Yang et al. Boundary Value Problems (2024) 2024:51 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-024-01840-8 a SpringerOpen Journal

RESEARCH Open Access
()]

Multiplicity and nonexistence of positive
solutions to impulsive Sturm-Liouville
boundary value problems

Xuxin Yang', Piao Liu?" and Weibing Wang?

“Correspondence:
2282486005@qq.com Abstract

’Department of Mathematics, . . . L -,
Hunan University of Science and In this paper, we study the existence, nonexistence, and multiplicity of positive

Technology, Xiangtan, Hunan solutions to a nonlinear impulsive Sturm-Liouville boundary value problem with a

411201, PR. China o parameter. By using a variational method, we prove that the problem has at least two

Full list of author information is . . " .

available at the end of the article positive solutions for the parameter A € (0, A), one positive solution for A = A, and
no positive solution for A > A, where A > 0 is a constant.

Keywords: Impulsive differential equation; Sturm; Liouville boundary value problem;
Positive solution; Critical point

1 Introduction
In this paper, we investigate the following nonlinear impulsive Sturm—Liouville boundary
value problem:

—Lu(t) =f(t,u(t)), te]l{ti,ts....t)}
Ah(t)u' (&) = —M(u(ty)), k=1,2,...,p, (1.1)
Ry (u) = Ry(u) =0,

where J = [0,1], p is a positive integer, 0 = fo < t; <ty < - -+ <ty < tpe1 = 1, Lu = (h(t)u'(t)) -
q@)u(t), Ri(u) = au/'(0) — fu(0), Ra(u) = yu'(1) + ou(l), o, B,y,0 € R, Alh(te)u (t)) =
(D) (¢) - h(t)u' (&), u/'(tf) and u/(t;) represent the right limit and the left limit of 22'(¢)
at f, respectively, and A is a positive parameter.
The following conditions are assumed:
(H)) he CY(J),ge C(J),h>0,g>0forallte], a,B,y,0 >0,0%+ 8250,y +02>0,
and the linear equation (2.1) has only a trivial solution.
(Hy) f e C(J x R*,R"), where R* = (0, +00). f(,%) = o(x) as x — 0" uniformly to ¢ € J,
and there exist constants ¢ > 2 and r > 0 such that for x > r,t €/,

wE(t,x) < xf (£, %),

where F(t,x) = [ f(t,5) ds.
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(Hs3) Ix € C([0,+00),[0,+00)). For any k € {1,2,...,p}, Ix(x) = +00 as x — +0o0 or
Sup,.o Ik (%) < 0o, and there exist 1 < K < p, 0 < 79 < 1,k > 0 such that Ix(x) > kx™
for x> 0.

It should be noted that impulsive differential equations are important models described
by phenomena with abrupt changes in their states. Such models have considerable pop-
ularity in physics, population dynamics, ecology, industrial robotics, economics, biotech-
nology, and so on, see [1-3].

In recent years, boundary value problems of impulsive differential equations have been
researched extensively, see for example [4—18] and the references therein. In [19], Tian
and Ge studied the special cases of (1.1) without parameters

—u"(t) — pu(t) = g(t, u(t)), tejl{ti,ty,... .t}
A(h(t)u' (&) = s(u(t)), k=1,2,...,p, (1.2)
Ry (1) = Ry(u) = 0,

where 1 € R, g and s are of superlinear growth or sublinear growth, the authors showed
the existence of one or two positive solutions for (1.2). In [20], authors obtained the exis-

tence of a sign-changing solution and multiple solutions of

—Lu(t) =g(t,u(t)), te]l{tity... .t}
Alh(t)u' () = si(ulte)), k=1,2,...,p, (1.3)
Rl(u) = RZ(M) =0.

The technical approach makes use of the minimax method.
In [21], by using a three critical point theorem, authors considered the following fourth
order impulsive differential equations with two control parameters:

u(t) + Au'(t) + Bu(t) = Af (6, u(t)) + pg(t, u(t)), t#tite],
A" (t)) = I (&),  k=1,2,...,p,

A" () = br(u(t)), k=1,2,...,p,

u(0) = u(T) = u"(0) = u"(T) = 0.

(1.4)

They established the sharp bounds of the parameters A and u for which problem (1.4)
admits at least three solutions. For the existence and multiplicity results of solutions of
impulsive boundary value problems obtained by using variational methods, we refer to
[22-31].

To our knowledge, there are few studies on the connection between the number of solu-
tions and the given parameter for impulsive differential equations. The aim of this paper
is to show the multiplicity, existence, and nonexistence of positive solutions for various
values of the given parameter. Our result shows that the number of positive solutions of
(1.1) changes if the parameter crosses a certain threshold.

This paper is organized as follows. In Sect. 2, we recall some preliminary results. In
Sect. 3, by using the mountain pass principle, we prove that (1.1) has at least two positive
solutions if A is sufficiently small, and no solution if A is sufficiently large, see Theorem 3.1.
Throughout the paper, the symbols C;,Cy,... denote various positive constants whose
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exact values are not essential to the analysis of the problem. In addition, without loss of
generality, we may assume that f(¢,x) = 0, [x(x) = 0(1 < k < p) for x < 0 as we only consider

positive solutions.

2 Basiclemma
Let G(t,s) be Green’s function of the problem

—Lu=0,
Rl(u) = Rz(u) =0.

(2.1)

From [32], G(¢,s) can be written as

Git,s) 1 |m(n(s), 0<t<s<l, 22)
»S) = — .
O |\ m(s)n(t), 0<s<t<l.

Lemma 2.1 The function G(t,s) defined by (2.2) has the following properties:
(1) m € C*(J,R) is increasing and m(t) > 0,t € (0, 1].
(2) n € C%(J,R) is decreasing and n(t) > 0,t € [0,1).
(3) Lm = 0,m(0) = o, m'(0) = B.
4)Ln=0,n(1)=y,n'(1) = -0.
(5) w is a positive constant and p(t)(m' (£)n(t) — m(t)n' (t)) = w.
(6) G(t,s) is continuous and symmetric in {(t,s):0 <t <s <1} x {(t,s):0<s <t <1}.
(7) G(t,s) has continuous partial derivatives in {(t,s): 0 <t <s <1},{(t,5):0<s <t <

1}.

(8) For each fixed s € [0,1], G(¢,s) satisfies LG(t,s) =0 for t #s,t € ] and R1(G) = Ry(G) =
0.

(9) G, has a discontinuous point of the first kind at t = s and G,(s + 0,s) — G,(s - 0,s) =
~ 05 € (0,1).

Let P={uc C(J),u > 0} and (Tu)(t) = fol G(t, s)u(s) ds, then
T(P/{0}) C intP.
By the Krein—Rutman theorem, the spectral radius #(7) > 0 is determined by a simple

eigenvalue of T having an eigenfunction ¢y(¢) € P with ¢y > 0, ¢ € (0, 1). It is easy to check
that A* = r"}(T) is the smallest eigenvalue of the eigenvalue problem:

—Lu = \u,
Ri(u) = Ry(u) = 0,

(2.3)

and ¢y is eigenfunction corresponding to 1;.

Definition 2.1 A functionu € © = {x € C(J) : hix’ € C(J/{ty,..., t,}), &' (), % (t;) exists and
®(tx) = %/'(t;)} is said to be a solution of (1.1) if u satisfies the equation in (1.1) for ¢ €
J!{t1, t2,..., t,} and impulsive conditions, boundary conditions of (1.1). The function u is
a positive solution of (1.1) if u is a solution of (1.1) and u(¢) > 0 for ¢t € (0, 1).
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Let

HY0,1) = {u e L*(0,1): 4/ € L*(0,1)},
Hy(0,1) = {u € H'(0,1) : u(0) = u(1) = 0},
T ={ueH'(0,1): u(0) = 0},

%o ={ueH'(0,1):u(1) = 0},

o 2]
a2l y #0, gl a #0,
0, y=0, 0, a=0,
HY0,1), a#0,y #0,
e H}0,1), a=y=0,
1, a=0,y #0,
2, a#0,y=0.

Define an inner product in H as follows:
1
(,v) = / (h(t)u/v/ + q(t)uv) dt + h(1)Au(1)v(1) + 1(0)Bu(0)v(0).
0

This inner product induces the norm

1
2

1
llu| = ( / (h()? + qu) dt + h()Au*(1) + h(O)BuZ(O))
0

It is easy to check that H with the inner product (-,-) is a Hilbert space, and u* =
max{u,0} € H,u™ = max{-u,0} € H foru € H.
Define the functional ®; in H by

1 )4 u(ty)
D; () = %||u||2—/ F(t,u(t))dt—AZ/ ‘ Ii(s) ds.
0 1 Jo

Then ®; € C'(H,R), and

1 P
(dD’k(u), V> = (u,v) — /(; f(t, u(t))v(t) dt — A Zlk (u(tk))v(tk).

k=1

Lemma 2.2 Ifu € H, then there is C > 0 such that
lulo < Cllull, VueH,
where |ulo = max;c; |u(t)|.

Proof Let || - ||z be the usual norm of H'(0,1). From the imbedding theorem, we know
that there is Cy > 0 such that

lulo < Collull .
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Note that there exists C > 0 such that
lulo < Collully < Cllul.
The claim follows. O

Lemma 2.3 The problem of finding a solution u of (1.1) is equivalent to that of finding a
critical point of ®,, that is, (P’ (u),v) =0 forallve H.

Proof Assume that i € ® isa solution of (1.1). Itis easy to check that u € H. Foranyv € H,

1 1
/ [—(hu/), +qulvdt = / f(t,u)vdt,
0 0

that is,

| [5) 1 1 1
—/ v(hu’)’dt—/ v(hu')/dt—---—/ v(hu/)/dt+/ quvdt:/ f(t, uvdt,
0

f ty 0 0

1 1
/ hu'v' dt + / huvdt + h(0)u' (0)v(0) — k(1) (1)v(1)
0 0
1 p
= fo f(t,u)vdt + 2 Z[k(u(tk))v(tk),
k=1

1 p
(u,v) = /0 fuyvdt + 1Y Te(ult))v(te).
k=1

Hence, u is a critical point of ®; in H.
Let u € H be a critical point of ®;, then (®/ (&), v) = 0 for any v € H. Without generality,

we have

7381
0= / (hu/v/ +quv—f(t, u)v) dt

73

= ftkﬂ hu'v dt + /tkﬂ vd(/tk (q(s)u(s) ‘f(s’u(s)))ds>

k k

- /k [h(t)u/ - " (alsyu(s) £ (5u(5)) ds} V(e)de.
Hence,
h(t) (£) - /t . (q)uls) (s, u(s)) ds=C, aete (teten).
So, hu' has a weak derivative satisfying

(') = q(yu(e) + £ (6,u(®)) =0, ace.t € (b tinr):

From the continuity of 4, q,f, u, we see that (hu') exists for t € (, tx+1). Hence u satisfies
the equality in (1.1).

Page 5 of 19
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Noting that
1 P
0= (u,v) - / F(eu@)v@)de -2 I(ut)vite)
0 k=1

p 1
Z h(t)u (t)v(t fel / (=Lu)vdt + h(1)Au(1)v(1) + h(0)Bu(0)v(0)
o 0

1 p
— /0 f(u@)e)dt =2 L (w(t) vlt)
k=1
1

(—Lu -t u))vdt + h(l)[u/(l) + Au(l)]v(l) + h(O)[—u’(O) + Bu(O)]v(O)

I
S~

p
Z (6w (t)) + M (u(tr)) [v(t),

k=1
we get

h(1)[#' (1) + Au(1)]v(1) + h(0)[ -2 (0) + Bu(0)]v(0)

p
= > [ A8 () + A (wta)) Jv(ti) = 0. (2.4)

k=1

Next, we show that u satisfies the impulsive conditions in (1.1). If this is not the case,
without loss of generality, we may assume that there exists i € {1,2,..., p} such that

A(h(t,-)u/(ti)) + )L]i(bt(tl')) 7!0

Let v =Ty, (¢ — t;), then by (2.4),

h(1)[u' (1) + Au(1)]v(1) + h(0)[~u'(0) + Bu(0)]v(0)

p
= > IA( ) + Ay (u(te)) ] v(e)

k=

—[A(nE)u (&) + Mi(u(t) |v(E:) #0,

—_

which contradicts (2.4). So u satisfies the impulsive conditions in (1.1). Similarly, u satisfies
the boundary conditions. O

Lemma 2.4 The function u € © is a solution of (1.1), then u satisfies
1 i
u(t) = f G(t, 9)f (s, uls)) ds + A Z G, t) Ik (u(t)).
0 k=1
Proof Let g € C(J),dy € R (1 < k < p) and consider the equation
—Lu = g(t): t# b,

AU () = —dis k=1,2,...,p, (2.5)
Ryi(u) = Ry(u) =

Page 6 of 19
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We only need to show that the solution u of (2.5) satisfies

1 p
u(t) = j Glt,s)gls)ds + Y _ G(t, ti)d.

0 k=1

It is easy to check that (2.5) has a unique solution. Let
1 p
Si(t) = / Gt s)gls)ds,  Sat) =) Glt,te)de,  S(t) = S1(t) + Salt).
0 k=1

It follows from Theorem 3.1.1 in [32] that S; € C2(J) and
—-LS; = g(1), Ri(S1) =Ry(S1) = 0.

Hence,— A (h(#)S] (t)) = 0 for 1 < k < p. From (8) and (9) of Lemma 2.1, one easily shows
that S, € C(J) and

_1S,=0, t44,
_A(h(tk)s/z(tk)) = dk’ k= 1, 2,"';]9, (2'6)
Ryi(u) = Ry(u) = 0,

which implies that (4S,)" = ¢S, € C(J/{t1,...,,}). Hence, S is the solution of (2.5). O

Corollary 2.1 Let g > 0 for t € ] and dy > 0 for 1 < k < p, then the solution of (2.5) is
positive if g £ 0 or dy # 0.

3 Main result

In this section, we give our main result. Firstly, we need to prove some lemmas.

Lemma 3.1 Let (H;) — (H3) hold. Then the problem

—Lu :f(t, M(t)), t #tk,
At )u(ty)) =t eRY, k=1,2,...,p, (3.1
Ri(u) = Ry(u) =0

has a positive solution for sufficiently small t > 0.

Proof Let

1

C= inf{C:f wrdt < Cllul,u EH},
0

C=inf{C: |ulo < Cllul,Yu € H}.

By the imbedding theorem, C>0,C>0.From (H,), there exist a > 0,b > 0,0 > 0 such that

1
F(t,¢) < —&%, Vte],Ve<o, 3.2
( )_4(: ] (3.2)
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F(t,s) > as" —b, Vte],¥s>0. (3.3)

Consider the functional

1 1 p
) = 3l - /O F(t,u®) de— Y ulto),

k=1
whose critical point is a solution of (3.1). If # # 0 is a solution of (3.1), from Corollary 2.1,

u is a positive solution of (3.1).

a

Taking 7 < L for ||u| = 8pt, we have

1 ! P
0 = 5hut? - [P wdr-r Y uls)
k=1

> Djup? lfl 2 dt — plul
—||U - —= u —Tplu
) 4C o Plilo
1 ~ ~
= a5l - 7€) =85 >0

For any u* #0,

(@)= S - [ F ) ds—ee
J(tut) = —|\u"|" = | F(s,tu™)ds—tt ) u"(t)
2 0 k=1

2 ) 1 I
ZEHL‘+|| —at“/ (u+)ﬂds+b—tt2u+(tk)
0

k=1

— —00

as t — +00 since u > 2. Hence, there exists e € H with ||e|| > 8pt such that J(e) < 0.
It remains to check that / satisfies the PS condition. Let {u,} C H such that |J(u,)| <M
and |J'(u,)| — as n — 00. Then

1
M+ —[lu, |l
%

1
> J(uy) - _]/(un)un
W

1 b
= (% - %)”uHHZ _[) |:F(t: un) - if(trun)un] dt— T(l - i) ;un(tk)

11 )
=\37 4 llunll” = Collunll = Co
%

for some constants C; > 0and C; > 0. So, {#,} isbounded in H. Considering a subsequence
if necessary, we may assume that u, — u in H. Thus,

0 <« (' (un) = J' (), 1t — ut)

1 )4
= [l — u])* - /0 (&) = £ (6, 0] (1t = ) =T (st (81) = wt2)-
k=1

Page 8 of 19
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Noting that u,, — u in H implies u,, — u in C(J), we have

1 P
fo [F (6 t0) — £, 1)) 0t — )t — 0, (wn(t2) — u(t)) — O

k=1

as n — oo. Hence, ||u, — u|| — 0, that is, 4, — u in H. Then the mountain pass theorem
implies that J has the critical point u with J(u) > 0. Clearly, u # 0. O

Let A1 = {X >0,(1.1) has positive solution} and A =sup A;.

Lemma 3.2 There exists A > 0 such that (1.1) has at least a positive solution u; for A € (0, 1)
and u,, is the local minimum of ®, with ®;(u,) < 0. Moreover, u;, < uy, for0 <Ay <Ay < .

Proof Let t > 0 be sufficiently small and x, be the positive solution of (3.1) in Lemma 3.1.

Consider the equation

—Lu :f(tr Txf (M)), t #tk’
~Ah(t)ut) = holi(Tey o @), k=1,2,...,p, (3-4)
Rl(u) = Rg(u) = 0,

where

T

0= maX1§k§p(Ik(x‘[(tk)))’

o, u>a,
To(w)=3u, O<u<ea, ife>0

0, u<O.

Obviously, the solution of (3.4) is equivalent to the critical point of ¢, , where

1 ! ’L o, (%)
Bur, )=l = [ F, (60 dr = 3 (uco),

0 k=1

u Tx.[ u
Fr, (t,u) = / f(t. T (s))ds, L% ()= / I(Te, (1) (5)) ds.
0 0
Since Ty, (s), Tk, (;)(s) are bounded, we obtain that for any u € H,

|Fr,, (t,u)| < Cslulo < Callul,

Ty,
57 (a0)| < ol = ol

which imply that ¢y, 1, ) — +00 as [lu]| — +oc. In addition, ¢;, 1, ) is sequentially

weakly lower semicontinuous. It follows that there exists u;,, € H such that

Bro Ty, () = inf{ g1, () : e € HY = .



Yang et al. Boundary Value Problems (2024) 2024:51

Let & > 0 be sufficiently small such that & p(¢x) < x;(¢x). We obtain

2 1 »
10,1, (E@0) = %llullz —/0 Fr, (t,&p0)dt — Ao ZIka’ (Epo(t)),

k=0

2 Epolix)
< S o [ Ie(Tu9) ds,
0

2 KA
E g — 2o
2 1+1g

(Egotr) ™" = (&),

<
where we use the fact that

Txr(fk)
Fr, (t,500) =0, L[ (6po(t)) =0 (k#K).

Clearly,

To—1 1
(khowy ™ (tx)) 70 <0 = .7, (0),

m)\() E I?:élg(s) =

which implies that u,, # 0. It is easy to show that #,, > 0 and

1 p
(t0,7) = /0 (6 T (g O)AD) + 2o S Te(Tge (130/0) V(2. (3.5)
k=1

Choosing v = (u;, —%;)* € H as a test function, we have
+
(uAO’ (uko - xr) )

1 P
= /0 F(& T 30)) W3 = %)t + Ao Y T T ) (42 (84)) ) (g — 52)* ()

k=1

1 P
< [ e 50" de 20 Y el (0) 0 5" )

k=1
1 b
< / SfOx )y —x)" dt + T Z(uxo — %) (1) = (%2, (g — x)")
0 k=1
= (uko — X1, (uko - xr)+) = 01
= H(M)LO _xr)+ || = 01
= Uy =X
—LM)LO =f(lf, u)»o)'

= = A(h(t)uy, (8)) = Aolr(urg (£)),
Ry(u5,) = Ro(u3,) = 0.

Next we show that u,,, is a positive solution of (1.1) with A = A¢. Since u,,, # 0 and u;, > 0,
we may assume that there exists t* € (0, 1) such that i, ,(£*) > 0. Because u;,, is continuous,
there exists an open interval D C J with t* € D such that u,,(£) > 0 for all £ € D. Hence

Page 10 of 19
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f(t,u,,(2)) > 0 for £ € D. From Lemma 2.3, we obtain

1 p
Uy (£) = / Gt S)f (5, uro () ds + o Y _ (s (1))
0

k=1

> / G(t,s)f (s, u3(s)) ds > 0
D
fort € (0,1).

Assume that p € (0,A) and u; is a positive solution of (1.1) with the parameter A. We
consider the functional ¢, 7, . By using a similar reasoning as above, one may obtain that
¢[L,TMA has the critical point u,, < u,, which is a positive solution of (1.1) with & and the
local minimum of &, with ®,,(x,) <0. O

Lemma 3.3 0< A < +00.

Proof Clearly, A; # . Let u,, be a positive solution of (1.1), then

1 p
(3, ) =/0 flt, u,\)vdt+)»Zlk(u,\(tk))v(tk), VveH. (3.6)

k=1
Note that ¢y is the solution of (2.3) with A = A*, which satisfies
1
(9o, v) = A*/ po(t)v(t)dt, VveH. (3.7)
0
From (3.6) and (3.7), we have

1 1 »
2 ./o pou;, dt = /0 S u)podt + A /gl:[k (.(80)) o (). (3.8)

By (H>) and (3.3), there exists C; > 0 such that

ft,)=(1+1")s-C;, Vee],¥Vs>0.

Hence,
1
/ pou;. dt < Cg, (3.9)
0
1
My (t o (ti) < ?»*/ @ouy, dt < 1*Cg. (3.10)
0

In addition, by Lemma 2.3 and (H3), we have

p
s () = A Y Gt )k (2 (86)) = M Gltie, ti)us? (¢x),
k=1

1
u (tx) > (A Gltx, t)) 70,
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which implies that

A*Cg \'T
< K_1< 8 ) G_l(t](, tx) < +00.
@oltx)

Hence, A < +00. O

Remark 3.1 Since A* fol pouy, dt > X Zizl Li(uy (tr))@o(tx), there exists M > 0 independent
of A such that I;(u; (t)) < M for V1 < k < p. By (Hz), there exists C > 0 independent of A
such that for any 1 < k <p,

u, (t) _
/ L(®)dt < Cllu .
0

Lemma 3.4 A € A;.

Proof Let {X,} € A; be an increasing sequence such that 1, — A as n — oo. For every
n > 1, one can find u, € H such that u, is a positive solution of (1.1) with A = A,,. Since
f>0,I; > 0and A is increasing, if m > n,

—Luy, :f(t! Mm)’ L #t,
=AMt u,, (&) = kndic@m (1)) = 2ndi(um(),  k=1,2,...,p.

Consider the functional ¢, 7, . Similar to Lemma 3.2, we obtain that ¢, 7, has a critical
point u;, < u,,, which is a local minimum of ¢, , with ®, (u,,) < 0. Hence, without loss
of generality, we may assume that for all n > 1,

T 1
D, () < (kngpy ™ (t)) 0 <0

Hence,

1 )4
(um Z/t,,) = /0 f(t: un)un dt + Ay, Zlk (M,,(tk)) un(tk)’
k=1

1 p tn ()
) =2 [ Flowddes 2,y [ nyds
0 0

k=1

1 p up(ty)
f [f(t: Mn)un - 2F(t: Mn)] dt < )Wl|: E 2/ 1]((5) dS - Ik (un(tk))un(tk)i| .
0 0

k=1

From Remark 3.1 and (H,), we have

2 1 f(t: ”n)un
<1 - ;) ‘/0 f(t,un)un dt + 2/un>r|:T - F(z, un)] dt

t,Uuy)iy
¥ 2/ [JM — F(t, un)} dt < Collunll,
Up=<r K

1
/ f(t; un)un f ClO””n” + Cll-
0
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Hence
41 = (s, ) < Cralltgll + Ci3,

which implies that {u,} is bounded in H. Up to a subsequence, we have
u,—~u€H inH, u, — ucH inC()).

It follows that for any v € H,
(s v) = (@, V),

1 1
/Of(t,un)vdt—>/0f(t,it)vdt, Le(un(t0)) = I (k) ).

Combining with (®; (u,),v) =0and A, — A, we have

1 p
(5.0, v) = @1, v) — /0 S vt - Ay (@it vite) = 0.
k=1

Hence, # is a solution of (1.1) with A = A. Finally, we show that i > 0 for ¢ € (0, 1). Clearly,
1 > 0 since u, > 0. In addition,

1 p
(un’ Up — ﬁ) = A f(t1 Mn)(un - ’:t) dt + An Zlk(un(tk)) (un(tk) - ﬂ(tk))
k=1

— 0,

(4, 12) — (uh, 1),

and therefore, ||u,| — |«||. Hence,

1 19-1
D (@) — Dy, (1) < (Khnipy ™ (85) 70 —— <0,

which implies that z # 0, which is the positive solution of (1.1) with A = A. d

Define

ir(x) =

f L), X<y, . L(u), x<uy,
f (t%), x> uy, L(x), x>u.

@o(u) = 3 lul” - / Fot ) dr 33 T (utso),

k=1

Folt,x) = /0 folt,s)ds,  T(x) = /0 ir(s) ds,

where u;, is the local minimum of ®; with ®; (1) < 0 obtained in Lemma 3.2.

Page 13 of 19
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Definition 3.1 Let E C H bea closed setand ¢ € C'(H,R). We say that a sequence {v,} C
H isa (PS)z, sequence of ¢ if

dist(v,, E) — 0, oV, — ¢ le'wn)| — 0

as n — 00. ¢ satisfies the (PS)z . condition if every (PS)z . sequence of ¢ has a convergent

subsequence.

Lemma 3.5 [33] Let ¢ € C1(H,R). Consider the number

¢ = inf max t)),
yel“te[o,l](p(y( ))

where T is the set of all continuous paths joining two points u and v in H. Suppose that &
is a closed subset of H such that

En{weH:pw)=>c}

separates u and v. If ¢ satisfies the (PS)gz . condition, then ¢ has a critical point of level c

on &E.

Lemma 3.6 Suppose that E is a close subset of H, then ® satisfies the (PS)z, condition
foranyceR.

Proof Clearly, ®, € C'(H,R), and there exist C14 > 0, Cy5 > 0 such that

xfo(t,x)x — uFo(t,x) >—Cra, Vte],VxeR, (3.11)
JSot,x) = (1+A2")x—Ca, Vte],Vx€R, (3.12)
Fo(t,x) > Cisa” — Cra, Vte], Vx>0, (3.13)
fo(t,x) >0, ixx) >0 (1<i<p),Vte],xeR, (3.14)
ix(x) > +00 asx— +00 or su(;)) ir(x) < +o00, V1<k<=<p. (3.15)

Assume that {u,,} C H is a (PS)g, sequence of @, we have

1 j2
(V) = / Jolt, uy)vdt + & Z ik (tn(8)) v(tE) + 04(1), VveEH. (3.16)
0 k=1
Similar to (3.8), using (3.7) and (3.16), we have
1 1 p
A /0 UnPo dt = /0 fO(t’ Mn)¢0 dt+ A Z ik(un(tk))(p()(tk) + on(l)' (317)

k=1

Let QL ={t €] :u,(t) > 0}, Q% = {t € ] : u,(t) < 0}, then if n is sufficiently large,

142 / tnpodt > / Joltw)gpodt =37 / | Unpodt > / Jolbungodt.—(3.18)
Qy Qp Q 2
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From (3.12), there exists C1¢ > 0 such that

0< /1 uppodt < Cie if n is sufficiently large. (3.19)
Q

n

It follows that there exist Cy7 > 0, C1g > 0 such that if # is sufficiently large,

~ un(fk)
0 <ir(un(tx)) < Cr7, 0 <I,(un(t)) < / ix(s)ds < Ciglltnll.
0
Hence, if 7 is sufficiently large, we have

l+c+ 1 lunll = Po(un) - l<q’0(”n)’ Un)
" 123
11 ! 1
= (5 - ;) (7A] _/(; (Fo(t, U,) - ; o(t, un)un) dt
LN 1
3 - i) |
k=

1

1 2
> == — Juall” = Cro = Coollunll.
uw

This implies that {u#,} C H is bounded. By a standard argument, one can show that {u,}
has a convergent subsequence. a

Remark 3.2 For @,

(@), v) = (@) (u3),v) =0, VveH, (3.20)

Do (1. + V') = @y (s +v") = Py(up) = Po(u;), Vv eH. (3.21)

Theorem 3.1 There exists 0 < A < +00 such that (1.1) has at least two positive solutions
forall » € (0, A), one positive solution for . = A, and no positive solutions for A > A.

Proof From Lemma 3.2 and Lemma 3.3, (1.1) has no solution for A > A, at least one posi-
tive solution for A = A and a positive solution u; with @, (u;) <0for0< A < A.
It is easy to show that ®¢(u; + s@g) — —00 as s — +0o. Noting that

1 b
(900 = [ )00+ 5.3 L 00 >0,
k=1

.+ 59011 = (s + 590, 15+ 590) = [l 1> + stz 90) + s I @oll* = Il I + s llpo 1%,
we fix sg > 0 such that Ry =: |luy, + so@oll > Ry =: |4, ]|, and

Do (us + sogo) < Py (uz) — 1.
Let I' = {& € C([0,1], H)|£(0) = u;,£(1) = uy, + sogo}, and

- inf o (£(2)).
p = inf max o(6®)

Page 15 0f 19
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It follows that p > ®g(u;) = ®; (uy). If p = Py (1), from (3.21), there exists 0 < § < Ry — Ry
such that inf{®q(u)|||u|| =R} = p forall R € (R1,R; +68). Let E=H if p > P, (uy) and E =
{u: |lu|| = Ry +8/2} if p = @, (u;). Clearly,

En{weH, dow) > p}

separates u; and u; + so@o. Hence, @ has a critical point v; such that ®y(v;) = p and
v € B.If p = @ (un), Ivall = Ry + 872> |lusll, if p > (1), Po(vi) = p > Py (1) = Po(usy).
Hence, v;, # u; and

1 p
vy, w) = / folt,vwadt + 1Y ik (vi(t))w(te), VYweH,
0 k=1
1 p
(w3, W) = f fuwadt + 1Y Ie(w (6))w(te), Yw e H.
0

k=1

Choosing w = (u; — v,)*, we have

1
(w2 = va, (x = v2)*) = / [f(t, u;) — folt, VA)](”A —-v)"dt
0
P
+A Z(Ik(ux(tk)) — ik (va(®))) @r = v2)* () = 0,

k=1

which implies that ||(z;, — v5)*|| =0 and u; < v,. Hence,

fot,v)=ftv),  i(valte) = (V&)
Do(vi) = Pa(va), (DG(va), W) = (®1(v2),w) =0, VweH,

and v;, is the second positive solution of (1.1). O

Remark 3.3 In fact, the function f satisfying (H>) is of superlinear growth, and the impul-
sive function affecting the number of positive solutions is of sublinear growth.

Example 3.1 Consider the differential equation

—x"(t) +x(t) = x*(t), t+0.5,
x'(0.5%) =«(0.5) — A, (3.22)
X (0)=4(1)=0.
Clearly, the nonimpulsive differential equation corresponding (3.22) has a positive so-
lution x = 1. The results in [19] cannot be applied to (3.22) since the nonlinear function

and impulsive functions in [19] are of superlinear growth or of sublinear growth.

Assume that x is a positive solution of (3.22), then

0.5 1 1 1
_ " _ /! - 2
/0. x"(t)dt /‘O.sx (2) a,'t+/0 x(t)dt /0 x°(t)dt

Page 16 of 19
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Figure 1 Positive solutions to the equation of Example 3.22

and

1 1
/x(t)dt:f (¥*(6) + 1) dt.
0 0

Clearly, x £ 1. If > > 1/4, then we have

1 1 1
/0 x(8) dt > 2/n /0 x(t) dt > /0 x(¢) dt.

Hence, (3.22) has no positive solution if . > 1/4. From Theorem 3.1, (3.22) has two positive
solutions for sufficiently small A > 0. When X = 0.0001, two positive solutions of (3.22) can
be found in Fig. 1.

4 Conclusion

In this paper, we discussed the existence, nonexistence, and multiplicity of positive so-
lutions for a class of impulsive Sturm-Liouville boundary value problems with a param-
eter. Using the mountain pass principle, we show that the number of positive solutions
depends on the change of parameters, in which sublinear impulsive perturbation plays
an important role. In fact, one can prove that the nonimpulsive case of (1.1), that is,
Iy = 0(1 < k < p), has at least a positive solution. How does the combination of impul-
sive perturbation and parameter affect the behavior of the equation? We will discuss the
issue in follow-up research.
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