> +|A h1’>
38474

2 int 2
< sup ———— H o +yrt|\h o
= rSRg)A ( r ) ( || 1!,2 ”C4 Y || HC4
2 int 2
+ A= HY o s + (L= )r [ 13] 4 ))
1—
+A sup r4’“|: (Ait+ 7)/AG<ﬁ,xl)
r<R?, y2-y-$§) 2}
1-y ex 2
-—————AG P)+AHDY o+ A
E2-y-§) iy
_ 1-y (Sx 1) 1-y (sx ) ¢ 2)
+2iIVig+ ———G| — x| - ———G HY 4+ h
‘( y@2-y-§ \n EQ-y-§) et
1—
xv(A<a+____Z__G(%?xj
yR-y-§) \n
1-y X 4 int 9
-— G| —, HY h
o n(a) ke

- 1-vy Ex 1)
v<u+)42—y—$)G(m’x

2

+ 2% sup
VSR(%)L

1-y ex )
_ G =, 3 Hmt h2
§2-y—-¢) (nx)+ oot T

1- 1-
(o g o) o) )
yR-v-§) \n §2-v-§) \n i
+ sup | APH]|.
r<R%,

X

Making use of Proposition 1 together with (38) and using the condition (A;) for u €
(1,2), we get that there exists ¢, such that

|¥2(0, 0)”c4a <6l (159)



Baraket et al. Boundary Value Problems (2024) 2024:21 Page 68 of 78

For the second estimate, we use the same techniques to prove

| M2(0,0)] ey = et (160)

®RY)

To derive the third estimate, for (v2,13), (¢2, £3) verifying (158), we have

sup r**|Rs(h, h3) — Rs(ki, &3)|

r<R2‘
4— 2 in 2 in 2
< sup 384r%H |e a- y)j}';//-f) 1)(%G(%C'xl)’%G(%'xs))ey(hlJerzt11/12+V1)+(1 —y)(h3+H ztw22+v2) ~ V%
r<r?, (1+r2)4
(py+t) (1 G(2 1)~ LG(E2.4) YU +HTE o +82)+(1-y)(H3+HYY ., +£3)
—e @vd EN Vg P1Y1 9303 + t%
47“’ <_ 1 ; y (Sx 1)
+sup r *|Llu+ ——G| —,«
r<R?, y2-y-§) T2
1-y ex int 9
-— G + H 2+t
§2-y-¥§) i
_ 1-y &x 1-y ex int 9
-Lylu+ ——Gl —x | -———G H w2+h + 1
y2-y-§) \n E2-y-§) o1
3844+ 2 2 2 4- 2 2
<c¢ sup o+ 2)4|()/ DWi-6)+A-y)(vi-8)]+r sup 7 v (vi-8)
rSRE‘A rSR&)L

1-y &x 1)_ 1-y ( )
XV(ZAM+2—( 7y E)AG( ;X 275(2 ) E)AG

+2AHm¢2+2Ah2+Avl+Aq)

_ 1-
+ V(A(V% — t%)) . V(2M + 2]/(2_7)/)/_%_)G<%,x1>

1-vy &x
2———G 2H™ , +2h3
ey - s>( )+ vtoi TN
_ 1-y ex
+V2+t2> + 12 sup rH A2 - HV(M+—G<—,9C1>
1th rng |(1 1)’ yo—y-8 \ 1
_1—7VG<8_x,xs)
E2-y-§) \n
2 1-y ex
+ V<ﬁ+7G<—,xl)
y2-y-§ \n
1-y &x
_ G Hmt
E2-y -8 ( )+ i
2 2 1-vy &x
+h%+t%> i|+k2 sup r4“(—|A12| +27‘AG<—,xl)
r<i?, Y y2-y-§) 12
1
———1——AG< )
§2-y-§)

+ 2| AR w2|+2|Ah2|+|Avf|+|Atl|>

int 2 2
+H ,w2+h +v1>
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_ 1-y ex 1> 1-y (sx 3)
\% - * G —, - @G -
XH Q”yu—y—@ (mx E2-y-8 \n"
2
_ 1-y ex 1)
_lv 7 GlZ
‘ (u+y(2—y—$) (rzx
l-y X 3 int ) 2
“tayno(n) )| ]

Proceeding as in the proof of the Theorem 5, we obtain

int 2. 2
+ wa,w% +hy+ V1>

[ #2(v1,v3) = Ma(8,65) | e sy
ety )= lepege + &0 -V -Gl (161)
Similarly, we get
[ 46212, ) = Mo, 65) | ey

<6(1=8)[] = 8] ctay + Ec(1 =& +72,) [V~ 55| st oy, (162)
O

Then there exist yp and & € (0, 1), reducing ¢, and A,, if necessary, we can assume that
(l—y+r x) <1/2andc.(1-& +r8)\) <1/2foralle € (0,&.), 2 € (0,A), ¥ € (y0,1) and
& € (&o,1). Therefore (161) and (162) are enough to show that

(1, v3) = (Mo (v],v3), Ma(vi,v3))

is a contraction from the ball

{(1v3) e (RY) x € (RY) « | (v1,v3) Hc;‘;v“(R‘*)xcﬁ'“(R‘*) <21y,

into itself. Then applying a contraction mapping argument, we obtain the following propo-
sition.

Proposition 16 Givenx >0, u € (1,2), yo € (0,1), and & € (0, 1), there exist &, >0, A, >0,
and ¢, > 0 such that for all ¢ € (0,¢,), . € (0, 1), ¥ € (Yo, 1), and & € (§,1), for all vy in
some fixed compact subset of [ty , ;] C (0,00) and for <p1.2 and 1//}42 satisfying (65) and (82),
there exists a unique (v3,v3)(:= (Vlye,rz,wf,wf’ Vz,wzy(p%,w%)) solution of (147) such that

[ ()] ChRAxCh(RY) = 20ers.

Hence

e T A2 1-y ex 1y _ _ 1-y &x ,3
Vl(x) = u(x X )+ y(2-y-§) G( rx ) 5(2_},_5)G(121x )

+ I3 (x) + H (2, yrd; ’;‘2" ) + V3(x),

Vo (%) = i(x — x%) — 2 = g)G(‘”‘,xl)+ o5 G5, %)

+%M+HW%,%§U+WU

solves (154) in Bz (x?).
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Note also that the functions (v}, v})(:= (v} ;)), for i € {1,2,3}, depend

Le,t; go 1//1 28,17,4054[}5
continuously on the parameter 7.

4.3 The nonlinear exterior problem

Using the same arguments as in the proof of Theorem 5, exterior problem, we obtain the
following proposition.

Proposition 17 Given k > 0, there exists €, > 0 and A, > 0 (depending on k) such that for
any ¢ € (0,.), . € (0,A,), n; and x° satisfying (94) and functions (ZJ} and Jfl’ satisfying (66)
and (93), there exists a unique

(1, 12) (= (v, nom iV Vo, M o O ) solution of (92) so that for vi(k = 1,2) defined by

3 5
nx) = — N G(x,x") + (1 +1m2)G(%,5%) + Z Xro (¢ — &) H™ <g01, v —) + 71 (%),
i=1 Teh
1 -
Vo(x) := UL G(x, ) 1+ nz)G Z Xro X —X )He"t <<p2,1p2, . )\x ) + o (x)

i=1

solves (89) in Q,,, (X). In addition, we have
|| (“71) {}2) || Cff""(s'z*(i)) < ZCK Vik.

4.4 The nonlinear Cauchy-data matching
We will summarize the results of the previous sections. Using the previous notations, as-
1 1

sume that X := (¥

,%2,%%) € Q3 are given close to x := (x!,x2,x3). Assume also that

T:= (11,72, 73) € [‘L’f,‘rf] X [7:2’,12*] X [1:3’,15,*] C (0,00)3,

are given (the values of 7;” and 7/, for / = 1, 2, 3 will be fixed later). First, we consider some
set of boundary data @' := (¢, ¢) € (C**(5%))? and ¥' := (Y, /i) € (C>*(S%))2. According
to the result of Proposition 14, 15 and 16 and provided ¢ € (0,¢,), we can find, Uiy :=
(ing1, Uine2) @ solution of (139) in B, , (¥') UB,,, (¥*) UB
as

(%), which can be decomposed

Te,

1

- . e B
Lty (6= 7) - G ) - L2 G ) - B2+ Y (25
+h1(R;*("’ 1)) vi( Mx x‘))
inB,,, (x D,
Ug,ry (X — X%) + 2 y 5 G(‘”‘ x) - 2 L s)g(m %)

) R2 2

= 2 (e ) 2 Rep 65

i1 (6) 1= |+ H () ¢ (T 4R (22T

ln Br A (xz)r

Ax x3)

IG(x, 1)+G(x,~2)+H‘“ ‘//3(96 73 ) h3( &, )
+v (7“” )

1nB,M( 3,
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and

1
§Glnx

E xxl)
! )

+2(

Ue, fz(x—xz)—

PHE () )+ h%(

Uing2 (%) :=

_ Ing

: Hmtw?’ (x—x )

Te,n
3)

x,%%) + G(x, %%) + H™

5G(2, &) +

1\02("“ )+ hl(—m

in B, , (&'),

Gea fs)G(jx &)
v(Fea )

Rek(" X

,2>

in B, , (x%),

Flhey (X = %) = TG, 7) — ly—gG(x,icl)

vy ) + v

where for i € {1,2,3} and j € {1,2}, Ré,x
| (. 113) ”ij‘“(R‘*)XCg"“(R‘*) <2ecrgs
| (. 73) | (CH RYxCH Y = 267

and

| (viv2) “cﬁ'“ (R xch ey = 26k Tew

3

| (v v2) ||(C§»°‘(R4)xc,‘§"’(R4) =267

Similarly, given some boundary data
n3) € R

E xx3)
E))

in B, , (x%),

r“ and the functions h‘ and v; ' satisfy

H (h%,hz) || (e @Yy < ZCKVE'A,

” (V%’ V%) ” (cﬁv"‘(RZL))z < 20,()"3,)”

gl € C*(S%), ¥ € C>*(S°) satistying (66), (1, 72

satisfying (94), provided ¢ € (0,¢,) and A € (0, 1), by proposition 17, we find a solution
Uext = (Uext 1, Uext,2) Of (139) in Q \ (B,M #Hu B,“( 2)) U B,M( 3)) which can be decom-

posed as

Uext,1 (x) =

uext,2(x) =
with 1,7, € C**(Q*(X)) satisfying

|| (911 ]72) || (Cﬁ‘a(ﬁ*(i)))z = 2CK’”3,,\~

0 G )+ (14 12)Gl ) + XL s EHO G
%G(x’is) + (1 + WZ)G(JC,Q’ZQ) + Zi:l Xr() (x _xl)HEXt(¢2,

55 4 (),

x’“)+Vz(x)

It remains to determine the parameters and the boundary data in such a way that the

function equal to iy in B,,, #Hu B, (x 2) U B, (x 3) and equal to ucy in Q

smooth function. This amounts to find
eachj=1,2
8ruint,/' = 8ruext,j:

umt,} uext,} )

Altingj = Attexy; and 3, Aldingj =

on 3B, , (x'), 0B, , (¥*) and 0B, (¥*).

S(x)isa

the boundary data and the parameters so that, for

(163)
8rAMext,j

Page 71 of 78
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Suppose that (163) is verified, this provides that for each £ and A small enough u, ; € C**
(which is obtained by patching together the functions u;,: and the function u.), a weak
solution of our system and elliptic regularity theory implies that this solution is in fact
smooth. That will complete the proof, since ¢ and X tend to 0, the sequence of solutions
we have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it is convenient to observe that
the function u, ;, can be expanded as

e27-2
Uer,(x) = —4Int; — 8In x| + (’)(ﬁ) on dB,_, (0). (164)

¥ :
e On 0B, (x1), according to the proof of Theorem 5 and since when & and A tend to 0,

its enough to choose 7; and ;" is such a way that
4In(17) < -Iny - & (x',x) < 4In(z]).

Where

E1(,R) 1= H(-7) + G(-7) + LG(.7).
Also using the fact that

1_ 1 1 1L 1 1 1 1L
P1=P0t P11t ¥ U =8¢10+ 1201, + Y07,
Sl _ =1 =1 =1l 71_ 71 7Ll
=P+ +@ and Yy =y + Y
Where ¢1 , @1, € Eg = Rare constanton $3, ¢1 |, @1 |,/ | belongto E; = Span{ey, e, e3, €4}

and o}, @1t Yt gt are L2(S%) orthogonal to B and E;.
We can prove that

(hing1 — text,1) (X' +7,) =0, 3y (ting,1 — Uex1) (' + 7o) = 0,
(165)
A(l'iint,l - Mext,l)(»’?1 + rg,x‘) =0 and arA(Mint,l - l'iext,l)(ic1 + re,)ﬁ) =0,
on S? yield to
Ti, = (tb01, 910010 910 10 Vin VEFX), 00 610 v 90
=0(r2,). (166)
Where
t = [4lnrl+lny+51(5c1,i)].

Inrg,

Finally, using the fact that

1 1 1 Ll 1 1 1 1,1
Qo =Pt Pyt V3 =800+ 12051 + 1,7,
~1_ =1 | =1 , =1L 71571, 71l
P =Pr0t P21t ¥ and Yy =V + ¥,

with ¢}, 630 € Eo, 031, @11, ¥4, € Er and ¢y, @y, ¥, ¥, belong to (L3(S%))*.
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We can prove that

(ting2 — Uext2) (B! +7e07) =0, Oy (ting2 — Uext2) (B! +7e7) =0,
(167)
A(uint,Z - I/lext,Z) (5&1 + r&:,k‘) =0 and arA(l’lint,Z - Mext,Z)(;C1 + rs,A‘) = 0,
on S? yield to
- ~1 7 A =1, AL 71l
T = (03000 P20 o Vo002 2505 0) = O(12,), (168)

where as usual, the terms O(rZ, ) depend nonlinearly on all the variables on the left side,
but is bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
rZ;, provided & € (0,¢,) and A € (0, ).

e On 3B, , (¥*), we have

(Mint,l - uext,l)(x)

. x - x*

:—4ln12+8n21n|x—x2|+h%(R§A )

’ VS,A
e (ot )H(w )

Te T,

- 1- 1- ~
—[(2—V—E)H(x,x2)+ ; yG(x,xs)]

Y

G(x,%") +
0( &1y )+(’)(r§')\) (169)

|x — %22

and

(uint,2 - uext,2)(x)

N x— X
=—4In7, + 8y Injx - #°| +h%(R§A )
A

»

22 2
. X=X ~9 X—X
int 2 2 ext ~2 2
+H (q)z,wz;—)_H (‘pz, 2; >
rs,)» rs,k
I-y

- |:(2—y—?;‘)H(x,562) + 1-

S G i) +

G(x,scS)]

O(i) +O(2,). (170)

|x — %22

Next, even though all functions are defined on 9B, _, (x?) in (163), it is more convenient

Te

to solve on S3, for i = 1,2, the following set of equations

(Uinti — l’lext,i)(ic2 + ra,)ﬁ) =0, O (Uint,i — 14ext,i)(5c2 + rs,k') =0, a71)
A(uint,z’ - I/lext,z') (5&2 + rs,k') =0 and arA(l'iint,i - I/lext,t')(gc2 + r&:,A') =0.

Since the boundary data are chosen to satisfy (65) or (66). We decompose

2_ 2 2 2,1 2.2 2 2,1
P =PiotPiat¥ > Vi =80+ 120, + ¥,

Page 73 of 78
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~2 ~2 ~2 ~2,1 72 _ .72 72,1
Y =Piot¥i1t¢; and Vi=via v

where (pio,fﬁio € o = R are constant on $%, ¢}, @}, 1/}1%1 belong to E; = Span{e;, ey, €3, €4}
and ¢+, @, Wl @t are L2(S?) orthogonal to Eg and .

We insist that, for x € S, both equations (169) and (170) involve the same relation of the
parameter 7, and the appropriate energy &,. Then we have

(thingi — Uext) (8 + 7e,0%)

=—4Int, + 8y Inr, x| + H™ (97, Y7, x) — H™(¢7, ¥} %)
1-§
v

- [(2 —y —EH(R,#) + — G, #) + I_TVG(&Z,&?’)} +O(2).  (72)

Projecting the set of equations (171) over Eg, we get

—4InTy +8maInre s + @7y — @7y — E2(3%,%) + O(r2,) = 0,
8n2 + 207 + 297, + O(r2;) =0,

1613 + 8¢ + O(r2,) =0,

=32+ O(r2,) =0,

(173)

where

&%) = (2-y —§H(,X) +
The system (173) can be simply written as

2= O(Vi/\)' %2,0 = O(’"?,A)f

¢ZO = (’)(ri)\) and

[4In7, + & (3%,%)] = O(r2,).

11’1 Ve

We are now in a position to define 7; and ;. In fact, according to the above analysis, as
¢ and A tend to 0, we expect X' to converge to x' for i € {1,2,3} and T, to converge to 75,
satisfying
4Int) =-& (xz,x).
Hence it is enough to choose 7; and 7, in such a way that

41In(75) < =& (% x) < 4In(3).

Consider now the projection of (171) over E;. Given a smooth function f defined in €,
we identify its gradient Vf = (3,.f, ..., dx,f) with the element of E;

Vf =) dufer

i=1

Page 74 of 78
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With these notations in mind, we obtain the system of equations

0h - ¢4 - VERELX) +O(r2,) =0,
392 + 304 + YA - VEGERLX) + O@r2,) =0,

’ (174)
1507, — 3¢, — wizl +0(12,) =0,
1502 +15¢2 + 242 + O(2,) = 0.
Which can be simplified as follows
2 2 ~2 2
¥i1= 0(rs,x)’ $in = O('"s,x)’
(175)

Y =0(2,) and V&(FLX)=0(r2,).
Finally, we consider the projection onto L%(5%)*. This yields the system

o - g+ 0@2,) =0,
O(HEL or =HEL 521) +O07,) =0, (176)
Y2 002,) =0,
OAMHSL o1 —HEL 521) + O07,) =0.
Thanks to the result of Lemma 4, this last system can be rewritten as

gt =0(r2), g =0(r2), Yy =0(2,) and ¥ =0(r2,).

If we define the parameter £, € R by

t = [41111'2 +€2(5c2,5()],

In Ve
then the systems found by projecting (171) gather in this equality

Tee = (821, 00 B 0 B Vit VELF ) 07, 00507 07) = O(12,)

fori=1,2. (177)

where, as usual, the terms (’)(ri)\) depend nonlinearly on all the variables on the left side,
but are bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
r2;, provided & € (0,¢,) and A € (0, ).

e On 3B, (x%), according to the proof of Theorem 5, using the fact that

3_ 3 3 3,1 3_qo 3 3 3,1
P1=P10t P11t Yy =8¢+ 1207 + Y7,

-3 _ ~3 =3 _ =31 3 _ 73 73,1
P1=%10t¥111tH and Yy =97, + Yy,

with 3,330 € Eo, 031,35 1,3, € Er and 3, g7, ¥, ¥ belong to (L3(S%))*.
We can prove that

3 3 -3 3 -3 73 =31 3,1 731 2
Tl,sz(‘P1,0’¢1,0"P1,1"P1,1’Wl,l’ 7¢’1 Y1 Y )=O(Vg,,\)~ (178)
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On other hand, according to the proof of Theorem 4 and since when ¢ and A tend to 0,
its enough to choose 7; and ;" is such a way that

4In(7;) < —In& - &(*°,x) <41In(3).

Where
< ~3 oy 1€ ~1
& (+,X) :=H(~,x )+G(-,x )+ G(~,x )
Y
Also using the fact that
O =@aot @it ey, U5 =800+ 1200, + Y5,

-3 _ -3 =3 =31 73_ 73 731
Gy =Pro+Poy+ @~ and Yy =95, + 9y
where <p§’0, @30 € Eo =R are constant on S, 931, @3, %3, belong to E; = Span{ey, e, €3, e4}

and 3+, g, Yok, 3+ are L2(S%) orthogonal to Ey and ;.
We can prove that

(uint,i - Mext,i)(;‘f3 + rs,A') = 01 ar(lfiint,i - ’/‘ext,i)(~563 + ra,A') = 0)
(179)
A(tingi — text,)) (8 +76,) =0 and 0, A(ting — Uext,i) (& +7627) =0,

on §? yield to
3 3 ~3 3 ~3 73 So (=3 o ~3,1 3,1 731 2
Tz,s:(t?wn3,‘ﬂ2,0"ﬂz,o"ﬂz,1"ﬂ2,1"/’2,1V53(xr ) "Pz Wy I/’2 )— (s,A)’ (180)
where

t3 =

4Int; +In€ + &(33,%)],
ol g 4 (2,59)]
where, as usual, the terms (’)(rﬁx) depend nonlinearly on all the variables on the left side,
but are bounded (in the appropriate norm) by a constant (independent of ¢ and «) times
rZ;, provided & € (0,¢,) and A € (0, ).

We recall that d = ., (X — x), in addition the previous systems can be written as for
i=1,2,3:

(d’ ti’ ni» (Pi: (Z)ii wl" &i’ 65,) = O(T’g’)‘).
Combining (166), (168), (177), (178), and (180), we have

Tie = (T T2 T2,) = (O(12,),O(2,),O(2,)),  fori=1,2. (181)
Then the nonlinear mapping that appears on the right-hand side of (181) is continuous
and compact. In addition, reducing ¢, and X, if necessary, this nonlinear mapping sends
the ball of radius «r2, (for the natural product norm) into itself, provided « is fixed large
enough. Applying Schauder’s fixed point Theorem in the ball of radius Krgyk in the product
space where the entries live, we obtain the existence of a solution of equation (181).
This completes the proof of Theorem 6. d



Baraket et al. Boundary Value Problems (2024) 2024:21 Page 77 of 78

Acknowledgements
This work was supported and funded by the Deanship of Scientific Research at Imam Mohammad Ibn Saud Islamic
University (IMSIU) (grant number IMSIU-RG23081).

Data Availability
No datasets were generated or analysed during the current study.

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
All authors wrote the main manuscript text and reviewed the manuscript.

Author details

Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic University (IMSIU),
Riyadh, Saudi Arabia. ?Department of Mathematics, Faculty of Exact Sciences, Constantine 1 Fréres Mentouri University,
Constantine, Algeria.

Received: 15 December 2023 Accepted: 11 January 2024 Published online: 25 January 2024

References

1. Arioli, G, Gazzola, F, Grunau, H.C, Mitidieri, E.: A semilinear fourth order elliptic problem with exponential
nonlinearity. SIAM J. Math. Anal. 36(4), 1226-1258 (2005)

2. Baraket, S, Bazarbacha, I, Chetouane, R, Messaoudi, A.: Singular limit solutions for a 4-dimensional semilinear elliptic
system of Liouville type. Taiwan. J. Math. 24(4), 855-909 (2020)

3. Baraket, S, Bazarbacha, I, Trabelsi, M.: Singular limiting solutions to 4-dimensional elliptic problems involving
exponentially dominated nonlinearity and nonlinear terms. Electron. J. Differ. Equ. 2015, Article ID 289 (2015)

4. Baraket, S, Bazarbacha, I, Trabelsi, N.: Construction of singular limits for four-dimensional elliptic problems with
exponentially dominated nonlinearity. Bull. Sci. Math. 131, 670-685 (2007)

5. Baraket, S, Ben Omrane, I, Ouni, T, Trabelsi, N.: Singular limits for 2-dimensional elliptic problem with exponentially
dominated nonlinearity and singular data. Commun. Contemp. Math. 13(4), 1-29 (2011)

6. Baraket, S, Ben Omrane, I, Ouni, T, Trabelsi, N.: Singular limits for 2-dimensional elliptic problem with exponentially
dominated nonlinearity and singular data. Commun. Contemp. Math. 13(4), 697-725 (2011)

7. Baraket, S, Chebbi, S., Chorfi, N.: Construction of singular limits for a strongly perturbed four-dimensional Navier
problem with exponentially dominated nonlinearity and nonlinear terms. Bound. Value Probl. 2019, Article ID 131
(2019). https://doi.org/10.1186/513661-019-1244-7

8. Baraket, S, Dammak, M., Ouni, T, Pacard, F.: Construction of singular limits for a 4-dimensional semilinear elliptic
problem with exponential nonlinearity. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 24, 875-895 (2007)

9. Baraket, S, Messaoudi, A, Saanouni, S., Trabelsi, N.: Blow-up in coupled solutions for a 4-dimensional semilinear
elliptic system of Liouville type. Grad. J. Math. 5, 1-19 (2020)

10. Baraket, S, Pacard, F.: Construction of singular limits for a semilinear elliptic equation in dimension 2. Calc. Var. Partial
Differ. Equ. 6, 1-38 (1998)

11. Baraket, S, Sdanouni, S., Trabelsi, N.: Singular limit solutions for a 2-dimensional semilinear elliptic system of Liouville
type in some general case. Discrete Contin. Dyn. Syst. 40(2), 1013-1063 (2020)

12. Baraket, S, Ye, D.: Singular limit solutions for two-dimentional elliptic problems with exponentionally dominated
nonlinearity. Chin. Ann. Math,, Ser. B 22, 287-296 (2001)

13. Chang, S.Y.A.: On Paneitz operator—A fourth order differential operator in conformal geometry. In: Harmonic Analysis
and Partial Differential Equations, Essays in Honor of Alberto P. Calderon. Chicago Lectures in Mathematics,
pp. 127-150. University of Chicago Press, Chicago (1999)

14. Chang, S.Y.A, Yang, P: On a fourth order curvature invariant. In: Branson, T. (ed.) Comtemporary Mathematics. AMS,
and Arithmetic, vol. 237, pp. 9-28. Am. Math. Soc,, Providence (1999)

15. Chanillo, S., Kiessling, M.K.H.: Conformaly invariant systems of nonlinear PDE of Liouville type. Geom. Funct. Anal. 5(6),
924-947 (1995)

16. Clapp, M., Munoz, C,, Musso, M.: Singular limits for the bi-Laplacian operator with exponential nonlinearity in R*. Ann.
Inst. Henri Poincaré, Anal. Non Linéaire 25, 1015-1041 (2008)

17. Dammak, M., Ouni, T.: Singular limits for 4-dimensional semilinear elliptic problem with exponential nonlinearity
adding a singular source term given by Dirac masses. Differ. Integral Equ. 21(11-12), 1019-1036 (2008)

18. Esposito, P: Blow up solutions for a Liouville equation with singular data. SIAM J. Math. Anal. 36(4), 1310-1345 (2005)

19. Godoy, T. Singular elliptic problems with Dirichlet or mixed Dirichlet-Neumann non-homogeneous boundary
conditions. Opusc. Math. 43(1), 19-46 (2023)

20. Larbi, L, Trabelsi, N.: Singular Limit Solutions for a 4-dimensional Emden-Fowler System of Liouville Type in Some
General Case. Taiwan. J. Math. (2024) https://doi.org/10.11650/tjm/221202

21. Lin, CS:: A classification of solutions of a conformally invariant fourth order equation in R*. Comment. Math. Helv. 73,
206-231 (1998)

22. Lin, CS., Wei, J,, Zhao, C.: Classification of blow-up limits for SU(3) singular Toda systems. Anal. PDE 8, 807-837 (2015)

23. Lin, CS, Wei, J.C, Ye, D.: Classifcation and nondegeneracy of SU(n + 1) Toda system. Invent. Math. 190(1), 169-207
(2012)

24. Liouville, J.: Sur I'équation aux différences partielles 32 log B;LBV + ﬁ =0.J. Math. 18, 17-72 (1853)



https://doi.org/10.1186/s13661-019-1244-7
https://doi.org/10.11650/tjm/221202

Baraket et al. Boundary Value Problems (2024) 2024:21 Page 78 of 78

25.

26.

27.

28.

29.

30.

Malchiodi, A, Djadli, Z. Existence of conformal metrics with constant Q-curvature. Ann. Math. (2) 168(3), 813-858
(2008)

Musso, M., Pistoia, A., Wei, J.. New blow-up phenomena for SU(n + 1) Toda system. J. Differ. Equ. 260(7), 6232-6266
(2016)

Suzuki, T.: Two-dimensional Emden—Fowler equation with exponential nonlinearity. In: Nonlinear Diffusion Equations
and Their Equilibrium States 3, Gregynog, 1989. Progr. Nonlinear Differential Equations Appl., vol. 7, pp. 493-512.
Birkhduser, Boston (1992)

Wang, LS, Yang, T, Yang, X L:: A global compactness result with applications to a Hardy-Sobolev critical elliptic
system involving coupled perturbation terms. Adv. Nonlinear Anal. 12(1), Article ID 20220276 (2023)

Wei, J.: Asymptotic behavior of a nonlinear fourth order eigenvalue problem. Commun. Partial Differ. Equ. 21(9-10),
1451-1467 (1996)

Wei, J,, Ye, D.: Nonradial solutions for a conformally invariant fourth order equation in R*. Calc. Var. 32, 373-386 (2008)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Blow-up solutions for a 4-dimensional semilinear elliptic system of Liouville type in some general cases
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction and statement of the results
	Proof of Theorem 4
	Behavior of solution around x2
	Behavior of solution around x1 and x3

	Proof of Theorem 5
	Construction of the approximate solution
	A linearized operator
	Ansatz and ﬁrst estimates
	Bi-harmonic extensions

	The nonlinear interior problem
	The nonlinear exterior problem
	The nonlinear Cauchy-data matching

	Proof of Theorem 6
	Construction of the approximate solution
	Ansatz and ﬁrst estimates

	The nonlinear interior problem
	The nonlinear exterior problem
	The nonlinear Cauchy-data matching

	Acknowledgements
	Data Availability
	Declarations
	Competing interests
	Author contributions
	Author details
	References
	Publisher's Note


