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In this paper, we study the existence and uniqueness of positive solutions for a class

of a fractional differential equation system of Riemann-Liouville type on infinite
intervals with infinite-point boundary conditions. First, the higher-order equation is
reduced to the lower-order equation, and then it is transformed into the equivalent
integral equation. Secondly, we obtain the existence and uniqueness of positive
solutions for each fixed parameter A > 0 by using the mixed monotone operators
fixed-point theorem. The results obtained in this paper show that the unique positive
solution has good properties: continuity, monaotonicity, iteration, and approximation.
Finally, an example is given to demonstrate the application of our main results.
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1 Introduction
In recent years, fractional differential equations have developed rapidly in application and
theory. They are widely used in a variety of fields, including fluid flow, signal and image
processing, aerodynamics, and modeling of physical phenomena exhibiting anomalous
diffusion. Some excellent research outcomes have also been obtained [1-14]. Solving the
existence and uniqueness of positive solutions to boundary value problems of fractional
differential equations has become an important research area.

In [15], employing a fixed-point theory in cones, the authors investigated the existence
and multiplicity of positive solutions for multipoint boundary value problems of fractional

differential equations on infinite intervals:

Df u(t) + a(t)f(t,u(t)) =0, te(0,+00),

(1)
u0)=u'(0)=0,  D§ltu(+o0) = Y17 (&),
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where 2 < <3,0<& <& < - <&un<+00, B; >0,i=1,2,....,m— 2 with 0 <
¥ ,3,5 @-1 ¢ T'(«), and Dj. denotes the Riemann—-Liouville derivative.

In [16], by making use of the fixed-point theorem for generalized concave operators, the
authors studied the existence and uniqueness of positive solutions for fractional differen-

tial equations with integral boundary conditions as follows:

Df.u(t) + Af(t,u(t)) =0, te(0,1),

X @)

u(0) = 4/(0) =0, u(l) =B [, uls)ds,

where 2 < <3,0< B <, A >0 is a parameter and Dj, is the Riemann-Liouville frac-
tional derivative.

In [17], by using the fixed-point theorem of mixed monotone operators, the authors

discussed the existence and uniqueness of positive solutions for the following fractional

differential equation system:

—D¥x(t) = f(t,2(t), Dy x(8), ¥(£),

-DI'y(t) = g(t,x(t)), O<t<l,
Dix(0)=0,  Dix(1)= Y17 aD}x(),
y0)=0,  Diy()= Y17 BDiyE),

where 1<y <a <2, 1<a-B<y,0<8<pu<l,0<v<],0<& << <<
1, aj, b; € [0,+00), and Zf:lz aj“g‘}.a_“_l <1, ij b,gjy‘l < 1,D, is the Riemann-Liouville
fractional derivative.

The boundary value problems of fractional differential equations on infinite intervals
are significant for the study of the unsteady flow of gases in semiinfinite porous media,
the theory of drainage flow, and so on [15, 18—21]. In addition to having a larger practical
application background, multipoint boundary value problems can more properly repre-
sent many significant physical phenomena, such as soil-water and wet-soil differentials,
nonuniform electromagnetic field theory [15, 17, 20-25].

Through consulting the relevant literature, the existence and uniqueness of positive so-
lutions to multipoint boundary value problems of fractional differential equations on in-
finite intervals have not been thoroughly investigated [20, 21, 26], most of these studies
use fixed-point theorems on cones, but few papers use fixed-point theorems of mixed
monotone operators, and there is even less literature on fractional differential equation
systems.

Motivated by the studies above, in this work, we extend the multipoint boundary value
problem to infinite point, and use the mixed monotone operators fixed-point theorem
to investigate the existence and uniqueness of positive solutions to the boundary value

problem of fractional differential equation system on infinite intervals as follows:

D x(t) + Ap(e)f (¢,x(2), Dy, x(t), y(2), Dy, y(2)) + Aq(£)m(t, Dy, x(2)) = 0,
DE.y(t) + r(H)g(t, () = 0, t € [0,+00),

D},x(0) =0, Dilx (+oo) =Y % aiDy x(&),

LPy(0)=0,  Dily(+00) = X0 b3 y(ny),
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where2<a<3,1<B<2,0<y<l,1<a-y<B,8-y—-1>0,0 >y, >0isaparameter,
apbi >0,0<& <& < <E< o <400,0< ) <Py < <Y< <400,i=1,2,...,Dp,
is the Riemann-Liouville fractional derivative of order u, u € {o, 8, ¥, = 1, -1}, f :
[0,+00)° = [0,+00),p,q, 7 : [0, +00) — [0,+00) and m1,g : [0, +00) X [0, +00) — [0, +00)
are continuous.

In this paper, we study the existence and uniqueness of positive solutions to the bound-
ary value problem (4), improving and generalizing the literature [17]. The main new fea-
tures presented in this paper are as follows. First, we generalize the boundary conditions
and intervals to give a more general form and more accurate results for the boundary
value problem. Secondly, by using the fixed-point theorem of mixed monotone operators,
the existence and uniqueness of positive solutions are obtained for every fixed parameter
A > 0. We also give some properties of positive solutions that depend on the parameter.
In addition, the boundary value problem studied in this paper is a system, which is an
extension of general fractional differential equations.

The rest of the paper is organized as follows. In Sect. 2, we introduce and derive several
key definitions, lemmas, and properties. In Sect. 3, we obtain the existence and uniqueness
of positive solutions for problem (4) and the unique positive solution has good properties
such as continuity, monotonicity, iteration, and approximation. In Sect. 4, an example is
presented to demonstrate the application of our main results. Finally, Sect. 5 presents a
brief conclusion.

2 Preliminaries
In this section, we first present some definitions and lemmas to be used in the proof of our
main results. They can also be found in the literature [16, 21, 26, 27].

Definition 1 ([26]) The Riemann-Liouville fractional integral of order & > 0 of a function
y:(0,+00) — R! is given by

Igy(t) = ﬁ /0 (t — )" y(s) ds,

provided that the right-hand side is pointwise defined on (0, 00).

Definition 2 ([26]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function y: (0, +oo) — R! is given by

oo L (AN [Ty
Do y(8) = I‘(n—a)(dt) /0 TR

where n = [o] + 1, [¢] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, 00).

Lemma 1 ([26]) Assume that u € C(0,1) N L*(0,1) with a fractional derivative of order
a > 0 that belongs to C(0,1) N LY(0, 1). Then,

IS Dy u(t) = u(t) + Crt* b4 Gt 2 4o+ Cyt* N,

forsome C; e R (i=1,2,...,N), where N = [a] + 1.
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Lemma 2 ([21]) Let a,8 > 0, f € L'[a,b]. Then, I%I5.£(t) = I f(t) = 15, 18.£(t) and
DEISf(t) =f(2), for all t € [a,b).

Lemma 3 ([21]) Let o, B >0 and n = [a] + 1, then the following relations hold.:

r
Df)ﬁtﬂ’l = itﬂ’“’l, B>n,

I -a)
Dtk =0, k=0,1,2,...,n—1.

To prove the main result of this paper we need the following lemmas.

Lemma 4 Let x(t) = I}, u(t), y(¢) = I3, v(¢) and u(t), v(t) € C[0, +00), then the problem (4)
can turn into the following modified problem:

Dy " u(t) + Ap@)f (&, 1y, u(t), u(e), 1Y v(e), v(2)) + Aq(O)m(t, u(t)) = 0,
DETu(e) + r(t)g(t, I u(t)) = 0,  t € [0,+00),

w(0)=0,  D§7 u(+00) = Y7 au(E),

LP7v0)=0, D7 (+00) = Y50, bidG v(ny).

(5)

Moreover, if (u,v) € C[0,+00) x C[0,+00) is a positive solution of the problem (5), then
(LY. u, 13, v) is a positive solution of the problem (4).

Proof The proof is similar to that for Lemma (2.5) in [17], hence, we omit it here. O

Lemma 5 Let 7y, 75 € L'[0,+00). If Ay =T(@ —y) = >0 ag 7T >0, A =T(B+0 -
Y)= 3% bin* 77" 5 0, then the following fractional differential equation boundary value
problem

Dy u(t) + mi () =0,
DETu(t) + ma() =0, ¢ € [0,+00),

a—y—1 00 (6)
u(0)=0,  Dg" " u(+00) = Y% au(§;),
LP7w0)=0, DB u(+o00) = Y0, BidG vin;)
has a unique solution
+00 +0Q0
u(t) :/ G(t,s)m1(s) ds, v(t) =/ K(t,s)my(s) ds, (7)
0 0
where
1 oo
a—y-1
Glt,9) = Giltrs) + 1= ;ait "Gi(Es) ®)
and
1 vl (=)@l 0<s<t<+00,
Gi(t,8) = ———

Lla—y) | pr-1, 0<t<s5<+00,
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K(ts)= —t Lo pprl—(t—5)f77, 0<s<t<+oo, o)
T -y) %tﬁﬂ/—l, 0<t<s<ioo
X6 =T(B+o=y)=) bilni=s)"7". 10)
S=ni

Proof In view of Lemma 1, we know that the general solution of (6) can be written as

a—y-1

u(t) = -Ip. " () + crt +Ct* 72, (11)

W) = —157 7o (0) + dy P71+ dot? 72, (12)

for some ¢;,d; € R (i = 1,2). By using the boundary conditions #(0) = 0 and Ié:ﬂWV(O) =0,
we know that ¢; =0, dy = 0. Therefore, by Lemma 3, we conclude

t
D57 u(e) = [ m@ds+earte-y)
0

t
D) = —/ wy(s)ds +diT (B - y),
0

_ r'B-vy) v
IZv(t =—I’3++ay t d—tﬁ“’V 1.
0o v(t) = =I5 () + "TBro—y)

By the boundary condition Dg:y_lu(+oo) =Y au(&;), we obtain

1 +00

ad a; i a—y—
Ak ’”(S)ds_;m fo (& -7 Ly (s) ds. (13)

By the boundary condition Dgfy_lv(+oo) =Y 1 bil§.v(n;), we have

o]

a(s) ds - Zm [ o-sperime s as

1=

FB+o-y) [*
AT (B-y) /

Therefore, substituting (13) into (11), we have

1 t wy-1 J to:—y—l +00 B
M(t):_F(a——y)/o (t-s) w1(s)ds + A /0 m1(s)ds
0 qa—y-1 &
Y e ) G meas

i=1

= F(a;—y)(_/(; (t—S)“—J/—lr[l(s)ds_},/(; tﬁt—y—lnl(s)ds)
A wo : o
' ;m(/o &7 7T1(S)ds-/0 (& —s)*77 7T1(s)ds>
= /O+oo (Gl(t» s)+ Ail ZaitaylGl(g,»,s)> m1(s)ds
i=1

_ / Gl ) (s) ds.
0

Page 5 of 20
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In a similar manner, substituting (14) into (12), we obtain

1 t Bl FB+o-y) [ 4,
v(t) = 7[*(,8—)/)/0(1: s)Pr nZ(S)dSJriAzF(ﬁ—y) PV oy (s) ds
S pifrl ni
—Zﬁ;(ﬂ_y) A (i = )77 "y (s) dis
i=1
_ ﬁ 1 x(s) B-r-1
N y)/ s s [ G i
=/+ool<(t,s)nz(s)ds
0

Therefore, we obtain the expression (7) for the solution of problem (6). The proof is com-
pleted. O

Lemma 6 Suppose that x(0) >0 holds. Then, x(s) >0, £= > 1, for all s € [0, +00).

Proof By (10), we have x'(s) = (B+0 —y - 1) X_ ., bi(ni - s)P*7=r=2 5 0. Then, x(s) is a
monotonically increasing function in [0, +00). By x(0) > 0, for all s € [0, +00), we obtain
x(s) > x(0) >0 and % > 1. The proof is completed. O

The following properties of the Green functions play an important role in this paper.

Lemma 7 The Green functions G(t,s), K(t,s) defined by (8) and (9) have the following

properties:

(i) G(¢5),K(t,s) are continuous functions and G(t,s),K(t,s) > 0,
Y(t,s) € [0, +00) x [0, +00).

G(t,s) 1

(ll) W < A—l, V(L‘,S) S [0, +OO) X [0, +OO).

(ili)  G(t,5) > Aizait“-y-lcl(gi,s), V(t,5) € [0, +00) x [0, +00),
Lia

tat—y—l
G(t,s) < TV V(t,s) € [0, +00) x [0, +00).
1

I(B+o—y)brt

(iv) K(t,s) < ,  VY(t5s) €[0,+00) x [0, +00),

I'(B-v)x(0)
tB-r-1 ey -
1<(t,S)Zm(l—(l—S) ), O_S,tfl;

where Ay =T (¢ —y)-> 1) a,-éia_y_l >0, x(0)=T(B+o-y)-Y5 bmf“7 1o,

Proof (i) According to the definition of G(t,s), K(t,s), it is clear that G(¢,s), K(t,s) are
continuous functions and G(t,s), K(¢,s) > 0, for all (¢,s) € [0, +00) x [0, +00).

Page 6 of 20
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(if) For all (¢,s) € [0, +00) x [0, +00), we obtain

G(t, — a;G1 (&,
(t,9) < +Zﬂ 1&,5)
1+¢er-1 I'(oc y) pary
o0 a: Sa y-1
B F(a ¥) ; Al(a -y)
_ 1
e

(iii) For all (¢s) € [0,+00) x [0,+00), it is obvious from (8) that G(t,s) >
A% 2 ait* Y 1Gy (&, ) and

1 o0
G(t,s) = Gy(t,s) + — G (E;,
(t,5) = Gi(t,s) + AI;a 1(&,5)

B S LA P
“\Tl-y) & Al(e-v)

i
ta—y—l
Ay

(iv) For all (¢,s) € [0, +00) x [0, +00), by (9) and (10), we can obtain

x(s)ePr-1 _TBro-y) 500
B-v)x(©0) ~ I'(B-y)x(0)

K(t,s) <
( )—1"

If0<s<t<+00,then

__ 1 X6) gy, ff—y—1>
Ke.s) F(ﬁ—)/)(X(O)t =)

B-y-1 _ (4 _ \B-v-1
ZF(ﬂ—y)(t o)

h-r-1 s\Pr1
-0
LB-y) t
If0 <t <s<+00, then

B-y-1 B-y-1
x(s)t - t

K& = r = © = T =7)

In summary, for 0 <s,¢ < 1, we have

B-r-1 ( Boy1
K(t,s) > ———(1-(1=s)P777).
INCESD) )
The proof is completed. O
Suppose that (E, | - ||) is a Banach space and 0 is the zero element of E. A nonempty,

closed, and convex set P C E is a cone if it satisfies (1)x € P, A > 0= Ax € P; (2)x € P,
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—x € P = x = 6. Moreover, P is called normal if there exists a constant N > 0 such that,
forallx,y € E,0 <x <yimplies ||x|| < N|y||, where the smallest N is called the normality
constant of P. For x,y € E, x ~ y means that there exist A > 0 and p > 0 such that Ax <y <
pnx. Clearly, ~ is an equivalence relation. Given 4 > 0 (h > 0 and & # 60), if we define a set

Py ={u € E|u~ hj, itis easy to see that P, C P.
Definition 3 ([16]) Anoperator T : E — Eissaid to beincreasing if u < vimplies Tu < Tv.

Definition 4 ([26]) A :P x P — P is said to be a mixed monotone operator if A(x,y) is
increasing in x and decreasing in y, i.e., u;, v; (i = 1,2) € P, u; < up, v1 > vo imply A(uy,v1) <
A(”Z) V2)~

Lemma 8 ([27]) Let P be a normal cone, A : P, — Py be an increasing operator and B :
Py, x Py, — Py, be a mixed monotone operator. Assume that:
(1) forany x € Py, t € (0,1), there exists ¢1(t) € (¢, 1) such that

Altx) > ¢1(t)Ax;
(2) forany x,y € Py, t € (0,1), there exists ¢(t) € (¢, 1) such that
B(tx,t™'y) = ¢2(£)B(x, ).

Then:
(i) there exist ug, vy € Py, and r € (0,1), such that

rvo < g < Vo, uo < Aug + B(ug, vo) < Avg + B(vo, ug) < Vo;

(i) the operator equation Ax + B(x,x) = x has a unique solution x* in Py;
(ili) for any initial values xo,yo € Py, constructing successively the sequences

Xn :Axn—l +B(xn—lryn—l): Yn :Ayn—l +B(y;’t—1;xn—l): n= 1: zynox
we have x,, — x*, y, — x* as n — 00.

Lemma 9 ([27]) Assume that all the conditions of Lemma 8 hold. Let x; (A > 0) denote the
unique solution of the operator equation Ax + B(x,x) = Ax. Then, we have the following
conclusions:
(1) if i(2) > th (i=1,2) for t € (0,1), then x;,_is strictly decreasing in A, that is,
0 < A1 < Xy implies x;, > %y,;
(2) if there exists B € (0,1), such that ¢;(t) > tP (i = 1,2) for t € (0,1) then x;, is
continuous in A, that is, . — Ao(ro > 0) implies ||x; — x| = 0;
(3) ifthere exists B € (0, %), such that ¢;(t) > t# (i=1,2) for t € (0,1), then

limy o0 [l ]| = 0, lim; o+ [l ]| = 00.

3 Main results
We are next concerned with problem (4) in the following space E defined by

E-= {ueC[0,+oo): sup M <+oo}.

te[0,+00) 1+ 71

Page 8 of 20
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From [17], we know that E is a Banach space with the norm

|u(2)]
[|lu|| = sup — U eE.
te[0,+00) 1+t*r-

We define a cone P C E by
P= {u €E:u(t)>0,te [0,+oo)}.
For u,v € P with u < v, we have 0 < u(t) < v(¢), t € [0, +00), and thus

u(t) (t)
Sup ————— < Sup .
tel0,+00) L+ 247V tef0,+00) 1+ 147V

Hence, ||«| < ||v||. Hence, P is a normal cone. Let 4(t) = t*7~! and || /| = 1.

Also, define a component of P by
1
Py = {x ep: A—/[h(t) <ux(t) < Mh(t),t € [0, +oo)},

where M is a constant and M > 1.

Lemma 10 The vector (u,v) is a solution of system (5) if and only if (u,v) € C[0, +00) x
C[0, +00) is a solution of the following nonlinear integral equation system:

u(t) = A fowo G(t,8)(p(S)f (s, 1Y, u(s), u(s), I, v(s), v(s)) + q(s)m(s, u(s))) ds,

(15)
v(t) = [y K(t,8)r(s)g(s, I u(s)) ds.
Obviously, system (15) is equivalent to the following integral equation
+00
u(t) = f Glt,s)p(s)
0
xf(s, IV u(s), uls), I / K(s,t)r(t)g(t, I} u(r)) dt,
0
(16)

/+Oo K(s,0)r(v)g(t, I} u(t)) dl’) ds
0
+ A /+00 G(t,s)q(s)m(s, u(s)) ds.

0

To establish the existence and uniqueness of a solution to the boundary value problem
(4), we need to make the following assumptions.

(F1) f(ts%1,%2,%3,%4) = (&, %1,%,%3,%4) + @(t,%1,%2,%3,%4), where ¢,¢ : [0,+00)> —
[0, +00) are continuous, for any fixed ¢ € [0, +00), (¢, x1, %2, %3, %4) is increasing and
@(t,%1,%2,%3,%4) is decreasing in x; > 0 (i = 1,2, 3,4), respectively.

(Hy) g(t,x) € C([0,+00) x [0,+00) — [0,+00)) is increasing in x, g(¢,0) # 0, and
limy,_, 400 (%, x%71) = T, € R. Moreover, there exists w € (0, 1), for all £,x € [0, +00),
such that

glt,lx) > I°g(t,%), € (0,1).
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(H3) If ;> 0 (i = 1,2,3,4) are bounded, then for all £ € [0,+00), ¢(£, (1 + t* V)xy, (1 +
£ Do, (1 + % Vg, (1 + % V)g) and (t, (1 + 2 Vg, (1 + £ VDo, (1 + 1% Vs, (1 +
t*)xy) are bounded.

(Hy) m(t,x) € C([0,+00) x [0,+00) — [0,+00)) is increasing in x, m(£,0) # 0 and
limy_, 10 m(x,x*7771) = T,, € R. Moreover, there exists § € (0,1), for all t,x €
[0, +00), such that

m(t, Ix) > Pm(t,x), 1€(0,1).
(Hs) Foranyle(0,1) and ¢,x; (i = 1,2,3,4) € [0, +00), there exists v € (0, 1), such that

o(t, Ix1, 1o, loeg, lxa) > (8, %1, %2, %3, %4),

@ (6,07 00, 170, 1703, 17 4 > 1 p(8, 200, %, %3, X4).

(He) The functions p, g, and r satisfy

+00 +00 +0Q0
0< / pls)ds < +oo, 0< / q(s)ds < +00, 0< / r(s)ds < +o0.
0 0 0

Remark 1 According to (Ha), (Has), and (Hs), for all ¢,x,x; (i = 1,2,3,4) € [0, +00), w,8,v €
(0,1) and [ > 1, we have

gtlx) < g(t,x),  mitlx) < Pmt,x),
¢(t’ lxl) le’ lx?n lx4) =< lv¢(t7 X1,%2, %3, x4)’

gl)(t, lilxly lilx21 lilx37 lilx4) < lv(p(t7 X1,%2,X3, x4)'

We define two operators A: P x P— Pand B: P — P by

Au,v)(t) = /0 [G(&, 9)p(s)p (s, 13, u(s), uls), 1. Cuu(s), Cuuls))
+ G(t,)p(s)g (s, I v(s), v(s), I} Cv(s), Cv(s)) | dis,

Bu(t) = /+00 G(t, s)q(s)m(s, u(s)) ds,
0

where Cu(t) = 0+°° K(t,s)r(s)g(s,lgm(s))ds, Yu, v e P, t € [0,+00).G(t,s),K(t,s) are given
in (8) and (9).

Theorem 1 Suppose that (H,)—(Hg) hold. Then:
(a) For any given A > 0, problem (4) has a unique solution (x3,y5) in Py, where
h(t) = t*777L, t € [0, +00). Moreover, for any initial value xo,yo € Py, defining the

sequernces
xu(t) = I}, [ / AG(, $)p(S)f (8, %n-1(8), Diys 265-1(8), Yu-1(5), Dys Yn-1(8)) s
0

+ /+<>0 AG(t,5)q(s)m(s, Dy, %,-1(s)) dS:|,
0

Page 10 of 20
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ya(t) = 1V, [ /0 K(t,5)r(s)g (s, x4-1(s)) dS}

n=12,...,

we have x,(t) — x5 (), y,(£) — y;(t) as n — oo, where G(t,s), K(t,s) are given as in

Lemma 5.

(b) If v:(0) > I3 (i=1,2) for 1 €(0,1), then x5, y5 is strictly increasing in X, that is,
0 <A1 <Ay can ensure x5, <X, ¥, <V, If there exists k € (0, 1), such that y;(I) > I
(i=1,2),1€(0,1), then x5, y§ is continuous in A, that is, . — Ao(ro > 0) ensures
[l = a5, Il = 0, lly5 = y3, Il = 0. f there exists k € (0, %), such that ¥;(l) > I* (i=1,2),
[ €(0,1), then lim,_, ;o0 || || = 00, imy_, o0 [[¥5 || = 00, and lim, ¢+ |25 || = O,

lim, .o+ [ly%]) = 0.

Proof We first consider the existence of a positive solution to problem (16). The proof

process is divided into four steps as follows.

First, we show that A : P, x P, — P, B: P, — P are well defined. For u € P}, the constant

M >1,te[0,+00), we have
1 .. o1
— 2 < y(f) < ML
M

Then,

IMNa - )/) a—1

MU (a-y)
t <Iy+ < —— "y 1
M) | Shud =

I'(x)

By (18) and (H>), for all £ € [0, +0), w € (0, 1), we have

MU(a~y) ,_
g(t6 15 u() §g(t,#t 1>
- (MF(ot -y)
- ')

- (MF(a -y)
- (@)

+ l)wg(t, )
+ 1>ng
and
Y F((X - ]/) a-1
g(t,10+ I/l(t)) =g t, Wt
I'a-y) ¢ -1
= (i) e
Lo -y)\”
= (G ) 00
Thus, from (19), (20), and (iv) in Lemma 7, we have

Cu(t) = /+00 K(t, S)r(s)g(s,lg+ u(s)) ds
0

- (Mr(a 2 1)‘” L(B+o -y 'T,
= INCY! (B -y)x(0)

(17)

(18)

(19)

(20)

(21)

‘/0 ” r(s) ds,

Page 11 of 20
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forany0< ¢ <1, t € [0, +00), we have

Ma-y)\° 71 e bt
Cu(t) > ( M@ ) T- J/)/o (1-(1-977")r(s)g(s, 0) ds. (22)
Hence, by (21) and (22), we obtain
P S L
If Cu(t) < F(J/)/o (t-s)
MT(a —y) CPTATT(B+o—y) [T
- [( @ ”) oy r(”d’] & )

IV, Cu(t) > %y) /0 t(t—s)”’l

Cla-y)\* s#7 1 ¢ s
X[( MF(a>) rEy Sy 1707 )"(T)g(f,())dt}ds.

At the same time, for any ¢ € [0, +00), we also obtain

MT (o — y)e ! Mper-l
< — < +09, 0< — < +00,
M) + 21 1+

1 t
"=t +ta—1)/o (t-a"
MT (o —y) CPVIAT,T(B+o—y) [
[( rw l) FG-x©  Jo
_ (MF(oz—y) . )”’TgF(,B+a —y)ef [ r(r) dr
I'(a) x O (B)(1 +t-1)

MF(O{_V) @ lf’nyfngF(,B*_O_y) +00
0= ( M 1) (1+-1HI(B - y)x(0) /0 r(s) ds < +0c.

r(r)dt] ds

< +00,

Therefore, by (17), (18), (19), (21), (23), and (H1), (H3), there exists a positive constant Q
such that

B (s, 25, u(s), uls), Iy, Culs), Cu(s))

<o M@=Vt prart
I'a)

L ! _ -1
F()’)/o(s 2

MT (a - ) PV IAT,T(B+o —y) [
X[( @) ”) T - 1)) /0 ”(’)d’}‘”’

MT(a - y) )‘“sf“V‘ITgF(ﬁw—V) e >
< I'(o) . I'(B-7)x(0) /0 rie)de

(24)

< Qy.
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In a similar manner, there exists a positive constant Q, such that

o (s, 15 v(s), v(s), I Cv(s), Cu(s))
F(O[ - )/) a-1 1 a—y-1

<

—"’(S’ MC(@) . ‘M

L ’ _ -1
r(y)/o(s 2

Cla-y)\” #7 ¢ 1 (25)
: [( MI(@) ) Y S )r(f)g(f»o)df]dt,
Cla-y)\” 7t ¢ o
( ML (@) ) rw—y)/o (1-@-) )r<r>g<r,o>df>
<Q,

By (24), (25), and (ii) in Lemma 7, we have

Au, o G(t,
4G —/0 (&) P($)[ @ (s, 1y, 1(s), u(s), I, Cu(s), Cu(s))

1+gev-1 1+ te-v-1
+ (s, 15, v(s), v(s), I, Cv(s), Cv(s)) ] ds

(Qp +Qy) [
< A—1,/(; pls)ds < +oo.

+00

For the operator Bu(t) = fo G(t,5)q(s)m(s, u(s)) ds, by (Ha), we obtain that

m(t,u(t)) <m(t, M7 ") <Mm(t, 7)) <M’ T,

1 ) 1 1 (26)

m(t,u(t)) = m(t,}\—/lt"‘y‘1 > Mm(t, ) > mm(t, 0),

where M > 1,6 €(0,1), t € [0,+00). Thus, by (26) and (ii) in Lemma 7, we obtain

1+er-1 TR q(s)m(s,uls)) ds < A

|Bu(t)| Gl s) MT,, [*°
= _— q(s)ds < +00.
0 0

Hence, we see that A : P, x P, — P and B: P, — P are well defined.

Secondly, we prove that A : P, x P, — Pj, and B: P, — Py,. Similar to the proof in the
first step, by (H;) and (Hs), for s € [0, +00), there exists a positive constant N that satisfies
0 < Ny < Qg, such that

B (s, 15, u(s), u(s), I3, Culs), Cu(s))

> g5, L0 Dt Loy,
MC(@) . "M

L ’ _ar-1
F(J/)/o(s 2
IMNa - @ yp-y-1 ¢
i [( Afr(o;)) Ft(ﬂ—)/)/o (1‘(1—f>’3‘y‘1)r(r>g(r,0)dr]dt,
— @ p-y-1 14
(Sitw ) 1y ), -0 oueoa)
> Nj.

(27)
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In a similar way, there exists a positive constant N, that satisfies 0 < N, < Q,, such that

(s, 15 v(s), v(s), I Cv(s), Cv(s))

MI (o~ y)
Zw( )

Ls_wl
nmﬂ“ 2

47 Ms* v

MT(a-y) @ ¢B-y-1 TgF(ﬁ . )/) 00 (28)
| () o
(o — J/) SPYAT,T(B+o—y) [+ >
d
( r'e) ) F(B-7)x(0) ,A rdr
> N,

Let
1 - ¢ 1 +00
™ gai(Nqs +Ny) /0 POGIEss)ds, I = 7—(Qp + Q) /0 p(s)ds,

where A =T (o —y) - Zl 1 ag 7 >0and0<z <1.
In view of Gy (£,5) < . Tla-y)>Y2 ag™ " >0and 0< N, < Q,, 0 < Ny < Q,

we obtain that

T(a-y)’

1 & ¢
0<h = A—Zai(N¢+N¢)/ p(s)G1(&;,8)ds
|- 0

1 < p
< ey D e [ pas
_Tle- V)(Q¢+Q¢)/ o(s)ds
A1Fa y

_ (Qd> + Q(p) _
= —Al /0 pls)ds=1,.

It follows that 0 < /1 < l,. From (27), (28), and (iii) in Lemma 7, we have

a-y-1
A < =

(%+Q@A p(s)ds
= lzta_y_l =hLh(t)

and

uyloo

¢
A (o) > Zywwwwﬁp@&@mﬁ

=L = ().

Hence, [1h(t) < A(u, v)(t) < Lh(t), Vt € [0, +00). Therefore, A : P, x Py, — Py,
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+00

For the operator Bu(t) = fo G(t,s)q(s)m(s, u(s)) ds, let

1 = ¢ MT,, [*°
I3 = WA, ;%/0 G1(&i,8)q(s)m(s,0) ds, ly = /0 q(s)ds,

1

where A =T(a-y)- Y0, aiéia_y_l >0,M>1,0<¢ <1,8 €(0,1) and in a similar way
as before, we can obtain 0 < I3 < 4.
By (26) and (iii) in Lemma 7, we have

MB Tmta—y—l +00
Bu(p) < I / 4(s)ds
A 0

= 0277 = Lh(P)

and

1 < ¢
Bult) = 5 izzlait“l /0 Gy(&, 9)(s)m(s, 0) ds
=277 = [h(8).

Hence, I3h(t) < Bu(t) < Il4h(t), Vt € [0, +00). Therefore, A : P, x P, — P, and B: P, — Py,
Next, we prove that A : P, x P, — Pj, is a mixed monotone operator and B : P;, — Py isan
increasing operator. For any u;, v; € Py, (i = 1,2) and u; < uy, vi > vy, we have u; (£) < uy(t),
v1(£) > vy (¢) for all £ € [0, +00).
By the monotonicity of I}, g, i, ¢, ¢, we conclude

Al m)(6) = /0 Glt, () (5,15, 11 (5), 11 (5), s Cuty (), Cary (5)
+@(s, 10, v1(8), v1(8), I3, Cvi (s), Cvi(s)) | ds
< /0 G(t,s)p(s)[ (s, Iys ua(s), ua(s), I Cua (), Cuas(s))

+@(s, 10, v2(5), va(5), 13, Cva(s), Cva(s)) | ds

= A(ua, v2)(2)

and
Buq(t) = / G(t, s)q(s)m(s, 78 (s)) ds
0
< [ Gttsm(s ) ds = Bt
0

Hence, A : P, x Py, — Py, is a mixed monotone operator and B : P, — P, is an increasing
operator.

Finally, we prove that A(lu, {'v) > v (1)A(u,v) and B(lu) > v2(I)Bu, for any u,v € Py,
1 €(0,1). By (H1) and (Hs), for all y,[,w € (0,1), s € [0, +00) and u, v € Py, we have

¢ (s, Ig+ lu(s), lu(s), I(})/+ Clu(s), Clu(s))
> (s, 13, u(s), lu(s), 1°I5,. Cu(s), 1 Culs)) (29)
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> (s, U u(s), lu(s), Iy, Cu(s), ICuls))
> " (s, 1 u(s), u(s), I. Cus), Cu(s))

and
10 (s, Ig+ Y(s), 17 u(s), I(})/,, Cltv(s), CIt v(s))
> (s, 17 5 v(s), I W(s), [T}, Cv(s), [ C(s))
(30)
> (s, 17 1Y v(s), 7' v(s), 7' I Cv(s), 7 Cw(s)
> I'g(s, 1. v(s), v(s), I Cv(s), Cv(s)).
Let

i) =re@), 0=rell),

where ,v,8 € (0,1). By (29), (30), and (H;), we can obtain

A(lu, l—lv)(t) _ /0*00 G(t,s)p(s) [¢ (S, IV Lu(s), lu(s), I, Clu(s), Clu(s))
+ (s, 7ML v(s), 17W(s), 12, CLW(s), CL M w(s))  ds
. /(;+oo G(t,s)p(s)l” [¢ (s, Ig+ u(s), M(S)y1g+ Cu(s), Cu(s))

+ (s, 13, v(s), v(s), 13, Cv(s), Cv(s)) ] ds
=1"A(u,v)(t) = Y1 (DA(u,v)(2)

and by (H,), we have
B(lu)(t) = f+°° G(t,s)q(s)m(s, lu(s)) ds
0

> /+00 G(t, s)q(s)l‘sm(s, u(s)) ds
0
= I Bu(t) = Yo ())Bu(t).

Hence, for any u,v € Py, [ € (0,1), there exist v¥1(l), ¥2(]) € (I, 1) such that A(lu,["'v) >
Yr1(DA(u, v) and B(lu) > ¥ (I)Bu.

Therefore, two operators A and B satisfy the conditions of Lemma 8. Hence, there exists
a unique positive solution of integral equation (16) in P,. By Lemma 10, there exists a
unique positive solution (u5,v}) of (5) in Py.

Let x} = I}, u, y; = I}, vi. By Lemma 4, the monotonicity and continuity of ., for A >
0, there exists a unique z} = (x},y}) € Pj such that A(z},z}) + Bz = +z;. It follows that
MA(z},25) + Bz}) = z§, and

x5 () = I, |:f0 LG(t, 9)p(s)f (s,%(s), Dy x(s), y(s), Dy, y(s)) dis

+ /+00 LG(t,5)q(s)m(s, Dy, x(s)) ds],
0
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yi(t) =13, [/owo K(t, s)r(s)g(s,x(s)) ds], n=12,....

Consequently, for given A > 0, (x5,y}) is a unique positive solution of problem (4) in Py,

For any initial value xo, yo € Pj,, constructing successively the sequences

x(8) = I3, [ /0 AG(t, $)p(S)f (8, %n-1(), Dy %n-1(5), Yu-1(5), Dy yu-1(s)) dis
+ /+00 )»G(t,s)q(s)m(s,Dg+x,,_1(s)) ds],
0
Vu(t) = I3, I:/Owo K{(t,5)r(s)g (s, %n-1(s)) dsi|, n=12,....

By Lemma 8, we have x,,(t) — x5 (£), y,(t) — y5(£) as n — oo, where G(t,s), K(¢, s) are given
as in Lemma 5.

Further, for all / € (0,1), by Lemma 9, if ¥;(/) > I3 (i =1,2), then Lemma 9 (1) ensures
that x7, y} are strictly increasing in A, that is 0 < A1 <A, can guarantee x, <3, ¥}, <¥j,.
If there exists « € (0,1), such that y;(/) > I (i = 1,2), then Lemma 9 (2) tells us that x7,
¥5 are continuous in A, that is, A — A¢(Xo > 0) can ensure |lx] — xjo | — 0, lly; —yfo | —
0. If there exists « € (0, %), such that v;(/) > I* (i = 1,2), then Lemma 9 (3) tells us that
1, — 4o 125 | = 00, im0 17 = 00, and lim; o+ 2] = 0, limy_q- |1y} ]| = 0.

Therefore, the proof of Theorem 1 is completed. O

4 Example

In this section, we present a simple example to explain the main results.

Example 1 We consider the following fractional differential equation boundary value

problem

D3Bx(t) + e 'f (¢, x(2), D52 (2), y(£), D§2y(2)) + he 2 m(t, D3P x(¢)) = 0,
Diy(t) + e3g(t,x(£)) =0, t€[0,+00),

DY?x(0)=0,  DiPx(+o00) = Y 5 a;DY2x(&),

[8;23/(0) =0, D8§y(+oo) =20 bilg;ly(m),

(31)

wherea =2.25,6 =18,y =0.5,0 =0.6,a; = 1, bi = 3,6 =155, mi=1-545,i=1,2,...,

and
pt)=e™, qt)=e?, r(t) = e,
f(t’xl;xZ’in’xéL) = ¢(t7x1;x21x31x4) + (p(txxlxe;xB;le)’

0.11 0.125 0.056 0.04
X1+ Xy + X3 + Xy

¢(t7x11x21x31x4) =

1+ 1% ’
—0.066 —0.11 -0.125 —0.083
(b0, x):xl +x;01 4 g + g
O\L, X1, X2,X3, X4 14712 ’
15x0.076 23960‘22
gb®) =G + 10, mlbx) = o
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Then, we have

[o¢]
Ar=T(@-y)-) at™"™"
i=1
1

1 1
2F(1.75)—<£—L+E+~~-+E+--->%0.5857>0

and

[o¢]
Ay=T(B+o-y)-Y b/

i=1

ZI‘(L9)—(1+i+~~~+—.+--~> ~0.7118 > 0.

5 52 5¢

Let us check that all the required conditions of Theorem 1 are satisfied.

(1) It is obvious that ¢, ¢ : [0, +00) x [0, +00)* — [0, +00) are continuous. For any fixed
t € [0,+00), ¢(t,x1,%2,%3,%4) is increasing and (¢, x1, %2, %3, %4) is decreasing in
x>0(i=1,2,3,4).

(2) Clearly, the function g(z,x) € C([0, +00) X [0, +00) — [0, +00)) is increasing in ,
g(t,0) #0 and lim,_, , o g(x,x?°) = 25. Moreover, there exists w = 0.076 € (0, 1), for
all ¢, x € [0, +00), we have g(t, lx) > [°07%g(t,x), [ € (0, 1).

(3) We observe easily that if x; > 0 (i = 1,2, 3,4) are bounded, then for all £ € [0, +00),
o8, (1 +t12)xq, (1 + £12)xg, (1 + £12%)x3, (1 + t12°)x4) and
o(t, (1 + 922y, (1 + t122) oy, (1 + £122)x3, (1 + £12°)x,) are bounded.

(4) Clearly, the function m(t,x) € C([0, +00) x [0, +00) — [0, +00)) is increasing in x,
m(t,0) # 0 and lim,_, ,o m(x,x°7%) = 24. Moreover, there exists § = 0.22 € (0, 1), for
all ,x € [0, +00), we have m(t, lx) > [%2m(t,x), [ € (0,1).

(5) Forany!/e (0,1) and ¢,%; (i = 1,2,3,4) € [0, +00), taking v = 0.125 € (0, 1), such that

DL, Iy, Lxy, Ix3, Ixg) > 1 25(8, 1, %2, X3, %4),

@607 %0, 17 %0, 17 3, 17 a) = 19100 (8, 21, 200, X3, %4).
(6) The functions p, g, and r satisf
y
+00 +00 1
O<f e’ds=1<+00, 0</ e B ds =~ < +00,
0 0 2
+00 1
O</ e ds == < +00.
0 3

Hence, all the conditions of Theorem 1 are satisfied. Hence, we can claim that for A > 0,
there exists a unique positive solution (x},y;) of problem (31) in P, and for any initial
value xy, Yo € Py, constructing successively the sequences

xu(t) = I9? [ / AG(t,5)e™f ($,%5-1(5), DY %n_1(8), Yu-1(5), DYZyu1(5)) ds
0

+ / kG(t,s)e‘ZSm(s, Dgfx,,_l(s)) dsi|,
0
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V() = I3° |:/ K(t,s)e‘gsg(s,x,,,l(s)) ds], n=12,...,
0

by Theorem 1, we have x,(t) — x5(£), y.(£) — y;(t) as n — oo.

Furthermore, since ¥, (l) = %125 > 13, 4, (l) = [°2 > I3, 1€ (0,1). We find from Theo-
rem 1 that x73, y} are strictly increasing in A, that is 0 < A1 < 4, ensures x}, <3, 3, <¥j,-
Taking « € (0.23,1), and ¥;({) > I (i=1,2), [ € (0,1). Using Theorem 1, we know that 7,
y5 are continuous in A, that is, A — A¢(Ao > 0) ensures [lx} — x5, =0, llys = ¥5,1 = 0.
Taking « € (0.23,0.5) and ;([) > I (i = 1,2), [ € (0,1), we find from Theorem 1 that

limj o0 [15 | = 00, lim; 1o [1y5] = 00 and lim; o+ |6} || = 0, lim; o+ [y} || = 0.

5 Conclusion

In this paper, by using the fixed-point theorem of mixed monotone operators, we study
the existence and uniqueness of positive solutions to the boundary value problem of the
fractional differential equation system on infinite intervals with infinite-point boundary
conditions. The results obtained in this paper show that the unique positive solution has
good properties: continuity, monotonicity, iteration, and approximation. It is worth point-
ing out that this paper generalizes the boundary conditions and intervals. Compared with
the existing literature, this paper has a more general form and more accurate results and
can be widely used in physics, chemistry, electrical networks, economics, rheology, and
other fields.
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