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1 Introduction
The three-dimensional (3D) motion of compressible magneto-micropolar fluids can be
described as the following system [19]:

p:+V-(pu) =0,
(pw); + V- (pu®u) + VP(p)

=(u+Vv)Au+(u+Ar—-v)Vdiva +2vV x @ + (V x B) x B, (L1)
(pw); +V - (pu®@ ) +4vw = /' Aw + (' + A )Vdive + 20V x u,
B,—-Vx(uxB)=-V x (cV x B),

V-B=0.

Here the unknowns p(x,t) > 0, u(x, £), @(x,¢), and B(x, ) mean the density, the velocity,
the micro-rotational velocity, and the magnetic field, respectively. The pressure P(p) is
a smooth and strictly increasing scalar function. The positive constant v is the so-called
dynamics micro-rotation viscosity. Both the shear and bulk viscosity coefficients of fluids
are represented by the parameters p and A satisfying that u > 0 and 2u + 31 — 4v > 0.
Besides, the angular viscosity coefficients ;" and A’ fulfill the conditions ' > 0 and 2u” +
31" > 0. The magnetic diffusivity coefficient is denoted by o.
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While the magnetic field is absent, i.e., B = 0, (1.1) reduces to the micropolar system.
Huang, Kong, and Lian [9, 10] obtained the exponential stability of the generalized spher-
ically symmetric solutions. For the Cauchy problem of the 3D compressible viscous mi-
cropolar system, Liu and Zhang [13] derived the optimal rates of decay-in-time of the
global strong solutions with the smallness of initial perturbation in H™(R3) N L!(R3) with
N > 4. Furthermore, Tong, Pan, and Tan [18] used the method of spectrum analyzing to
establish both the lower and upper decay-in-time rates for the solutions, which explic-
itly shows that the obtained convergence rates are optimal. Recently, Qin and Zhang [16]
investigated the optimal decay rates for higher-order derivatives of solutions of the 3D
compressible micropolar fluids system. In particular, the authors showed that the highest-
order spatial derivatives of both the perturbation density and the perturbation velocity
converge to zero with the decay rate (1 + t)‘(%*%) for the L?(R?)-norm.

Due to the strong nonlinearity and interactions among the physical quantities, it be-
comes more difficult to analyze the compressible magneto-micropolar system, i.e., B #0
in system (1.1). Amirat and Hamdache [1] extended the results in [5, 12] by establishing
the global existence of weak solutions with finite energy for multi-dimensional compress-
ible magneto-micropolar equations. The blow-up criterion of strong solutions to system
(1.1) with initial vacuum can be referred to [22]. By employing L”—L7 estimates for the lin-
earized equations and the Fourier splitting method, Wei, Guo, and Li [19] first obtained
the global-in-time existence and optimal temporal decay rates of the strong solutions to
the Cauchy problem of system (1.1), in which the results can be read as follows: Supposing
the initial data (0o, wo, @, Bo) € HN(R3) N L}(R®) satisfy

(;0: u, w, B)|t=0 = (Po,uo, w, B())(?C, t) - (1510r 0’ 0) as |x| — 00 (12)
and
|| (pO - /3,110, wo, BO) ||HN(]R3) =< 5!

where the integer N > 3 and § is small enough, then Cauchy problem (1.1)—(1.2) admits
unique global-in-time strong solutions such that

[V = 5,00 [ jesgy < €A+ 0 F, (13)
|| Vlw(t) ”HN—I(RS) S C(l + t)_3+2¥+1) ) (14')
” ka(t) HHN—k(]RS) E C(]- + t)_ 312,{ (15)

for/=0,1,...,N-1and k=0,1,...,N. Without the Ll—integrability of the initial data, Jia,
Tan, and Zhou [11] recently derived the temporal decay estimates of the solution in the
homogeneous Sobolev and Besov spaces. For other mathematical issues of system (1.1),
the interested readers can refer to [2, 4, 6, 7, 9, 10, 17, 20—24].

However, there is no available result about the long time behavior of the highest-order
spatial derivatives of the perturbation (o — p,u, ). In this paper, inspired by the new
method of decomposing the frequency in [15], we establish the optimal temporal decay
rates of the highest-order (i.e., Nth order) spatial derivatives of the global strong solution
for the Cauchy problem (1.1)—(1.2).
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Notation Before stating the main results, we shall introduce some basic notations used
frequently in the sequel. The norm of Sobolev space H*(R?) is denoted by || - ||;x. We
use {f,g) to denote the L2-inner product between the functions f and g. L represents the
usual Lebesgue space L?(IR?) with the norm || - ||;», where 1 < p < co. Enabling the cut-off
function ¢ € Cgo(Rg) to satisfy ¢(§) = 1 when || <1 and ¢(§) = 0 when |&| > 2, we define
both the low-frequency and the high-frequency parts of f as follows:

=5 o)) and f'=F[(1-6®)f]

where §(f) orf denotes the Fourier transform of f, and ! is its inverse. The notation
f < g signifies that f < Cg with C > 0 being a common constant that may vary from one
line to another. f ~ g means that f < g and g < f. For simplicity, we denote ||A|x + || Bllx
by [I(A, B)lIx.

Now we are in a position to state our main theorem.

Theorem 1.1 Suppose (pg — p, g, w0, Bo) € HN(R?) with any given integer N > 3. There
exists a constant § > 0 such that if

||(p() - /5,110,‘00» BO)”HN < 57

then Cauchy problem (1.1)—(1.2) admits a unique global-in-time solution (p, u, », B) satis-
Sying

6o B + [ (195 + V@B ) do
< [/(00 — w0, @0, Bo) | ;x- (1.6)
Moreover, if (0o — p, g, @9, Bo) € L1(R3), then the following temporal decay estimates hold:
[V¥(o - 6,0 B)®) o < (14D (17)
and
[V¥ (o - 5w, @) o + [ VV00)] o S 1+ 0 G0, (18)

Remark 1.1 The temporal decay rate in (1.7) is optimal in the sense that it is the same as

the one of linear solutions shown in Lemma 2.1. In addition, the estimate (1.8) implies that

the L2-norms of any N'th order derivatives of the micro-rotational velocity approach zero
. . . (544 . . .

along with a rate of decay-in-time (1 + £)'4* 2. This convergence rate is quicker than the

ones of both the density and the velocity.

Since the global-in-time existence and the a priori energy estimate (1.6) of the solution
have been proved in [19], it suffices to establish both the temporal decay estimates (1.7) and
(1.8). The remarkable thing is that, thanks to the formula (A.10), the high-frequency parts
of solutions exhibit exponential decay-in-time by using an energy method, see the proof
of Lemma 2.5. However, such property can not be expected for the lower frequency com-
ponents. Therefore, we will first derive the decay-in-time estimates of the low-frequency
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parts in Sect. 2.1, and then the decay estimates of the high-frequency parts in Sect. 2.2.
Based to the decay estimates as mentioned earlier and the formula (A.8), we further ar-
rive at (1.7) (see (2.61) for the detailed derivation). Finally, we derive the faster decay-in-
time (1.8) for the high-frequency parts and the micro-rotational velocity by a finer energy
method in Sect. 3.

2 Decay-in-time of highest-order spatial derivatives
This section is served to establish the optimal temporal decay rate for the Nth order spa-
tial derivatives of the solution (p, u, B) to Cauchy problem (1.1)—(1.2). Making use of the

formulas

(curlB) x B= (B- V)B — %V(|B|2),

AB = V divB - curlcurlB,

curlflu x B)=(B-V)u- (u-V)B +udivB - Bdivu,
and then letting n = p — 1, we can rewrite system (1.1)—(1.2) into the perturbation form:

n; +diva =Sy,
w+yVn—(u+v)Au—(u+A-v)Vdivu-20V x @ = Sy,
W +dvw — W Aw— (W +A)Vdive —2vV x u =Sz,

B, -0 AB=8,,

V-B=0

(n,a, w, B)(x, 0) = (19, ug, wg, Bg)(x,0) — (0,0,0) as |x| — oc.

Here the positive constant y = P’(1), and the nonhomogeneous source terms S; (i = 1, 2,
3, 4) are defined by

S1=-ndiva—u-Vp,
Sy=—u-Vu—-f(n)[(n+v)Au+(u+r-v)Vdiva+ 2vV x @] — h(n)Vn

+g(n)[B- VB - 3V(IB)], (2.2)
S3=-u-Vo-fn)|[uwAw+ (@ +1)Vdive —4ve + 2vV X u],
Ss=(B-V)u-(u-V)B-B(divu)

with the nonlinear functions

By the a priori assumption

|| (n,u,,B)(2) ”1—13 <$ (2.3)

with some sufficiently small constant § and Sobolev’s inequality of H? <> L™, we obtain

<n+l1<

N =
N W

Page 4 of 25
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This implies that

If (m)

h(n)| < Inl, (2.4)

)

and for any given k > 1 and [/ > 0,

|f(/<) (n)

|H O], [gPm)] < 1. (2.5)

Define an increasing energy functional

ay

M(t)= sup 1+t VN(n,u, 0, B) ||i2 (2.6)

0<t<t
Then the following proposition leads us to estimate (1.7) in Theorem 1.1.

Proposition 2.1 Under the assumptions in Theorem 1.1, it holds that
M(t) < Co + 0ol (2.7)
where Uy = (19, ug, @o, By).

Afterwards, our dedication turns towards demonstrating the validity of Proposition 2.1.

2.1 Decay estimates on the low-frequency part
Before establishing the temporal decay estimates on the low-frequency part of the solu-
tions (1, u, w, B), we shall recall some decay results for the linearized system of (2.1).

Lemma 2.1 ([19]) Let U = (7,1, ®, B) be the global solution to the Cauchy problem of the
linearized system of (2.1). Then the following time decay properties hold for any integer

m>0:
[V G5B, < 1+ 0725707 % | Gio, B, Bo) |, (2.8)

and

m+l

V7@, < @ ima s

(2.9)

(EO’(T)O)”UN
wherel <p <2 <g <oo0.

Based on Lemma 2.1, we now present the time decay rate of the L2-norm for the low-
frequency part of the Nth order derivatives of the solution to the nonlinear system (2.1)

as follows.

Lemma 2.2 Under the assumptions in Theorem 1.1, the solution U := (n,u, @, B) to the
Cauchy problem of nonlinear system (2.1) satisfies the following decay estimate:

|V, w, !, BY) |2 S (0ol + 8/M@) (1 + 53+, (2.10)
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Proof From Lemma 2.1, Duhamel’s principle, Plancherel’s theorem, and Hausdorff-

Young’s inequality, it holds that

N
2

L
| VY (@ BY) | o S (14 0G| Ug ) +f2(1+t—r)*(%*
0

N
2

@], dz

t
+f (1+t—1’)_%”VN_ISl(T)”L1 dr, (2.11)
t

2

where S = (51,3, S5,54)7. By the method of decomposing the frequency, the last two terms
on the right-hand side of (2.11) can be treated as follows. With the help of estimates
(1.3)=(1.5), (2.4), (2.5), Lemmas A.1-A.2, and Lemma A.4, we can deduce that

IS@)| 1 < [divim)()] 1 + |Ju- Vu@)] 1 + [[f()[2vV x @](2)] 1 + [[u- V(7)1
+[f @[+ v)Au+ ( + 2 =) Vdiva] (@) |, + [f(eT)]
+ |f@)[1 Aw + (1 + M) Vdive] ()|, + [f(0)[V x ul|| 1 + ||k(n) VA,
+[|B-V)u@)|,; + |- V)B@) |, + |Bldiva)(r) |,
+|gm[B-VB-V(BI*)/2]|,,
S 0w B)(@) | 2 Vi w @, B) (@) 12 + [ 1(2)| 2 | Aw @)(D)]
+ @] 0@ 2

<@A+1)2 (2.12)
Similarly, using estimates (1.3)—(1.5) and definition (2.6) of M(t), we get

[V’ @],
SV divim) ()| + [ VY e V(@) + [ VY ) @uY x @)](0)])
+ [V @) (w + v)Au+ (u+ 2 —v)Vdiva]} ()| 5 + [V B - V()] 2
+ V¥ - Vo) (1) | 4+ |V ) [ Aw + (1 + ) Vdive]}(0)] .

+ |V ) @ve) D) |1+ [V @Y x w)]|, + [ VY @ VIBE)]|
-1 {g(n)[B - VB - %V(IBIZ’)} }(r)

+ | VN () Va](D) |,

+

+ ” vN-1 [B(div u)] () H 1
Il

< || (n,ua, B)(‘E)HL2 || VN (n,u,w, B)(r)”L2 + H VN, u, B)(r)||L2 ||V(n, u, @, B)(r)||L2
[ V)| 2 [ V@ @) (@) 2 + 1] o[ V@] 2

+e@] L[ V@]

<81+t 1T /M(t)+ (1+7) T, (2.13)

Inserting (2.12) and (2.13) into (2.11) gives estimate (2.10). O
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2.2 Decay estimates on the high-frequency part

To prove Proposition 2.1, we also need to establish the temporal decay estimates on the
higher-frequency parts of the highest-order derivatives of the global solutions. The fol-
lowing lemma first provides the energy dissipation for VN*!(u”, 0", B").

Lemma 2.3 With the assumptions in Theorem 1.1, it holds that
1d thZ VNhZ VNh2 VNBh2
S IV e+ VR + [V 1+ [ VYY)
+(2u+ A — v)||VN+1uh ||i2 +(2u + A’||VN+1wh ||i2 +0o ||VN+1Bh HEQ

S8[(VVR VNG, VIV w, Vg, VIHIB) ||i2 (2.14)
Proof Performing the operator F1[(1 — ¢(£))F(-)] onto system (2.1) yields

an" + divu = S%,
du +y Vi — (u + v)AW — (u + A — V)V dive" - 20V x " = S,
30" + dve" — W A" — (1 + V)V dive” - 20V x u” = 8,

3B" —o AB" = Sh.

(2.15)

By taking the L? inner product of VV(2.15);-VN(2.15), with VN#", VNu", VN@", and
VNB", respectively, we further obtain

SIVNA" |2, + (VNH, VN dival) = (VNS], VY,
%nvNuhn%2 + (VN VNV — (1 + v)(VNW", VN AW”)
—(u+ 2 =v)(VNu", VNV divue") — 20(VNu", VNV x o)

= (VNut, vNshy,
|VN@" |2, + 40(VN@", VN @) - 1/ (VN@", VN A0

— (@ + M) (VNe", VNV divw") - 20(VNe", VNV x u')

= (VNe", VNSh),
SIVNBY|2, — o (VNB", VN AB") = (VVB", VN S)).

1
2
1
2

Lo (2.16)
2 dt

1
2

Summing up the identities y x (2.16), (2.16),, (2.16)3, and (2.16), leads to

e I L |75 [ |9V [+ | 9B )
+ () [V, (2= )| VN dive |2, + 40| VN2,
N (4 2) | 9N dive [+ 0 | VB
= 4v(VNo", VNV x u") + y(VVi", VN SY) + (VN U, VN sE)

+(VNo", VNS + (VVNB", VN S))
=Y Ji (2.17)

We next deal with J; (i = 1,2,...,5) terms by terms.



Cui et al. Boundary Value Problems (2024) 2024:33

(1) Term J;. Following Holder’s inequality and Young’s inequality, it holds that
Ji = 4o(VNe", VNV x o) < 40| VN |7, + 0] VNV x o3, (2.18)
(2) Term J,. To estimate the second term J,, we reformulate it as follows:

Jo = (VNSE, VN
= —(VN(n diva+u- Vn), VNnh>
= —(VN(n divua)”, VNnh) - <VN(u -Vn), VNnh)

= Ky + Ko (2.19)
By Lemmas A.2, A.5, Holder’s inequality, and Young’s inequality, one has

1K1l S [V (ndive) |, | VA" 2
< ||VN(ndivu) ||L2 ”VN”HLz
< (Il | VN dival 5 + [ VYR ol dival=) [ VA
S (IVallg | VN dival| , + [ VVA| LIV divallg) [ VY|,

SOVl o+ 9 M 2). (2.20)
In addition, from the formula f = f" + f*, it holds that

VN - va)t, VN

=~

=—(VN(u-Vn) - V¥(u- vn), VNnh)

( ( )+VN(u~an) —VN(u-Vn)l, VNnh)
=-(v

N(u-vi"), VN — (VN (u- Vi), VNR") + (VN (- Vi), V")
= ’Cz,l + ]Cz,z + ’Czyg. (2.21)
Employing Lemma A.3 yields

Kol < ’( VYN, VNnh)’ + ’([VN,u]Vnh,VNnhH

—

< S lldive, [V )+ [ [0V, ]9 [V
< I Vull | VNA" |7,

+(IVullee [ VYA | o+ | V] o[ V"] ) [ VR
< IVullp | VNA" |7,

+ (IV2ul i 19 o+ [V o |V ) [ VA

So([ VY] + | VY ). (2.22)

Page 8 of 25
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With the help of Lemma A.6, we get

Kaal S [ VY (w- Vi) o [ VA"
S (oo [ V¥ o+ [ V0] [ V] ) [V
S (IVulln [V¥n] o+ [V 0] o 1Vnl) [V¥A] o
S8V n ]+ |9 ). (223)
It can be obtained in a similar way that
Kasl S [ VY- Vi)' o [ 97"
SV Vm o [VA]
S (hallze [ V0] o+ [V ] o1 Vl) [V ]
S (IVulln [ V] o+ [ VY] o 1VR) [ VYR o

<a(|V¥nlZ + [Vl ). 2
Gathering estimates (2.22)—(2.24), we can derive from (2.21) that
ol S 8] (VN VN w, VN ) |7, (2.25)
Furthermore, inserting (2.20) and (2.25) into (2.19), we arrive at
Vol 8] (VVm, ¥Nw, VN ) | . (226)

(3) Terms J3 and ], Following similar lines as in (2.19), the third term /3 can be
rewritten as follows:

J3 = =(VN(u- Vay", vNu")
+(VNHFm) (e + v)Au+ (e + A - v)V divu]}h, VN divu”)

~2w(VN[F)(V x @)]", YN} + (VN () Vi]", VN div o)
1 I
- <VN{g(n)[B -VB - Ev(u;ﬁ’)“ ,VNuh>
= ’Cg + K:4 + ’C5 + K:6 + K7. (227)
From Lemmas A.2 and A.6, it holds for K3 that

sl S VN (- V)| o v

SIVN@- Vo, |Vl

< (i [V | o + [ VVu] o Vals) [ VY]

S (IVull V¥ o+ [V ] 1 Vall) [V ]
2

<8 VN, (2.28)
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Using Lemmas A.1, A.2, A.6 and Hausdorff—Young’s inequality, we infer that

Cal S VN[ + v)Au+ (e + A=)V diva] )| o 9 dive’ |,
S IV @[+ v)Aa+ (w+ 2 —v)Vdiva]}|| | VM|
S (Il [V u] o+ [V ol Auilzs) [V
S (19l [V | o+ 9% ] ol Awllp) [V ]

SOVl + [VVA] 2). (229)
Applying a similar argument used for K3, we have

11 S VNV x @] 2 [V
SV @V x o] | o[V,
< (Il [V @ o + [VVA] LI V@) [ VY a1
S (1Valn [V 0 o + [VVA o V20 ) [ VY ]

<8 (VN e, VN, V) |12, (2.30)
Besides, the following hold:

1Kol < [ o] [V
S 19 P s 75
< (il |9 s+ |9 190 | 9
< (19l [0 + [0 V) 9]

S8([ vl + [Vl ) (2.31)

and

h
1171 < vN{g<n)[B VB - %V(mﬂ)“

e,

A

A {g(n) [B VB - %v(mﬁ)} } H [V 2
12

A

vN [B VB - 1v(|13|2)] “ [vNu|
2 L2

< (1Bl |9V B 1 + [ VB 1 VBILA) V0

< 8] (VNIB, VN ) |2, (2.32)

Inserting (2.28)—(2.32) into (2.27) gets that

sl S 8[| (VVn, VN *1e, VN Ly, VNHB) | 7, (2.33)
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The estimate on term J, can be obtained from a similar argument used for J3, and it

is presented as follows:
Ual < 8] (¥, VN 1w, VN 10) |,

(4) Term Js. Recall that
Js = (V¥[B- V)u]", VNB) - (V¥ [(u - V)B]", VNB")

— (V¥ [B(divw)]", VB

= ICS + IC9 + ’Cl().
By Lemmas A.2 and A.6, we have

1Kol S [ VV[B- V)u]'| 2 [VVBY .
S[VYB-Vyu]| L[ V¥B
S (Bl [ VM a5 + | VB 6 I Vulls) [ VY*'B]

S8(|VNB] L + [V )
and

1Kol < VN (- V)B]"| | VVB
S V¥ VB]| [ VB 2
S (lulle [ VB 2+ [ V¥ul I VBIIL) [V B] .

S8(IVNB| L + [V ).
It holds for term /Cyq that

Kiol < |V [Bivw)]"] .| VVB"| .
< [V Bdival| .| V¥*'B] .
S (IBlle [ VMM o + | VB 6 Vall3) [ VY'B]

S8(IVVB] . + [V ] ).
Inserting (2.36)—(2.38) into (2.35) yields that

sl < 8] (V" w, VX B) .

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Inserting estimates (2.18), (2.26), (2.33), (2.34), and (2.39) into (2.17), we can obtain the

desired estimate (2.14).

Next, we turn to provide the dissipation estimate for n”".

O

Page 11 of 25
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Lemma 2.4 With the assumptions in Theorem 1.1, it holds that

d

_ )4
E/Rs VN VN dx + EHVNnh”iz

<8 (VNm, VN u, VN, VNHIB, V) |12, + [ V|2, + | VN eH D, (2.40)

Proof Performing the operator F1[(1 — ¢(£))F(-)] to VN71(2.1), and taking the L? inner
product of both the resulting equation and VN, we get

d

@ N-1,_hoN h N_h|2
& RSV u'Vin dx+yHV n HLZ

= || vNu" Hiz +(u + v)(VN*luh, VNnh) +(u+A— v)(VN divu”, VNnh>
+ 2v<VN’1V x @, VNnh> + (VNSi’, VN_luh) + (VN_lSé’, VNnh>.

10
= [V + Y (2.41)
i=6

(1) Terms Js, J7, and Jg. Using Holder’s inequality and Hausdorff-Young’s inequality, we
can estimate for term J; (6 < i < 8) as follows:

3(u +v)? Y
sl < v [N a" ||i2 + EH VN Hiz, (2.42)
Y
1 = 22D o it 4 L ot P, (243)
and
6V> N a2 Y poN A2
sl < —= [ V7" |2 + G VA" (2.44)
(2) Term Jo. For term Jo, we get
Jo = =(VN(ndiv w)”, VN’luh> —(VN(u- vn), VN’luh>
=: ICH + K:lg. (245)

By using Holder’s inequality, Young’s inequality, Lemmas A.1, A.2, and A.6, we

arrive at
Kl £ [V rdiv || VY
<[V Grdiv x|V
S (1l | VN a5 + | VA o 1Vl ) [V ),
S8(IVVn ] + [V ] ). (2.46)

In the same way, we can get

K12l < | V¥ (- Vi) ||L2 I v ||L2

SV v [V,

Page 12 of 25
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< (e [ V0] o + V¥ ] 1Vl ) [V
<(IV¥nlfo + [ VY 2)- (247)
Substituting (2.46) and (2.47) into (2.45) leads to

ol S 8] (VNn, VNu, VN 1u) |12, (2.48)

(3) Term Jo. For term J1o, we directly have

Jio= (VN (- va)t, VN i)
— (VN[ + ) Au+ (e + 4 - )V diva] ), VVA)

= 20( VN f(m)(V x w)]h, VNnh> — (VM [h(n)Vn]h, VNnh)
1 h
- <VN1 {g(n)[B VB - 5v(|B|2)} } ,VNnh>
=Kz + Ky + Kis + Kis + Ky (2.49)
With the help of Young’s inequality and Holder’s inequality, we obtain

Kl S V¥ (u- vu)' ||L2 [ v ||L2
SV Ve [V
< (lallzee [ V¥ a5 + [ V] 1 Vall) [ VA2

S8([VVn]3 + [Vl 2) (2.50)
and

IK1al < || VN’I{f(n)[(/L +v)Au+ (u+r-v)V divu]}h“L2 ||VNnh HL2
S (oo [V ] o + [ VY] ol Al ) [V

S(IV¥n] 2 + [V ull2). (2.51)
Similarly, we get

Kasl S [VYHF0)(V x @)]" ]2 | VYA
SV x @)] ] 2| VA L
S (Il [ VN 16 + [V a] sl VOllL3) | VA

S8(|VNn 5 + V¥ 0| 2) (2.52)
and

K16l S [ VY ) Vn]"| o | 9N

SV o] [V 2
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S (Il | VY0 o + [ VY] 1Vl 3) [ VY] 2
<8 Vx|, (2.53)

For term /Cy7, we have

[KCa7] 5‘

VNl{g(n)[B VB - %v(uaﬁ)} }h

e,

S ’

N {g(n) |:B VB - lv(|B|2)] } ” [vNa" |,
2 12
S(IBll [ V¥B] 2 + [ VB[ 6 VBILs) [Vn] 12

<8](VNn, VNIB) |12, (2.54)
Inserting (2.50)—(2.54) into (2.49) gets
1ol S (VN VN*1a, v+, VNHB) |12, (2.55)
Gathering (2.42)—(2.44), (2.48), and (2.55), we derive estimate (2.40) from (2.41). O

Based on the above two lemmas, we now present the temporal decay rate for the high-
frequency of the N'th order derivatives of the solution.

Lemma 2.5 With the assumptions in Theorem 1.1, it holds that
| N (w0, BY) (0)|12, S (Co + 83/M@) (1 + £) 33, (2.56)
Proof By estimates (2.14), (2.40), Lemma A.6, and the smallness of §, we have

LG+ [V [+ [PV + [V ¢ [V

de
ol NART 3T (2.57)
where
¢1(t) =Dy || vN (nh, ", o, Bh) ||i2 + / VNI VN dx (2.58)
R3

with some large enough positive constant D;. Recalling
C&O) S [ VN1 + [V [ + [V + [ VVBY (2.59)
thus, by the formula (A.10), Gronwall’s inequality, Lemmas 2.2 and A.7, we can get
€1(t) < €(0)e O + /0 G [N (o, ) |72 de

t
< €,(0)e 1 + C/ e‘cl(t_f)(lonHi1 +82M(7))(1 + T)_% dr
0
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3+2N
<A+ 2

(€1(0) + Uo7, + 8°M(7)). (2.60)
Due to the relation

&)~ [V (o0 BY) | 2,
estimate (2.56) can be easily obtained from (2.60). O

Proof of Proposition 2.1 Now we are in a position to prove Proposition 2.1. With the help
of Lemmas 2.2, 2.5 and the frequency decompositions, we deduce that

9 0n0,0, ) 2 =9 (0w B [ + [ 9%, 0, B
S(€10) + U l12, +82M(©) (1 + )77

S+ 077 (€4(0) + U2 +8°M()). (2.61)
From the definition of M(¢), it holds that
M(t) < €1(0) + [Uoll7, + 8>M(2).
By the smallness of §, we further obtain
M(£) S €1(0) + | Uo7

Thus, we complete the proof of Proposition 2.1, which immediately implies the decay rate
(1.7) in Theorem 1.1. a

3 Derivation of the decay-in-time of high-frequency parts

In this section, we further derive the optimal temporal rate of decay-in-time for the Nth
order spatial derivatives of the solution w. To this end, we shall first establish the decay
estimate on || VN®'||;2, which is presented as follows.

Lemma 3.1 With the assumptions in Theorem 1.1, the lower frequency part of solution »
to the Cauchy problem of system (2.1) satisfies that

VN @), S 1+ D). (3.1)

Proof Using estimate (2.9), Duhamel’s principle, Plancherel theorem, and Hausdorff-
Young’s inequality, we have

t
2
VY@, S 1+ 872 |0(0)] +/ (L+t—7) 3 |S3(0)] 1 de
0
t
+/t (1+t—‘L’)_%”VN_ISé(‘L')”L1 dr. (3.2)
2

Employing a similar argument used for (2.12), we easily have

IS5(0) ], S@+0) (3.3)
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On the other hand, from the decay rates (1.3)—(1.5), it holds for | VN-1S5(7)]|,1 that

[ VS50,
SV Vo) (@) | 4+ [V [ Ae + (1 + 1) Vdive(o)]} ]
+ [ VN (m)@ve) ()| 1 + [V () @vY x w)](T)]
SV u)(@) | [V w@)(T) |5 + |1 0) (@) ]2 | VY (1,0, 0)(2) 2

[V |80@)] 2 + [1@)] 2 [V @] 2 + |0@)] 2 [ VY ()]

<(1+7) G, (3.4)
Inserting (3.3) and (3.4) into (3.2), we arrive at the decay rate (3.1). O
We next establish the temporal decay estimates on ||V (1", u”, 0", B")| ;2.

Lemma 3.2 With the assumptions in Theorem 1.1, it holds that

e R PR R PR AP A L 7S
r@u i) [T+ (24 ) |9V 40| TR,
S o W (L + [T + 9
+ [V ). (3.5)
Proof Due to the decay rate (1.7) and the fine structures of the decomposition of both low
and high frequencies, we next deal with the nonlinear terms J; (2 < i < 5) on the right-hand

side of (2.17) by a manner that is different from the one used in the proof of Lemma 2.5.
(1) Term J,. For term K, one has

1K1l S |VN(ndive) | || VVA" |
< || VN(ndivu) ||L2 ” VN ”LZ
< (Il | VN div(u’ +u?) |5 + [ V0| ol divallze) [ VR ||
S (IVallp [ VN divad|| , + 1Val g | VY diva” |,
+ | VNa|| 21V divaf ) [V
3

S+ t)’%’r¥ +8| VN divu” HL2) |V n" ||L2)

SA+ T 1 3+ L+ 3) (| VN dive |2, + [ VA 2). (3.6)
For term /Cy1, we can derive that

1Kol < |(w- VNI, VAP + |([VY, u] VA", V)|

—_

< g lldive [VXR P+ [V, 0]Vt [V

N =

Page 16 of 25
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< IVl [V,
+ (IVullze [ VYR o+ [V o [ VA" ) [ VR 2
< 8| vNH" “iz FQ+p)EEy hazd e
S+ + (L4 07F 48) |V (3.7)

Similarly, we also have

Kool S VY (w- Vi) o [ VA"
S (Il [V | o VY] o [ 9 o) [V

S IVl |[VVa] o + |V o V28] 0) [ VYA

S+ T (0 |V (3.8)
and

o3| S ||VN(“ . V”‘)1”L2 ” A ”LZ
SV @ V)| | VN
S (Il [ V0] o + |V a6 Vlls) | VYA

S (vl [ V] o + [0 o1V l) [V o

SA+0)7 T (0 |V (3.9)
From estimates (3.7)—(3.9), it holds that
ol S A+ + (L +6)73 +8) [ VA2 (3.10)
Inserting (3.6) and (3.10) into (2.19) yields that
2| S 1Kl + 1K
SA+07 T + (W02 +8) (| VVdive |2, + |VVA]12). (3.11)
(2) Terms J5 and Ju. For term J5, integrating by parts, we get
J = (VN (- vu)", VN divu”)
+ (VN[ +v)Au+ (u + A —v)V diva] ), vV dive?)
+ 20V F(m)(V x @)]", VN dive) + (VN [i(m) V], OV div o)
+ <VN1 {g(n)[B VB - %V(|B|2)] }h, vN divuh>

=Ky + Ky + K + Ky + K (3.12)

Page 17 of 25
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It holds for K} that

] < [V - v | o VY e
<[V V) [V
< (Iullze [ VY] o + VY a1Vl 2) [ V]
< (IVall [ VY] o + [V o Valn) [V
S+ oy F | N,

S+ 0 |V (3.13)
For I}, we have

G, S IV [+ v) Aw+ (u+ 2 =)V diva] )| o | VN dive®|
SV @[+ v)Au+ (e + A= v)Vdiva] | | VYV
S (Il [V (a +0) o + [ V]l Aullga) VAT
S (VA [V o+ 1Vl [V ]+ VYR ol Awl)
x [V

S (e S|V [,

SA+0 T 4 (5+ L+ 3) | VN (3.14)
Similarly, we deduce

K5 < IV P09 x o] | 9,

SV < o] [V
S (Il [V o+ [ VY] s 1V ll) [V o

S (IVnl [V¥@| o + [ V0] 2 1V@ 1) [ V¥

S+ T w0 2|V (3.15)
and
[KCel < [V [ vn] | o[ VYo
SV ) V] | o[ V¥
S (Il [V¥n] o+ [V o1Vl ) [V
S (Vnl [Vn] 2 + [ V0] 2Vl ) [V ]
SR N

S+ w403 |V, (3.16)

Page 18 of 25



Cui et al. Boundary Value Problems (2024) 2024:33 Page 19 of 25

For term K/, we have

h
K] < V”{g(n)[B VB - %v(u;p)“

e

< vN{g(n)[B.VB_%VQBF)“H IvNu"],,
LZ

AN

yN |:B VB - %V(IBIZ)] HL2 [v¥u’|

S (Bl [ V¥*B] o + [ VB 5 I VBl ) [ VYW

(
S (1Bl [ VY (B4 BY) | o+ [V (B4 BY) | 2 IVBllp ) [ VYW
S (o AT 5 VB ) [V
SA+0) T (54 L+ 3) (| VVIBZ, + [V 2). (3.17)

Substituting (3.13)(3.17) into (3.12), we can arrive at
BIS A+ 8 + (5+Q+03)(| VB2, + | VYW ]12). (3.18)
Employing a similar argument used for /3, we have
Tl SA+0"F +(5+1+073) [V |2. (3.19)
(3) Term Js. For the last term J;, one has
Js = ~(VNU[(B- V)u]", VN divB") + (VN [(u - V)B]", VN div BY)

+ <VN’1 [B(div u)]h, vV div Bh)

= g + Ky + K. (3.20)
It holds for term Kg that

K5 < [V [B- Du]" [ o[ VB
SIVYHB V] | o VB
S (1Bl | VM| o + [ VYB] o 1 Vo) [ V' BY| 2
S (1Bl [V¥a] o+ [VVB] o 1Vl ) [ VY B
<@+ Y vvpl|

S+ 4 (1403 | VVIBY, (3.21)
Similarly, we have

5| < VN - VB[ o [ VVIB

SV - vIB] | [ VB .
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S (Il [ VB o + [ V¥ a] oI VBl ) [ VB 1
S (IVallin [VYB] o + [V 1 VBI ) [ V1B

SCRURE N Lo 4 P

SU+0)F (140 | VVIB,

and

|Kho] < | VN [Bldiva) ]| . | V1B,
S VY Bdiva] |, [ VYTBY
S (IBllz [ VNu] o + | V"B 6l Valls) [ VY BY]
S (IVBl [VNu] 2 + [ VVB] o Vall) [V B

S+ (40 [ VVIB .

Inserting (3.21)—(3.23) into (3.20) leads to

5+2N

sl S L+ ) 8 4 L+ 072 [VVIBY),.

Page 20 of 25

(3.22)

(3.23)

(3.24)

Then we complete the proof of Lemma 3.2 by substituting estimates (3.11), (3.18), (3.19),

and (3.24) into (2.17).

O

To enclose the energy estimate, it is necessary to establish the dissipation estimate for

VN#" in a different way.
Lemma 3.3 With the assumptions in Theorem 1.1, it holds that

d

a N-1, N h Y ioN k|2
T R3V u'Vv ndx+2||V r1||L2
<A+ 4 (3+@+ t)‘%)(”VN”uh ||i2 A Hiz)

+ [V L+ [V

(3.25)

Proof Now, we aim to present the estimates on the last two terms on the right-hand side

of (2.41).
(1) Term Jo. Integrating by parts, one has

Kul < [V¥ndive) | o vV,
<[V mdiva) | [V
S (Il [ VN o + [ VY1) 6l Valls) [ VY

S (V7 [V o + [V o 19l [V
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S+ TV,

<@+ t)’w +(1+ t)’% ||VN+1uh ||i2

and

K1l S [ VN @ V)| | VY
SV - V) o VY
S (Il | Va1 + VY a6 1Vl s) [ VN ],
< (IVull [ V0] o + | VN o 1Vl 0 ) [ VY|
SR vV,

=y 1+ t)’% ||VN*1uh ||i2

Plugging (3.26) and (3.27) into (2.45), we have
ol S (1+ t)’w +(1+ t)’% ||VN+1uh ||i2
(2) Term J1p. In the same way, we deduce

IKisl S [ VN @ V) | o [ VYA
S V¥ V) o [ VYA
S (lallze [ YNu] o + [ VN ] 1 Valls) [ VA" 2
< IVl [ VN o + | V] L 1Vl | 9VA
3_N

S TV,

~

S+ (1403 |V

and

KCral S | VNV HF D[ +v) AU+ (e + 5 =)V diva] ) | . | V¥R,
< (rllzoe [V (0l ) [ o+ [ VY] ol Aula) [V
S (Il [ FX | o + 19 nl g [V
+ || VVn|| 2l Auln) [ VVA] 2
S (@ T 45| VL) [V

<A+ 4 (6+(1+ t)‘%)(” VN ||i2 + | VN ||i2)
By Lemmas A.2 and A.5, we get

Kasl S VYAV x @)]" ]2 [ VYA
S IVNF x @] 2| VA 2

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Page 21 of 25
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S (Il [ VY@ o + [ VY] s 1V ll) [V 2

S (IVnl [V¥@| 2 + [V¥0] 21 V@ll ) [V

A

et v,

+2

SA+0 T w140 2| VA, (3.31)
and

Kssl S [V [h)Va]" | [ VYA
S [V ) VAl |V
< (Imle [ V0] 2 + [ V¥ ] 19l s) [ VYR 2
S (IVall [V o + [ V0] 191 0) [ VA
S+ ey FE| VA

S+ 103 |V (3.32)

For term /Cy7, we have

h
K17 s‘ VNl{g(m[B - VB - %V(IBIZ)“

e,

h
5’ V”‘l{g(n)us -VB) - [g(n)%vomz)} }

AP

S(IBlo [VYB 2 + [VYB] 1o 1VBlss) [ V" 2
SUVBI [ VB[ 2 + [ VYB] 2 1Bl ) [ VY
S R,

<A+ 4 (103 |V (3.33)
Putting estimates (3.29)—(3.33) together, we can derive from (2.49) that
ol SA+07"F 4 (5+ L+ 3) (| V2 + [ VYA |2). (3.34)
Plugging (2.42)—(2.44), (3.28), and (3.34) into (2.41), we can derive estimate (3.25). O

From Lemmas 3.2, 3.3 and the smallness of §, we can obtain

%ﬁz(t) + [V G+ 9N L+ 9N+ VB

5+2N

S+, (3.35)

where

Cy(t) = Dy || vN (nh, 0", Bh) ”iz + / VNI VN dx (3.36)
R3
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with some large enough positive constant D,. Besides, it can be easily obtained that
[V o+ [V [+ [V [+ [ VY B = G0 (337)
Making use of estimates (3.35), (3.37) and Gronwall’s inequality yields

542N

&<+ T, (3.38)

Thanks to the relations
&~ [V (o, @ B
and f = ! + f", the decay rate (1.8) can be derived from (3.1) and (3.38). Thus we complete

the proof of Theorem 1.1.

Appendix

This appendix is devoted to providing some basic mathematical tools used frequently in
the previous sections. The detailed proof of the following Gagliardo—Nirenberg inequality
can be referred to [3, 14].

Lemma A.1 Let 0 <i,j <k, it holds that

[V < IV 119

e (A1)

where o € [, 1] and satisfies

i1 i1 kK 1

i-—:(i-—)(1-a)+—-—a. (A.2)
r

Especially, while p = q = r = 2, we have

i
=y (A.3)

kei
V'Ol < 19712 1V
Lemma A.2 [t holds that for k > 0,

IV o S Wl [ V¥g | oo + [ V5F ] s gl 2oa (A.4)

where p1, pa, p3 € (1, +00) and

1 1 1 1 1
LN (A5)
p p1 p2 P3 Pa

We can further deduce the following commutator estimate from Lemma A.2.

Lemma A.3 Let f and g be smooth functions belonging to H* N L™ for any integer k > 1,
and then we define the commutator

[VX.flg = V¥ (fe) - f Ve (A.6)
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It holds that

IV S 1el s S WA [V g + VS ] s g s (A7)
Here p, p1, p2, ps are defined as in Lemma A.2.

Lemma A.4 Assume that ||f||;~ < 1. Let F(f) be a smooth function of f with bounded
derivatives of any order. Then, for any given integer k > 1 and any given real number 1 <
p < 00, we have

IVEEON L < 19 -

Lemma A.5 We have, for any function f € H*(R3),
© Wl S Wl 2 <7 <6,
(i) [ llzoe S UVF Il

Lemma A.6 Iff € HX(R®), then we have

[V < IV 2+ [V 2 K0, (A8)
[V e S 1V k=1, (A9)
[V e S IV k=1 (A.10)

Lemma A.7 ([8]) Suppose that by, b, € R3 and by >0, by > 0, it holds that for t € R,
t
/ (1+ 1) 1e 29 dr < Cby, by)(1 + )7, (A.11)
0

where C(b1, by) is the constant that only depends on by, b,.
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