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Au+au(lnu) +bulnu=0,

where a #0, b are two constants and p = % > 2, here ky and k; are two positive
integers. The gradient bound is independent of the bounds of the solution and the
Laplacian of the distance function. As the applications of the estimates, we show the
Harnack inequality and the upper bound of the solution.
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1 Introduction
Let (M, g) be an n-dimensional complete Riemannian manifold. Recently, many authors
studied the following elliptic differential equation

Au+aulnu=0 onM, (1.1)

where a is a constant. This equation is closely related to the logarithmic Sobolev inequality
[3, 6, 16]. It is also involved in the gradient Ricci solution [11, 13, 17] devoted to under-
standing the Ricci flow introduced by Hamilton [8].

In [1], Abolarinawa considered the following equation

Aru(x) + au(lnu)® =0 (1.2)

on a complete smooth metric measure manifold with weight e and Bakry-Emery Ricci
tensor bounded from below, where a and « are constants. He obtained the local gradient
estimates dependent on the bound of solutions. The importance of gradient estimates
cannot be overemphasized in geometric analysis and mathematical physics. For instance,
they can be used to find the Holder continuity of solutions and estimate on the eigenvalues;
see [4, 5, 14, 15] and references therein. In particular, Gui, Jian, and Ju [7] obtained the local
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gradient estimate and Liouville-type theorem of translating solutions to mean curvature
flow.
In this paper, we study the local gradient estimate of the positive solution to the following

more general nonlinear elliptic equation
Au+au(lnu)’ + bulnu=0 onM, (1.3)

2kl;1+1 > 2, here k; and k; are two positive integers.
In the case a =0 and b = 0, (1.3) is the Laplace equation. The corresponding gradient
estimate was established by Yau [18]. Later, Li and Yau [10] obtained the well-known Li-

Yau estimate for the Schrédinger equation and derived a Harnack inequality. In the case

where a #0, b are two constants and p =

a =0 and b <0, Ma [11] studied the gradient estimates of the positive solutions to the
above elliptic equation for dim(M) > 3. Then, Yang [17] improved the estimate of [11] and
extended it to the case b > 0, and M is of any dimension. Chen and Chen [2] also extended
the estimate of [11] to the case b > 0. Later, Huang and Ma [9], Qian [13], Zhu and Li [19]
also studied the gradient estimates of the positive solutions to the above elliptic or the
corresponding parabolic equation in the case 2 = 0 and b € R. Recently, Peng, Wang, and

Wei [12] considered the following equation

Au +au(lnu)? + bu =0,

k1
2ky+1

local gradient estimates and derived a Harnack inequality.

where a,b e Rand p = > 2, here k; and k; are positive integers. They obtained the
Throughout the paper, we use the notation Ric(g) to denote the Ricci curvature of (M, g).
Now we state the local gradient estimates independent of the bounds of the solution and

the Laplacian of the distance function.

Theorem 1.1 (Local gradient estimate) Let (M, g) be an n-dimensional complete Rieman-
nian manifold with Ric(g) > —Kg, where the constant K := K(2R) > 0 in the geodesic ball

Byr(O). Here, O is a point in M. Suppose a,b e R, a #0, p = 2,(/;1 > 2 where ky and ky are
two integers, and 1 < A < 2. Let u(x) be a smooth positive solution to (1.3). Then we have, in
BR(O);
(i) when a > 0,
v 2
| L;l + Aa(Inu)? + 2|b|Inu < max{1, T1},
u
where
2XA Ao 4 e 422 | nC?
T, =n + max ,——(1 +nK) ;K + max +2, —
2—A A=12-A 4(A —1)2 (2-1)2) R2

+S1(n,p,a,b, A, K)

N———"
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with

4
Sy = <2|b|(2p “1)+ —)(A —Da((-N) + H) + 2a’plp - )Y + Y72+ HP )
n

* %“Uﬂl(k - DNyt - Molplp D) hap(p - 1)(-Y2)" +

12/b|H,
(A-1Y, n

3Albl(p -2)
2(h-1)

2 -1 2 (ap2-2)\ 7T )
+ﬂ(9nb2+pn—p(12|b|)1“ (@T) +(2-0)(2n(p -1 1a)

+2a(2K +31b|(p = 2) (=Y + (. — Da’pH? ™ +

+ (2= 1)+ 2416l - 1))ap(HY ™ + (=Yo)P ™),
(it) when a < 0,

v 2
| ul';l + Aa(Inu)? + 2|b|Inu < max{1, T,},

where

LA A 2A
Try=n + max ,—— (1 +2nK) K
2-A A=1"2-2

22 22 L | nC?
+2, + —
20-1)2 T (2-2)2 2-1) R?

+ max{
+ SZ(n;p; a, b} )\-))
with

5 - (2|b|(1 ~ )

121b|H,
+ ——
n
_ Ablp(p-1)
A-1Y,

4 _ g _
)(A —Da-") +2a’pp -7+ Y, v HY )

n

- 7a|b|(x -D((-Y )t + Hf“) - 2a(2K +3[bl(p - 2))(-Y2)?

3A1bI(p - 2)

= (2= 2+ 200bl(p = D)ap(-Y2)" =~ Aap(p = (Y2 + 9nb® + =5y

+ 0. = )a®pHy? ™" = (2K + 34 |b|(p - 2))aHY — hap(p - )HL .
Here,

-1+ VKR)C? + Cy +2C?
= =

A

with Cy and C, are two uniform positive constants,

(A =2)pn- \/(2 —A)2n?p? + 8na(A - 1)p(p - 1)

h 40 —1) ’
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(A =2)pn + /(2= 2)2n2p? + 8nr(h - )p(p - 1)

J2 40.—1)
Voo pn+/n*p?+8np(p-1) A
! 4 A1
SV n2p? +4np(p-1) A
2 2 P
Ve o pn+/nip? +4np(p-1) A
3 2 A-1
I (A=1)@2p-Dn+/n2(h-1)22p - 1)2 + 8nr(L - L)p(p - 1)
! ar—1) ’

H; = max{Ll, Vl}, Y, = min{]l; VZ};

| 48]b| 4n(2Kx + 3A|b|(p - 2))
- r-1 B
Hz—maX{Iz,Vs, \/—a(k—l)'\/ 01 }

and

o 24l fanep -1
Yl'mm{_ \/mm—l)’ \/ jal(x = 1) ’V"’}'

As a consequence of Theorem 1.1, we have the following Harnack inequality.

Corollary 1.2 (Harnack inequality) Assume that the same conditions in Theorem 1.1 hold.

Then, fora>0,b=0, A = %, p= 2132% > 2 where k and ky are two integers, we have

sup u < MXLSIR Gnp g
BR(0) Bg©)
3

Here,

36nC;  6aK(-Yy)?
+ +
R? 2

S= (n)% |:6(A +2K +2nK? + g(zn(p _ 1))171)

92%0(p — DVHZ 2+ Y272 o v22)  3.22pHY 24
+ plp - 1), 2 L 2 ) + ap41 +—(Hf + (1))
n

 3ap(p - 1)(—1@)132}%
2 b

AENES

where Hy, Y1 and Y, are constants in Theorem 1.1 with A = %

As another application of Theorem 1.1, we show the upper bound of solutions, which is
analogous to the result obtained by Qian [13].

Corollary 1.3 Assume that the same conditions in Theorem 1.1 hold. Then, fora > 0, b #0,

_3 _ 2k .
A=35,p= il = 2 where k and k, are two integers, we see

% max{l,g'}

u < el in BR(O).
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Here,

A -1 b Tl _
S=n|6(A+omb?+ 2K + 20k + L= (121) 7T (22) 7 4 £ (2n(p - 1))
np 4
36nC?
RZ
9P - DY+ VP4 )P 3a’pH
4 4

agﬁ+w—nyj(%+¢mep—10

+ <% +31b|(p - 1))61P(H1f1 + (=Y ) + 12|1:1|H1
N 6alb|(-Y)*! _3lblpp-1)
n Y,
+ 3a(2K +3|bl(p - 2))(-Ya)? . Bap(p - 1)(-Yo)"* N 91b|(p - 2)j|
2 2 2 ’

where Hy, Y1 and Y, are constants in Theorem 1.1 with A = %

The structure of this paper is as follows: In Sect. 2, we give some lemmas, which will
be used in the following section. Section 3 is a proof of Theorem 1.1. The last section is
devoted to the proof of Corollary 1.2 (a Harnack inequality) and Corollary 1.3.

2 Preliminaries

In this section, we first construct an auxiliary function and establish a differential inequal-
ity. Then, alemma on cut-off functions is introduced. Suppose that an #-dimensional com-
plete Riemannian manifold (M, g) satisfies Ric(g) > —Kg in a geodesic ball Byz(0), where
K = K(2R) is a nonnegative constant, and O is a fixed point on M.

Lemma 2.1 Assume that u(x) is a smooth positive solution to (1.3) in a geodesic ball Bog(O).
Setting w = Inu and

G = |Vw|? + Aan® + 2|b|w,
where 1 <A <2 and b € R, we obtain
2 5
AG> -G -2(Vw,VG)
n

+ [—%(A —Daw? + (A - 2apw’ ' + (2|b| - 2b) +dap(p — 1)wP~2

4(20b| - b
_ X2lpl - bjw )W—2K]G
[2a%x-nzw%
+ e —

-2 = D)a?pw? - X 2a’p(p - 1)w2p—2:|
n

. [4@ - 1QIbl-ba .,

n
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+((Aa(21b] - b)(p - 2) + 2K2a + 2(x — 1)al|b|(1 - 2p))w”

2(21b| - b)*w?
n

—2xa|b|p(p—1)wp-1] + —2|b|(21b] - b)w + 4K b|w.

Proof In a normal coordinate at point O, we have

Vul? Au
Aw:—l 2' + — =—|Vw|® —aw” — bw.
u u

It follows that

Aw=-G+ (A —1)aw’ + (2|b| - b)w. (2.1)
Using the Bochner-Weitzenbock formula and Ric(g) > —Kg, we get

AlVw|? > 2|V2w|2 +2(Vw, V(Aw)) - 2K|Vw|>.
By the definition of G and the Cauchy-Schwarz inequality, we see

AG = AIVW|* + A(haw? +2|b|w)
2
> =(Aw)* + 2{Vw, V(Aw)) = 2K|Vw|* + (Aap(p - YW |Vw|* + hapw?’ ™' Aw
n
+2[b|Aw). (2.2)
From (2.1) and (2.2), we obtain this lemma. O

Lemma 2.2 ([12], Lemma 2.2) Let ¢ be a cut-off function, that is, ¢(x)|gz0) = 1,
O X)|an\Byr(0) = 0. Then, ¢ satisfies

2 2
'Vq‘f" < (2.3)
and
A > _(n-1)1+VKRIC} + cz’ (2.4)

RZ

where Cy and C, are two positive constants independent of (M, g).

3 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1.

Proof of Theorem 1.1 Let x € Bar(O) such that ¢ G(xo) = supg, (o) (#G). If $G(x0) < 0, then
we finish the proof. Hence, we may assume that ¢G(x,) > 0. Note that xy ¢ 3dBy(0). It
follows that V(¢ G)(xo) = 0, A(¢G)(x0) < 0. By Lemma 2.2, we see that

PAG < GA,
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n—1)(1++/KR C24+Cy+2C2
) ) 1tL2 1 and

where 4 = ¢ = )

[T

—(Vw,VG)¢ = G(Vw, V) > -G|V|(G — raw” — 2|blw)?.

By Lemma 2.1, we have

[T

2
AG > =¢G* - 2G|V|(G - raw’ - 2|blw)
n
4
+ [——(A —Daw? + (A — 2apw? ! + (2|b| - 2b)
n

L 4(20b| - b)w
A w2
+Aap(p - 1) ”

- 21(};&6

2a%(x — 1)*w?
+ |:—a ( yw —k(k—l)azpwzp_l

n

- 22a’p(p - 1)w2”‘2]¢>

. [4()\ -1Qbl-ba_,,

- "+ (Aa(2]b] - b)(p - 2) + 2Kra

+2(x = Dalb|(1 - 2p))w” - 2rap(p - 1)|b|w’"1:|¢ +

— 21b|(21b] - b)w¢p + 4K |b|wg.

202|b| - b)*w?
n

(3.1)

If G <1, then by 0 < ¢ <1, we have ¢ G < 1. Thus, we may assume that G > 1. For the

clarity, we consider the following six cases to prove Theorem 1.1.
Casel:a>0,w’!>0and w>0;Case2:a >0, w ! <0and w<O0;
Case3:a>0,w’!>0and w<0;Case4:a <0, w ! >0and w>0;
Case5:a <0, w1 >0and w<0;Case6:a <0, w ! <0and w<0;

Now we discuss the above six possibilities on a case-by-case basis.
Case 1:If a >0, w?~1 > 0 and w > 0, then by the Young inequality, we have

b*w¢p

—6b*wep > — - Inb*¢$G,

and

RIVHPGS  C,Gigr

-2G|Ve|(G - haw’ - 2|b|w)% <

— + (G—Aaw”—2|b|w).
Cip2 R
Combining (2.3) and (3.3), we get
1 2C ¢%G%
2GIVP|(G - raw? —2|blw)? < IT

From (3.1), (3.2) and (3.4), we see

(S
(1S

2 2
AG > _G2¢_M
n R

(3.2)

(3.3)

(3.4)

Page 7 of 16
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4
+ [—ZK —9nb* — —(A = D)aw? + (A — Qapw? + rap(p — Hw??

n

—1)2w?»
_ 12|b|w] G+ [L Dw — A = Dpw —A%p(p - 1)w2"_2:|a2¢
n n
4( = 1)|bjwPt
+ [ﬂ + (2Kn + A[BI(p — 2) + 2|b|( - 1)(1 - 2p)) WP
n

2 2.2 2.2
— 2 blp(p - 1)14»”1]@ LW _bwe
n

- (3.5)

Case 1.1: If w € [H;, +00), where H; = max{Lq, V1} > 0 with

I (A=1)@2p-Dn+/n2(h-1)22p-1)2 + 8nr(L - L)p(p - 1)
' 4r—1) ’
pn+/n*p? +8mp(p—1) A
Vl = ’
4 A—1

then we have

4
——(A=Daw” + (A = 2apw? ! + rap(p - P2
n

p-1

40-1)G G\ 7

2—¥+(A—2)ap<—) ,
nA Aa

By the definition of H;, we see

(3.6)

—()» _ 1)2a2w2p _ )\(K _ 1)a2pW2p_1 _ szzp(p _ l)wzp_z >0,
n
—(A = Dalb|w?*! + 2a|b|(A - 1)(1 - 2p)w” — 2xalb|p(p — Y~ > 0.
n
From (3.5), (3.6), (3.7), and (3.8), we obtain

1 3
2 2C1¢2G2 4r-1)G
AGZ—¢G2— 1¢ +|:_ ( )
n

R

G\5  126|(E)r
- G
+(,\-2)ap(z> Bl YA} e

n

- 9nb2i| ¢G.
By the Young inequality again, we have

2C,42G3 _ 2mC (2-M¢G
+ »
R~ (Q2-NR 21,

R s LU )

(3.9)

(3.10)
and

120bIE) 6 _(2-1)¢G  ¢(-1) 2

(121pl) 1 (2E=2) 7
n 2ni np 2

(3.11)
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Combining (3.9), (3.10), and (3.11), we get

2nA

G<
¢ T 2-A

1
2nC2\ -1 . 2-1)\ 71T
2nCik L (gt (B2ZR))
R2(2-1) mp

|:A +9nb® + 2K +
+(2-1)(2n(p - 1))”‘14. (3.12)
Case 1.2: If w € (0, H;), then we see
4 —1 -2
——(A=Daw + (A = 2)apw’~" + rap(p - 1)w”
n
4 14 p-1
> ——(A=1)aH| + (A - 2)apH; , (3.13)
n
2
Z()\ —1)%a*w? —A(n = D)a’pw? ! — A 2a’p(p — YW 2

> (- Da’pH? ™ - X 2a’p(p - VH??, (3.14)
and

é(,\ — Dalb|w”*! + (2Ka + ralb|(p - 2) + 2al|b|(A — 1)(1 - 2p))w?
n

—2xalblp(p — 1)w?!

> 2alb|(r - 1)(1 - 2p)H? — 22alblp(p - 1)H . (3.15)

Employing (3.5), (3.13), (3.14), (3.15) and G > 1, we get

Nl

3
2 2C G2

AG > —G2¢ _ L
n R

12|b|H;
n

4 _
+ [_—(x ~)aH? + (. — 2)apH’™" - 2K — 9nb2]¢G
n

— [M = DpH T + 22p(p - VH? a9 G + [21b]( - 1)(1 - 2p)HY

—2blp(p - VHY " agG.

It follows that

2
oG < n[A + ”Rizl + (%(x— 1) +2|b|(A - 1)(2p — 1))aH{’

+((2=2) +24bl(p - 1))apH ™

12|b|H, 2p-1

+ +2K +9nb® + A\ — l)aZle + M 2a’p(p - 1)H12p2]. (3.16)

Case 2: If a > 0, w?~! < 0 and w < 0, then from (3.3), we have

RIVOPGE  C,Gig?
< +

1
2G|V¢|(G - raw? —2|bjw)? <
( ) Cig? R

(G - daw’ — 2|b|w)

Page9of 16
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3 1
2C,G2¢2 C’G  b*w?
< ! 2¢2+n L=y W¢. (3.17)
R R? n
By the Cauchy inequality, we see
b2 2
aKlblwe > -2 _aukeG. (3.18)
nG
Using (3.1), (3.17), and (3.18), we find
C192G?

=

nC? 2
A+ —L)G>2G* -2
(+R2) “n ¢

+ [—é(/\ —Daw? + (A = 2apw’™" + rap(p - 1)w’2
n

4|b|w )
- ——— - 2K —4nK” (¢G +
n

- \a’p(p - 1)w2p2]¢ + |:

2(x — 1)%2a’w?

—x(h = Da’pw?!

12(A -1 Pl
120 - Diblwr” | (2K + Alb|(p - 2)

+ 20BI(: — 1)(1 - 20))w? — 241blp(p - 1)W”_l]a¢

V’wr¢ bw¢

n nG

+

Case 2.1: If w € (—00, Y7], where

[ 24 [anp- Db
Yl‘mm{_ \/|a|(x—1)’_\/ al(e=1) ’V2}

with

VA n2p? +4np(p-1) A
2 2 A-1

)

then we have

(A = 1)’a*w? - —12(A = Da|b|w’*!

’

2n - n
3 — 1222w
% > 20— 1)(2p — alblw?,
n

and

4
——(A=Daw’ + (A —2apw? + rap(p - Y2
n

> —é(k —1)aw”
n

4 8
>-—(A-1)G+—(-1)blw,
z - -1)G+ —@-1)bw

(3.19)

(3.20)

(3.21)

(3.22)
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By the definition of Y7, we get

(A = 1)’a*w?

-2 = Da?pw? ! = X2ap(p - 1)w? 2 > 0. (3.23)
Combining (3.19), (3.20), (3.21), (3.22), and (3.23), we have
2 22 -2 2C102G>  [4lblw(n -2
A+ 5 22Ny 2Q02GE [ABWO =Dy g |g
R? ni R na
1 3
22— 2 2C142G2
> ¥¢G2 _aei6E [2K + 4nK?]¢G. (3.24)
nA R
By the Young inequality again, we find
1 1
2C,92G2 LC2 2-1)9pG
192G mC | (2-2)9G (3.25)
R (2- AR A
It follows from (3.24) and (3.25) that
6G<"" |4y nCL G ok ani® (3.26)
—2-A R2  (2-A)R? ’ ’
Case 2.2: If w € (Y1, 0), then we get
4 -1 —2 4 /2
——(A=1an” + (A = 2)apw’ + hap(p - W > ——(L - 1)aY;, (3.27)
n n
2h =1 2 .2..2p
20 -Varw? A = Da?pw?™t 2 2a’p(p - )W
> 2p(p - 1Y, (3.28)
and
12(x — 1)alb|w?*!
120 - Dalblw™ (2K + A|b|(p — 2) + 2/b| (% — 1)(1 - 2p))aw?
n
—2alblp(p — )P
12(A — Dalb| Y
> 126~ Dalbly +2alb|(A — 1)(1 - 2p)Y?. (3.29)
n

Employing (3.19), (3.27), (3.28), (3.29), and G > 1, we obtain

2nC? 4 _
G < n[A + 2 LA (2|b|(2p ~1)+ —>(,\ —DaY? + 2K + 4K?n + \2a’p(p - 1)YP
n

2

12
— Zalb|(» - 1)Y{’“}. (3.30)
n

Case 3: Ifa > 0, w?~! > 0 and w < 0, then by the Young inequality, we see

raw?’Cr Gb _ nChG  awr(.-1)%
R = 4R~ 1) n

)

Page 11 0of 16
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Combining (3.1), (3.17), (3.18), and the above inequality, we get

nC?)? nC?
A+ —2A" 7 "llg
( TG 1 T R )
1 3
2 Cip2G2
> —G2¢—2L
n R

4|b|lw
— -2K
n

4

+ [——(A —Daw’ + (A — 2apw? + rap(p - H)w?? -
n

(A = 1)%a*w?

- 4n1(2]¢G + [ — A0 = D)aPpw? T = 2 2ap(p - 1)w2”‘2]¢

s [M + (2K +3A1b|(p - 2) +2[b| (. — 1)(1 - 2p))w?

n
—2A|blp(p - 1)w”‘1:|a¢

b2 2 b2 2
Jowe bwe (3.31)
n nG

Case 3.1: If w € (00, Y»], where Y, = min{J;, V»} with

(= 2)pn— /(2 = 1)2n2p?* + 8nr(L — 1)p(p - 1)

]1 = 4()" _ 1) )
v _pn- n?p? +4np(p-1) A
2 2 A-1
then we have
4\ - 1)an? 2(A = 1)aw?
A0 = DA a4 hap(p - w2 > A DAV (3.32)
n
A —1)2a2w?
G-Daw? A = Da?pw?t = X 2a%p(p - 1) w2 > 0, (3.33)

and
+1
[M + (2K0 + 341I(p = 2) + 21bI( = 1)(1 = 2p)) W’
- 2blp(p - I)W’”}“

> (2KAw + 3A1bl(p - 2)w = 2A|b|p(p - 1))aw’ . (3.34)

From (3.31), (3.32), (3.33), and (3.34), we find

n\2C? nC?
Ay —— 1 7713
( TR0 -1 T R )

20,02 G? (m ~ Daw?
n

> 2¢G2
“n R

+2K + 4n1<2>¢G

anw .

+ (21@ +3A1b|(p—2) — M)
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By the Young inequality again, we see

2C192G2 _ ¢G  nC}
n R

<
R =

If — 220G | 9K, 4 320b|(p - 2) — 222D < 0, then from (3.35), we have

2nC2 nArC?
R? 4R2 (A-1)2

¢G§n[A+

If - 200G | 9K 4 320b|(p - 2) — 2=l

96 =361

It follows from (3.36) and (3.37) that

21’1C2 nA*C?

+2K + 4n1<2].

> 0, then we get

(21@ 4 3Abl(p — 2) - 2MPIPP—1)

G<nla
¢ —”[ TR Tarpioy

+K~max{
A

Case 3.2: If w € (Y3,0), then we find

4(x = 1)aw?

>(r— 2)apY§71 + Xap(p — 1)Y§72,

(A = 1)’a*w?
n

and

4(n - 1)|b|lwr!
[

—2A|blp(p - 1)w”"1:|a

> [2K1Y; + 341b|(p - 2)Y2 - 24[bIp(p — 1)]aYs .

Employing (3.31), (3.39), (3.40), (3.41), and G > 1, we have

nC?)2 ZnC%
TR TR

¢G§n[

+(2=r+20bIMp-1)apYy " —hap(p- 1YL + 2K + 4n1<2}.

From (3.12), (3.16), (3.26), (3.30), (3.38), and (3.42), we obtain the upper bound of ¢G in

the case a > 0.

A
1,2+4n1(}].

+ (A= 2apw? ™! + rap(p - 1)wP2

—x(h = Da?pw? 1 -

+ (2K + 3A1b|(p - 2) + 2|b|(A — 1)(1 - 2p))w”

+22a%p(p - 1)Y;" 7 — ra(2K + 31bl(p - 2)) Y2

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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We are able to get the estimates for Cases 4—6 along a similar line to Cases 1-3. Thus,
we only state the results of Cases 4—6.
Case 4:Ifa <0, w?~! > 0 and w > 0, then we have

nC?)2 C2 12|b|H.
¢G§ n[ m + — " )\.ﬂp(p l)Hp 2 | | 2 +)\.()\. l)ll szp !
5 12(A - Dalb|HH
+2a’p(p - 1)H22p 2_ —( JalblHy
n
— (2K + 3A[b|(p - 2))aH} + 2K + 9nb2:|. (3.43)

Case 5: If a <0, w?~! > 0 and w < 0, then we see

nC?  niC} ) 4 »
¢G§n[2_k<A+F+m+2K+4nK + 2|b|(2p—1)+; (A =1)aY;
+ 2 2a%p(p-1)YP 7 - a|b|(k— 1) ’”*1} (3.44)

Case 6:If 2 < 0, w?~! <0 and w < 0, we get

nC2)? 2nC?
G<n|lA+ L
¢ —”[ R -1 R’

+22ap(p - 1)Y," 7 — ra(2K + 31bl(p - 2)) Y

3AbI(p-2)  Alblp(p 1)
2(x-1) A-1Y,

+ (22 +20bAp-1))apYy " —hap(p- 1YL +
A
+K~max{ﬁ,2+4n1<}]. (3.45)

From (3.43), (3.44), and (3.45), we see that the upper bound of ¢G in the casea <0. O

4 Proof of Corollaries
In this section, we will prove Corollary 1.2 (the Harnack inequality) and Corollary 1.3.

Proofof Corollary 1.2 Whena >0,b=0andp = 2k 7 = 2, where k and k; are two integers,
setting A = %, then

3
Ea(ln u) > 0.

Choose y, z in BR (O) such that u(y) = supBR (0) 4(x), u(z) = infp , (o) u(x). Let y (¢) € [0,/] be
3

a shortest curve connecting y and z with y(O) 9, ¥ ({) = z. By the triangle inequality, we
have y € B(O) and [ < R. It follows from Theorem 1.1 that

Inu(y) — Inu(z f —— < max{1,S}R,

where

36nC?  6aK(-Y,)?
+
R? 2

S= (n)% |:6<A +2K +2nK? + g(zn(p _ 1))17—1) N

Page 14 of 16



Gao and Guo Boundary Value Problems (2024) 2024:40

9%p(p - DHP >+ Y2+ Y2 3a?pH?™' 24
+ P~ D{H, 1 2 ) P22 —(H} +(-11)P)
4 4 n
1
ap ., - 1y Bap(p-1)(-Yr)P 22
+7(Hf L (-ny N+ 5 2
Therefore, we obtain
sup u < eMXISIR gnf g,
Bg(0) B ©) O
2

Proofof Corollary 1.3 Whena >0,b#0andp = 2k22"+ T > 2, where k and k; are two integers,

setting A = %, then

3
—a(lnu)’ >0,
2a(nu) >

and

|Vul?

> 0.
02

It follows from Theorem 1.1 that
2|b| Inu < max{1,5},

that is,

Here, S is the constant T; in Theorem 1.1 with A = %, ie.,

1

-1 » (ap\ 1 :
n[6<A +9nb? + 2K + 21K + L= (120p]) 1 (%) Ty S @ntp -1y’ 1)
np

36nC?
+
R2
9a2p(p - V)(H >+ YP 2+ YP?) 3a2pH™!
+ +
4 4

+a(H} + (-Y1)P) <% +|b|(2p - 1))

+ (% +3|bl(p - 1))&119(H‘f_1 + (—Yg)”’l) + 12|l:1|H1
, 6albl(=Y)"*" 3iblp(p-1)
n Y2
3a(2K +3|b|(p - 2))(-Y2)’  Bap(p—1)(-Y2)’>  9|b|(p-2)
+ 5 + 5 + 5 ] 0
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