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1 Introduction and preliminaries
The concept of convexity has played a crucial role in the advancement of the theory of

inequalities.

Definition 1 Let F € R be an interval. Then, a function A : F — R is said to be convex if
A(pd + (1 - @) < uA@) + (1 - p)A(@) (1.1)

holds for all #,w € F and p € [0, 1].

If inequality (1.1) holds in the reverse direction, then A is said to be concave on interval
F#0.

Numerous generally accepted results from the theory of inequalities can be obtained
using the properties of functions; see [2, 8, 11, 14—17, 21, 23, 28, 33] and the references
therein.

The Hermite—Hadamard (H-H) inequality is a well-explored and renowned result con-
cerning convex functions, stating that if A : F — R is a convex function in F for all
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¥, w € F with ¥ < w, then

0+ w 1 (7 A@) + Al@)

Interested readers may refer to the monographs [1, 6, 7, 10, 12, 20, 24-27, 32, 34, 35].

Definition 2 [29] Let F C R be an interval and k be a positive number. A function A : F C
R — R s called strongly convex with modulus k if

Apd + (1 -ww) <pA@) + (1 - wWA@) - kp(l - p)(@ - 9)? (1.3)
for all ¥, € F and u € [0, 1].
It is clear that every strongly convex function is also a convex function.

Theorem 1 Ifa function A : F — R is a strongly convex function with modulus k, then

Y +w k 1 @ AW+ Alw) k
\IJ( 5 )+E(w—ﬁ)2§w_0/l; A(U)daff—g(w_ﬂ)z (1.4)

forall v, w € Fwithv <w.

Definition 3 [31] Let /1: ] — R be a nonnegative function,  # 0. A function A : F — R is
called /i-convex, if A is nonnegative, and for all 9, @ € F, € (0,1), we have

A(pd + (1 - o) < () AW) + h(1 - ) A(@). (L.5)

If this inequality is reversed, then A is said to be /-concave. Clearly, if we substitute
h(w) = u, then the #-convex functions reduce to the classical convex functions; see [5].

Definition 4 [3] Let (x, || - ||) be a real normed space, and R stands for a convex subset of
X, h:(0,1) — (0,00) is a given function, and & is a positive constant. A function A : 8 - R

is called strongly 4-convex with module k if
A(pd + (1 - @) <h(WA®) + h(l - wWA@) - kp(l - )|z - 9| (1.6)
forall %, € R and u € (0,1).

Theorem 2 [22] Let h1:(0,1) — (0,00) be a given function. If a function A : F CR — R is
Lebesgue integrable and strongly h-convex with module k > 0, then

1 Y+ k )
21(}) [A< 2 ) tp@-?) } (1.7)

1 @ z k 9
< fﬁ Alo)do < (A(®) + A(@)) /ﬂ h)dp — (@ =)

w -

forall ¥, w e Fwithv <w.
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In [30], Tekin et al. gave the following definition and related H-H-type inequality as
follows:

Definition 5 Let #n € N. A nonnegative function A : F C R — R is called n-polynomial
convex if for every ¢, @ € F and p € [0,1],

n n

Ao +(1-pww) < % > [--wy]Aa®) + % > [1-w]A@). (1.8)

j=1 j=1

Theorem 3 Let ¥ : [¢,w] — R be an n-polynomial convex function. If a < b and ¥ €
LY, @], then

1 n v +w
( " )A( ) (1.9)
2\n+27"7-1 2

1 [T A+ A(@)\
L[ M = (AN 5

o —-U n =

In [4], Ataman et al. introduced the class of strongly n-polynomial convex functions and

related H-H-type inequality as follows:

Definition 6 Let n € N, F C R be an interval and k be a positive number. A nonnegative
function A : F C R — R is called strongly #n-polynomial convex with modulus k if for
every %, w € Fand u € [0,1],

Apd +(1-pw) (1.10)
= % D [1-0-w]a@+ % 3 (1 - wWA@) - kn(l - (@ -9
j=1 j=1

Theorem 4 Let V : [, w] — R be a strongly n-polynomial convex function with modulus
k.If v <@ and V¥ € L[V, w ), then

2\n+27"-1 2 12
- A+ A@)\~— j Kk 2
<o) A“’”“(T)Hm‘a‘ww)'

In [18], Kadakal et al. introduced the class of generalized n-polynomial convex function

and related H-H-type inequality as follows:

Definition 7 Let n € Nand o; > 0 (j = 1, n) such that Z;’Zl @; > 0. A nonnegative function
A :F C R — Ris called generalized n-polynomial convex function if for every o, € F
and u € [0,1],

27:1 o(1- (1~ wy) 27:1 aj(1 - W)
7 A+ —=r————
Zi:l qj W) Z;:1 a;j

Ao +(1-po) < A(w). (1.12)
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Theorem 5 Let A : [0, w] — R be a generalized n-polynomial convex function. If ¥ < &
and A € L%, @], then

1 Z;lzlaj U+ 1 @
5(24_1%[1—(%)1‘1%( 2 )Sw—ﬁ/ﬁ Alo)do (1.13)

]
A(®) + Alw) - j
| M ()

j-1

Theorem 6 (Holder-Iscan integral inequality [13]) Letp > 1 zmd}% + }1 =1.IfA and © are

real functions defined on [V, @] and if |A|?, |®|? are integrable functions on [V, w], then

/ﬁﬂA(o)@(a)‘dc

1

1 @ » p (" 7 1
sw_ﬁ{q? (@ - )| A0) da) (/ﬁ (@ - )]0 da)
eemora ([emre) o

+</ﬁ (o =9)|A(0)[" do /ﬁ(d 9)|0(0)|" do (1.14)

Theorem 7 (Improved power-mean integral inequality [19]) Let g > 1. If A and © are

real functions defined on [V, @] and |A|, |A||®|1 are integrable functions on [, w], then

b
/ |A(a)®(a)|dd

1 @ -1 - ) :
<o\ () w-oselar) ([ @-olsolewr )

@ 1*%1 [ %1
_ _ q
+ (/17 (o 19)|A(0)|d6> (./19 (o 19)|A(G)||®(a)| dcr) }

2 The definition of generalized strongly n-polynomial convex functions

In this section, we will add a new definition called a generalized strongly #-polynomial

convex function and its basic algebraic properties.

Definition 8 Let 7 € N, o; > 0 (j = 1, 1) such that Z;;l a; >0, F C R be an interval, and
k be a positive number. A nonnegative function A : F C R — R is called the generalized

strongly n-polynomial convex function (GSPOLC) if for every ¢, € F and u € [0,1],

Ay +(1-p)o) (2.1)
" oai(1=(1=npy "ol =
< 2 OO0 oy ZE D ) k- e - )
219 219

We will denote by GSPOLC(F) the class of all generalized strongly #-polynomial convex

functions on F.
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Note that every GSPOLC is a strongly /-convex function with the function

Z;il oj(1—(1-py)

() =
() ST

Therefore, if A,® € GSPOLC(F), it can be easily seen that A + ® € GSPOLC(F) and for
beR (b>0),bA € GSPOLC(F).

Also, if A : F — ] is convex and ® € GSPOLC(J) and nondecreasing, then ® o A €
GSPOLC(F) (see [31], Theorem 15).

Remark 1 For n =1 and k = 0, Definition 8 reduces to Definition 1.

Remark 2 For o =1 (j = 1,n) and k = 0, Definition 8 reduces to Definition 5.
Remark 3 For k = 0, Definition 8 reduces to Definition 7.

Remark 4 For n = 1, Definition 8 reduces to Definition 2.

Remark 5 For o = 1 (j = 1,n), Definition 8 reduces to Definition 6.

Remark 6 Every nonnegative strongly convex function is GSPOLC. It is obvious from the

inequalities

D_wp =) ol-(1-py) and
j=1 j=1

D e(l-p) < e(1- )
j=1

j=1
forall © €[0,1] and n € N.

Example 1 Let A(0) =o? and [, w] = [-1,1]. Then, A is GSPOLC with modulus k = 1.

3 H-H inequality for generalized strongly n-polynomial convex functions

This section aims to establish the H-H inequality for the new class of functions.

Theorem 8 Let A : [0, w] — R be GSPOLC with modulus k. If ¥ < @ and A € L[V, @],
then

1 Z;ilaj Y+ k 9
E(Zﬁla,»u—(%)f])[/\( 2 )+5(‘U‘ﬁ)} 3D

=< ! /A(G)do
v Jy

w —

A@®) + Al@)] — (. k )
5[7&% E“f(m)‘a‘“”
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Proof Using the generalized strongly n-polynomial convexity of A, one has

(05)

= A(%[/u? +(1- /L)w] + %[(1 -+ Mw])

- Z;;l o[1-(1- %)]]
- i
Z;;l“/’
n T1 _(1y
L2 G (1 ) + A - ) + )]

Z/:l Qj

A on- v -9

Ao + (1 - p)w)

A= )9 + pa) - /;;[(ZM - Do - (1-2u)9]’

Now integrating the above inequality with respect to u € [0, 1], one gets

(19 + w)

A
2
Tl
- Zj:lo‘f

1 1
|:/ A(,ul?+(1—u)m)du+/ A((l—u)l?+u,w)du:|
0 0

k 1
- W/o Qu -1 du

_ 2 Shel-0))
Tw-9 >

/79 A(o)do - ﬁ(w—ﬁ) ,

which completes the left-hand side of inequality (3.1). For the right-hand side of inequality
(3.1), changing the variable of integration as o = u¥ + (1 — ) and using generalized

strongly n-polynomial convexity of A, one obtains

1 w
—/ A(o)do
w -0 9

1

:/(; Ay +(1-pww)du

el -1 -wy) Yo og(l— ) 2]
AW+ L A(@) — k(1 - -9)%|d
5/0 [ ST @)+ ST (@) —ku(l - p)(@ - 9)* | du
AW ! , Aw) & 1 ,
=i j 1-(1- ap + —=—— j 1-/1d
Z}iﬂ;‘,«:zla]/o[ 1-uny] M+Zf=1a,§a’fo[ W]dp

1
k(- Wfo (- Wy dp

[AM) + A(@) ]+ (N ko
‘[ Y };“’Q‘H) 67

]
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where

1 1 ;
1-(1-pny duz/ 1-wWldp =,
[ Jau= [ [1-wlan-L5
! 1
/ M(l—M)dM=g- O
0
Remark7 For n=1and k =0, inequality (3.1) reduces to inequality (1.2).
Remark 8 For o =1 (j = 1,n) and k = 0, inequality (3.1) reduces to inequality (1.9).
Remark 9 For k = 0, inequality (3.1) reduces to inequality (1.13).

Remark 10 For n =1, inequality (3.1) reduces to inequality (1.4).

Remark 11 For o =1 (j = 1, ), inequality (3.1) reduces to inequality (1.11).

4 Refinements of H-H inequality

Let us recall the following crucial lemma that we will use in the future:

Lemma 1 Let A : F° — R be a differentiable mapping on F°, 9, € F° with ¥ < w. If
A € LY, w], then

A@®) + A(@) 1
2 -0

[ 1
/ A(o)do = wT—ﬂ / (1 -2)A (u9 + (1 - pww)du.
? 0

Theorem 9 Let A : F — R be a differentiable function on F°, ¥, w € F° with ¥ < w, and
let N' € L[V, w]. If|A’| is GSPOLC with modulus k on [0, @], then the following inequality
holds for u € [0,1]:

A@®) + A(o) 1 z
‘ 5 _w—z?,/ﬂ A(o)do

n

-9 2+j+2)2 -2
N [
Z/:l“/’ = (+1)(+2)2+

]A(IA’(ﬂ) [N (@)]) - l—kz(w - ),

where A is the arithmetic mean.

Proof Using Lemma 1 and the inequality

’A,(/J,ﬁ +(1- M)w)’

Sre(l-(-w)),
n A 19‘ n
= Z]’:la} | ( )| ' Zj:ﬂ’“

—kp(1 - p) (@ -9),

n (1 — 1)/
2o i) “)IA’(w)I
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one obtains

A) + Alw) 1 @
’ 5 _w—ﬁfﬁ A(o)do

—-9 [t
EWT/ 11— 2ul[A' (w9 + (1 - )| du

) A@)
w2/|12|< U e [0

: PRETY i1
; %jila,/ol(l—w)—ku(l—m(w—ﬁ)w>
:wT_ﬂ<|XI;\7(2]1 / 11— 2u)(1- (1 - )
lA](ZlU))]Zl / 11-2u|(1- ) - (w—l‘/‘)zfolu(l—u)du)

N (@) - g( —9),

W -0 — G +j+2)2 -
= C( T . 7
Py = G+ 1) +2)2+

}A(]A’(ﬁ)

where

1 1
/ pn(l—p)dp = o
0

1 1 ) . ;
4 ; (*+j+2)2 -2
1-2u|(1-(1- du = 1-2ul{l1-wW|du=—"———"———.
/0 I1-2u|[1-Q-pY]du /0 I1—2ul[1 -/ ]du (TG 27 O
Corollary 1 Ifone takes n=1and k =0 in (4.1), then
A) + Alw) 1 @
- Ao)d A . 4.2
‘ d — | Ao < ( ) @2)
Inequality (4.2) coincides with the inequality in [9, Theorem 2.2].
Corollary 2 Ifone takes o; =1 (j = 1,n) and k = 0 in (4.1), then
A@)+ A 1 @
‘ @)+ A@) _ / Alo)do (4.3)
2 w -0 9

-0 [ (P +j+2)2 -2
=" ;[(j+1)(j+2)2/+1]A( )

Inequality (4.3) coincides with the inequality in [30, Theorem 5].

Page 8 of 24
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Corollary 3 If one takes k =0 in (4.1), then

A(D)+A 1 @
’ @)+ Al@) / A(o)do (4.4)
2 w -V 9
w - (P+j+2)2 - 2] ,
2% ]Zl |:(] +1)( +2)2+1 ( )
Inequality (4.4) coincides with the inequality in [18, Theorem 5].
Corollary 4 If one takes n =1 in (4.1), then
AWD)+ A 1 @ k
‘ @)+ Al@) _ / A(o)do| < A( !)——(ZU 9)>.
2 -0 ), 12
Corollary 5 If one takes o; = 1 (j = 1,n) in the inequality, then
A(D)+ A 1 @
{ @)+ A@) _ / Alo)do (4.5)
2 w -V 9

k
(@)]) - 75 (@ - )"

T -0 [ (P +j+2)2 -2
< — [A(|A'(®
- n ]Z=I:|:(j+1)(j+2)2/+1] (| @)
Inequality (4.5) coincides with the inequality in [4, Theorem 5].

Theorem 10 Let A : F — R be a differentiable function on F°, ¥,w € F° with ¥ < w,
q>1, }7 + % = 1, and assume that A' € L[9, @ ]. If |A'|1 is GSPOLC with modulus k on
[0, @], then

A@) + Aw) 1 @
’ 5 _w—ﬁfﬁ A(o)do

1 1

-0 1 k 1

< w ( > Za] ’ q)——(ZD'—lS)Z ,
2 p+1 11“1,1 6

where A is the arithmetic mean.

(4.6)

Proof Using Lemma 1, the Holder integral inequality and the inequality

|A (w9 + (1 - o) |q

5 Yo el —(1-py) A+ M‘A/(w)‘q

- Z}il Q;j ‘ Z;;l qj

—kp(l - p)( - 9)?,

one gets

A1) + A(w) 1 @
‘ 5 - w—z?,/ Ao)do

_9 [
< w2 / I1=2ul|A (k9 + (1 - o) |du
0
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w - 1 Il’ 1 , q q
< 5 </0 |1—2,u|"dt) </0 |A(;u9+(1—,u,)w)| d,u)
w0 1 \7

1-(1-
2 <p+1>< 11111 / ( M)]

|A (@)|1

1 ) 1
+ﬁ2%‘/{) (l—u’)du—C(w—z‘/‘)Z/O u(l—u)du)

j=1""] j=1

1
q

1
q

=y ! I% 2 - L 4 l q /_( 2
> (1) (zf=1aj§“fj+1A<!A<ﬂ>» w>>>—6<w-m),

where

1 1
/ 1-2ulfdp=—-:,
0 p+1

1 1 .
(1= wVldu = s P

[ -a-wan- [ -wlan- L,

1 1

/Ou(l—u)du=g- O

Corollary 6 Ifone takes n =1 and k =0 in (4.6), then

|A(z?)+A(w)_ 1 /E’A(G)dg
2

2 w -0 (4.7)

- 1 1%; , ,
= wz (p+1> AN O |V @)).

Inequality (4.7) coincides with the inequality in [9, Theorem 2.3].

Corollary 7 Ifone takes ;=1 (j = 1,n) and k = 0 in (4.6), then

A@W) + A(w) 1 @
’ 5 - w—ﬁ/ﬁ A(o)do

1 1
_ 2L n . q
SZD‘ s 1 \»? EZ] A%(
2 p+1 n},:1]+1

Inequality (4.8) coincides with the inequality in [30, Theorem 6].

(4.8)

q).

Corollary 8 Ifone takes k =0 in (4.6), then

A@W) + A(w) 1 @
’ 5 _w—ﬁfﬁ A(o)do

<P (1) (e Sk ) wiwor v,

/1“1/1

(4.9)

Inequality (4.9) coincides with the inequality in [18, Theorem 6].
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Corollary 9 Ifone takes n =1 in (4.6), then

A@) + A(w) 1 @
’ 5 _w—ﬁ/ﬁ A(o)do

< wT_ﬂ( 1 )E(A(|A/(l9)|q,i[\/(w)|q)—g(w—ﬁ)z)ﬁ'

p+1

Corollary 10 Ifone takes o; =1 (j = 1,n) in (4.6), then

‘A(ﬁ)+A(w)_ 1 /WA(U)dU
9

4.10
2 w — U ( )

w - 1 1% 2 j , 40 ok ) %
=2 (P+1) (Zzlj-}——lA( @)% w)})—g(w—ﬁ)).

j=

Inequality (4.10) coincides with the inequality in [4, Theorem 5].

Theorem 11 Let A : F C R — R be a differentiable function on F°, ¥, w € F° with ¥ < w,
q > 1, and assume that A’ € L[%, @ ]. If |A'|? is GSPOLC with modulus k on [, @], then

A) + Alw) 1 @
’ - 5 /1; A(o)do

5 — (4.11)

1
q

|q) - 1_k6(w - 19)2) )

(P +j+2)Y - 2 ,
19 Z ](]+ 1) +2)2+1 (|A
j
where A is the arithmetic mean.

Proof From Lemma 1, the Holder integral inequality, and the property of GSPOLC of
|A’]7, one obtains

A@W) + A(w) 1 @
’ 5 - w—ﬁ/ﬁ A(o)do

_9 1 17% 1 %
5 (f I1—2u|du) (/0 |1—2u|IA/(w+<l—u>b)|qdu)
—9 /1 |A<z?>|q

2 (5> [ 710‘;;1%/ o 2M| -0 M)]]

A (@) ¢
Z;I:l o j=1

o -0 1\
2 \2

(P+j+2)Y - 2
(Z 121: TG+ 1)+ 22+ Al

IA
g

IA
g

1
q

1 ) 1
a;/ |1—2M|[1—M’]du—k(w—l9)2f |1—2u|u(1—u)du}
0 0

1
q

k
" |‘1)_E(w_19)2) ,

Page 11 of 24
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where

1
1
1-2ulpd-w)du = —,
/OI plp(l—p)du T
(P+j+2)2 -2
O

1 1
1-2u|[1-Q-w)f]du=[ 1-2ul[l-p]dn=T7——"——.

/ 11-2u|[1-(1-p)]du /0 11 -2u[1-p']du )G 27
Corollary 11 Under the assumption of Theorem 11 with q = 1, one gets the conclusion of

Theorem 9.

Corollary 12 Ifonetakesn=1,k=0and q=1in (4.11), then

"(@)]). (4.12)

A(|A' ()

A1) + A(w) 1 @
‘ 5 _w—z?,/ Alo)do| <

Inequality (4.12) coincides with the inequality in [9, Theorem 1]

Corollary 13 If one takes oj =1 (j = 1,n) and k = 0 in (4.11), then
(4.13)

A®) + Alw) 1 @
‘ 5 _w—ﬁ,/ A(o)do

")

) 1
LT- ) Z (=+j+2)2 -2 % Ak (|n
-2 G+1)(+ 2)2/*1
Inequality (4.13) coincides with the inequality in [30, Theorem 1]. Also, if one takes q = 1

in (4.13), then one gets
(4.14)

A) + Alw) 1 @
| 5 _w—z?/;g A(o)do

)-

w0 = (P +j+2)Y -2
Z(/+1)(]+2)2/+1 (I

Inequality (4.14) coincides with the inequality in [30, Theorem 1]

Corollary 14 Ifone takes n =1 in (4.11), then
(4.15)

A() + Alw) 1 @
| 5 _w—ﬁ/ A(o)do

< w;ﬂ(A(

Also, if one takes q = 1 in (4.15), then

) —z>‘>2>a

A’(w)‘) - lg((w —19)2).

’

w -0 ,
= (A(\A(ﬁ)

A) + Alw) 1 @
‘ 5 _w—z?/ Ao)do
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Theorem 12 Let A : F — R be a differentiable function on F°, ¥, w € F° with ¥ < w,

q>1, }9 + é = 1, and assume that A' € L[9, @ ]. If |A'|7 is GSPOLC with modulus k on
[%, @], then

AD) + Alw) 1 @
’ 5 _w—ﬁfg A(o)do

@ -0 1 A (9)]7 —
=7 (2(p+1)) ( ,Zfz(/+2

=1

jGi+3) %

T Z;’zo+nv+z> B ))
+w—z9( 1 )% |A/(ﬁ)|q2”:a,ﬂ
2 2+1)) \ Tl 4726+ 1)(+2)

=1

) q
Yo Z }2(/+2)_E( _ﬂ)) '

(4.16)

Proof Using Lemma 1, the Holder-Iscan integral inequality, and the property of GSPOLC
of |A’|%, one has

AD) + Alw) 1 @
| 5 _w—ﬁfﬁ A(o)do

— 1 [l’ 1 %
ﬂ(/ (I—M)|1_2M|pdu> (f (I_M)|A/(Mﬁ+(l—ﬂ)w)|qd’u>
0 0
wz—ﬁ</olull-2ulpdt)"</o A (19 + (1 - ’qdu>
o -0 1 p% |A(9)] n 1 |
<3 () (z;:la,- ,.Zl“’/o“—m[l—<1—mdu

|A (w)lq ! 2 %
(1-w)[1-wWldu- k(o - 1-p)?d
Y o / w1 -w]dp—k(w - )/OM( 1) M)

111]1

a-0( 1 N3] &
" (2(p+1))< ,la,; / - (- u)du

[N (@)I7 ¢

1 ‘ L, i
PSS o [ 1= i dp - k(e -9 1-w)d
+ Z,ilai jzzla,/() /L[ M] u—k(w —0) /0 w (1 —p) M)

w7 1 A ()1
=T (2(p+1))< lla]Z/2(1+2

=1

IA

+

1

IN(@)? ¢~ j(+3) ))f’

" &0+ E(

Page 13 of 24
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-0/ 1 \7[|IN®)
T (2<p+1>> (Z,l Z

Page 14 of 24

jG +3)
’2(;+1)(;+2)

|A (@)1 ¢ k g
Z} L9 :Z 12(]+2) 12(w 19)) )

where

1 1
/(l—u)ll—2ul”du=f il =2ulfPdu =
0 0
1 1
/M(l—ﬂ)zdﬂ=/ W20 - wydp = =,
0 0
1 ) 1
/(l—u)[l—(l—uY]du=/ w[l-p/]dp =
0 0

/(l—u)[l—u’]du=/ p[1-Q0-pyldu=
0 0

1
2p+1)

2(+2)

j(j+3)
2+ 1)(j+2)°

Corollary 15 Ifone takes n =1 and k =0 in (4.16), then

A) + Alw) 1 @
‘ 5 _w—ﬁ/l; A(o)do

(4.17)

_— [(m’ww +2|A/(w>|q)% . <2|A’w)|q . |A’(w>|q>%}

T 2p+1)r 3

3

Inequality (4.17) coincides with the inequality in [13, Theorem 3.2].

Corollary 16 Ifone takes o; =1 (j = 1,n) and k = 0 in (4.16), then

A®) + A(w) 1 @
‘ 5 _w—v“/ﬁ A(o)do

o -0 1 ’
<
- 2(p +1)

(4.18)

2(/+2

w -0 1 1%
Ty (2(p+1))

Jji+3)

2
<|A (ﬁ)rf j

N@I S jG+3)
T %;20+nq+m)

1
q

|A ()] &
X( " Zgzg+ng+m

AN (@)1~ ]
* n ;2(;#2)) ’

Inequality (4.18) coincides with the inequality in [30, Theorem 3.2].
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Corollary 17 Ifone takes k = 0 in (12), then

A() + Alw) 1 @
’ 5 _w—ﬁ/l; A(o)do

o-0( 1 \»
< J—
=% <2M)
j jG+3 %
( Y P ’2(,+2) 110{, Z ’2(]+1)(,+2))
o-0( 1 \»
Ty (2(p+1)>

1
A () jG+3) N @) ¢ i\
X = aj— . + — o — .
(Z,_la, 121: 2(+1)G+2) Y ]21: "2(j+2)
Corollary 18 Ifone takes n =1 in (4.16), then

A@) + Aw) 1 @
’ 5 _w—ﬁfﬁ A(o)do

1

w0 1 \r[INO)N+2A (@) k 2\
= (2(p+1))( 6 _E(w_ﬁ)>

-9/ 1 \P[/INO+2AN (@) Kk N\
Ty (2(p+1))< 6 _ﬁ(w_ﬁ))'

Corollary 19 Ifone take o = 1 (j = 1,n) in (4.16), then

A®) + A() 1 @
‘ 5 _W—ﬁ./ﬂ A(o)do

<w—19( 1 )15
-2 2(p +1)

AT ) |A (@)~ j(j+3) k 2é
X( " ];2(,42)* " ;2(j+1)(j+2)_ﬁ(w_ﬁ)>
-0/ 1 \7

Ty (2(p+1))

|A(@) ~  j(i+3) A (@)1~ k 2%
X( " ;2(1'+1)(j+2)+ n ;2(]42)_5(””9))'

Remark 12 Inequality (4.16) gives better results than inequality (4.6). Let us show that

o-0( 1 \»
2 (2(p+1))

j jGj+3) 2 ‘
-— (-9
( Y P ’2(,+2 lla, }Z 726+ 1)(j +2) 12( )>

=1
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[ 1 1%
"2 (2(p+1)>

NN~ J+3) A @) N\
( N Z Yo+ " Z ’2(;+2)_ﬁ(w 9))

;10‘1

w -9 1
= ( ) Za/ ) ’
2 p+1 110(1]1 }+1
From the concavity of the function /: [0,00) - R, (o) =¢”, 0 <r < 1, one gets
1
o -v 1 »
2 \2p+1)
1
A J |A jG+3) a
x ( 9)*
(Z o ; ]2(1*'2) P 2 G+ D(+2) 12
+w—z? 1 ’
2 \2p+1)
1

AT jG+3) )\
X (Z;l_wlj ;afz(]'+1)(j+2) 110‘1 Z: 12(I+2)_E( —z?))

= 5 <2<p+1>)

’(w)\")—g( 4})2) .

1

LN S~ 1IN @) AL
(@ -
|:2 L 121: 172 21:1“1 ; 1 )i|
_w-0 1 ; , _/_( o 1
Ty <p+1> ( ;10‘1]21:“1 ’A 15‘)| )}) 6(w 19)) )

This is the desired result.

Theorem 13 Let A : F C R — R be a differentiable function on F°, ¥, w € F° with ¥ < w,
q > 1, and assume that N’ € L[, @ ]. If |A'|1 is GSPOLC with modulus k on the [, o],
then

(4.19)

A(®) + Alw) 1 w
’ 5 - w—z?/;? A(o)do

1\ (v @) ¢ A (@) ok i
(5) < Z M () + 270[2 jMz(])—3—2(ZD'—19)2>

/1111 1/1‘:1

-0

1

1\ (|40 o A ()] < ok g
X(E) (Z” o Z MZ(/) ﬁZa]«Ml(/)—ﬁ(w—ﬁf) ,

j=1"] j=1 1% j=1
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where
L (P22 -
M) = 22(j +2)(j + 3)°
o (5P +j+2)2 2]
M) = 2°2(j+1)(j+2)(+3)

Proof From Lemma 1, the improved power-mean integral inequality, and the property of
GSPOLC of |A’|1, one obtains

A@W) + A(w) 1 @
’ 5 - w—ﬁ/zy A(o)do

w -0 1 17%
fT(/ (l—u)ll—2uldu)
0

1 q
x ( (- —2ul|A' (w9 + (1 —M)W)\qdu>
w

_ 1 - i
i 219(/0 MII—ZMIdu) (/0 wll=2u||A (w9 + (1 - W )|qdu>
o 1N\ [N
<72(3) ( 5 2 /(1 I = 2ul[1- (1 - Y] du

a
|A w)l Z / (1011 = 2ul[1 - W] dp - k(e - 9)?

]1//1

1 q
x / (1= w1 -2ul du)
0

2_,
+—w;ﬁ<;> ('A(ﬁ”qz full 2ul[1- Q- py]du

110{,]1

|A(w)|q2 / w1 = 2|[1 = /] dp — k(e - 9)?

]11]1

1 q
x f p (1= w1 -2ul du)
0

w0 (1\24 [ |AN@)1 & A ()] Lk 2 %
="5(3) (zn &y 2 M) + ﬁz“%(’)‘ﬁ‘“‘“>

j=1"7  j=1 1Y =1

1

/ n k q
x('gfﬂfz M) + mz(—wiZaiMl(i)—ﬁ(w—mZ) ,
]

jzl/il 1//'=1
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where

1 1 1
/Ou(l—u)zll—Zuldﬂ=/o WA= wil-2uldu= =,
1 ) 1 .
M= [ =i -2u[1 -0 - )= [ it =21 - ] dp
0 0

C(P+j+2)2 -2

1 ) 1 )
Mz(/’)=f0 MII—ZMI[I—(I—M)’]dM=/O (1- w1 -2ul[1-w]du

~ G+5)[(2+j+2)2 -2]

TR 1)(+2)(+3) -
Corollary 20 Ifone takes n =1 in (4.19), then
’A(z?) + A(w) _ 1 / Alo)do
2 o -9 s
2-2 ’ ’ 1
- w—ﬂ(l) q(|A(z9)|q+3|A(w)|q_i(w_ﬁy)q
2 2 16 32
_ 2-2 "(9)9 ") |4 7
+w z?(l) q<3|A(19)| + N ()] —i(w—z?f)q,
2 2 16 32
Corollary 21 Ifone takes n =1 and k =0 in (4.19), then
|A(ﬁ)+A(w) 1 / Ao)do
2 o -9 s
_ @0 (1N A BN @)T\ T (BN @+ A @)\ 7
- 2 \2 16 16 '
Also, if one takes q = 1 in (4.19), then
AD)+ A 1 @ -0
‘ B)+ Atw) / Ao)do| < ZZ2A(A @), | A @)).
2 o -0 9
Corollary 22 Ifone takes aj =1 (j = 1,n) and k = 0 in (4.19), then
A A 1 @
‘ @)+ A@) / Alo)do (4.20)
2 w -V B

o0 (1\> 7 A/ (9)]7 — LA (@)1 & . ‘
<7 (5) ( , ;Mlon : ;Mz(}))

w0 (1\Z1 [ |A @)1 & N (@)1 & . g
T(z) < p IZIMN)*T;MI@)'

Inequality (4.20) coincides with the inequality in [30, Theorem 9].
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Corollary 23 If one takes a; = 1 (j = 1,n) in (4.19), then

A@) + A(w) 1 @
‘ 5 - w—z?,/ﬂ A(o)do

-9 (N INON o IN@I Nk 2%
="3() ( ; ;MW“TZMW)E@‘“

i=1

(4.21)

1
q

o 1\ [|A @)
LZ0 (5) ( ZMZ(;) ZMl(z)——(w 9) )

Inequality (4.21) coincides with the inequality in [4, Theorem 9].

Remark 13 Inequality (4.19) gives better result than the inequality (4.11).

-9 (1\* 1
2 \2

|A"(9)]7 & |A ()| Lk
X (Zn o Z M (j) + ﬁz /Mz(/)—g—z(ZU—ﬁ)z)

]'=11j1 15 j=1

o -9 (1\> 1
+— p—
2 \2

@)1 & A (@)l ok X
(ijl Z Mo () + ﬁZ/Ml(I) 3@ - 19))

-1 llj:1

o -9 (1\ 1
< —
= 2 \2

(/ +j+2)2 -2 ,
( Z:’Q+Uo+mwﬂ (1

Q=

Q=

1
q

!q) - 1£6(w - 19)2) .

Using concavity of the function % : [0,00) — R, k(o) = 6%, 0 < A < 1, one gets

o -0 1\
2 \2

l n k

i:111‘1 111,'=1

o -0 1\
+— —
2 \2

A ¢ |A (@)1 Lk
X (Z” o Z Mz(]) Z,iaz le(])—ﬁ(w—ﬁ)Z)

jzl/jl 1//'=1

Q=

Q=
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1
q

AMW%~§@—mﬁ,

2 n (P+j+2)2Y -2 , ,
/ ZA(IA ],
" (Z]il o ;a](j+ 1) +2)2+1 (| ( )|

) L P22 -2
Ml(]) +M2(/) = W

This completes the proof.

5 Applications for special means
Throughout this section, the following notations will be used for special means of two
nonnegative numbers ¥, @ with @ > 9:

1. The arithmetic mean

v+
AW, @) = 5 %, > 0.

2. The geometric mean
G, w)=+vdw, U, o >0.

3. The harmonic mean

20w
HY,o)=——, ®,o>0.
Y+

4. The logarithmic mean

w1
Tn7r—1n9°? 7—9 w,
L, )= { no-n? 7 9, > 0.
7, Y =w;

5. The p-logarithmic mean

DS, 9 Fr,p e R\(-1,0,
LW, @)= P+D)(@-2) %, @ >0.
7, v =w.

6. The identric mean

1

=10, )= (22" 9w 50
= ,yw)=—\| —— N ,w > 0.
e\ ¥

The following simple relationships are known in the literature:

H<G=<L<I<A.
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Proposition 1 Let ¢, w € [-1,1] with ¥ < w. Then,

1 Z?:lal‘ 2 k 2
5(27_1%»[1—(%)/1)[A ) =) ]

<L}(®, )

2 oy 2§ ,L>_’_‘ 9y
§A(l9,w)z;l=1aj2a, i 6(w 9)”.

j=1
Proof The assertion follows from (3.1) for the function
Alo)=0? oe[-1,1]. (|

Proposition 2 Let ¥, w € [-1,1] with ¥ < w. Then,
2 3 3 3
g[A(ﬂf,wf)—Lé(ﬁ,w)]

@ -0 2eje2)2 -2 o, ok 5
< oA, o?) - —( - 9)°.
11011121 T+ 1) +2)2+1 ( )

Proof The proof is easily obtained from (3.1) for the function A(o) = %U% because the
function

A(o)=02 oe[-1,1]
is GSPOLC. 0

Proposition 3 Let ¢, w € [-1,1] with ¥ < @w and q > 1. Then,

2+q

LA o ) - Ly 0,0)]

2+q

1
q

w-9( 1 \ k ,
= 2 <P+1> (Z,l“/,i;lﬂ'l o )—E(W—ﬁ)).

Proof The proof is easily seen from (3.1) for the function A(o) = %1(7 i because the

function
|A/(o)|q =o?e[-1,1]
is GSPOLC. O

Proposition 4 Let v, w € [-1,1] with ¥ < w and q > 1. Then,

t\.z
&

+q 2+q

[A(ﬂT,wT)—L

BN
™

(9,)]

1 1

w-0 1\ (P22 -2 k 1
- A% - —(@ -9)*) .

=73 (2) <Z a,Z’(,+1)(/+2)2/+1( 7) - 16 ))

-Q|+Q
S

Page 21 of 24
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2+
Proof The proof is obvious from (3.1) for the function A(o) = ﬁa 7' because the func-

tion
|A'(0)|" =0 e [-1,1]
is GSPOLC. O

Proposition 5 Let ¢, w € [-1,1] with ¥ < @w and q > 1. Then,

q 2q 2, 24
2+q[A(19 7,1 )_L%’q(ﬁ,w)]

192 n ] o2 n j(j+3) X 2 %

' <27=1a’i21:aj2(i+2) Py ;aj2(/+1)(1+2) VA )
w-v 1 \7
T(2(10+1))

Gl oD L R < P M Y
x (Z}il%;"”z(ﬁl)(nz) + STy 1Za,2(],+2) —l—z(w—ﬁ) ) .

/ =1

2+
Proof The proof is easily seen from (3.1) for the function A(c) = ﬁa% because the

function
|A'(0)|" =02 e [-1,1]
is GSPOLC. O

Proposition 6 Let v, w € [-1,1] with ¥ < @ and q > 1. Then,

+q 2+q 2+q

[A@ 7,0 7)-L,

BN
)

+
S

@, )]

X
P
N/
< ESA
—_ 1S
8
=
8
S
=
+
g
[ %]
=
\‘Q,
=
<
|
ke
S
[
<%
e
N—
. S
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2+
Proof The proofis easily obtained from (3.1) for the function A(c) = ﬁa T because the
function

|A/(o)|q =o?e[-1,1]
is GSPOLC. (|

6 Conclusion

This paper introduces a novel class of functions called generalized strongly n-polynomial
convex functions. The relationships between these functions and other types of convex
functions are investigated. The Hermite—Hadamard inequality is established for gener-
alized strongly n-polynomial convex functions. Additionally, new integral inequalities of
the Hermite—Hadamard type are derived for this specific function class using the Holder—
Iscan integral inequality. The results obtained in this paper are compared with existing
findings in the literature, highlighting the superiority of the newly acquired results. Fur-
thermore, some applications of these results to special means are explored.

Acknowledgements
Authors are thankful to editor and anonymous referees for their valuable comments and suggestions.

Funding
There is no funding for this research article.

Data availability
No datasets were generated or analysed during the current study.

Declarations

Competing interests
The authors declare no competing interests.

Author contributions .
SO and MK gave the idea and initiated the writing of this paper. il and HK followed up this with some complementary
ideas. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, Faculty of Arts and Sciences, Kirklareli University, Kirklareli, Turkey. 2Department of
Customs Management, Faculty of Applied Sciences, Bayburt University, Bayburt, Turkey. *Department of Mathematics,
Faculty of Arts and Sciences, Giresun University, Giresun, Turkey. “Department of Primary Education, Faculty of Education,
Bayburt University, Bayburt, Turkey.

Received: 27 December 2023 Accepted: 13 February 2024 Published online: 26 February 2024

References
1. Abdeljawad, T, Mohammed, PO, Kashuri, A.: New modified comformable fractional integral inequalities of
Hermite-Hadamard type with applications. J. Funct. Spaces 2020, Article ID 4352357 (2020)
2. Akdemir, AO, Aslan, S., Dokuyucu, M.A,, Celik, E.: Exponentially convex functions on the coordinates and novel
estimations via Riemann-Liouville fractional operator. J. Funct. Spaces 2023, Article ID 4310880 (2023)
. Angulo, H., Gimenez, J,, Moros, AM.,, Nikodem, K.: On strongly h-convex functions. Ann. Funct. Anal. 2(2), 85-91 (2011)
4. Ataman, C, Kadakal, M, iscan, i.: Strongly n-polynomial convexity and related inequalities. Creative Math. Inform.
31(2), 155-172 (2022)
5. Bombardelli, M., Varosanec, S.: Properties of h-convex functions related to the Hermite-Hadamard-Fejér inequalities.
Comput. Math. Appl. 58, 1869-1877 (2009)
6. Butt, S.I, Pecaric, J.: Generalized Hermite-Hadamard's inequality. Proc. A. Razmadze Math. Inst. 163, 9-27 (2013)
7. Butt, S.I, Tarig, M., Aslam, A, Ahmad, H., Nofal, TA.: Hermite-Hadamard type inequalities via generalized harmonic
exponential convexity and applications. J. Funct. Spaces 2021, Article ID 5533491 (2021)
8. Chasreechai, S., Ali, M.A, Naowarat, S., Sitthiwirattham, T, Nonlaopon, K.: On some Simpson’s and Newton's type of
inequalities in multiplicative calculus with applications. AIMS Math. 8(2), 3885-3896 (2023)
9. Dragomir, S.S., Agarwal, R.P: Two inequalities for differentiable mappings and applications to special means of real
numbers and to trapezoidal formula. Appl. Math. Lett. 11, 91-95 (1998)

w



Ozcan et al. Boundary Value Problems (2024) 2024:32 Page 24 of 24

10. Dragomir, S.S., Pearce, C.E.M.: Selected Topics on Hermite-Hadamard Inequalities and Its Applications. RGMIA
Monograph (2002)

11. Dragomir, S.S., Pecaric, J., Persson, LE.: Some inequalities of Hadamard type. Soochow J. Math. 21(3), 335-341 (2001)

12. Hadamard, J.: Etude sur les propriétés des fonctions entiéres en particulier d'une fonction considérée par Riemann.
J. Math. Pures Appl. 58, 171-215 (1893)

13. i§can, i.- New refinements for integral and sum forms of Holder inequality. J. Inequal. Appl. 2019(1), 304 (2019)

14. lscan, I, Kadakal, H. Kadakal, M.: Some new integral inequalities for n-times differentiable quasi-convex functions.
Sigma J. Eng. Nat. Sci. 35(3), 363-368 (2017)

15. Iscan, I, Kunt, M.: Hermite-Hadamard-Fejer type inequalities for quasi-geometrically convex functions via fractional
integrals. J. Math. 2016, Article ID 6523041 (2016)

16. Kadakal, H.: New inequalities for strongly r-convex functions. J. Funct. Spaces 2019, Article ID 1219237 (2019)

17. Kadakal, H, Kadakal, M, iscan, i: New type integral inequalities for three times differentiable preinvex and
prequasiinvex functions. Open J. Math. Anal. 2(1), 33-46 (2018)

18. Kadakal, M., i§can, |, Kadakal, H.: Construction of a new generalization for n-polynomial convexity with their certain
inequalities. Hacet. J. Math. Stat. (2023). https://doi.org/10.15672/hujms.xx

19. Kadakal, M, iscan, I, Kadakal, H, Bekar, K.: On improvements of some integral inequalities. Honam Math. J. 43(3),
441-452 (2021)

20. Latif, M.A, Kunt, M., Dragomir, S.S,, Iscan, .: Post-quantum trapezoid type inequalities. AIMS Math. 5(4), 4011-4026
(2020)

21. Maden, S, Kadakal, H., Kadakal, M., W§can, i: Some new integral inequalities for n-times differentiable convex and
concave functions. J. Nonlinear Sci. Appl. 10(12), 6141-6148 (2017)

22. Merentes, N., Nikodem, K. Remarks on strongly convex functions. Aequ. Math. 80(1-2), 193-199 (2010)

23. Ozcan, S.: On refinements of some integral inequalities for differentiable prequasiinvex functions. Filomat 33(14),
4377-4385 (2019)

24. Ozcan, S.: Some integral inequalities of Hermite-Hadamard type for multiplicatively s-preinvex functions. Int. J. Math.
Model. Comput. 9(4), 253-266 (2019)

25. Ozcan, S.: Hermite-Hadamard type inequalities for m-convex and (&, m)-convex functions. J. Inequal. Appl. 2020(1),
175 (2020)

26. Ozcan, S.: Hermite-Hadamard type inequalities for multiplicatively s-convex functions. Cumhuriyet Sci. J. 41(1),
245-259 (2020)

27. Ozcan, S.: Hermite-Hadamard type inequalities for exponential type multiplicatively convex functions. Filomat 37(28),
9777-9789 (2023)

28. Pearce, CEM,, Pecaric, J.: Inequalities for differentiable mappings with application to special means and quadrature
formulae. Appl. Math. Lett. 13, 51-55 (2000)

29. Polyak, PT.: Existence theorems and convergence of minimizing sequences in extremum problems with restictions.
Sov. Math. Dokl. 7, 72-75 (1966)

30. Toply, T, Kadakal, M, Iscan, I.: On n-polynomial convexity and some related inequalities. AIMS Math. 5(2), 1304 (2020)

31. Varosanec, S.: On h-convexity. J. Math. Anal. Appl. 326, 303-311 (2007)

32. Vivas-Cortez, M., Kara, H., Budak, H., Ali, M.A,, Chasreechai, S.: Generalized fractional Hermite-Hadamard type
inclusions for co-ordinated convex interval-valued functions. Open Math. 20(1), 1887-1903 (2022)

33. Vivas-Cortez, M, Kashuri, A, Liko, R, Hernandez Hernandez, J.E.: Some inequalities using generalized convex
functions in quantum analysis. Symmetry 11, 1402-1426 (2019)

34. Xie, J, Ali, M.A,, Budak, H., Feckan, M, Sitthiwirattham, T.: Fractional Hermite-Hadamard inequality, Simpson’s and
Ostrowski's type inequalities for convex functions with respect to a pair of functions. Rocky Mt. J. Math. 53(2),
611-628 (2023)

35. Zabandan, G.: A new refinement of the Hermite-Hadamard inequality for convex functions. J. Inequal. Pure Appl.
Math. 10(2), Article ID 45 (2009)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.15672/hujms.xx

	Generalized strongly n-polynomial convex functions and related inequalities
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction and preliminaries
	The deﬁnition of generalized strongly n-polynomial convex functions
	H-H inequality for generalized strongly n-polynomial convex functions
	Reﬁnements of H-H inequality
	Applications for special means
	Conclusion
	Acknowledgements
	Funding
	Data availability
	Declarations
	Competing interests
	Author contributions
	Author details
	References
	Publisher's Note


