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1 Introduction

In this paper, we establish a Liouville-type theorem for the weighted 2mth-order elliptic
equations coupled via the Navier boundary conditions in the half-space R” = {x e R" : x,, >
0}:

(=A)"(|x|*u(x)) = |x| v in R,
(=A)"(|x|Pv(x)) = |x|*u” in R,
u=Au=---=A"1y=0 ondR",
v=Av=---=A"ly=0 ondR”

(1.1)

where m is a positive integer satisfying 0 < 2m < n, p,g > 1, and «, 8 > 0, which is closely
related to the following integral system:

I/l(x) = CVI fRf |x|a1b,|ﬁ ( |x_y|1n—2m - |5C_y|1n—2m )Vq()/) dyr

) . . (1.2)
v00) = Co Joy e Gy = e 20 0) 4,

where C,, > 0,and x = (xy,...,%,_1,—%,) is the reflection of the point x about the dR’. Sim-
ilar to some integral systems or partial differential systems, the integral system (1.2) is
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usually divided into three cases according to the value of the exponents (p, ). We intro-
duce the critical curve

1 1 n-2m+a+p (13)

+ =
p+1l g+1 n

for (1.2) to determine a Liouville-type theorem.
The well-known classical Hardy—Littlewood—Sobolev inequality states that

fR S@RO) 4y < ol el

nJrn %= yl"

for all f € L*(R") and g € L'(R"), where 1 < h,1 < 00,0 < v < ,and % + % + . =2.Hardy and
Littlewood also introduced the double weighted inequality, which was generalized by Stein
and Weiss [13]. This inequality is called the double weighted Hardy—-Littlewood—Sobolev

(WHLS) inequality
(x
f / IO _ 1ty < ol Inlgl 14)
R Jrn 12]7 1 = Y[V ]yl
where1<l h<oo,0<v<mT+k >0, andrandKsatlsfyl————<_<1__w1th
1 + h + T = 2. To obtain the best constant in the weighted inequality (1.4), we can

maximize the functional

J // —— 2 dxd
0= |, ) |x y| W Y

under the constrains |f||; = |lg|l; = 1. The corresponding Euler—Lagrange equations are
the following system of integral equations:

h-1 _ F40)
Mbf 0" = fan mrpm D
-1 S
holg@)'™ = Cu fon ppepemym D
where f,g >0, x € R", and AMh = ol = J(f,g). Let u = c1f" L, v=cog ", p= 755, = 5
with pg # 1. Then by a proper choice of constants ¢; and ¢, system (1.5) becomes

u(®) = Cy [ Wqu(y) dy,

V%) = Co fan ey g )
where u,v>0,0<p,g<00,0< u<n, —<ﬁ<w,and—+———
Jin and Li [10] derived that the positive solution of systems (1.6) is symmetric and mono-
tonic. In [6] and [9], they also discussed the regularity of solutions to (1.6). Lei and Lii [11]
proved that system (1.6) and the related differential systems are equivalent to each other
under the condition max{t(p + 1),k(q + 1)} < n — p with pg > 1 and 7,k > 0, and the
positive locally bounded solutions are symmetric and decreasing about some axis. The
Liouville-type theorem to the whole space problem was established by Ma and Chen [8].
In recent years, the nonlocal fractional Laplacian (0 < m < 1) on the whole space has re-
ceived much attention from researchers. Zhuo and Li [17] had proved the nonexistence
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of an antisymmetric solution in the case 0 < p < Zigﬁ, whereas Li and Zhuo [18] have

proved the consequence of systems in the case 0 <pg<lorp+2m>1andg+2m>1

n+2m
n-2m"*

For « = 8 =0 in system (1.2), Zhuo and Li [14] established the symmetry of solutions

with 0 < p,g < For more related results, see [19—-23] and the references therein.

to an integral system, and Cao and Dai [3] obtained the nonexistence of nontrivial solu-
tions. Zhao, Yang, and Zheng proved the nonexistence of nontrivial solutions for partial
differential equations (1.1) in [15] and considered the general nonlinear source in [16].

For «, B # 0 in system (1.2), Cao and Dai [4] obtained a Liouville-type theorem in the
super- and subcritical cases under some integrability conditions by the Pohozaev-type
identity of integral form, and in the critical case, they showed that a pair of positive so-
lutions to the system is rotationally symmetric about the x,-axis. Also, we mention the
recent important works on the existence and asymptotic analysis of nontrivial solutions
for some elliptic systems; see [24—28].

In the present paper, instead of (1.1), we will first establish a Liouville-type theorem
for the integral system (1.2) in the supercritical case and then prove that systems (1.2)
and (1.1) are equivalent by using the superharmonic properties, that is, the following two
propositions.

Proposition 1 Let (u,v) € L1 (R}) x L72(R") be a nonnegative solution of system (1.2), and
let qy := ("(’WA) and q, := % withp,q>1,pq#1,and o + B <2m. If

2m—a—PB)(1+q 2m—a—PB)(1+p,
1 1 n-2m+ao+
+ < p , (1.7)
p+l g+1 n

then (u,v) = (0,0).

Proposition 2 Let p,q > 1 with pg # 1, and let « + B < 2m. Then the differential system
(1.1) is equivalent to the integral system (1.2).

Remark 1 Without the growth conditions
(=AY u], [(-AY" ] = O(Ixl%), € (0,1),lx] = oo,
in [12, Theorem 1], we can arrive at the same result by using the proof of Proposition 2.

Remark 2 By Proposition 2 we can show that the conclusions of [4, Theorems 1.2 and 1.3]

hold for the partial differential system (1.1). Moreover, the conditions lﬁ < % + > and
q% < ”’23’”’ + % in [4, Theorem 1.2] are covered by condition (1.7).

Based on Propositions 1 and 2, the main result of the paper is the following theorem.

Theorem 1 Under the conditions of Proposition 1, the classical nonnegative solutions of
system (1.1) must be trivial.

To prove Proposition 1, we will explore the moving plane method in integral forms by
Chen, Li, and Ou [5]. For the proof of Proposition 2, we first prove the superharmonic
properties of systems (1.1) and then establish the equivalence between the two systems by
using a technique introduced in [7] for the scalar case of higher-order equations.

Next, we will prove Propositions 1 and 2 in Sects. 2 and 3, respectively.
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2 Proof of Proposition 1
We introduce three lemmas for the integral system (1.2) as preliminaries, and let C,, = 1
there for simplicity.

Denote

1 1
|x_y|n—2m |5C_y|n—2m’

G(x,y) := x,y€RY,

with x reflecting x about the dR”. Let x* = (x1,%,...,21 —x,) be the reflection of the point
x about the plane T; = {x € R"|x, = A}, and denote u; (x) = u(x"), vi(x) = v(x*). Define
2, ={xeR}0<x, <A} and 3, = (K x € T4, ¥¢ =R%\ %;. The following lemma on
the Green function G(x,y) in X, is known.

Lemma 2.1 ([2, Lemma 2.1]) (i) For all x,y € £;, x # y, we have

G(x*y") > max{G(x",7),G(x,")},
G(x*y") - Gx9) > |G(x",y) = G(x,)")|.

(if) Forall x € 2,y € Xf, we have
G(x*,y) > G(x,9).

Lemma 2.2 Let (i, v) be a nonnegative solution of (1.2). For all x € ¥, , we have

M(x)—u;\(x)s/‘ G(x)‘,y’\) [v {1 d,

55 x| ]y|P
A oA [up - M’;]O’)
vix) —v(x) < g G(x Y )Wdy

Proof Since

va(y) W o) va(y)
= G(x, dy + G(x, dy + G(x, dy,
“e) /}: O e P /E ) ety @ /2;\21 @ e ¥
A vi(y) A A VZ()’)
= V) ————d' s 701
%) /EAG(" ) ey “/ZAG(’C V) o ¥

a
+/ G(x*y) l/(y dy,
=, |||yl

we have by Lemma 2.1 that

w10 = [ [667) - 6] dy

N | |y
— / [G(x)‘,yk) _ G(x,y*)] - A(y dy
Y | |a|y |'H

+/ [G(x,y)—G(x’\,y)] G) dy
T,

[ [y1?
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Ao V= v10)
S /EA[G(x ’y) G(x’y )] |x|a|y|ﬂ d

v~ v11(5)
G )», A A d
= /): ) T @

The second inequality can be obtained in the same way. O
In addition, we also need the weighted Hardy—Littlewood—Sobolev inequality.

F AT o and1-L -«
n m n

Lemma 2.3 ([10]) Let1</,m<00,0<Vv<n, T +K ZO,%+$

ﬁ<1—$.Then

/ / ——————dxdy| < Cl|f gl
rr Jrr [%]° |x yl |J’|

with C = C(t,«,1,v,n) >0, or, equivalently,

| g, = sup (Tg().f@)) < Cligl:

Fllm=1

with Tg(x) f]R” m dy, 7 e + = (lﬂd -+ 1 =1.

<

Now we can prove Proposition 1.

Proof of Proposition 1 We apply the moving-plane method in two steps.
1. Determine the starting position
Start from the very low end of R, i.e., near x,, = 0. We will show that for A sufficiently

small,
wi (%) := u(x) — u; (x) <0, &x):=v(x)—vi(x) <0 ae.in X,. (2.1)
Denote
B} := {xe Ex|wx(x)>0}, Bj := {xe Ex|g,\(x)>0}.
We will prove that Bf and B} must be of zero measure, provided that A sufficiently small.

In fact, by Lemma 2.2 with the mean value theorem we have that for sufficiently small A

and x € BY,

)L A [V —VZ]()’)
- d
0< W)L(x) /B" ./):)L\B" 'y ) leo‘lylﬁ 'y

A VA]()/)
ffoG(x IV e 2

V(v -v)l)
_qﬁ da

v o= 12 x|yl
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Furthermore, by Lemma 2.3 with Hélder’s inequality and g% = -2~

q1-1
1wl < mp/'ifﬁggﬁﬁld
lge=1 By = "2 2l 1P
=Clv g p
< ClIVIg, g .ty (2.2)

with the universal constant C > 0, where the supercritical inequality (1.7) with p,q > 1 and
a + B < 2m implies

n(pq 1)
= 1>1,

T em-a-parg T
q2 = npg - 1) >qg+1>1

T @m-a-p)1+p) ’

and

1 1 n-2m+a+B Cm-a-B)1+p)g q
Tl —— = < <L
l q n n(pg - 1) qg+1

Similarly, we have

g1l go.8y < CIIMII‘;;;K W llg B (2.3)

It follows from (2.2) and (2.3) that

p-1 q
wallgy e < Cllully pullvIl]

1
v [[Will gy B2 (2.4)
2,8}, i

Since (u,v) € LT (R?) x L?2(R"), we can choose A small enough such that

p-1 q-1 -
Cllully eIVl < 5

and thus [[w; ||, 5 = 0 by (2.4). In the same way, [|g:.[l4,,5; = 0. This proves (2.1).
2. Move the plane to the infinity
Inequalities (2.1) provide a starting point to move the plane T;. We start from a neigh-
borhood of A and move the plane up as long as (2.1) holds. Define
Ao :=sup{A|w,,g, <0,p <Aforaexe Xy} (2.5)
We first prove that Ay = co. Assume for contradiction that Xy < 0o. We claim that
Wi (%) =2,(x) =0 aein X,,. (2.6)

Otherwise, for such X, e.g.,

Ey:= {xlg)\o(x) <0,x€e E,\O} has a positive measure. (2.7)

Page 6 of 19
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By Lemma 2.2
- v;,1)
() — 3 (x 5/ G,y W0,
Ty mww
[vq -vi10)
/ Glx W=, 1) (6] d,
Eo eyl
Consequently,
Wi (%) <0 ae. in Xy,. (2.8)

Denote X := A + € with € > 0 to be determined. For any small > 0, choose R sufficiently
large such that

/ | () dy < 1.
R\Bg(0)

It follows from Lusin’s theorem and (2.8) that for any 8 > 0, there exists a closed set F5 C
E:=%,, () Br(0) with m(E \ Fs) < 8 such that w,(x) < 0 and is continuous in F5. Choosing
€ > 0 sufficiently small, we have

W (%) <0 forallx e Fj
by continuity. Denote D, := (X, \ X,,) N Br(0). Then
B CM:= (R’j \BR(O)) U(E\ F5) UD;,.

Let R be large and § and € small such that fB;, lu| (y) dy < [}y lulT(y) dy < % Similarly,

Js; W0)dy < 3.
By (2.4) with 1 = A, we can get

Wi llg,,By. <C||u||p13u IIVIIqZBv IWicllgpy < —lwacllgypy s

A_4

which implies ||w;, g =0. Thus

g1,
wi (%) <0 ae.in X,
and, similarly,
&. %) <0 aeinX; .

This contradicts (2.7) with (2.5). Thus (2.6) holds. This yields the contradiction that u(x) =
v(x) = 0 on the plane {x, = 24¢}. We conclude that 1y = +00, which implies that both u
and v are strictly monotonically increasing with respect to x,,. Moreover, we know that
u € L1 (R”) and v € L72(R”)and for any a > 0,

oo
|u(x/,x,,) |q1 dx' dx, > / / |u(x’,a) |q1 dx, dx’,
R Ri-1 Jg
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(x’,xn) |q2 dx' dx, > / / |V(x’, a) |q2 dx, dx,
Rr-1 Jg

v
RY
and hence u(x’,a) = v(x',a) = 0 for all &’ € R*"1, a contradiction. O

3 Proof of Proposition 2

Denote by B(0) := {x € R”, |x| < R} the ball of radius R centered at the origin in R” with
B(0) := Br(0) NIR” and 0B3(0) :=T'g = 'z U T%, the union of the flat and hemisphere parts
of I'p. Let xx := ﬁRz be the reflection of x about dBz(0), and let

Gatw) = (1= )6 ——)
x,y) = - -\ = TR :
T = T Gl ) T\ Er T E e oy

We begin with the well-known lemma.

Lemma 3.1 ([1, Lemma 2.1])
(i) For x € B}(0), Ggr(x, y) satisfies the equation

—AGR(x,y) =8(x—y) inB}(0),

i 3.1)
Gr(x,9) =0 on 9B}(0).
(if) For x,y € B(0),
~ 1 1
Gr(x,y) = Gx,9,2) = | as R — oo. (3.2)

x_y|t’l—2 |9_C_y|n_2

(iii) For x € By(0) and y € FR,

oG 2 1 1
Gk (3) = 2= mR( 1= 2= 1),
v R J\|x—yl" |x—ylI"

where v is the outward unit normal vector of Tz

We follow the main idea of Chen, Fang, and Li [7] to give superharmonic properties of
system (1.1). This result plays a key role in the proof of Proposition 2.

Lemma 3.2 If (u,v) is a positive solution of (1.1), then
(—A)i(|x|"‘u) >0, (—A)i(|x|ﬁv) >0, i=1,....m-1,xeR].
Proof We make an odd extension of # and v to the whole space. Define
u(x, ) = —u(x', —x,), v(x',x0) = —v(¥, =), %4 <0,
with & = (x1,...,%,.1). Then (i, v) satisfy

(=A)"(|x)“u(x)) = |x|Pv|7v  inR”,

(3.3)
(=A)Y"(|x|Pv(x)) = |x|*|ulPlu  inR".
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Write u;(x) := (~A)(|x|*u) and v;(x) := (—~A)'(Jx|?v). We will prove that u;(x), v;(x) > 0,
xeRY,i=1,2,....,m-1.
Step 1. We claim that #,,_; (x) > 0, x € R”. Otherwise, there exists x; € R such that

Up_1(x1) < 0. (3.4)

We will deduce a contradiction by two substeps.
(i) We first claim

(=)t (r) >0, Vr>0,i=1,2,...,m—1, (3.5)

where 1,,,_; is the (m — i)th average of u,,_;.
Denote by B, (%) the ball of radius r centered at x;, and define the first averages of # and
von dB,(x;) as

u(r):

1
=— |x|% u(x) ds; v(r) = —f |x|Pv(x) ds
|aBr(x1)| 3Br(x1) |3Br(x1)| 9Br(x1)

and

1 1
i;(r) = —/ u;(x) ds; vi(r) i = —— vi(x) ds
|8Br(x1)| 0By (x1) |aBr(x1)| 9By (x1)

withi=2,3,...,m— 1. Then for r > 0, we have by (3.3) that for x € R”,

—Au =uy, -Av =y,
Al = Uy, —AV] =y,
(3.6)
AUy g =Up_1, —AVyo=Vy_1,
~Aly 1 =f(r),  —AVy1=g(r),

where f(r) := |x|-#|v|9-1v and g(r) := |x|~*|u|P~1u. Integrate the last equation for u in (3.6)
from O to r. Notice that x; € R” implies that more than half of B,(x;) is contained in R’.
By the odd symmetry of v with respect to R’ we have

r 1 r
"l (r) = / s"f(s)ds = / / lx| 2 |v|9\vdo ds
0 0 JoBs(x)

no(n)

1
= / Ix| P |v|7 Y vdx > 0, (3.7)
na(n) Jp, )

where a(n) denotes the surface area of the unit sphere dB;(0) in R”.
By (3.4) and (3.7) we deduce that

!

U, (<0 and #y1(r) < ,-1(0) = 4y_1(x1) <0 Vr=>0. (3.8)

Then by the second to the last equation in (3.6) we have

1
o (i, 5 () = 1 (r) < 1 (0) =—co <0 Vr>0
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with universal positive constant ¢y, that is,
(r”"lit’mfz(r)), >r' ey Vr>0,
and hence
Up—o(r) > Uy (0) + ;—Zrz Vr>0 (3.9)

after integrating. So we find a suitably large r; > 0 such that i, »(r;) > 0. In view of the
definition of the average, there exists x; € (9B, (x1) N R”) such that

um,z(xz) > 0. (310)
Moreover, we deduce by (3.8) that
Up-1(x2) < 0. (3.11)

Define the second averages of # and v on 9B, (xy):

1 1
u(r) := 7/ |x|% u(x) ds; v(r):= 7/ lx|Pv(x) dis,
|aBr(x2)| 3By (x2) |8Br(x2)| 0By (x2)

ui(r): ui(x)ds;  vi(r):= vi(x)ds,

il il
0B, (%2)] J38,(xy) 10B,(%2)| Ja,(x)

where i=2,3,...,m—1. By (3.7) and (3.11) we have
U1(7) < tu-1(0) = tp_1(x2) <0, r=>0.

Similarly to (3.9) and (3.11), we have
Tn (1) = T2(0) + cr* = tyy_o(x2) + cr* >0, r>0.

Repeating the same argument to u,,_3, we also obtain the third average on 9B, (x3):
Um_1(r) <0, Umo(r) >0, Uu3(r)<0, r>0.

By induction we can get the claim (3.5) for the component .
(ii) Taking the scaling transformations

@2m-a-p)(g+1) (2m-a-p)(p+1)
uy(x)=p 7T u(ux), V)= P v(ux),

we find that #,, and v, are also nonnegative solutions of (3.3). This implies that by repeat-
ing step 2 in Part I of [7, Sect. 2] a suitably large p+ > 0 ensures

ir) > ag(r- 1), re(1,2], (3.12)

with by :=p + q + 2m + n and ao > 0 sufficiently large.
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Next, we treat the component v. Set U* = B, (x,,-1) NRY and U~ = B, (x,,-1) N (RV \ RY).
Let LI~ be the reflection of I/~ with respect to the boundary 8R{:j, and let U, = U+ \ .
By Jensen’s inequality and the equations for v in (3.6), we derive that forall0 <r <2,

r 1 T
Ve (r) = / - / s"Lg(s)dsdt —V,,_1(0)
0 0

n
1

1
= / (/ s”_1|:4 |x|_‘"|u|p_1u(x)da] ds) dt
o T 1\Jo [0B,(%m-1)| JoB, (1)

~ Vm-1(0)

= /r % (/T N L || |ulP L ulx) do ds) dt —v,,_1(0)
o T 0 no(n) 3B, (Xm-1)

) 1 ) /‘0’ % </Br(xm1) ) dx) dt = ,,_1(0)

T : — /0 o </u e dx> dr =1 1(0)

no(n)(2 1 |1 1) /or lTL"[;' <|Li| /u W) dx) 4e =)

1 /( |B; (%1)) )”‘1
na(”)(z + |xm—1|)a 0 |Ur|

1 r .
< i ], 04) =90
r p
1 / : ( 1™ - Lol na(x) dx) dt —9,,.1(0)
Uy

>
T (na(m)P 2+ xma ) Jo T

1 r 1 p
¢ d dt —v,,.1(0
> TR lxm_”)a(pﬁ)/o g </Br(xm1) lc|* 14(x) x) T = ,,_1(0)

1 r 1 T p
> x|“u(x)dxds ) dt
= (na(n))p(2 + Ixm_ll)“("“)/o TPl (/o /«;Bs(xml)| fut) )

~Vm-1(0)

v

v

v

1 ’ 1 i n—-1- P A
T 27wy @D / ) f s"i(s)ds | dt —9,,-1(0). (3.13)
m— 0 0

Choosing r = 2 in (3.12) and substituting the latter into (3.13), we get

ag

2 A
S ——— N ()}
(2 + %y )2+ m-1(0)

Vo (r) <

Thus ¥,,_1 () must be negative whenever g is large. Now we can repeat the above proce-
dure for u with m — 1 times recenters to deduce for the component v that

(-1)P,i(r) >0, rel0,2],i=1,2,...,m—1. (3.14)

For any 1 <r <2, we get by (3.12)—(3.14) that

. 1 r 1 T . p .
() 2 (2 + [%pq )2+ /0 Trp-1 </o $Hs) ds) 47 =V (0)
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1 1 C o b i
- _ 0
> (2+|xm_1|)"‘(1’+”/1 T (/1. s"ag(s—1) ds) dt

1 1 ag _ 4
z a(p+1) np-1 (T - 1)b0+1-[” ' dT)
2+ [Xm-1l) 1T bo +n

1 p r
- . — 1) o+Dp1-p g4
e o v At
> 1 . “1(; (}” _ 1)(b0+1)p+1r1—p
T2 [ )P (4 bo)P[(bo + 1)p + 1]
> 1 . dg (V _ 1)(b0+1)p+1
T2 [ )@ 2071 (m 4 bo)P[(bo + L)p + 1]
1 a
> - —1)orlpel) 3.15
= D@+ b U nx bl Dp el 319
where [/ (s st ds > e—(r - 1)1, and 0,¢ > 0 by an elementary calculation. This
implies
A (Mayo)? b
- < _ -1 (bo+1)p+1
Vm-1(r) < QbopT (r-1)
with MP := ———1 . So we get

28 (24|21 )22 +D)

(Mao)?

~@pp TN <0

~ L L) =) <

rnl

Integrating twice from O to » and from O to 7, by (3.14) we obtain that

Vi 2(r)>/ 1/ w1 _Mao) 7 _(s—1)borUr+l go g
-L-n

(2b )p+1
(Mao) / 1 -1 (bo+1)p+2
> — - -1 o+1)p+ d
(2bop)Ptt J1 T n-1 (bo+1)p+n+1 -1 t
(MﬂO)p 1 1 (r. _ 1)(b0+1)p+3
= (2bop)Ptt (b + )p+n+1(by+1)p+3
(Mayo)?

_ 1\(bo+1)p+3
= @by Y '

We know by repeating step 1 in Part I of [7, Sect. 2] that m is even. Continuing this way,
for m even, we obtain

M,
0= (217(;9)%(" = 1ol > Ag(r - 1)% (3.16)
0,

with Ag := ¢o(Mag)? (2pbo) ?~2" and By := 2pby > (by + 1)p + 2m.
Similarly to (3.13), by (3.5) we have

r 1 T
—Uyy1(r) Z/ T / 5" g(s) ds — it,,-1(0)
o T Jo

1 r 1 T L q
> " 9(s)ds | dt
= (2+|xm71|)ﬂ<q+1>/o 7741 </o SV S)
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Together with (3.16), we obtain

Upy_1(r) < _M( _ )(Bo+1)q+1
- (2Boq)q+1
with M{ := W. By this and (3.6) we obtain
u(r) > M(V _ 1)(Bo+1)q+2m >a(r— l)bl
- (ZBoq)q+2m —a

with a; := co(MoAo)?(2Bog) 72" and b; := 2Byq. Then
b1 > (By + 1)q + 2m. (3.17)

By induction we can obtain by k steps that #(r) > a(r — 1)’ with by,1 = 4pgby, ax, =
MPMa k=01
(zpbk)q(p+2m)+(q+2m)(zq)q+2m PR T My Ryeeen

. q,_ 1 1
Set & := max{q + 2m,p + 2m} and M, := mm{Z”(2+lxm-1l)W“)’ AT PG }. Choose z
such that z > % and thus by > c(4pq)P?7*V+* with

c:= 2pq+q+2(q+2m)+q(p+2m) (2 + |xm—1 |)ﬁ(q*l)ﬂlq(!?*1)pq(p+2m)+(q+2m)qq+2m s 0.

We claim that
rq h(g+1)+z
a, > cb, , k=0,1,.... (3.18)

Obviously, (3.18) holds for k = 0 by choosing 4, sufficiently large. Assume that (3.18) is
true for k. We have

LR
CbZiqlez b:(qﬂ) C(4quk)h(q+1)+z

pepa-D-ha+1)
>k 0
- C(Zqu)P‘I(Q*'l)*'Z

bo
>
- c(4pq)19q(q+1)+l

Therefore (3.18) holds for all integer k.
Now choose r = 2. Then (3.17) and (3.18) yield a contradiction that

b,(fq(q”)”)/(pq) — 00 ask— oo.

u2)>ar>c
This excludes (3.4).
Step 2. We furthermore claim that u,,_1(x) > 0.
Otherwise, there exists x; € R” such that u,,_;(x;) = 0. Thus —Au,,,_1(x;) <0, since x; is
a local minimum of #,,_; (x). This contradicts —Au,,_(x) = #” >0, x € R.
Similarly, we can get v,,,_1 (x) > 0 for R” by similar arguments in Steps 1 and 2 for u,,_; ().
Step 3. We show that u,,_;(x), V_i(x) >0, x e R} for i =2,3,...,m - 1.
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Based on the positivity of v,_1(x), we first show that u,,_;(x) > 0, x € R, for i =
2,3,...,m—1. Otherwise, there exists xp € R” with i € {2,3,...,m — 1} such that

Up1 (%) > 0, Upy2(%) > 0,..., U1 (%) >0, x€RY,
Up—i(x0) < 0. (3.19)
(i) Assume that m — i is even. Then u,,_;(r) for x € R” satisfies that
—All =iy,
) i (3.20)
—Alpy_i1 = Uiy

_A”m—i = Um-i+1-

Integrating the last equation in (3.20), we arrive at

r 1 r
7, 0= [ S iia@ds = [ wadods
0 ne(n) Jo Jog (o)
1
= Up_ir1(s)ds > 0.
ne(n) Jp, o)

Here we have used the odd symmetry of u,,_;,1(x) with respect to dR” and the fact that
more than half of B, (x) is contained in R”. Together with (3.19), we deduce

i, ;(r)<0 and  it,_i(r) < #y-i(0) = Up_i(x0) <0, r=>0.

Then by the second to the last equation in (3.20) we have

p (rn_llji:,,,_i_l (V)), = Up—i(r) < U-i(0) = —co <0, r>0.

This yields

— Co
U, ; (r)> ;r,

and hence

_ _ c ¢
i1 (F) = fhpi1 (0) + —12 > 2% 4 ¢1, r>0.
2n 2n

Continuing this way with m — i even, we derive that
m—i
u(r) < —cor? + ZC/VZ(’”"_’), r>0. (3.21)

j=1

This yields a contraction that

IxI“u(x)dx:/ s Yu(s)ds
0

<
no(n) Jp, (xg)
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m—i
< _Corn+2(m—t) + § ern+2(m—z—/)

j=1

<0 asrissufficiently large.

(ii) Assume that » — i is odd.
Similarly to (3.21) with m — i odd, by (3.5) we deduce

a(r) > cor?™ P, r>o0. (3.22)
By parallel arguments for (3.13), by (3.22) we have

—r”’lfzm_l(r) = loc| < [P~ uu(x) dx

/
no (n) Br(xm 1)
>

¢ ! n-1 d i
=" ‘/Os u(s)ds

> Crn+2p(m—z)

€0

T e O equivalently, ¥, (r) < —cr®™-9+1 and, consequently,

with ¢:=
D1 (r) < —cor®m 2 49, 1(0).

Combining this with v,,_; (x) > 0 for x € R, we obtain by (3.14) a contradiction that

1

no(1) Jp, (e 1)

Vm_l(x)dx:/ "W 1(s) ds
0

< _Corn+2p(m—l)+2 <0.

Combining (i) and (ii), we exclude (3.19).
Similarly, we can prove that v,,_;(x) >0,i=2,3,...,m -1, by u,,_1(x) > 0 for R. O

Proof of Proposition 2 First, we show that the classical solutions of (1.2) must solve (1.1).
When x € 0R", we have

() - ()
|x _yln—Zm |x _y|n—2m

due to x = x, and thus by system (1.2) that Nu(x) = 0,j=0,1,...,m—1.Forx € R”, we have

1
|x _yln—Zm - |.7_C _y|n—2m

oy (ieuta) - [ ar( Jortvioray
e / 89yl V() dy

RY
= Clx| v (x).

Similarly, AV/v(x) =0,j=0,1,...,m—1, on 9R” and (-A)"(|x|fv(x)) = C|x|™*u* (x) in R".
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Next, we should prove that if (#,v) is a smooth positive solution of (1.1) with p,g > 1
and «, B > 0, then a constant multiple of (1, v) satisfies (1.2).
Rewrite the higher-order PDEs problem (1.1) as the following second-order system:

—Au; = ui1, Uilarr =0,

i=0,1,...,m—1, with ug = |x|%u, u,, = |x| P11,

(3.23)
—Av; = Vi1, Vilarr =0,
i=0,1,...,m—1, with vy = |x|Pv, v, = |x|u?.
On the other hand, rewrite the integral system (1.3) as
Ui = [gn G(x,3,2uia (y) dy,
i=0,1,...,m—1, with ug = |%|%u, u,, = |x| 714,
(3.24)

v = fRZ G(x,y,2)vi1() dy,

i=0,1,...,m—1, with v = |x|Pv, v, = |x|“u?.

By [1, Theorem 2.4] we know that

G(x,y,2j+2):/ Gx,9,2)G(y,z,2)dz, j=1,...,m—1.

R

This yields the equivalence between the integral systems (1.2) and (3.24).

Now let (ug, ..., Upm-1,v0,...,Vm_1) be a positive classical solution of (3.23). It suffices to
show that (uo, ..., Um-1,V0, ..., Vm-1) does satisfy (3.24).

Let (o, - Um-1,V0,---»Vm-1) be a positive solution of (3.23). Multiply (3.23) by GR(x,y)
and then integrate over Bj(0) to get by (3.1) that

Sy GO tia 0)dy = i) + fo o, 10) G (60 9) dls = fer Gr752 (1:9) ds,
S, Grle,9)vina ) dy = vitw) + fo e, Vi) 2 ) ds = o, Gl ) 2 dis,

whichi=0,1,...,m-1.By %h—h =0and GR|FRUI’~R =0 we have

S, Gl i ) dy = i) + Jr, ()28 (x,y)ds, i=0,1,...,m—1,

i : (3.25)
fBE GR(%J’)"HI()’) d}’ = Vi(x) + fFR Vl(y)ga%(xly) dS, i= Or 1,.. = 11

which implies by Lemma 3.2 that
/ Grx Y)ui1(y) dy < ui(x),/ Gr( Vi) dy <vi(x), i=0,1,...,m~1.
Br Bp
Letting R — 0o, we deduce with (3.2) that

/ G(x,9,2)ui(y) dy < +oo,/ Gx,9,2)vin(y)dy <400, i=0,1,...,m—1,
R” R”
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and hence there exists a sequence Ry — 0o such that

G(x,y,2)vi1(y) ds — 0,

FRk

/A Gy, Dtz () ds — 0, /
l“Rk
ask — 00,i=0,1,...,m—2.

For fixed x € Bj(0), we have

1 1 Y
and thus
3G ,
@) = O(Rym), R — oo, (3.27)
By (3.26) we derive
1
— | yuttis1(y)ds — 0,
Ri Jrg
) (3.28)
— YuVir1(¥)ds >0 ask—00,i=0,1,...,m—2.
Ri Jrg
Similarly, there exists a sequence of {R} such that
1 1
—7 | y.V1(y)ds — 0, —ma |y (¥)ds — 0 ask — oo. (3.29)
Ry I'r R} I'r

To show that the boundary terms in (3.25) approach 0 as R — 0o, by (3.27) we only need
to derive that there exists a sequence Ry — 0o such that

1
/ Yulhiv1(y) ds — 0,

Rn+1 T
k1 A (3.30)
ﬁ/ YuVir1(¥)ds —> 0, k— 00,i=0,1,...,m—-2,
Rk FR
and
1 1
TECA yuuu(y) ds — 0, —FT |- yuv(y)ds — 0 ask — oo. (3.31)
k I'r Rk I'r

Obviously, (3.30) is a direct consequence of (3.28).
By Jensen’s inequality with p > 1 and (3.29) we have

1 p p 1
e | ynu®)ds ) < —pm |y (y)ds
Rk Try Rk Tz

k

= a+1
Rk

/; vy (y)ds — 0 as Ry — 00,
rRk
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and hence

1
RZ+C¥

1
/A yhu(y)ds — 0, Ry — oo. (3.32)

Denote Fll?k ={ye f’\Rk,y,, <1}and FIZ{k ={ye ka,yn > 1}. Then

| uods= [ urass [ uods
I'ry Ry Fll(,k Ry rIZek Ry

1

s/ﬂ Y u(y)ds+/A L) ds

n+o+1 n+a
f1 R 2 R
e K Ry Tk

R

1 1

p pr
S u(y)ds+/ O uy)ds

_ =1 n+o =2 n+o
Rk [‘Rk Rk [‘Rk Rk

2 7
< —— | ynu@y)ds,
Rk FRk

which vanishes as Ry — oo by (3.32). This proves (3.31) for #. The argument for v is similar.
Substituting (3.30) and (3.31) into (3.25), we arrive at (3.24). a
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