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available at the end of the article employ a Banach fixed point theorem and a mathematical tool for establishing the

presence of distinct fixed points. To demonstrate the availability of a solution, we
utilize Leray-Schauder’s alternative, a method commonly employed in mathematical
analysis. Furthermore, we examine and introduce different kinds of stability concepts
for the given problem. In conclusion, we present several examples to illustrate and
validate the outcomes of our study.
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1 Introduction

Recently, a lot of researchers have shown a great interest in the field of g-calculus (QC)
and problems involving fractional g-differential equations (g-IDIEs). The roots of QC can
be traced back to 1908 with the work of Jackson in [1]. Additionally, g-DDIEs were de-
veloped to characterize the variety of physical processes that emerged, such as discrete
stochastic processes, discrete dynamical systems, quantum dynamics, and so on [2]. As
the theory of OC progressed, some associated ideas have been presented and examined,
including g-integral transform theory, g-Mittag-Leffler functions, g-gamma, g-beta func-
tions, g-Laplace transform, and so forth (for more details, see [3—9]). These concepts find
applications in understanding and solving problems related to OC. The reader may refer
to [10—17] for more details on OC.

In 1978, Schot [18] introduced the concept of “jerk” 7, which is essentially the rate at
which acceleration changes. It involves the third derivative of quantity represented by u.
The idea of J has proven in several scientific fields, including acoustics, electrical circuits,
mechanics, and dynamical processes. It also helps us to understand how acceleration is
changing over time, providing valuable insights into the behavior of systems in various
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applications [19-25]. In three dimensions, a dynamic system can be represented as

V' (x) =a, a(x)=e e(x)=f(v,ae),

and can be well written in the form of v’ = f(v, v/, v"). The JIE is third order autonomous
DIE that has found applications in various scientific fields, such as signal processing, se-
cure communication, electrical engineering, control systems, bio-mechanics, and eco-
nomic systems [17, 22]. Marcelo and Silva [26] employed the algebraic techniques in 2020
to ascertain the exact structure for a polynomial 7 function, hence guaranteeing the non-
chaotic behavior of the subsequent JIE:

v = j(U, U/, U”).

They also provided the proof for nonchaotic behavior. It can also be useful to investigate
the different kinds of ordinary DIEs and their nonchaotic behavior. The authors in [27]
addressed an initial value problem of nonlinear 3rd order JIE:

v+ f(u,v,0") =0,

v(0) =0, v'(0) = %, v”(0) = 0.

By employing analytical methodologies, the authors were able to enhance the method
known as the global error minimization method GEMM to generate estimations using an-
alytical techniques. Their developed approaches were known to be more successful and
efficient than previously known current methods when compared to known solutions and
accurate numerical ones. The authors in [28] utilized the modified harmonic balance tech-
nique for the subsequent nonlinear JIE:

D*u(x) + £ (v(x), D'v(x), “D*v(x)) =0,

under conditions v(0) = 0, D'v(0) = %, and D?*v(0) = 0. Sousa et al., by employing fixed
point approach, studied stability of the modified impulsive fractional DIEs

DY) = EGLV(X)), X € (Sirtit)i=0,1,...,m,

U(X):Ti(xyv(t;))) X e(ti,Si],iZI,z,...,m,
where %€ ]Dg;ﬂ "/’(~) is the v -Hilfer fractional derivative with « € (0,1], 8 € [0,1], and
O=ty=so<ti <sh <lh< <ty <Su<tp=T

are prefixed numbers, § € C(A x R) and 1; € C([¢;,s;] x R) foralli=1,2,...,m, which are
noninstantaneous impulses, here A := [0, T] with T > 0 [29]. Wang et al. in [30] studied
the various forms of Ulam stability (% .%’) and existence, uniqueness (€4l) for the follow-
ing nonlinear implicit fractional integro-differential equations involving Caputo derivative
(¥ D) of fractional order:

“Du(x) = £ (6 v(0), “DM0(0) + fF UrE s, u(s), “Deuls) ds, x € A,

U(X)|x=0 = _U(X)l)(:']l‘r %DﬂU(X)l)FO = _%DﬂU(XHX:T)
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where v, >0,1<a <2,0 < <2 and continuous functions are represented as §, g: A x
R x R — R. The authors introduced the ¥ -Hilfer pseudo-fractional operator, motivated
by the vy -Hilfer fractional derivative and the theory of pseudo-analysis, and investigated a
new class of important and essential results for pseudo-fractional calculus in a semi-ring
([a,b],®,®), and some particular cases were discussed (for more instances, see related
research works [31-37]). Houas et al., by using Riemann-Liouville (RILL) and g-fractional
€ 2, examined the €4, Ulam—Hyers (% 7), and Ulam—-Hyers—Rassias (% ¢ %) stability
of the solution to g-fractional problem (FJP) as follows:

LD (EDL(CDI () = £ v(x), “DIV 00, (CD(CDIV(X)),  x € A,
v -Zfu(M) =0, DIv@E)=0,  “DU*DIv(T)) =0,

where x € A, {a,w,0} € (0,1], 8>1,0<5 < T, ‘@"%D‘;, %DZ, u € {w,0} are the q -
fractional RIL and € s respectively [38]. The q -FI is If; having RL type and & : A X
R3 — R is given an appropriate function [38].

Influenced by the aforementioned works, we present the following g-Caputo fractional
JIDIEs with anti-periodic boundary conditions (ABCs):

TDUCDL(CDEv(x))
= &0 v(0), “Du(x), (YD (U D u(x)))
+ [ (XF%_I g(5,0(5), “DIu(s), (CDL(UDIv(s)) dgs, X € A, 1)
v(0lx=0 ===y (“DLEDIv())Iy=s = O,
%DgU(X”X:o = —%DgU(XHX:T,

where 0 < {0, 0,0} <1, 8 €(0,1], 0 < § < T, g-fractional €7 is %DZ, u € {a,w,0,B} of
order ;2 on A, £,g: A x R® — IR are appropriate functions and v, ¢ > 0.

We list the important points of this manuscript:

1: We implement Caputo g-fractional JDIE having ABCs for the first time in the
literature.

2: In this manuscript, we established the €4l and % .7 results for the suggested
Problem (1).

3: Different from previous papers that used nonlinear implicit fractional
integrodifferential equations in [30] and RIL and g-fractional ¥’ [38], we get better
results by employing g-fractional JDIE having ABCs.

4: We also show the graphical representation of JDIE having ABCs.

This research article is organized in the following manner: Sect. 2 clarifies some basic
ideas in QC and provides related lemmas. In Sect. 3, we establish the &4l of solution for the
proposed system (1) by employing the Leray-Schauder alternative andthe Ba-
nach fixed point theorem. Various types of 7. have been discussed in Sect. 4.
In Sect. 5 an example is also presented at the end to verify our results. Finally, conclusion
is also provided in Sect. 6.

2 Basic concepts
The following Banach space (F, || - || 7) is needed to analyze the g-IF JIP:

F = {U : U,%)ID)ZU, (%D(;(%DZU)) € C(A,R)},
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supplied with the norm

lollz = vl + | “Div] + | “De (“Dhv) |

=sup|v(x)| + sup|c€D2v(x)| + sup|(c€D§(%D2v))(X)|.
XEA XEA XEA

The fractional QC is examined on T, = {0}U{x : x = xoq'V} for N e N, xo € Rand 0 <
g < 1in [39]. We shall denote 7, by 7. Let i € R. Define [u], = == in [40].

Definition 2.1 ([39]) The (x - s)é\[ is a g-factorial function. The expression N € Nj is

given by
N-1
-9 =[] (x-sd"), (x,s€R), )
=0

and (x —s);o) =1, where Ny :={0,1,2,...}. Also, for u € R, we obtain

(x =) = x* ]_[ 3)

Sqﬂ,+l

Algorithm 1 is useful in this regard [41]. The g-gamma function is defined by I'; (1) = (1 -
q)(qﬂ_l)/(l —q)"~', where u € R\ (-00, 0] and satisfies g (1 +1) = [1],Tg(u) s.t. ], = (1-
g")(1 - q)7! [39]. Algorithm 2, written using MATLAB commands, calculates g-gamma
well [41].

Definition 2.2 ([42]) The g-derivative of a function v : 7 — R is expressed by

d)v( yo Y =v@n -y oy, @)
q

D =\ 7 )
av(x) <dx (1-qx)

and D,v(0) = lim,_,o D u(x). Also the higher g-derivative of function v is defined by
Dyu(x) = DDy~ v(x)], ¥r > 1, here DY v(x) = v(x).

Definition 2.3 ([42]) The g-integral of the function v is expressed by

qu(x)—/ V@ dgs=x(1-0)3 dvlxd) 0=x<h, 5)

1=0

provided the series absolutely converges. If x; € [0, 7], then

f v($)dys = Z,u(r) - To(x) = (1 q)Zq r—v(rd') - xv(ad)), ©6)
X

1

whenever the series exists (see Algorithm 3 and [41]). The operator I{;‘ is given as Igv( X) =
v(x) and I;‘v(x) = Iq[I;’lv(X)] for n > 1 and v € C([0, r]).
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It has been verified that D,[Z,v(x)] = v(x) and Z,[D,v(x)] = v(x) — v(0) whenever the
function v is continuous at y = 0in [42]. The fractional RL type g-integral of the function
v is given by

X (x —gs)*
I“v(x)=/ =99 ds, x50, 50,
B 0 rq(M) 1

T0u(x) = v(x) [43].

Definition 2.4 ([43]) The operator %Dg is the fractional g-¢ 2 of order u given by
DIV =T DP u(x), >0,

and %Dgu( x) = v(x) where [] is the smallest integer greater than p.

Lemma 2.5 ([28]) Let u,0 > 0 and v be a function defined in A. Then (i) Iy [Z7v(x)] =
Z 0 (0s (i) g [Z4 v(x)] = v(x); (i) Dy [Z7v(x)] = Z5 *v(x).

Lemma 2.6 ([43]) Let x € R*\N. Then the following equality

n-1
THEDH - _ 2 Fpkyo
q qU(X) X) pars Fq(k 1 qU( )

is satisfied, and n is the smallest integer greater than or equal to ju. Equivalently, we can
alsowriteitasn=u]+1,n-1<u<n.

Lemma 2.7 ([43]) (a) For u € R, and o > -1, we obtain

[0 +1)

(n+o)
Cy(u+o+1)

7y [x] =

Ifo =0, we obtain Tj/ [1] = rq(,llu)x(”)' (b) Similarly, for derivative, o > -1, we get

Iylo+1)

(o-1)
Fglo—p+1)

DX

Ifo =0, we obtain D4 [1] = 0.
We also point out formulas in [14], which will be used in our results.

[ax - 9] = a(x - )%,
(Dy(x —9)% = Ta](=s) Y,
qu(_S)a = _[-a-]q(x - qs) (1)

Lemma 2.8 (Leray-Schauder alternative [44]) Let p : F — F be a completely continuous
operator (i.e., a map restricted to any bounded set in F is compact). Let

CD(p):{Uefzvznp(v)forsome0<n<1}. (7)

Then the set ®(p) is unbounded, or p has at least one fixed point.
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Lemma 2.9 (Banach fixed point theorem [45]) Let F be a Banach space and mapping
p: F — F be a contraction on F. Hence p has a unique fixed point.

We now examine the % .% for the g-IFJIP (1), as discussed in [46]. Forx >0and 1 : A —

R, we get

Dy (D5 (“DGu(x)) = €500 ()| <% 8)
and

g (D (“Du())) = ©7,6 ()] < Fh(x) ©)

for x € A, where
0% 000 =& (X, v(x), “Div(x), (‘DL (CDYu(x))))

X (x —qs)! ®
+ / S8V D), (DG (“Due) s

Definition 2.10 ([46]) The g-IFJIP (1) demonstrates the stability as:
1: In % F sense, if there is a positive real number Eg; , >0 such that there is a solution
b of the g-F JIP (1) for each ¥ > 0 and for each solution v of inequality (8) having

— < X
Ix -plr < Bey %

2: In U X sense, concerning h € C(A,R,), if there is a real number Ee+ 5 >0such
that for each ¥ > 0 and for each solution v of inequality (9) there 3 a solution 0 of
¢-FIP (1) with

lv - 0llF < Eex , wxh(x).

Remark 2.1 A function v € F is considered a solution of inequality (8) iff 3 another func-
tion o : A — R (which relies on v) s.t. |o(x)| < for every x € A and

€D (YD (DIu(x))) - €% ()| < o), x €A

3 Existence and uniqueness results
In this section, we investigate the 1E4l of solution of problem (1).

Lemma 3.1 Counsider ¢ € C(A). Thus, the solution of problem

CIDAIDL(CDIv(x))) = B(x), x € A=[0,T],
VOOl=0= =000 L=r,  (CDYEDIu(x)))y=s = 0, (10)
DU y=0 = = DhU ()] o1

for 0 <max{o,w,0} <1,0< 8 < T is given as

~ X (X _ qs)a+w+9—1 1 T (T _ qs)a+w+9—1
= [ e #945 [ Traarar 094
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/-T (T _ qs)ot+w+9—/3—l ( TG X9
+
0

Tyla+w+6-B)\2AT,(0 +1) B AT, (0 + 1)><1>(s) dys

/6 (3 _qs)a—l |: _Xa)+0 X@ Tfu+9—f3
+
0 Lg(or) Fyglw+6+1) AT (0 +1)y(w+0-B+1)
Tw+0 Tw+29—ﬁ
T w+6+1) 2AT, 0+ ), @+6-B+1)

]d’(S) dgs,
where ¢ € F is given as

B0 =& (% v00, “Du (o, (YD (“Diu(x))))

X (x —gs)"" ©
[ B 00, D, (B (i) e

amdA:1+l_T97ﬂ
q

(0-p+1)°

Proof Now, let us consider

(DY (Diu(x)) =d(x),  x €A.

(11)

(12)

Applying the operator 77 on both sides of (12) and employing Lemma 2.6 with n = 1, we

obtain

DY (Diu(x) =Zi¢(x) +co, co€R.

(13)

Now, using the operator Z7, (1) of Lemma 2.5, (a) of Lemma 2.7, and applying the same

procedure on both sides of (13), we get

w

——+c¢1, ¢ €R,j=0,1.
Fylw+1) ! / J

(“DEv(0) = T2 “p(x) + co

It follows that
w+0 0

X
Tw+0+1) T, 60 +1)

v(x) =I5 $(x) + co +02,

where ¢; € R, (j = 0,1,2). Using boundary constraints

v(X)ly=0 = —v(0)|y=T-

Now, using the L.H.S of (16) in (15), we obtain

w+6 0

X
v(0lx=0 = I3 $(x) + co + 0y
q

X
@+0+1)  T,0+1)
v(x)ly=0 = C2.
Similarly, using the R.H.S of (16) in (15), we obtain

Ta)+0 TG

_ _ =_Ia+w+0 T _ —
v(x)lx=r g ) COFq(w+9+1) Cqu(9+1)

—C.

(14)

(15)

(16)

Page 7 of 29
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Thus (16) becomes

1

= —§|: 2 $(T) + co

Tw+9 TG
Tw+0+1) T, 0+ 1)]'

By the 2nd boundary condition,
(%”]D)f;(%Dgu(x)))|X:,S =0. )

Applying %Dg, (3) of Lemma 2.5 and (b) of Lemma 2.7 on both sides of (15), we get

[

X

Diu(x) =T p(x) + Com

+c1. (18)

Now, applying %D;’ and the same procedure on both sides of (18), we get
“D2(“DLu(x)) = ZEH () + co. (19)

So, Eq. (19) becomes %D‘;(%ng(x))l)(:a = I;‘q')(S) + ¢o. By Eq. (17), we get ¢o = —I;‘¢>(8).
Using the 3rd boundary condition,

D)0 = = “DEV(X)] -1 (20)

Now, using the L.H.S of (20) in (15), we get

.y o w0+0-B x0-F
D =Iﬂt+w+ - .
V) =00 o T D T, - B D

So, at %ng(x)l)(:o = ¢, since 6 — B < 0 by Eq. (2). Now, using the R.H.S of (20) in (15),

we have
r]rw#)—ﬂ Te—ﬁ
Em\B _ a+w+0-f
-’D T =-71 T) - - .
7 VOO =1 7 #(T) C°Fq(w+9—ﬁ+1) Cqu(e—,s+1)
So, (20) becomes
1 Tw+9—f3
i _Ia+w+6'—/3 T) — .
“a A|: 1 #(T) COFq(w+9—ﬁ+1)]
Putting all values in (15), we obtain
p Xa)+0
— IO[+(L)+ _IO[ 8 -~
V00 =T 900 - T
0 w+0—p
X oa+w+0—p o T
— | -T ™+Z(8) ——————
+AFq(9+1)|: g o(T) + q()Fq(w+9—ﬂ+1):|

T9 Ia+w+0—ﬁ T TS r]rw+9—/3
+AFq(0+1)<_q o) + q()l"q(a)+9—,3+1))]

1
— I;+w+0¢(X) _ 51';(+a)+<9¢(r]r)
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o+ +6-p TG Xe
o+ - FJP _
T 9 )<2A1"q(9 +1) AT,0+ 1))
_yw+b HTw+6—ﬁ
+Z%¢(8) X + X
1 Fgw+6+1) AT (0 +1)ly(w+6-p+1)
Tw+0 Tw+29—/3

" 2y (w+6 +1) B 2AT,(0 + NIMy(w+6 - B + 1)]

and
X (X _ qs)a+a)+0—1 1 T (T _ qs)a+a)+8—1
= - d,s— — _ d
vix) ,/0 Iyl +w+0) P(s) dgs 2Jo Tya+w+0) P(s) dgs
T T — a+w+6-f-1 Y 4
¥ / (T~ a5) [ — :|¢(s) dys
0o Tgla+w+6-PB) 24T, (0+1) AT 0 +1)
/5 (5 _ qs)oz—l |: _Xa)+6 XGTqu—ﬁ
+
0 Iy(e) Fgw+0+1) AL O+ 1DTy(w+6-p+1)
Tw+9 Tw+20—;3
_ dgs.
T @+0+1) 2AT,(0+ Dl w+6—f+ 1)](/)(5) e O

We define an operator p : F — F by applying Lemma 3.1 as follows:

X (X _ qs)a+w+0—1 1 T (T _ qs)ot+a)+6—1
ST o ds—~ | T o (s5)d
,OU(X) /0 Fq(Ol o+ 9) v,w,0 (S) qs 2 /0 Fq(Ol o+ 0) v,w,0 (S) qS

T T - a+o+0-p-1 T 0
" / (T = 5) — )@;M(s) dys
0o Tgla+w+0-B)\2AT,(0+1) AlL6 +1) “

fs (8 _ qS)a—l [ _Xw+9 XGTw%)—ﬂ
+ +
o Tyla) Fgw+0+1) A0+ 1DIy(w+6-p+1)
r]rw+9 r]rw+29—/3
+ -
gw+6+1) 2AT,(0 + DINy(w+6 - B +1)

:| 0} ,(s) dys.

The following assumptions will be used in our upcoming results:
™F . 0.
(Hl) A=1+m.7—/0,
(Hy) &,g: A x R® — R are continuous;

(H3) 3 constanty>0insuch awaythatV x € A andv,0 € R, m={1,2,3}, we get
3
&0 v1, 02, U3) = £(36 D1, D2, 03)| ) 5[V = Dl
m=1
(H4) 3 constantz >0 insuchawaythatV x € A and v,0 € R, v={1,2,3}, we have
3
|g(U: U1, Uy, UB) _g(X’ ﬁlr ﬁZ: 03)| =< ZEV|UV - ﬁv 5
v=1
(Hs) 3 real constants ¢, >0 (m =1,2,3) and ¢ > 0 in such a way that for any v,, € R

(m =1,2,3) we have

& (6 v, v2,us)| < @0 + @1lui] + @alual + @3lusl;

Page 9 of 29
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(Hg) 3 real constants g, > 0 (v =1,2,3) and g > 0 in such a way that for any v, € R
(v=1,2,3) we have

lg(x, v1,v2,v3)| < 0 + @11U1] + 2lval + p3lUsl;
(H7) 3 anincreasing 9 € C(2,R,) and ¥ > 0, then the following inequality
T3 h(x) < Ouh(x),  x €A,

is satisfied.
In the following sections, we will employ the fixed point theory to confirm €4 of solution
of g-fractional J problem outlined in (1). For simplicity, the following notations will be
used in our upcoming results:

Ta+¢u+9 Ta+w+0—ﬁ ( 3T9 )

3
W = — +
2T a+w+0+1) Tya+w+0—-B+1)\2|AIT,(6 +1)

89 3V]I\a)+8 BTaHZO—ﬂ
+ + ,
Fq(a+1)(2Fq(w+9+1) |A|Fq(9+1)Fq(w+9—ﬁ+1))
To+e Ta+w+0—ﬂ

P2 T a+rw+]) AT atw+0-p+1)
5« T Tw+9—ﬂ
+ + ’
Fq(a+1)(Fq(a)+1) |A|Fq(a)+9—,3+1))
T 8%
s (21)

- Tyla +1) " Tyla+1)

Theorem 3.2 Suppose that assumptions (Hy), (H3), and (Hy) hold. Thus, q-TFJIP (1) has
a unique solution if

3 3 3
[Zym + Zz} (Z wi) <1, (22)
m=1 v=1 i=1
where w;, i = 1,2, 3, are given by (21).
Proof First, we demonstrate that pWW, C W,, where W, = {v € F : ||v|| r < €} with

. (I +v) Z?:l @
= 3 _ 3 3 )
L= 1V + 2ove1 20) iy i

s.t. T =sup, c, 16(x,0,0,0)|, ¥ = sup, ., 1g(x,0,0,0)|, and @, i = 1,2, 3, are given by (21).
Using (Hs) and (Ha), we get

%10 = 00, “ D), (5 (D)
X _ v-1
¥ /0 % 2(5,v(), “DIu(s), (YD (DL (s)))) dys

< ‘E(X,v(x),%ﬂ)f,v(x), (D (“Diu(x))))

Page 10 of 29
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*(x ~ g9 ; “pe
+ fo Wg(s, v(s), “Dhus), (“Dy (“Dhu(s))) dgs

X _ v-1
_g(XIO!OrO)_A %g(s,0,0,0)dqs
q

/ (x - ?s))" lg(s, 0,0,0) dgs
q

+|€(x,0,0,0)| +

A

3
2Tl + [“Dgu] + [“Dg (“Div)]) + 1
m=1

3
+ 2 B(Ivll+ [ “Dhv] + [“Dg (“Dgo) ) +
v=1

IA

Zymnunf + 10+ sznunf Y
m=1

v=1

Il IA
/3
A N
<
<U 3
3 ™
+ +
M- 7
I +
- I
™ N
+ kN
= +
+ <
<

Then we get

T at+w+6-1
9| dgs + %‘@
2Jo Tya+w+0)

T (T _ qS)a+a)+9—ﬂ—1 TQ X0
+ / |: + :|| 008 | dgs
0o Tyla+w+0—pB)[2|AIT,0+1) [AIT,(6+1)
) (5 _ qs)a—l Xw+9 X@V]I‘w+0—ﬁ
+
0 Iy(a) Fjlw+6+1) [AIT 0+ DT g(w+6-p+1)
Tu)+9 Ta)+29—ﬂ
+ + |®§w0(3)| dys.
yw+6+1) 2|A|ITO0+1Dly(w+6-p+1) @

X (X _ qs)oz+w+6—1 ‘ .

‘,OU(X)|§ Fq(ot+a)+9) v,a)@

(s) ’ dgs

va)()

Now, using (23), we obtain

o +w+0 1 r]I\a+w+9

lo)] < [F =
a+w+0+1) 2T (a+w+0+1)
Ta+w+9—ﬁ TG TQ
T atwi0-p+1) <2|A|Fq(9 1) T AT,@+ 1))
5 V]Ivm—@ V]I\w+20—ﬂ
+ +
Fq(a+1)<r‘q(w+9+1) [AIT40 + Dly(w+6-B+1)
r]PerG Tw+2(9—f3
5+ I

@+ 0+1)  2AT, @0+ D, w+6-B+ 1))]@"1 tzesIl+y

3 Ta+w+9 Tat+w+o9—ﬁ 3T0
—= +
2T (@ +w+6 +1) Fq(oz+a)+0—ﬁ+1)<2|A|Fq(0+1))

5@ 3Tw+9 STerZH—ﬂ
+ ( + )@m +Z,)€
Fgla+ D\ 2l (w+0+1)  [AT (0 +D)y(w+6 - +1)

(23)

Page 11 of 29
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+II+y
3 3
= [Zim + ZEV:| wi€ + (IT + ).
m=1 v=1
Also, we have
T+ Ta+a)+8—ﬂ
“Dipu(x)| < +
Fja+w+l) |Al(a+w+60—-p+1)
5 T Tw+9—/3 B B
+ + ,, +zv)e
Fpla+D\Tj(w+1) [ATgw+6-8+1)
+II+y
3 3
= [Zim + ZEV:| wr€ + (IT + )y
m=1 v=1

and

T« 8¢
+
Fgla+1) Tyla+1)

3 3
= (Z}m + ZE") wse + (I + Y)ws.

m=1 v=1

H(g]]]);’(%ﬂ)g)pv(x)” < |: :|(7m+iv)e+l'[+1p

From the definition of || - | 7, we have

o)l = o] + [“Bho] + [“B5(“Bp()]
<@+2)em + (IT+yY)wy + (Y + 2)emy

+ (M +y)wy+ (Y +2)ewms + (1T + ¥)ws
3 3 3 3

= [Z?wfzfv} Y mie+(+y) )y mi<e,
m=1 v=1 i=1 i=1

which means that pWW, C W,. We now demonstrate that the p is an operator for a con-

traction mapping. Now v, 0 € W, and x € A, we obtain

lpv(x) = pO(x)|

X (X _ qs)ot+w+9—1
< XY= r o 4
B ./(; Fgla+w+6) | v00(8) v,w,0 (S)| 45

1 T (’]I‘ _ qs)a+u)+9—1
Z =g o o .
2 /0 Tyla+o+6) |©7,0,0(8) = ©74,(5)| dgs

T (T _ qs)a+w+0—ﬂ—1 Te
0o Tyla+w+0-p) |:2|A|Fq(9 +1)

0

X
—= |10} -0 d
T ) Obnt9 - Ols(o)] ds

8 (5 _ qs)ot—l Xw+9 XE)f][\uHG—ﬂ
+
o Tgla) Fglw+0+1) [AIT (6 + D) y(w+60—-p+1)
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Tw+9
+ e —
2l (0 +6 +1)
Tw+26—ﬂ
oF -0 d,s.
T OAAIT, O+ V(w0 p 1)}| o 8) = Ol )] dos
By (Hs) and (Ha), we obtain
[o(v) = p(D)|
- 3 Ta+w+0 Tcx+w+9—ﬂ 3T9
— +
T2l a+w+60+1) Tya+w+0-B+1)\2|AT,6 +1)
8 3T+ 3Te+20-# _ .
T a+1) (2rq(w 10+1) AT, @+ ) w+0-B+ 1)>(y+‘7‘)||U -vllr

3 3
- [Zym + ZEV} @illv - 5.
m=1 v=1
Also, by using (H3) and (H,), we obtain

1D p(v) - “ DL (D)

o+ Ta+w+9—ﬂ
<
—[rq(a+w+1)+|A|Fq(a+w+9—ﬂ+1)
- = e G, + 20 - 0]
+ + +2z))|lv—v
T+ D\T (w+1)  [AT (0+6-B+1) )] """ d
3 3
=[Z%+Za}mnu—ﬁn;
m=1 v=1
and
C o (ET0 Eyw (ETV0N (o * “ o .
D*(° D - “D?(°D < _
0500t - “D (D)0 = | gy * ey |5+ P 0l
3 3
:|: ym+22vj|w3||v_f)”}"
m=1 v=1
Thus, we get

lo@) = p@®)| 5 = o) = p@)] + | DI p(v) - “DI p(D) |

+[ (“Dg (“Dfpw)) - (“DF (“Dgo(©))
3 3 3
< [Zym + sz} Y milv-0lr.
m=1 v=1 i=1

We observe that p is a contraction operator by using (22). We infer that p has a unique
fixed point that is a solution of (1) as a result of Lemma 2.9. O

By applying Lemma 2.8, we explore certain conditions where g-IF JIP (1) has at least one
solution in Theorem 3.2.
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Theorem 3.3 Assume that hypotheses (Hs) and (Hg) hold. If

3 3 3
[Z Pty @v] (Z wi) <1 (24)
m=1 v=1 =1

is satisfied, then the proposed problem described by (1) has at least one solution within the

domain A.

Proof Our initial goal is to investigate the complete continuity of an operator p : F —
F. Considering function’s continuity ®, we can also conclude that the operator p is also
continuous. Assume that « C F is bounded. Then there exists a positive constant 3 s.t.

|®F ,(s)] <*B for each v € k. Then, for any v € k and using (21), we can find that

v,w,0

3
o) = @) + [“BLo)] + [“By (Do) | <B Y

i=1

The inequalities indicate that an operator p remains uniformly bounded. Furthermore, we

will verify that p is equicontinuous. For v € A and 0 < x3 < 2 < T, we get

lpv(x1) - pu(vy)|

- m |Xft+w+9 _ Xéx+w+9| |X§? _ X{ﬁ|r]ra+w+6—ﬁ
- Fja+ow+60+1) |ATO0+1)y(@+w+6-+1)
. m 5 |X§)+9 _ Xiu+9| N |X19 _ X29|Ta+w+9—/3 (25)
Fpla+1) [ Tyw+6+1) [AIL,O+1D)(a+w+0-B+1) ’

Also, we obtain

a+w

Emf oy X7 = x| 5 I3 = X1l
[“Dgovlx) = “Dhpovie)| 5213[ Matwtl) rq(a+1)<rq(w+1))] (26)

and

|“De (YD) pu(x1) - DL (YD) pu(x2))| gm[%} 27)

The right-hand sides of (25), (26), (27) tend to zero independently of v as x; — x». There-
fore, an operator p : F — F is completely continuous by Arzela—Ascoli theorem. Finally,
we show thataset Y ={v e F:v=¢p(v),0<e <1}isbounded. Let v € T, thus v = gp(v).
For every x € A, we have u(x) = epv(x). Then

lv()| < @1[(@1 + DIV + (92 + Kv)z)H(ng(U)“

+ (g3 + 93| 7D (Y DL ()| ] + @1(90 + 0)-
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We also have

[“Dhu(0| < @a[(er + DIV ] + (92 + 92)]| “ DY)
+ (%3 + 3) ||<‘”0]D)‘;(%]D)2(u)) “] +@2(00 + §0),
“Dy (“Dhu(0)| < @[+ p0)lIvl + (@ + 92) [T D))

(KD;)(%DZ(U)) ”] + @3(¢00 + £0),

+ (g3 + 3)

which implies that

3 3 3 3
lvllF < [Zsom + Zsov} > willvllz+ Y wilgo + po).
m=1 v=1 i=1 i=1

Consequently,

> @il + $0)
lvllz < =

’ 28
L—[3 1 @m + ZE:l 2 Z?:l w; 2

where @;,i = 1,2,3, are given by (21). From (28), we see that ||v||r < co. As a result, Y is
bounded. We deduce that an operator p has a fixed point, which is the solution of g-F JIP

(1) as a result of Lemma 2.8. O

4 Stability results
We study the % ¢ and % S Z stability [46] of g-IFJIP in this section.

Theorem 4.1 Assume that (Hy)—(Hy) and (22) hold. Then the q-F JIP (1) is % € stable.

Proof Consider U € F to be the only solution to the problem

“DE(“DY( D) = ©;

v,w,0°7
U(x)|y=0 = v(X)lx=0 =0() =1 = =v(X)y=1> (29)
(“D2EDEO())) s = (CDE(EDEV(O)) =0
CDED(x) gm0 = DAV g0 —CDEOGO ot = —CDEV() ot

for x € A, WHERE 0 < o, w,0 < A. So that inequality (8) can be solved with v in F. Uti-

lizing Remark 2.1, we obtain

w+6 0

X
V(0 = Z7 " u(X) + o + ey + I3 o(x),
q

X
@+0+1)  T,0+1)

where ¢; € R, j={0,1,2}, ¢,(x) = O , ,(x), and [o(x)| <%, x € A. Thanks to Lemma 3.1,

_n _ oa+w+0 ﬂ
v U(X)|_|Iq 00| = T +w+6+1)

Page 15 of 29
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Also, we have

w+6

00060 = o0 - 70 + e

6

v X
'T,(6+1)

+e+ 7 0(x)
= [v(x) = pu(x) + pv(x) — PO(x)|
< |v(x) = pv(0)| + |pv(x) - PO(X)|.

(Hs) and (Hy) imply that

lv=0llr <llv-pvlr+lpv-pollr

X +w+0

3 3 3
P Y+ ) Z Jlu =14z,
T T at+w+6+1) [;y ; j|;w,||u ull

where Eq. (21) provides @y, i = {1,2,3}. Next

Tot+w+9

Tyt 0+ 0+ DI = (0 T+ o2 Sl

lv-9llr <

If we put
Ta+w+0
E‘“)Z,,e = 3 = 3 = 3 )
Fglao+w+0+ D)1=, 1V, + D 0120) D g @i
we obtain |[v - 0| < Ee: %. Asa result, the g-TF JIP (1) is Z S stable. O

Theorem 4.2 Suppose that (Hy)—(Hy), (Hy), and (22) hold. Then q-FIP (1) is U R
stable in relation to h.

Proof We have

w+6 0

X X
_ Ioz+a)+0 Y
i) =L 00+ o T T T 1 )

+cy+ I;”‘”*eg(x),

where x € A, ¢;e R, j=0,1,2, and |o(x)| < Xh(x), and inequality (9) can be solved by
using v € F. Taking 0 € F as the singular solution of (29), by Lemma 3.1, we have

lv(x) = pv(O| = |Z5 0 ()| < FZg ™" [h(x)] < Zuh(x)-

Also, we have

w+6

000 =800] = [v00 =T 900 +eop S

X9

AT 0+ 1)

+o+ I 0(x)

Page 16 of 29
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= [u(x) = pu(x) + pu(x) - PO(x)|

< Jv(x) = pv(x)| +|pv(x) — PO(X)|.

So, by (Hs), (Ha), and (H7), we obtain

3 3 3
lv =l 7 < X0h(x) + [Zim + ZEV} > willv-Dllr.
m=1 v=1 i=1

Then we get
A Wy _
”U_U”}—S 3 — 3 _ 3 xh(X), XEA'
IS DRSS DR DI
If we take
U
E®Z}.9'h . )

T1- [anﬂ Y + Zil z] Zis:l i

we can obtain ||v - D] < E@Ze’ha_ch(x) considering x € A. Consequently, the % %
stability is achieved by g-IFJIP (1). O

5 Examples and illustrative results
In this section, we check the correctness of the results by showing several examples. In
the first example, we test g-Caputo fractional JIDIEs with ABCs (1) for the changes of g in

the range of zero and one according to the proposed theorems.

Example 5.1 Let

1 4 3
“D(“DE (“Div(x)
_ sinh(eX+2) V15e X |u(x)|
- 4 A 410 +3)(lv(x)l+1) 5
cos(%]ﬁ)qZ v(x)) arctun(%]Dqu (<’g]])>(;I v(x)))
333,/In(x+12) 22(x+3)

3
4 [ (g9 [l cos(“Dg v(s)) (30)
0 q(%) 29(s+3)(Ju(s)|+5) 345+/es+19

R S
sin(?DZ (P Dy v

(s))
137In(v/5+38) 1dgs, x €[0,1],

vO) = —v(1),  (“Di (“Div(L) =0,
H

5
“DJv(0) = -“D, v(1),

(
(

whereg e {§,2,3}C(0,1), 0= €01, 0=2€(01,v=¢=30=5€(01],8=F €

(0,T),8=2€(0,1], T=1,and

1 4 3
D4 (“Dg (“Dgv(0)) - €74 5 (0] =7,
o Lo & ., 3
D (“Df (“Dfv(x0)) - ©5 s 5 (0] <Fhx),
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wherex>0,/4: A — R*, and

0 44 (x) = sinh(eX + 2) . V15e |u(x)| . cos(c"””]D),;% v(x))
w37 T 410+ 3)(O0T+ 1) 333/In(x + 12)

arctan(?f]]));gL (%D,}% v(x))) /X (x —qs)%‘1 |: Vex|u(s)|
22(x +3) o Ty3) L[29G+3)(u(s) +5)

.\ Cos(%]])g v(s)) sin(%)IDLi,%L (%D,}% u(s)))]
q

+ (31
3454/ est19 137 1In(+/s + 34) )
For x € A and (v, Uy,) € R?, m = 1,2, 3, we obtain
’g()b U1, U, US) - E(Xr 'Dlx ﬁZv 03)|
S A AP PO S A P
— v = U1 + ———=|Uy — Ua| + —|v3 — U3,
=123 M 333/my - 66 0
and similarly for (v,, 0,) € R%, v =1,2,3, we get
’g(X: U1, U2, U3) = g(X, U1, Do, 133)|
=< Je—2| 01| ! | Os | ! | 0
< —|v =01+ ———1Uy = Ug| + ————|vu3 — 03]
435 N 3456t 0 Y 13735 0
Therefore, conditions (H3) and (H,) are satisfied with
_ V15 -1 1
N=123" 7533 mma) 2T 66
_ e _ 1 _ 1
Zi=o D=, 3=
17435 345+/eP 1371In(~/35)
Furthermore, thanks to Eq. (21), we get
-1
o 2,036, q=1,
A=1l+ —— =~ =2 32
Feprn |20 475 (32)
3
2.067, q= 5
and
3 Ta+w+9 Tu+w+8—ﬂ 3T9
e st
2T a+w+0+1) Tya+w+0—B+1)\2|AIT4 (6 +1)
P Sr]Ivu+0 3Tw+20—ﬂ
e + )
FCgla+D)\2I(@+0+1) [AITZ(0+ Dl y(w+6-B+1)
4.600, q=1%,
14412, q=32,
4.265, q=2,

Page 18 of 29
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Te+e To+o+6—
2 T a+rw+]) AT atw+0-p+1)
5 T Te+0-F
T+ (rq(w+ D) AT w+6—-p+ 1))
2812, q=1%,
~ 12821, g=32,
2.828, q=2,
T 5@
5= Fgla +1) " Fgla +1)
1.947, q=1%,
~11.9%, q=32,
2.029, q=2

The data in Table 1 show the values of @, i = 1,2, 3, for three different values ¢g. Because
the relations of g-calculators depend on the number of repetitions n, after several steps,
their value is fixed. This mathematical performance can be clearly seen in Tables 1 and 2.
The approach is similar to each group of curves in Figs. 1a, 1b, and 1c, aligning with each
other and reaching a stable value that precisely determines the correctness of the argu-
ment. By (22), we get

3 3 3 0.5513, ¢g-= %,
Y Tt 7Y wmi~ {05435, g=2,¢ <1 (33)
m=1 v=1 =1 0.5373, ¢q= %,

Table 1 Numerical results for A and @, i=1,2,3 in Example 5.1 for three cases of g

noog9=3 9=1% 9=3
A wn [p) w3 A w w) w3 A w () w3

1 2022 4288 2678 1906 2004 3241 2295 1.844  1.955 1.898  1.673 1.692
2 2033 4537 2785 1939 2035 3923 2609 1937 2006 2736 2125 1.841
3 2036 4587 2807 1946 2047 4213 2736 1971 2033 3309 2403 1.921
4 2036 4597 2811 1947 2051 4332 2787 1985 2047 3677 2572 1.966
5 2036 4599 2812 1947 2053 4380 2808 1.991 2055 3907 2674 1992
6 2036 4600 2812 1947 2054 4399 2816 1993 2060 4049 2736 2007
7 2036 4600 2812 1947 2054 4407 2819 1994 2063 4134 2773 2016
8 2036 4600 2812 1947 2054 4410 2820 1994 2065 4186 2795 2021
9 2036 4600 2812 1947 2054 4411 2821 1994 2066 4218 2808 2025
10 2036 4600 2812 1947 2054 4412 2821 1994 2067 4237 2816 2027
1 2036 4600 2812 1947 2054 4412 2821 1994 2067 4248 2821 2.028
12 2036 4600 2812 1947 2054 4412 2821 1994 2067 4255 2824 2028
13 2036 4600 2812 1947 2054 4412 2821 1994 2067 4259 2826 2029
14 2036 4600 2812 1947 2054 4412 2821 1994 2067 4.261 2827 2029
15 2036 4600 2812 1947 2054 4412 2821 1994 2067 4263 2827 2029
16 2036 4600 2812 1947 2054 4412 2821 1994 2067 4264 2828 2029
17 2036 4600 2812 1947 2054 4412 2821 1994 2067 4264 2828 2029
18 2036 4600 2812 1947 2054 4412 2821 1994 2067 4264 2828 2029
19 2036 4600 2812 1947 2054 4412 2821 1994 2067 4265 2828 2029
20 2036 4600 2812 1947 2054 4412 2821 1994 2067 4265 2828 2029
21 2036 4600 2812 1947 2054 4412 2821 1994 2067 4265 2828 2029
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Table 2 Numerical results for Eq. (33) in Example 5.1 for three cases of g

(2024) 2024:28

n Eq. (33)
q=1 q=1% g=1
1 0.5226 04347 03100
2 0.5455 04988 0.3948
3 0.5501 0.5254 0.4496
4 0.5510 0.5362 04839
5 0.5512 0.5406 0.5050
6 0.5512 0.5423 0.5178
7 0.5512 0.5430 0.5256
8 0.5512 0.5433 0.5303
9 0.5512 0.5434 0.5331
10 0.5513 0.5435 0.5348
11 05513 0.5435 0.5358
12 05513 0.5435 0.5364
13 0.5513 0.5435 0.5368
14 0.5513 0.5435 0.5370
15 05513 0.5435 0.5371
16 0.5513 0.5435 0.5372
17 05513 0.5435 0.5373
18 0.5513 0.5435 0.5373
19 05513 0.5435 0.5373
20 0.5513 0.5435 0.5373
5
3
25
2
15 L L L . L
0 15 20 25 5 10
(a) w1 (b) w2
2.05 1
2 4
ol JL
19
5185
18
1.75
17
1.65
0 5 25 30

Figure 1 2D plot of @, i=1,2,3 for g-Caputo fractional JIDIEs (30) in Example 5.1 for three cases of g

Page 20 of 29
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0.6 T T T T T

04} -
—B—g-1/5
0.35 F —0—q=25|
q=3/5
03 ; ; ; ; ;
0 5 10 15 20 25 30

Figure 2 Representation of Eq. (33) g-Caputo fractional JIDIEs (30) in Example 5.1 for three cases of g

The numerical values of relation (33) are shown in Table 2. It can be seen that after stabi-
lizing the data of each column, these results are less than one (see Fig. 2). Therefore, the
given g-IFJIP (30) is addressed in Theorem 3.2, asserting that it possesses a unique solu-
tion within the interval A. Additionally, Theorem 4.1 states that the same g-IF JPP (30) is
U S stable having

Ta+w+9

x
Ta+o+0+ D)1= 5, +> 0 2,)Y > wi

lv-0llF =<

1.9020%, ¢=1,
<11.6398%, q=2% x>0
1.4460%, q =3,

In general, as g approaches 1, we will achieve stability of the results with a higher number

In(3)
of iterations. For h(x) = x "> , we obtain

1.4.3 1.4, 3 In(3)
7. 0] =27 s
n(3)

0.0834x 5, q=1,

~ In(3) 2

~ 1011730 ", g=2,

n(3) )

0.1066x "%, q=1,

= Oph(x).

Table 3 shows these results. In addition, the curves drawn in Figs. 3a and 3b confirm
the existence of ¥, and Ineq. (34) variables. Therefore, condition (H) is fulfilled with
h(x) = X@ and ¥y = 0.0834,0.1173,0.1066 whenever g = %, %,%, respectively. Theo-
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(2024) 2024:28

Table 3 Numerical results of ¥, in /2‘*“’*9/7()() < P¥ph(x), in Example 5.1 for three cases of g and

X €A
" 9=5 9=3 9=1
9 Ineq. (34) 9p Ineq. (34) 9h Ineq. (34)
1 0.0707 0.1480 0.0747 0.1321 0.0450 0.0652
2 0.0818 0.1800 0.1029 0.2053 0.0718 0.1187
3 0.0834 0.1854 0.1127 0.2374 0.0875 0.1589
4 0.0836 0.1862 0.1159 0.2498 0.0963 0.1866
5 0.0836 0.1864 0.1169 0.2544 0.1011 0.2043
6 0.0836 0.1864 01172 0.2561 0.1037 0.2151
7 0.0836 0.1864 0.1173 0.2567 0.1051 0.2216
8 0.0836 0.1864 0.1173 0.2569 0.1058 0.2253
9 0.0836 0.1864 0.1173 0.2570 0.1062 0.2275
10 0.0836 0.1864 0.1173 0.2570 0.1064 0.2287
11 0.0836 0.1864 0.1173 0.2570 0.1065 0.2294
12 0.0836 0.1864 0.1173 0.2570 0.1065 0.2298
13 0.0836 0.1864 0.1173 0.2570 0.1066 0.2300
14 0.0836 0.1864 0.1173 0.2570 0.1066 0.2302
15 0.0836 0.1864 0.1173 0.2570 0.1066 0.2302
16 0.0836 0.1864 0.1173 02570 0.1066 0.2303
17 0.0836 0.1864 0.1173 0.2570 0.1066 0.2303
18 0.0836 0.1864 0.1173 02570 0.1066 0.2303
19 0.0836 0.1864 0.1173 02570 0.1066 0.2303
012 VVVVVVVVVV VIV VVV VvV VYV VvV Y
0.1 I
0.1
0.09
= 0.08
oor| DS v
0.06 |
—f—q=1/5 —8—q=1/5
—9—q-25 01 b
0.05 g=3/5 1 008 +Z;§E
0.04 . t t t t 0.06 . 5 t t .
0 5 10 15 20 25 30 5 10 15 20 25 30
(a) O (b) Ineq. (34)
Figure 3 2D plot of ¥, and Ineq. (34) for g-Caputo fractional JIDIEs (30) in Example 5.1 for three cases of g

rem 4.2 indicates that the g-IFJIP is % 7% (30) stable s.t.

. Un
”U - U”]: = 3 _ 3 _ 3
L= (a1 I + 201 20) 2o i
0.1864, q=1,
~ 102570, gq=2,¢ xxh(x),
0.2303, ¢q=2,

xh(x)

x>0,x €A.

(34)

The next example shows the proven facts for changes in the order of the derivative .
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Example 5.2 We consider the g-Caputo fractional JIDIEEs with ABCs (30) in Example 5.1

4 3
%D"é (%Dg(%ﬂ)év(x)))
_ sinh(eX+2) J15e X [u(x)
T TEGeoosy |
cos(¥D3v(x)  arctan(¥D3 (%”u»g ¢)
+ 5 n 5
333/In(x +12) 22(x+3) ,
8_ “pd
i [ (x-29)5 1 VERE oo %U(s)) (35)
0 F§(§ 29(s+3)(\u(s)|+5) 345+/e5+19
£ 3
sin(‘l”u»g <<€D§ u(s)
+ 1371n(«/s+3 ]dgs, x €[0,1],
v(0) = -v(1), (%D (%D‘*v(n))) 0,
5
%Dgu(O) = —%ng( ),
5 5
with the difference that g = £ is fixed and o chooses {8,% %} c(0,1), w = %, v=¢_ = %,

3 5
—Zy5=ﬁ,,3—§,T—1,and

4 3
|<€Doé (%Dg (%ng()())) - G;%,%(X” <X
4 3
[“D5 (“D3 (“D3v(x))) - O 4 5 (x)| <Fh(x
5 5 5 U5

where ¥ >0, i1: A — R*, and ®* , ;(x) is defined by (31). It was found that conditions
V504

(Hs) and (Hy) are satisfied with y, = g, Yy = W Yg = é, and z; = %, Zy = m,
Z3 = W Thanks to Eq. (21), by using these data, we obtain A = 1+ 6—ﬂ+1 ~ 2.0674

and

3 Ta+a)+9 Tu+a)+6—,3 3T(9
w] = = +
2T (a+w+0+1) Tya+w+0-F+1) <2|A|Fq(6’ + 1))
P 3Tw+0 3Tw+20—ﬁ
< : )
o+ )\ 2l (@+60+1)  [AIT(0+ DI y(w+6-B+1)
4588, a=1,
~ 1
~ 14533, a=1,
1
4.265, a=1,
To+e Ta+a)+9—ﬂ
Wy =

Fyle +w+1) i AT (@ +w+6-p+1)

8¢ T Tw+9 B
+
Fgla+ D \Ty(w+1) |AT (w+60-B+1)

3011, a=4,
~ 1
~ 12981, a=%,
2.828, a=3
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Table 4 Numerical results of @, i=1,2,3, in Example 5.2 for three cases of derivative order
n o= 15 o= % o= %
(o] [2p] w3 w (ap) w3 @ [2p) w3
1 2222 1.941 1.896 2.156 1.887 1.857 1.898 1673 1.692
2 3.084 2372 1.961 3.017 2325 1.942 2.736 2.125 1.841
3 3.656 2628 1.995 3.592 2.588 1.986 3.309 2403 1.921
4 4018 2782 2013 3.957 2.745 2.010 3.677 2572 1.966
5 4243 2874 2.024 4,183 2.839 2.024 3.907 2674 1.992
6 4380 2929 2.030 4322 2.896 2.032 4,049 2736 2.007
7 4463 2.962 2.034 4406 2.930 2.037 4134 2773 2016
8 4513 2.981 2.036 4456 2.950 2.040 4.186 2.795 2.021
9 4543 2993 2.037 4487 2.963 2.041 4218 2.808 2.025
10 4561 3.000 2.038 4.505 2970 2.042 4237 2816 2027
11 4572 3.005 2.038 4516 2974 2.043 4248 2821 2.028
12 4578 3.007 2.038 4523 2977 2.043 4.255 2.824 2.028
13 4582 3.009 2.039 4527 2979 2.043 4.259 2.826 2029
14 4.585 3.010 2.039 4529 2.980 2.044 4261 2.827 2.029
15 4.586 3.010 2.039 4.531 2.980 2.044 4263 2827 2.029
16 4587 3.011 2.039 4532 2.980 2.044 4264 2.828 2.029
17 4.588 3.011 2.039 4532 2981 2.044 4264 2.828 2.029
18 4588 3.011 2.039 4532 2.981 2.044 4264 2.828 2.029
19 4588 3.011 2039 4533 2981 2044 4,265 2828 2,029
20 4588 3.011 2.039 4533 2.981 2.044 4.265 2.828 2.029
21 4588 3.011 2.039 4533 2981 2.044 4.265 2.828 2.029
2039, a=4,
T« 5 1
w3 Fq(oc D + Fq(a ) 2.044, o= 5
2.029, o=31.

The data in Table 4 show the values of w;, i = 1,2, 3, for three different values of derivative
order «. The approach is similar to each group of curves in Figs. 44, 4b, and 4c, aligning
with each other and reaching a stable value that precisely determines the correctness of
the argument. By (22), we get

3 3 3 0.568, o =1,
Zym + sz Zwi ~ 410563, o= é, <1 (36)
m=1 v=1 i=1 0.537’ o = %’

The numerical values of relation (36) are shown in Table 5. It can be seen that after stabi-
lizing the data of each column, these results are less than one (see Fig. 5). Therefore, the
given g-FJIP (35) is addressed in Theorem 3.2, asserting that it possesses a unique solu-
tion within the interval A. Additionally, Theorem 4.1 states that the same g-IFF JIP (35) is

U F€ stable having
Ta+w+0
lv-vlr=< T  R— x
Fola+w+0+1)[1-Q 1Y+ 0120 ;g @i
1.7349%, o =3,
<116786%, a=3;, x>0
1.4460%, o= 3,
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POV VIV VIV VIOV IV Y

—B—a-18
—0—

15 20 25

30

5 10

yw =

15
n

(c) w3

15 20 25 30
n

(b) w2

Figure 4 2D plot of @, i=1,2,3, for g-Caputo fractional JIDIEs (35) in Example 5.2 for three cases of
derivative order o

Table 5 Numerical results of Eq. (36), ¥, and Ineq. (37) in Example 5.2 for three cases of derivative

order o
n =1 a=1 a=1
Eq. (36) o Ineq. (37) Eqg. (36) Dp Ineq. (37) Eqg. (36) I Ineq. (37)
1 0.357 0.045 0.070 0.348 0.045 0.070 0310 0.045 0.065
2 0437 0.069 0.123 0.429 0.070 0.123 0.395 0.072 0.119
3 0488 0.082 0.160 0481 0.084 0.161 0.450 0.087 0.159
4 0519 0.089 0.186 0513 0.091 0.187 0484 0.096 0.187
5 0.538 0.093 0.201 0.533 0.095 0.204 0.505 0.101 0.204
6 0.550 0.095 0211 0.545 0.097 0214 0518 0.104 0.215
7 0.557 0.096 0.217 0.552 0.098 0.220 0.526 0.105 0.222
8 0.561 0.096 0.220 0.556 0.099 0223 0.530 0.106 0.225
9 0.564 0.097 0.222 0.559 0.099 0.225 0.533 0.106 0.227
10 0.565 0.097 0.223 0.561 0.099 0.226 0.535 0.106 0.229
11 0.566 0.097 0.223 0.562 0.099 0.227 0.536 0.106 0.229
12 0.567 0.097 0.224 0.562 0.099 0227 0.536 0.107 0.230
13 0.567 0.097 0.224 0.562 0.099 0.227 0.537 0.107 0.230
14 0.567 0.097 0.224 0.563 0.099 0227 0.537 0.107 0.230
15 0.568 0.097 0.224 0.563 0.099 0.227 0.537 0.107 0.230
16 0.568 0.097 0.224 0.563 0.099 0227 0.537 0.107 0.230
In(3)
For h(x) = x & , we have
1,4,3 1,4,3 @
v N LRI B B P
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0.6
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045 Dot U T 2yt Zo| i @i < 1 1
041 T
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03514 —6—a=1/6| 7
a=1/3
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n
Figure 5 Representation of Eq. (36) g-Caputo fractional JIDIEs (35) in Example 5.2 for three cases of «

0.09
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Iy

007 f , 145
006 —8— =18 otzr
’ | ——a=1l6
| a=113 01F —8—0=18
——a= 1
005 o
0.08f =18
H
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n n
(a) O (b) Ineq. (37)

Figure 6 2D plot of ¢, and Ineq. (37) for g-Caputo fractional JIDIEs (35) in Example 5.2 for three cases of
derivative order o

In(3) 1
0.097x 5, a=3,
~ 100995, a=1,1=h(x).
In(3) 1
0.107x 5, a=1,

Table 5 shows these results. In addition, the curves drawn in Figs. 6a and 6b confirm the
existence of ¥, and Ineq. (37) variables. Therefore, condition (H) is fulfilled with k() =
X o and 9, = 0.097,0.099,0.107 whenever o = é, %, %, respectively. Theorem 4.2 indicates
that the g-IFJIP is % 7% (35) stable s.t.

R Uy _
”U_U”]'-S 3 _ 3 _ 3 xh(X)
L= Qi Y + 201 20) Doy @i
0.224, o =4,
A~ 10227, a=4, ¢ xXXh(x), %>0,x €A. (37)
0.230, =1,
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6 Conclusion

We analyzed the g-IF JP, involving both ABCs and g-fractional € Zs. Our main focus was
on establishing certain conditions that guaranteed the €4l of solution. For the validity of
the suggested system, given in (1), we employed the Banach fixed point theo-
rem and Leray-Schauder alternative. Additionally, we also explored the % .
outcomes and examined the resolution of our model (1) in specific circumstances. Our

primary theoretical findings are demonstrated by means of a few examples.

Supplement

Algorithm 1 MATLAB lines for calculation g-factorial function

function p = qfactorialfunction (q,a,l)
s=1;
if 1==0
p=s;
else
for i=0:1-1
s=s*(1l-axq (i));
end;
p=s;
end;
end

© BN U W N e

=
= o

Algorithm 2 MATLAB lines for g-gamma function

1 function p = qGammanew(q,x,n)

2 s=1;

3 for k=0:n-1

1 s=s*(1-q"(k+1))/(1-q"(x+k));
5 end;

6 p=s*x(l-q) (1-x);

7 end

Algorithm 3 MATLAB lines to calculate g-integral

1 function g= Iq_sigma(q,sigma,t,n,fun)

2 p=0;

3 for k=0:n

4 s=1;

5 for i=0:n

6 s=sx(1-q (sigma+i-1))*(1-q (k+i))/((1-q"(i+1))
7 *(1-q " (sigmatk+i-1)));

8 end

9 p=pts*q kxeval (subs(fun,t*q"k));
10 end;

11 g=round (p*(t " sigma)*(1-q) sigma,6);

12 end
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