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1 Introduction

Assume that G = (V,E) is a graph, where V is the vertex set and E is the edge set. G is
usually known as a finite graph when V and E have finite elements, and G is usually known
as a locally finite graph when for any x € V/, there exist finite y € V satisfying xy € E, where
xy represents an edge linking x and y. The weight on any given edge xy € E is denoted by

w4y, which is supposed to satisfy w,, > 0 and w,, = w,,. Moreover, we set deg(x) = Y, .

yr~x
for any fixed x € V. Here, we use y ~ x to represent those y linked to x. d(x, y) represents
the distance between any two points x,y € V, which is defined by the minimal number of
edges linking x to y. Suppose that € is a subset in V. If there exists a positive constant D

such that d(x,y) < D for all x,y € Q, then 2 is known as a bounded domain in V. Set
0Q:={ye V,y ¢ Q:3x e Q satisfying xy € E},

which is known as the boundary of Q. The interior of €2 is represented by Q° = Q\0€,
which obviously satisfies Q° = Q.
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Thereinafter, u : V — R* is supposed to be a finite measure. Set

1

V2

Wxy

nix)’

Dy yu(x) =

(u(x) — u(y)) (1.1)

which is the directional derivative of 1 : V' — R, and then the gradient of u is defined as

Vu(x) := (Dw,yu(x))yev (1.2)
that is a vector and is indexed by y. Set

I'(u,v)(x) = % ; wxy(u(y) - u(x)) (V(y) - v(x)). (1.3)
Then it is obvious that

['(u,v)=Vu-Vv. (1.4)

Define

1

IVul(®) = VT, ) = (# 3wy (1) - u(x))z) ’ (15)

2(x) 4=

which represents the length of Vu. Furthermore, the length of m-order gradient of u is
represented by | V™| that is defined by

|VAmTf1 u|, if misan odd number,
V"l = . (1.6)
A2 ul, if m is an even number.

Here, we define VA" by (1.2) with substituting A"y for u,and AZu = A(AZ 1),

where the Laplacian operator A of u is defined as

1
Au(x) = o D way (u(y) - u()). (1.7)

y~x

For any given [ > 1, set

D) = s S (19 20) + 1V 20y () - ), (18)

y~x
which is known as the /-Laplacian operator of u. [-Laplacian operator obviously becomes
the Laplacian operator of u as [ = 1.

For convenience, we set

| weyan = Y- utsyuto (19

xeV
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For any r € R with r > 1, set

L'(V)= {M:V—>R|/ |u(x)|rd,u<oo}
1%

equipped by the norm

Nl = ( /V !M(x)!rdu>r- (1.10)

For any u: V — R, according to the distributional sense, we write A; as

/(Alu)vduz—/ IVl (u,v) d s, (1.11)
|4 |4

where v € C.(V) and C.(V) is the set of all real functions with compact support. Further-

more, a more general operator £,,; could be defined as

/ (Emai)p i
174

Iy IV"u| 2T (AT u, A" ¢)du, when m is an odd number,

o
= o m (1.12)
fv VUl 2 AT uA? ¢ du, when m is an even number,

for any ¢ € Cc(V), where [ € R with /> 1 and m € N. £,,, is known as the poly-Laplacian
of u as m = 2, and £,,; degenerates to the [-Laplacian operator as m = 1. Those above
concepts and more related details refer to [6] and [10].

In this paper, we focus on the existence of infinitely many solutions for the following

generalized poly-Laplacian system on finite graph G = (V, E):

Eop ot + M1 ()| ulP2u = AE, (%, u,v), x€V,
mi,p 1( )| | u( ) (1.13)
Ly gV + ha(®)|V|72v = AF, (x,u,v), x€V,

where m; e N, h;: V — R*,i=1,2,1<p,g<+00,A>0,and F: V x R? - R.
Moreover, if G = (V,E) is a locally finite graph, we focus on the existence of infinitely
many solutions for the following generalized poly-Laplacian system with Dirichlet bound-

ary condition:

£y pth = AEy(x,u,v), x€Q°,
£y qv = AF(x,u,v), x€Q°,
[Viu| =0, x€dQ,0<j<m -1,
[Viv|]=0, x€dRQ,0<i<my—1,

(1.14)

where 1 < p, g < +00, A >0, m; € Nwith m; > 1,i=1,2, and Q C G(V,E) is a bounded

domain.
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Finally, we are also concerned with the existence of infinitely many solutions for the
following (p, q)-Laplacian system on locally finite graph G = (V, E):

—Apu + ()| ulP~2u = AF,(x,u,v), x€V,

(1.15)
—Agv + hy®) V|72 = AF,(x,u,v), x€V,

where —A, and —-A, are defined by (1.8) with /[ =p,q, p>2andg>2,F:V x R? - R,

h:V—->RYi=1,2,and A >0.

The existence and asymptotic properties of nontrivial solutions for quasilinear ellip-
tic equations have been studied extensively on Euclidean domain (for example, [13, 14,
16, 24]). With the development of machine learning, data analysis, social network, im-
age processing and traffic network, the analysis on graphs has attracted some attentions
[1-3, 7, 20, 21]. In particular, recently, in [10] and [11], Grigor’yan, Lin, and Yang studied
several nonlinear elliptic equations on graphs and first established the Sobolev spaces and
the variational framework on graphs. Subsequently, there have been some works on p-
Laplacian equations and more general poly-Laplacian equations on graphs. For example,
in [15], Pinamonti and Stefani studied some semi-linear equations with the poly-Laplacian
operator on locally finite graphs. They established some existence results of weak solutions
via a variational method by using the continuity properties of the energy functionals. In
[19], Shao studied a nonlinear p-Laplacian equation on a locally finite graph. Some exis-
tence results of positive solutions and positive ground state solutions are established by
exploiting the mountain pass theorem and the Nehari manifold. For more related results,
also refer to, for example, [8, 9, 12, 17], and [18].

In addition to the case of single equations, recently, the study of systems on graphs has
also yielded some results. For example, in [25], Zhang et al. considered system (1.13) with
A = 1. They supposed that F takes on the super-(p,q) growth and then established the
existence result of a nontrivial solution by exploiting the mountain pass theorem. They
also established a multiplicity result by utilizing the symmetric mountain pass theorem.
In [23], Yu et al. considered (1.14) and system (1.15) with p = ¢, A = 1, and F(x,u) =
—K(x,u) + W(x,u) for all x € V. By utilizing the mountain pass theorem, they achieved
that (1.14) has a nontrivial solution. In [22], Yang and Zhang investigated (1.15) with per-
turbations and two parameters A; and X,. Under the assumptions that the nonlinearity sat-
isfies a sub-(p, ) conditions, they achieved that system has at least one nontrivial solution
by Ekeland’s variational principle. When the nonlinearity equipped the super-(p, q) condi-
tions, they established that system has at least one nontrivial solution with positive energy
and one nontrivial solution with negative energy by exploiting mountain pass theorem and
Ekeland’s variational principle. In [17], when /1 (x) = Aa + 1 and /1;(x) = Ab + 1, Shao studied
(1.15) with p = g. By the Nehari manifold method and some analytical techniques, under
some suitable assumptions on the potentials and nonlinear terms, they proved that system
possesses a ground state solution (u,,v,) when the parameter A is large enough.

Our investigation is mainly motivated by the above mentioned works and [4, 5]. In [4],
Bonanno and Bisci established the existence result of a sequence {u,} of critical points for
the functional f; := ® — AW with A € R, and got a well-determined interval of the param-
eter 1. In [5], Bonanno and Bisci obtained that a class of quasilinear elliptic system in the
Euclidean framework possesses infinitely many weak solutions by the abstract theorem es-
tablished in [4]. In the present paper, we also apply the critical points theorem developed
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by Bonanno and Bisci [4] to system (1.13), (1.14), and (1.15), and we obtain that these
systems have infinitely many nontrivial solutions with unbounded norm when the param-
eters A locate some well-determined ranges. To the best of our knowledge, there seemed
to be no works to investigate the existence of infinitely many solutions for equations or

systems on finite graph or locally finite graph. Our works are a preliminary attempt in this
field.

2 Preliminaries
In this section, we recall some basic knowledge on the Sobolev space on graph. For more
details, refer to [10, 22, 25]. We also recall an abstract critical point theorem built in [4],
which is exploited to prove our main results.

Suppose that G = (V, E) is a finite graph. For any fixed m € N and any fixed / € R with
[>1,set

W™ (V) ={u:V — R}
equipped with the norm

l

el yymoiyy = (/V(|V”’u(x)|l + h(x)’u(x)’l) d,u) , (2.1)

where h(x) > 0 for all x € V. W”!(V) is a Banach space with finite dimension.
Suppose that G = (V, E) is a locally finite graph and 2 is a bounded domain in V. For
any fixed / € R with / > 1 and any fixed m € N, set

W(Q) = {u:Q — R}

equipped with the norm
1
l2ellwrmi gy = (Zf (|V ut) dM) '
oo Jauin
Define
Co Q) ={u: Q- Rlu=|Vu|=--- = |V" 'yl =0}.

WS"’I(Q) is seen as the completion of CJ*(€2) in wml(Q). W(;”’I(Q) is a finite dimensional
Banach space since € is a finite set. On W (2), one can also equip the following norm:

I

Then ||M||Wm,l(9) is equivalent to el yomt (-
0
Suppose that G = (V, E) is a locally finite graph. W(V) (I > 1) is the completion of C (V)
based on the norm

lllyriey, = ( /V (|Vu@)| + ho)|u@)) du) g



Pang et al. Boundary Value Problems (2024) 2024:45 Page 6 of 23

where 4 : V — R and there exists a positive constant %, such that %(x) > /9. Set the space
W (V) = {u € W”(V)’/ h(@)|u@)| dp < oo}
1%
)

equipped with the norm ||«|| Wiy
h

Lemma 2.1 ([10, 25]) Suppose that G = (V,E) is a finite graph. For any ¥ € W (V), there
exists

1 ooy < Kl gy

1 . .
where || |loo = maxsey Y ()| and K; = (—5—)7 with pmin = mingey n(x) and hyin =

Hminfmin

min,cy h(x).

Lemma 2.2 ([10, 25]) Suppose that G = (V,E) is a locally finite graph and Q is a bounded
domain in V satisfying Q° #0. Let m e Nand | > 1. Then Wg"’l(Q) is continuously embed-
ded into LY (Q) for all 1 < 6 < +oo. In particular, there exists a positive constant C(m, [, Q2),
which just depends on m, I, and 2 satisfying

1
(/ |u|‘1du> 1 < C(m, 1, Q)(/ ’VWIM’P d,u),
Q QuUIR

< —_—
lloos = 57— Il

forall1 <6 < +00 and all u € Wg”’l(Q), where ||ullq,c0 = MaXyeq |u(x)| and pming =
min,cq ((x). Moreover, W( HQ)is pre-compact, that is, if {u,} is bounded in W(" H(Q), then
up to a subsequence, there exists some u € WO’”’I(Q) such that u, — u in WOW”Z(SZ).

Lemma 2.3 ([22]) Supposethat G = (V,E) is alocally finite graph, and h(x) > hy and (x) >
o for all x € V, some hy > 0 and some o > 0. If (H1) holds, then W;’Z(V) is continuously
embedded into L' (V) for all 1 <l <r < 00, and the following inequalities hold:

Il = frm s

and

Lr 1
Nl < g h! ||u||Whl,z(V) foralll <r<oo.

Lemma 2.4 ([4]) Assume that X is a reflexive real Banach space, ®,V : X — R are two
Gdteaux differentiable functionals satisfying ® is continuous, sequentially weakly lower
semicontinuous, and coercive, and WV is sequentially weakly upper semicontinuous. For each
r > infyx @, set

su _ W(y)) — W(y
()=  inf (SUP,, -1 ([0, W () — W (1)
ued-1([-oco,r]) y— @(M)
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and

y :=liminf¢(r).
F—>+00

Then,

(a) if y < +00, for each X € (0, %), the following alternative holds: either

(a1) L, := ® — AV admits a global minimum, or

(ay) there exists a sequence {u,} of critical points (local minima) of I, satisfying
lim,,_, oo O (2,,) = +00.

(b) if § < +00, for each X € (0, %), the following alternative holds: either

(b1) there exists a global minimum of ® that is a local minimum of I, or

(by) there exists a sequence of pairwise distinct critical points (local minima) of I, that

weakly converges to a global minimum of ®.

3 Result and proofs for system (1.13)
In this section, we investigate the generalized poly-Laplacian system (1.13) and obtain the

following result.

Let
1 1
Qv=max{l—9/ h1(x)du,5/ hg(x)du},
v v (3.1)
K —max{ ! ! }
v Mminhl,min’ﬂminhlmin ’

Theorem 3.1 Suppose that G = (V,E) is a finite graph and the following conditions hold:
(H) hi(x) >0 forallxe V,i=1,2;
(Fo) F(x,s,t) is continuously differentiable in (s,t) € R? for all x € V;
(F1) [, F(x,0,0)du = 0;
(F2)

mas+<F,,td Fx,’td
0<AV‘:hminffv Kletzy £ 5,1 M<limsupM

= Bv,
y—>+00 y5 |s|+|t|— o0 |S|p+ |t|q

where § = min{p, q}. Then, for each ) € (A1,y,ray) With A1,y = % and Ay =

system (1.13) possesses an unbounded sequence of solutions.

1
pﬂ’lKvAV ’

To prove Theorem 3.1, we work in the space Wy := WP (V) x W™"24(V) equipped with
the norm ||(«, v)|lv = lluellwmeyy + |[VIlwm2aey). Then (Wy, || - |lv) is a finite dimensional
Banach space.

Consider the functional 7, : Wy — R as

Loy(u,v) = lf(|V"‘1u|p+h1(x)|u|p)a,’u+ l/(|V’”2V|q+hz(x)|v|‘7)a’u
pJv qJv

—A/ F(x,u,v)du.
1%

Page 7 of 23
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Then, under the assumptions of Theorem 3.1, Iy € C1(Wy,R) and

(I, V), (91,62)) = /V [(Eumypit)hs + I () 0Pty — AF (1 )6b1 ] e
. f [V + o) IVITvhs = AE, (3,10, v)hs] it
14

for any (u,v), (¢1,P2) € Wy.
A standard argument implies that (x,v) € Wy is a critical point of I, y iff

[ €+ @22 )1 = 0
|4
and
/ (Emy.qv + ha@) V|72V = AF, (%, 1,v)) o dpn = 0
Vv

for all (¢1,¢2) € Wy. Furthermore, by the arbitrariness of ¢; and ¢», it can be achieved
that

£m1,pu + hl(x)|u|p72u = )"Fu(x’ u, V);

P— By (%)|v|772y = AF, (%, 4, V).
Therefore, seeking the solutions for system (1.13) is equivalent to seeking the critical
points of I, y on Wy (see [25] for example).

To apply Lemma 2.4, we shall exploit the functionals ®y : Wiy — Rand ¥y : Wy — R,
which are set by

1 1
Oy (u,v) = —/(|Vm1u|p+h1(x)|u|p)du+ —/(!Vm2v|q+h2(x)|v|q)du
pbJv qJv
_ p Lo
= ;”M”Wml,p(v) + §||V||sz,q(v)
and
\IJV(u,v):/F(x,u,v)d,u.
1%

Then I, v (u,v) = &y — AWy For each r > infy,, v, define

(SuP(u,V)qul([_oo,r]) Wy (,v)) = Wy (u,v)

pv(r) = inf
() ed7 ([—00,r) r—oy(u,v)

Lemma 3.1 Assume that (F,) holds. Then yy := liminf,_, .o ¢y (r) < +00.
Proof Let {c,} be a real sequence satisfying lim,_,~ ¢, = +00 and

maxis|+|¢|<c, F (%, 8, 1) d
lim Sy maxigsj<c, F(x,5,t) K,

n—00 cfl
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Write

P
rp = 1
pKy

for every m € N.

By Lemma 2.1, for all (&, v) € W with &y (u,v) < r,, we get

4 q
llell lvig T V1 ymoq
Ploov , PV _ g, wreey) P lwra)

) < Kyry,.
p q q

Next, we claim that there exists ny € N such that |u(x)| + |[v(x)| < ¢, for all n > ny, all
x € V,and all (u,v) € Wy with ®y(u,v) < r,. We prove the claim through the following

three cases. Without loss of generality, we let § = g.

(1) Assume that ||u||oo,v < 1 and ||V|loo,v < 1. It is obvious that there exists n; € N such

that ||#]lco,v + ||[V]lco,v < ¢, for all n > 1y by the fact lim,,_, » ¢, = +00.
(2) Assume that [|#]lcc,v = 1, [[Vlloo,y = 1 OF [[4]loo,v = 1, [U]lco,v < 1. Then

lulley  WViiGy _ Nulldy +IvIL,,
+ =
p q p
- 2" (|l oo,y + 1Vl oo,v)?
B p

which together with (3.2), implies that

— q q
¢l = 27 (lullooy + IVlloo,v) " = (lslloo,v + IVlloov)”.

Thus [[ullco,v + VI, < Cu-
(3) Assume that ||#||co,v < 1 and ||V||oo,v > 1. Then

Nl W%y (1 VIR, ,
= =z ming = B (1)

. 1 "V”g;.pV 1-p 4
> min Pl 2P (ltllosyv + 1Vlloo,v )

v q-p
If min{}%, ””T“"V} = 1%, by (3.2) and (3.4), we have

2l-pcl
p
- 21 (J|tll o,y + 1Vlloo,v)?
p
- 217 (||t o,y + ”V”oo,V)q.
p

ern =

Thus [lullec,v + VI, < .
By (3.2), we have

q -
vy _ 2'rch

q p

(3.2)

(3.3)

(3.4)

Page 9 of 23
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Note that g — p < 0. Then the above inequality implies that

q-pr

4 (1-p)q-p)
WI%2, > <@) o a
p n

oo,V =

HVH

vl q-p
Thus, if min{}?, H H;"'V} = — b , by (3.2) and (3.4), we have

21-rcd

p

I(V ry

IVIZh »
> q°° 2" ([ulloov + IVlloc,v)

i _ _ l_p
q\ 7 Gpaep 2 p
(_) 2 e T (Wl + W)

v

Hence, an easy computation implies that

)4
p\91_0-p-p p p
> (5) 27 (lullooy + IVlloov)” = (Ittllo,y + IVlloo,v)”-

Thus, based on the three cases, we conclude that for all (i, v) € Wy with @y (u,v) < r,, we
have |u(x)| + |v(x)| < ¢, for all x € V. Therefore, it follows from (F;) that

v (ry)

sup1 e <y Jy Fxu,v)dp - [, Flox,u,v)dp

Nl . (1)
_ mf wrre vyt g Wymy.a vy i
L LI gy < o= Gl + G 1V yma)

wWMLP (V)

- Sy E@x,u,v)dp

sup1 1,9
”ullwmlp +q”VHWm2q )=

T'n

SUP Ly < [y Fx,u,v)dp

WM V)+‘l ”V”sz Ay

_ 1
= p](vzp Ca

1Sy maxg <, F(x,5,£) du

< pKy 2P~ &

Hence, (F,) implies that
yv <liminf @y (r,) < pKy 2P Ay < pKy 2P ' By < +00.
n—0o0
This finishes the proof of the lemma. g

Lemma 3.2 For any fixed } € (A1,v, a,v), Loy (s, v) = Oy (u,v) — AWy (u,v) is unbounded
from below.

Proof Assume that {£,} and {n,} are two positive real sequences satisfying lim,_, « |&,| +
[1,| = +00 and

F 'S n d
lim sup [y EEpmdi (3.5)

no0 Ex + 11

Page 10 of 23
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For each n € N, we define
u,(x) =&, vuX)=n, VYxeV.

It is obvious that (u,,v,) € Wy, |[V"iu,| =0, and |V™iv,| =0 for all m; > 1, i =1,2. Then,

for every n € N, we have

IA,V(umVn) = q)V(um Vn)_)"qu(un;Vn)

74 n
_ —"/hl(xmw—"/hz(x)du—A/F(x,sn,n,q)du
p Jv q Jv Vv
< ov(Er +nf) -1 /V Fx, &) di, (3.6)

where gy is defined by (3.1).

If By < +00, choosing €; € (%, 1), by (3.5), there exists n,, >0 such that

/ F(x,&nnn)dp > 6By (E2 +nl), Vn>n,.
1%
Then, combining with (3.6), we get

CD\/(M,,,, Vn) - )‘\IJV(MVU Vn) < QV(gf + UZ) - )\EABV(éyIZ + UZ)

= (ov - *&,By)(&2 +n), Vn>n,,.
Then
lim [®y (1,) — AWy (v,)] = —00.
n—00

If By, = +00, we consider M, > QTV. By (3.5), there exists np, such that

/ F(x’gnrnn)d,u >M)L($5+7]Z), VVl>I’lM)L.
14
Then, combining with (3.6), we get

CDV(unx Vn) - )‘\I’V(um Vn) = QV(%-;«I: + T)Z) - M, (Eflj + '73)

= (ov = AM,)(E2 + 1), Vn>ny,.
Noticing the choice of M, , we also have

lim [CDV(M,,) - A\Pv(vn)] = —00.

n—00

Thus, we finish the proof of the lemma. g

Lemma 3.3 Oy is sequentially weakly lower semi-continuous.
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Proof The proof is easily finished by exploiting the weak lower semi-continuity of the
norm. g

Lemma 3.4 Yy is sequentially weakly upper semi-continuous.

Proof Assume that (i, v,) — (u0,vo) in Wy. Note that Wy is of finite dimension. Then
(¢4, Vi) = (10, vp) in Wy By (Fp) and the fact that V is a finite set, it is easy to obtain that

lim /F(x,uk,Vk)dM= lim ZF(x,uk,Vk)M(x)
n— o0 % I’l*)CX‘JxEV

= Z F(x, g, vo) 11 (x)

xeV

= / F(x, ug,vo) du.
v
Hence, Wy is sequentially weakly upper semi-continuous in Wy. O

Proof of Theorem 3.1 1t is easy to see that ®y : Wy — R is coercive. Lemma 3.1-Lem-
ma 3.4 imply thatall of conditions in Lemma 2.4 are satisfied. Hence, Lemma 2.4 (a) implies
that for each (A1, A2,v), the functional J; y has a sequence {(«}, v};)} of critical points that
are solutions of system (1.13) such that lim,,_, oo ®v (24, V};) = +00. O

4 Result and proofs for system (1.14)
In this section, we investigate the generalized poly-Laplacian system (1.14) and obtain the
following result.

Let

Cp ’ ;Q Cq ’ 7Q
ngmax{ (rm,p ), (72,4 )},

Mmin,Q Mmin,Q

where C(my, p, ) and C(m,, g, 2) are defined in Lemma 2.2.

Theorem 4.1 Assume that G = (V,E) is a locally finite graph and the following conditions
hold:

(H) hi(x) >0 forallx e Q,i=1,2;

(Fo) F(x,s,t) is continuously differentiable in (s, t) € R? for all x € Q;

(F1) [, F(x,0,0)dp = 0;

(F)

max F(x,s,t)d F(x,s,t)d
0<Ag :=liminf fQ Is\+ItI§§ ( Jdu < limsu M =
y—>+00 Y lsl+ltl—>o0  ISIP + [£]7

Qe

where § = min{p, q}. Then, for each A € (A1,q, a,q) With A1q = % and Ay q = m,

system (1.14) possesses an unbounded sequence of solutions.

The proofs of Theorem 4.1 are the essentially same as Theorem 3.1 with some slight
modifications. To prove Theorem 4.1, we work in the space Wy := Wy 7(Q) x W, 2%(R)

Page 12 of 23
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equipped with the norm ||(&, v)||o = ||u||W(})’Vler(Q) + ||v||W5nz,q(Q). Then (W, || - llo) is a finite
dimensional Banach space. Consider the functional [; o : Wy — R as

1 1
Loo(u,v) = —/ ‘V”’lu‘pdu+ —/ ’V’”Zv‘qdu—k/ F(x,u,v)du. (4.1)
P Jause q Jouae Q

Then, under the assumptions of Theorem 4.1, I, o € C'(W;, R) and

(I, (i), (f1,62)) = f [(Eumypit)b1 — Mo, 4, V)01 s

QUIR

. / [(Emyg?)bs — AF, (16, V)2] (4.2)
QUIN

for any (u’ V)! (¢1! ¢2) S WO'
Obviously, (u,v) € Wy is a critical point of I; g iff

/ (Emlypu - MFy(x,u, V))¢1 du=0
QUIQ
and
/ (Emz,qv—)\Fy(x, u, V))d)z dl,L =0
QUIQ

for all (¢1,¢2) € Wy. Furthermore, by the arbitrariness of ¢; and ¢, it can be achieved
that system (1.14) holds. Therefore, seeking the solutions for system (1.14) is equivalent
to seeking the critical points of I; ,y on Wj.

To apply Lemma 2.4, we will use the functionals &g : Wy — Rand Vg : Wy — R defined
by

DPo(u,v) = 1/ |V”’1u|pdu+ 1/ |szv|qdu
P Jausa q Jaua

1
Loop 1
= » ”u”W(;nl,p(Q) + 4 HVHW(;”z'q(Q)
and
Yo(u,v) = / F(x,u,v)du.
Q

Then I, (1, v) = Pg — A¥q and for every r > infy, Pg, define

(SUP(u,v)eq>51([_oo,r]) Wo(u,v)) — Wolu,v)

pa(r) = inf
(w)edgl ((-00,]) r—®q(u,v)

Lemma 4.1 Assume that (F,)' holds. Then yq = liminf,_, ;o ¢qo(r) < +00.

Proof The proof is the same as that of Theorem 3.1 with substituting @2, Ko, Aq, Bg,
let]lco,2> and [[V|loo,2 for V, Ky, Ay, By, |4lleo,v, and ||V|lc,v, respectively. We omit the
details. d
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Lemma 4.2 For any fixed A € (A,0,r2.0), Lo, v) = Palu,v) — AWq(u,v) is unbounded
from below.

Proof Suppose that {£,} and {n,} are two positive real sequences such that lim,_, « |&,| +

[n,| = +00 and

F)I’l’ Vld
i JaFGo&nnn)di

Jlim &l Bq. (4.3)

For each n € N, we define
un(x) = gn: Vn(x) =NMn» Vx € Q.

It is easy to check that (u,,v,) € Wo, |V™u,| =0 and |V"iv,| =0 for all m; > 1, i = 1,2.
Then

IA,Q(un; Vn) = q)Q(unr Vn) - )‘-\Ijﬂ(um Vn)

- / Fx, &) .
Q

If B, < +00, choosing €, € (0, ﬁ), by (4.3), there exists n, such that

fQF(x, Ennn)diL > eABQ(éfl’ + nZ), Vu>ne,.
Hence

Do (U, Vi) — AVq(1y,, v,) < —A€,Bg (55 + nZ), Vu>ne,.
Thus,

n@;[%(%) - AWq(v,)] = —oo0.

If Bg = +00, consider M, > % By (4.3), there exists np, such that

/QF(x,S,,, Na) A >M;\(f§f + nZ), Vn > ny, .
Hence

DO, Vi) — AVa (U, vy) < —)LM;\(Ef + nZ), Vn > ny, .
By the choice of M, we also have

Tim [@q(u,) - 2o (v,)] = —oc,

Thus, we finish the proof of this lemma. O
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Lemma 4.3 Qg is sequentially weakly lower semi-continuous.

Proof The proof is easily completed by using the weak lower semi-continuity of the
norm. O

Lemma 4.4 Vg, is sequentially weakly upper semi-continuous.

Proof The proof is the same as that of Lemma 3.4 with replacing W with Wy and V
with Q. O

Proof of Theorem 4.1 1t is obvious that ®g : Wy — R is coercive. Lemma 4.1-Lemma 4.4
imply that all of conditions in Lemma 2.4 are satisfied. Hence, Lemma 2.4(a) implies that
for each (A1,0,A2,0), I1,o has a sequence {(u,v},)} of critical points that are solutions of
system (1.14) such that lim,,_, o P (x4}, Vv}) = +00. O

5 Result and proofs for system (1.15)
In this section, we investigate the (p, g)-Laplacian system (1.15). We first make the follow-
ing assumptions:

(M) There exists o > 0 such that pu(x) > ug forallx € V;

(M,) There exists xy € V such that M;(xy) < M;(x) and Ms(x9) < My(x) forall x € V,
where

xy 2
21) ) o) xeV,

Mi(x) = (deg(x)> T U@ + ) + Z(zz >

y~x

dea()\ } N\
Mz(x)=(2ej((::))> M(x)+hz(x)u(x)+z<zz(yy)> no), xeVi

yrx

(H1) There exists a constant /g > 0 such that /;(x) > by >0 forallx e V,i=1,2;
Let

My (x0) Ma(xo)

} and K:max{; ;} (5.1)
q

szax{ 7 )
v 1lp 1/q 1/q
hy "o g g

Theorem 5.1 Suppose that G = (V,E) is a locally finite graph, and (M), (M,), (H1) and
the following conditions hold:

(Fy) F(x,s,t) is continuously differentiable in (s,t) € R? for all x € V, and there exist a
function a € C(R*,R*) and a function b: V — R* with b € L\(V) such that

’Fs(x,s,t)‘ < a(

(s,)])b(x), |Fu(x,s,8)| < a(
(s,2)|)b(x)

(s,)])b(x),
|F(x,s,8)| < a(

forallx € V and all (s, t) € R?;
(F1) [, F(x,0,0)dp = 0;
(F2)

maxig <y F(x,s,t)d, F(x,s,t)d
0<A :=liminf fv seie=y FC du < limsup fv(—)M =B,

Imee 5 lsl+ltl—>+00  |SIP + |E]7

where § = min{p, q}.
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Then, for each X € (©1,0,) with ®; = % and ©, = 171(2?+1A’ system (1.15) possesses an

unbounded sequence of solutions.

We work in the space W := Whl;p (V) x W;;q(V) with the norm equipped with ||(x, v)|| =

)+ ] and then (W, || - ||) is a Banach space that is infinite dimensional.

el + WVl
We consider the functional 7, : W — R as

1 1
B = 5 [ (Vi s @) dis [ (9917 @bi7) du
pJv qJv
- )»/ F(x,u,v)du. (5.2)
v
Then, by Appendix A.2 in [22], under the assumptions of Theorem 5.1, I, € C}(W,R), and

(1, (4,), (b1, ) = fv [Vl 1) + I )|l ucpy ~ Ao, 16, V) ]
+ / (VYT (0 ) + B @)V 2vs - AE, (s )a]d (5.3)
14

for any (&, v), (¢1,¢2) € W.
Obviously, (u,v) € W is a critical point of I; iff

/ [Vl D, 1) + b ()|l — AFult, V)] dpt = 0
14
and
/ [IVVIT2T (v, ¢2) + o () V|7~ >vepy — AF, (%, 1, V) | dje = 0
14

for all (¢1,¢2) € W. Furthermore, by the arbitrariness of ¢; and ¢, it can be achieved
that system (1.15) holds. Therefore, seeking the solutions for system (1.15) is equivalent
to seeking the critical points of [, on W.

Define ®: W — Rand ¥ : W — R by

(1, v) = }) /V (IVul? + (o) u?) dpu + é fv (VY + ha@Ivl7) du

q

1, 1
= —|lull +=VI 14
p q V"W

WP (V)

and
W(u,v):/F(x,u,v)d,u.
v

Then [, (1, v) = ® — L\W. For every r > inf ®, set

su _ 7 u,v)) — N u,v
o(r) = inf (SUP (1) e (1—oop)) ¥ (V) — U( ).
(u,y)e®=1([~00,r]) r—®(u,v)

Lemma 5.1 Assume that (F,) holds. Then y :=liminf,_, ;oo ¢(r) < +00.
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Proof The proofis essentially the same as that of Theorem 3.1 with substituting the locally
finite graph V, K, A, B, || #|lo, and ||V« for the finite graph V, Ky, Ay, By, ||u|l,v, and
IVl oo,v» respectively. We omit the details. O

Lemma 5.2 For any given A € (01, 0,), the functional I, (u,v) = ®(u,v) — AV (4, V) is un-
bounded from below.

Proof By (F,), we can assume that {€,} and {,,} are two positive real sequences satisfying
limy; o [£4| + 7| = +00 and

F;mnd
limfv XM r_g

R e 5.4

For each n € N, define

&, x=ux, Ny X = Xo,
U (x) = " Vu(x) = "
0, x#xo, 0, x#xo,

where xy is given in assumption (M,). Then a simple calculation implies that

deg(xo) _
Tuteo) S0 X0
[V, |(x) = ;”;gyy)gn, x =y with y ~ xo,
0, otherwise,
and
deg(xo) _
Sulxg) v X = %o
[Vv,|(x) = ;’,j(();)n”' x =y with y ~ xo,
0, otherwise.
Then

fv (Vi + Iy () 10s?) dp

= (IVun @) + 1y () |4 (@) [°) 1 ()

xeV

= (| Vit (x0l?) + o) 16 o) ) o) + 3 |Vt + )| ) )
Yo

14

_ ( deg(xo) 5 Wroy \°
(52 et + ot + gﬁ’ny})(—sz) uo)

= EPM; (o),

and similarly,

/ (IVVal® + hy () [va|7) d
14
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_ (deg(xo)

3 ey \ 4
2WO)) nZu(xo)+hz(xo)nZM(xo)+nZZ( y) ()

s \21(y)
= nIM;(xo),

where M (xo) and M;(x,) are given in assumption (M,). Then {(u,, v,)} C W and for every

n € N, we have

Lt vi) = O, Vi) — AV (4, V)
_ &l M (xo) . naMa(xo) _
p q

= Q(%_;I: + 773) - /‘/F(x’ £ ) AL, (5.5)

/ Floo&n ) dit
1%

where g is given in (5.1).

If B < +00, choosing €, € (%, 1), by (5.4), there exists n¢, such that

/ F(x’ Enr nn)d,u > EAB(SS + UZ), V> Mg, .
v
Thus, combining with (5.5), we have

Dt Vi) = AV (s, vi) < 0(E2 + 1) — A&, B(EL + 1)
=(0- lng)(é,f +nl), Vn>ne,.
Hence
lim [®(u,) - 2¥(v,)] = —00.

n—00

If B = +00, let us consider M, > %. By (5.4), there exists g, such that

/F(x,én,nn)du > M (82 + ), \ZE
v
Thus

D (s, V) = AV (W4, v,) < 0(EF + 1) — 1M (£7 + 1f)

=(o- M\N/Ix)(éf + nZ), Vn > i, -
Combining the choice of M;, in this case, we also have
lim [@(un) - A\P(V,,)] = —00.
n—0oQ
Thus we complete the proof of this lemma. d

Lemma 5.3 ® is sequentially weakly lower semi-continuous.
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Proof The proof is easily completed by using the weak lower semi-continuity of the

norm. O
Lemma 5.4 V is sequentially weakly upper semi-continuous.

Proof Assume that (i, vi) — (1o, vo) for some (10, v9) € W. Then

lim | wodp= / uopdu, Vo e C(V),
1% \%4

k— o0

which implies that

klim ur(x) = uo(x) for any fixedx e V' (5.6)
by choosing
1, y=x
p(y) =
0, y#x.

Similarly, we have

lim vi(x) = vo(x) for any fixedx € V.

k—00

By (,) and Lebesgue dominated convergence theorem, it is easy to obtain that

n—00

tim [ o g, ve) dpt = / Fls, oy v0) di.
174 Vv

Hence, ¥ is sequentially weakly upper semi-continuous in W'. d

Proof of Theorem 5.1 Obviously, ® : W — R is coercive. Lemma 5.1-Lemma 5.4 imply
that all of conditions in Lemma 2.4(a) hold for ;. Hence, Lemma 2.4(b) implies that for
each 1 € (©4,®,), I, has a sequence {(u,, v,)} of critical points that are solutions of system
(1.15) such that lim,,_, o, ®(2z,,,v,,) = +00. O

6 The results for the scalar equations
By using similar arguments as those of Theorem 3.1, we can also obtain similar results for
the following scalar equation on finite graph G = (V, E):

Epptt + hx)|ulf2u = Af(x,u), x€V, (6.1)
where m > lisaninteger, 1: V - R,p>1,A>0,andf: V xR — R.

Theorem 6.1 Let G = (V,E) be a finite graph and F(x,s) = fosf(x, 7)dt forallx € V. As-
sume that the following conditions hold:

(h) h(x) >0 forallx € V;

(fo) F(x,s) is continuously differentiable in s € R for all x € V;
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() [, Fx,0)du = 0;

(2)
~ max s <y F(x,s,t)d, F(x,s)d -
0 <Ay :=liminf fv sy £ Jdu < limsup M := By.
y—=>00 }’p |s|]— 00 |S|p
Then, for each X € (5\1,\/,5\.2’\/) with il,v = % and ):zy = m, where Ky = m and

oy = }17 [y, h(x) d, equation (6.1) possesses an unbounded sequence of solutions.

The proofs of Theorem 6.1 are almost the same as those of Theorem 3.1 and even
simpler because there is no couple term. Here, we just present the proof that py :=
liminf,_, .o @v(r) < +00, which is related to the range of the parameter of A and also show

that the proof for single equation is indeed simpler, where

(Sup(u,v)e&)T/l([foo,r]) Dy (w)) - Wy (u)

@v(r)= _inf ~
ued7 ) ([-00)) r—®y(u)

By(w) = 1/ (19" ul? + h@lul) dit = 1l

pJv p )

’

By (1) = / Fx,u)dp,
174

and ix,v =®y — AUy is the corresponding variational functional of (6.1).

In fact, let {c,} be a real sequence satisfying lim,,_, » ¢, = +00 and

[y, maxg <c, F(x,s)dp

lim : =Ay.
n—00 Cn
Write
b
rp=—— foreveryneN.
PRy

By Lemma 2.1, for all (&, v) € W with Dy (1) <1y, we get

P
flacl 1 SO (71 e -
oV Ky WPWV) R

p p

Hence, |u(x)| < ¢, for all x € V. Therefore, it follows from (f;) that

ov(ry)

SUPL 2 < [y Fxuydp — [, Flx,u)dp

myp (v,

= inf T
314 mp < Tn = 5 ltlyymo

SUPLulf? 11y < [, E(x,u)dp

T'n

SUP 1 o, Jy Fx,u)dp

WP (V)=

= p1< 1% 5
Cn

Page 20 of 23
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- maxis <., F(x,8)d
Spvav IS\_CCZ ( )/L'
n

Hence, (f3) implies that
)7\/ < liminfgov(rn) SPI%VAV <p1~<\/év < +00.
n—00

Thus we finish the proof.

By using similar arguments as those of Theorem 4.1, we can also obtain similar results
for the following scalar equation with Dirichlet boundary value on a locally finite graph
G=(V,E):

Empth = M (x,u), x€Q°,
|Viu| =0, x€dQ,0<j<m-1,

(6.2)

wherep>1,meN,A>0,andf: V x R — Rand Q C G(V,E) is a bounded domain.

Theorem 6.2 Suppose that G = (V,E) is a locally finite graph, F(x,s) = fosf(x, 7)dt for all
x € Q, Q° Z 0, and the following conditions hold:

(h) h(x) >0 for all x € Q;

(fo) F(x,s) is continuously differentiable in s € R for all x € Q;

(h)' [y F,0)d = 0

()

~ max s <y F(x,s,t)d, F(x,s)d -
0 < Ag i= liminf J2 Xz £, 0 M<limsupM:=BQ,

Y=o yp |s|]— o0 |S|p

Then, for each ) € ()21,9,)12,9) with 5\1,9 = EL and 5\2,9 = 1';”’ where Kq = C’;L‘”;Zm, equa-
Q Q min,

rKA
tion (6.2) possesses an unbounded sequence of solutions.

By using similar arguments as those of Theorem 5.1, we can also obtain similar results

for the following scalar equation on locally finite graph G = (V, E):
—Apu + )| ulPu = A (x,u), x€V, (6.3)
where 1: V- R, p>2,1>0,andf: V x R — R. We make the following assumptions:

(h) There exists a constant /g > 0 such that s(x) > /4y > 0 for all x € V;
(M) There exists xy € V such that M(xg) < M(x) for all x € V, where

Mx) = (‘;ej((;‘)) ) 1) + ) +y§)(2%) L) xeV.
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Theorem 6.3 Let G = (V,E) bea locally finite graph and F (x, s) = fosf(x, T)dt forallx e V.
Assume that (h), (M) and the following conditions hold:

(fo) F(x,s) is continuously differentiable in s € R for all x € V, and there exist a function
a € C(R*,R*) and a function b: V — R* with b € L\(V) such that

|Es(x,8)| < a(ls])b(x), |F(x,5)| < a(]s])b(x)
forallx eV andall s e R;
() fy F,0)dp = 0;
(2)

[, maxg <, F(x,s)dp

F(x,s)d
<1imsupm

|s]—o0 |S|p

0<A :=liminf = B.

Jy—> 00 yP

Then, for each )\ € (@1,®2) with ©, =
bounded sequence of solutions.

and ©, = ﬁ, equation (6.3) possesses an un-

oo
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