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Abstract
The current paper concentrates on discovering the exact solutions of the
time-fractional regular and singular coupled Burger’s equations by involving a new
technique known as the double Sumudu-generalized Laplace and Adomian
decomposition method. Furthermore, some theorems of the double
Sumudu-generalized Laplace properties are proved. Further, the offered method is a
powerful tool for solving an enormous number of problems. The precision of the
technique is evaluated with the aid of some examples, this method offers a solution
precisely and successfully in a series form with smoothly calculated coefficients. The
relation between both the approximate and exact solution is represented by a graph
to display the high speed of this method’s convergence.
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1 Introduction
Burger’s equation is one of the fundamental and essential nonlinear partial differential
equations (PDE) containing diffusive properties and nonlinear expansion effects. Burger’s
equation was improved as a model of disorderly fluid movement. The fractional Burger’s
equation has received much interest and the solution to this problem becomes essential
for mathematicians and physical phenomena. This problem has been found to demon-
strate various types of events, for instance, a mathematical model of turbulence and an
approximate theorem of flow through a trauma wave traveling in a viscous liquid [1, 2].
The authors in [3] introduced a semianalytical method that is called the local fractional
Laplace homotopy analysis method to solve wave equations with local fractional deriva-
tives and the authors used the same method to solve differential equations involving local
fractional derivatives based on the local fractional calculus [4]. The Shehu transform and
a semianalytical method have been used to solve multidimensional fractional diffusion
equations [5]. The numerical solution of three-dimensional coupled Burger’s Equations
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has been studied by the Laplace decomposition method in [6, 7]. In recent years, substan-
tial confirmation was offered on the Laplace decomposition method and its changes for
discussing mathematical problems [8, 9]. In a previous study, the authors recommended
various kinds of approximation and exact technique to solve fractional Burger’s equation
methods [10–12]. The researchers in [13] suggested the variational iteration method to
gain Burger’s equation. In [14], the Laplace decomposition method (LDM) was applied
to determine the solution of two-dimensional nonlinear Burger’s equations. The authors
in [15] proposed a modification of the double Laplace decomposition method to obtain
an analytical approximation solution of a coupled system of Burger’s equation. There are
many approaches where one can obtain a series of solutions, such as the Modified Laplace
variational iteration method [16], and the He–Laplace method [17]. The approximate so-
lution of wave problems in multidimensional orders was studied by applying the Aboodh
homotopy integral transform method (AHITM), see [18]. The authors in [19] used the
Yang Transform to obtain the approximation solution of nonlinear time-fractional Klein–
Gordon equations. The authors in [20] employed the Fountain theorem and the symmet-
ric Mountain-Pass theorem to study the novel trinonlocal Kirchhoff problem. The main
aim of this paper is to offer a new hybrid of a double Sumudu-Generalized Laplace Trans-
form to determine the exact solutions of the time-fractional regular and singular coupled
Burger’s equations. Finally, examples are given to clarify the proposed technique. Defini-
tions will be recalled; the double Sumudu transform and the Generalized Laplace Trans-
form that are useful in this article.

The Double Sumudu transform of the function ψ(χ ,σ ) is determined by �(μ1,μ2) in
the following definition.

Definition 1 [21] let ψ(χ ,σ ) be a function we define as the double Sumudu Transform
of function ψ(χ ,σ ), σ ,χ ∈R

+ is given by

�(μ1,μ2) = S2
[
ψ(χ ,σ )

]
=

∫ ∞

0

∫ ∞

0

1
uv

e–( χ
u + σ

v )ψ(χ ,σ ) dχ dσ .

The generalized Laplace transform of the function ψ(t) is given by Gα in the following
definition.

Definition 2 If ψ(t) is an integrable function defined for all t ≥ 0, its generalized Laplace
transform Gα is the integral of ψ(t) times sαe– t

s from t = 0 to ∞. It is a function of s, say
�(s), and is denoted by Gα(ψ); thus

�(s) = Gt(ψ) = sα

∫ ∞

0
ψ(t)e– t

s dt,

where, s ∈C and α ∈ Z, for more details see [22].

Definition 3 [23–25]. The Caputo time-fractional derivative operator of order β > 0 is
presented by

Dβ
t ψ(χ , t) =

⎧
⎨

⎩

1
�(m–β)

∫ t
0 (t – τ )m–β–1 ∂mψ(χ ,τ )

∂τm dτ ,
∂mψ(χ ,t)

∂tm , for m = β ∈N

m – 1 < β < m.



Eltayeb Boundary Value Problems         (2024) 2024:48 Page 3 of 27

2 Main results of double Sumudu-generalized Laplace transform
The definitions and existence condition of the double Sumudu-generalized Laplace trans-
form are presented in this section. Here, we work with the double Sumudu-generalized
Laplace transform, which is defined by

Sχ Sσ Gt
(
f (χ ,σ , t)

)
= F(μ1,μ2, s)

=
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( χ

μ1
+ σ

μ2
+ t

s )f (χ ,σ , t) dt dσ dχ (1)

and we note that the double Sumudu-generalized Laplace transform is a hybrid between
the double Sumudu transform and the generalized Laplace transform. From the definition
of the double Sumudu-generalized Laplace transform, we conclude the following:

1. if we put α = 0 and s = 1
s we obtain the double Sumudu–Laplace transform

Sχ Sσ Lt
(
f (χ ,σ , t)

)
= F(μ1,μ2, s)

=
1

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
f (χ ,σ , t)e–( χ

μ1
+ σ

μ2
+st) dt dσ dχ ; (2)

2. if we put α = 0 and replacing s by � we obtain the double Sumudu–Yang Transform

Sχ Sσ Y
(
f (χ ,σ , t)

)
= F(μ1,μ2,� )

=
1

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
f (χ ,σ , t)e–( χ

μ1
+ σ

μ2
+ t

� ) dt dσ dχ ; (3)

3. At α = –1 and replacing s by μ3 we obtain the triple Sumudu Transform

Sχ Sσ St
(
f (χ ,σ , t)

)
= F(μ1,μ2,μ3)

=
1

μ1μ2μ3

∫ ∞

0

∫ ∞

0

∫ ∞

0
f (χ ,σ , t)e–( χ

μ1
+ σ

μ2
+ t

μ3
) dt dσ dχ ; (4)

4. At α = 1 we obtain the double Sumudu-Elzaki transform

Sχ Sσ Et
(
f (χ ,σ , t)

)
= F(μ1,μ2, s)

=
s

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
f (χ ,σ , t)e–( χ

μ1
+ σ

μ2
+ t

s ) dt dσ dχ ; (5)

5. At α = –1 and 1
v = 1

s we obtain the double Sumudu–Aboodh transform

Sχ Sσ Et
(
f (χ ,σ , t)

)
= F(μ1,μ2, v)

=
1

μ1μ2v

∫ ∞

0

∫ ∞

0

∫ ∞

0
f (χ ,σ , t)e–( χ

μ1
+ σ

μ2
+vt) dt dσ dχ . (6)

From the analysis above concerning the double Sumudu-generalized Laplace transform,
we note that the hybrid of the double Sumudu-generalized Laplace transform is more
generic than the above transforms. Hence, the double Sumudu-generalized Laplace de-
composition method is considered the most generic amongst other related methods.
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2.1 Existence condition for the double Sumudu-generalized Laplace transform
In this section, the existence conditions and definitions of the double Sumudu-generalized
Laplace transform are addressed as follows:

If f (χ ,σ , t) is an exponential order a1, a2, and b as χ → ∞, σ → ∞, t → ∞, and if ∃R > 0
thence ∀χ > χ , ∀σ > σ and ∀t > T

∣∣f (χ ,σ , t)
∣∣ ≤ Rea1χ+a2σ+bt , (7)

for some χ , σ and T , we can write f (χ ,σ , t) as follows:

f (χ ,σ , t) = O
(
ea1χ+a2σ+bt) as σ → ∞,σ → ∞, t → ∞,

equally,

lim
χ→∞
σ→∞
t→∞

e– 1
μ χ– 1

η σ– 1
ε t∣∣f (χ ,σ , t)

∣∣ = R lim
χ→∞
σ→∞
t→∞

e–( 1
λ1

–a1)χ–( 1
λ2

–a2)σ–( 1
η –c)t = 0, (8)

whenever 1
λ1

> a, 1
η

> c and 1
λ2

> b. The function f (χ ,σ , t) does not expand quicker than
R(χ ,σ , t)ea1χ+a2σ+bt as χ → ∞, σ → ∞, t → ∞.

Theorem 1 The function f (χ ,σ , t) is defined on (0,χ ), (0,σ ), and (0, T) and of exponential
order (χ ,σ , t), then the double Sumudu-generalized Laplace transform of f (χ ,σ , t) exists
for all Re 1

μ1
> 1

λ1
, Re 1

μ2
> 1

λ2
, Re 1

s > 1
η

.

Proof By utilizing Eq. (1) and Eq. (7), we obtain

∣
∣F(μ1,μ2, s)

∣
∣ =

∣∣
∣∣

sα

μ1μ2

∫ ∞

0

∫ ∞

0
e–( χ

μ1
+ σ

μ2
+ t

s )f (χ ,σ , t) dχ dσ dt
∣∣
∣∣

≤ R
∣
∣∣∣

sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e( 1

ψ1
–a)χ–( 1

ψ2
–b)σ–( 1

v –c)t dχ dσ dt
∣
∣∣∣

=
Rsα+1

(1 – aμ1)(1 – cμ2)(1 – bs)
. (9)

On using the condition Re 1
μ1

> 1
λ1

, Re 1
μ2

> 1
λ2

, Re 1
s > 1

η
, and Eq. (8), we obtain

lim
χ→∞
σ→∞
t→∞

∣
∣F(ψ1,ψ2, v)

∣
∣ = 0 or lim

χ→∞
σ→∞
t→∞

F(ψ1,ψ2, v) = 0.
�

The inverse double Sumudu-generalized Laplace transform S–1
μ1 S–1

μ2 G–1
s [Sχ Sσ Gt(ψ(χ ,

σ , t))] = ψ(χ ,σ , t) is denoted by the following formula

ψ(χ ,σ , t)

=
1

(2π i)3

∫ τ–i∞

τ–i∞

∫ δ–i∞

δ–i∞

∫ σ–i∞

σ–i∞
e

1
μ1

χ+ 1
μ1

σ+ 1
s tSχ Sσ Gt

[
ψ(χ ,σ , t)

]
ds dμ2 dμ1.

Theorem 2 If the double Sumudu-generalized Laplace transform of the function f (χ ,σ , t)
is presented by Sχ Sσ Gt(f (χ ,σ , t)) = F(μ1,μ2, s), then the double Sumudu-generalized
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Laplace transform of the functions

χσ f (χ ,σ , t),

is determined by

Sχ Sσ Gt
[
χσ f (χ ,σ , t)

]
= μ1μ2

∂2

∂μ1∂μ2

(
μ1μ2F(μ1,μ2, s)

)
. (10)

Proof By applying partial derivatives according to μ1 for Eq. (10), we yield

∂F(μ1,μ2, s)
∂μ1

=
∂

∂μ1

∫ ∞

0

∫ ∞

0

∫ ∞

0

sα

μ1μ2
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)f (χ ,σ , t) dχ dσ dt,

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)

×
(∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ f (χ ,σ , t) dχ

)
dσ dt, (11)

by handling the partial derivative inside the brackets, we obtain

∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ f (χ ,σ , t) dχ =
∫ ∞

0

(
1
μ3

1
χ –

1
μ2

1

)
e– 1

μ1
χ f (χ ,σ , t) dχ

=
∫ ∞

0

1
μ3

1
χe– 1

μ1
χ f (χ ,σ , t) dχ

–
∫ ∞

0

1
μ2

1
e– 1

μ1
χ f (χ ,σ , t) dχ , (12)

substituting Eq. (12) into Eq. (11), one can obtain the following equation

∂F(μ1,μ2, s)
∂μ1

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ3

1
χe– 1

μ1
χ f (χ ,σ , t) dχ

)
dσ dt

–
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ2

1
e– 1

μ1
χ f (χ ,σ , t) dχ

)
dσ dt (13)

and by taking derivatives according to μ2 for Eq. (13), we achieve

∂2F(μ1,μ2, s)
∂μ1∂μ2

=
sα

μ3
1

∫ ∞

0

∫ ∞

0
χe–( 1

μ1
χ+ 1

s t)

×
(∫ ∞

0
e– 1

μ2
σ

(
1
μ3

2
σ –

1
μ2

2

)
f (χ ,σ , t)

)
dχ dσ dt

–
sα

μ1

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

s t)

×
(∫ ∞

0
e– 1

μ2
σ

(
1
μ3

2
σ –

1
μ2

2

)
f (χ ,σ , t)

)
dχ dσ dt. (14)

After the arrangement, Eq. (14), becomes

∂2F(μ1,μ2, s)
∂μ1∂μ2

=
1

μ2
1μ

2
2

Sχ Sσ Gt
[
χσ f (χ ,σ , t)

]
–

1
μ2

1μ2
Sχ Sσ Gt

[
χ f (χ ,σ , t)

]
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–
1

μ1μ
2
2

Sχ Sσ Gt
[
σ f (χ ,σ , t)

]
+

1
μ1μ2

Sχ Sσ Gt
[
f (χ ,σ , t)

]
, (15)

by arranging the above equation, we obtain

Sχ Sσ Gt
[
χσ (χ ,σ , t)

]
= μ2

1μ
2
2
∂2F(μ1,μ2, s)

∂μ1∂μ2
+ μ2

1μ2
∂F(μ1,μ2, s)

∂μ1

+ μ1μ
2
2
∂F(μ1,μ2, s)

∂μ2
+ μ1μ2F(μ1,μ2, s),

thence,

Sχ Sσ Gt
[
χσ f (χ ,σ , t)

]
= μ1μ2

∂2

∂μ1∂μ2

(
μ1μ2F(μ1,μ2, s)

)
.

The proof is completed. �

The double Sumudu-generalized Laplace transform of the function ψ(χ ,σ , t) is deter-
mined by Sχ Sσ Gt[ψ(χ ,σ , t)] = �(μ1,μ2, s) then, the double Sumudu-generalized Laplace
transform of ∂ψ

∂χ
, ∂2ψ

∂χ2 , Dβ
t ψ is presented as

Sχ Sσ Gt

[
∂ψ

∂χ

]
=

�(μ1,μ2, s) – �(0,μ2, s)
μ1

, (16)

Sχ Sσ Gt

(
∂2ψ

∂χ2

)
=

�(μ1,μ2, s)
μ2

1
–

ψ(0,μ2, s)
μ2

1
–

ψt(0,μ2, s)
μ1

, (17)

Sχ Sσ Gt

[
∂ψ

∂σ

]
=

�(μ1,μ2, s) – �(μ1, 0, s)
μ2

,

Sχ Sσ Gt

(
∂2ψ

∂σ 2

)
=

�(μ1,μ2, s)
μ2

2
–

�(μ1, 0, s)
μ2

2
–

ψt(μ1, 0, s)
μ2

(18)

and

Sχ Sσ Gt
[
Dβ

t ψ
]

=
�(μ1,μ2, s)

sβ
– sα–β+1�(μ1,μ2, 0). (19)

The next theorem offers the double Sumudu-generalized Laplace transform of the par-
tial derivatives χDβ

t ψ and σDβ
t ψ .

Theorem 3 The double Sumudu-generalized Laplace transform of the fractional partial
derivatives χDβ

t ψ and σDβ
t ψ is achieved by

Sχ Sσ Gt
[
χDβ

t ψ
]

=
μ1μ2

sβ

∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, s)

)
(20)

– μ1μ2sα–β+1 ∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, 0)

)

and

Sχ Sσ Gt
[
σDβ

t ψ
]

=
μ2

sβ

∂

∂μ1

(
μ2�(μ1,μ2, s)

)

– μ2sα–β+1 ∂

∂μ2

(
μ1�(μ1,μ2, 0)

)
. (21)
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Proof By employing partial derivatives according to μ1 for Eq. (1), we obtain

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
∂

∂μ1

∫ ∞

0

∫ ∞

0

∫ ∞

0

sα

μ1μ2
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)Dβ
t ψ dχ dσ dt,

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ Dβ
t ψ dχ

)
dσ dt (22)

and the partial derivative within the brackets can be calculated as follows:

∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ Dβ
t ψ dχ =

∫ ∞

0

(
1
μ3

1
χ –

1
μ2

1

)
e– 1

μ1
χ Dβ

t ψ dχ

=
∫ ∞

0

1
μ3

1
χe– 1

μ1
χ Dβ

t ψ dχ (23)

–
∫ ∞

0

1
μ2

1
e– 1

μ1
χ Dβ

t ψ dχ ,

by putting Eq. (23) into Eq. (22), we obtain

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ3

1
χe– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt

–
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ2

1
e– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt, (24)

therefore, Eq. (24) becomes

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
1
μ2

1

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)
χDβ

t ψ dχ dσ dt
)

–
1
μ1

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)Dβ
t ψ dχ dσ dt

)
, (25)

hence,

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
1
μ2

1
Sχ Sσ Gt

[
χDβ

t ψ
]

–
1
μ1

Sχ Sσ Gt
[
Dβ

t ψ
]

(26)

and by arranging the above equation, we will obtain the proof of Eq. (20) as follows

Sχ Sσ Gt
[
χDβ

t ψ
]

=
μ1

sβ

∂

∂μ1

(
μ1�(μ1,μ2, s)

)

– μ1sα–β+1 ∂

∂μ1

(
μ1�(μ1,μ2, 0)

)
.

Similarly, we can prove Eq. (21). �
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The double Sumudu-generalized Laplace transform of the partial derivatives is pre-
sented in the upcoming theorem:

Theorem 4 The double Sumudu-generalized Laplace transform of the fractional partial
derivatives χσDβ

t ψ is determined by

Sχ Sσ Gt
[
χσDβ

t ψ
]

=
μ1μ2

sβ

∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, s)

)
(27)

– μ1μ2sα–β+1 ∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, 0)

)
.

Proof By taking partial derivatives according to μ1 for Eq. (1), we have

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
∂

∂μ1

∫ ∞

0

∫ ∞

0

∫ ∞

0

sα

μ1μ2
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)Dβ
t ψ dχ dσ dt,

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ Dβ
t ψ dχ

)
dσ dt (28)

and we calculate the partial derivative inside brackets as follows:

∫ ∞

0

∂

∂μ1

1
μ1

e– 1
μ1

χ Dβ
t ψ dχ =

∫ ∞

0

(
1
μ3

1
χ –

1
μ2

1

)
e– 1

μ1
χ Dβ

t ψ dχ

=
∫ ∞

0

1
μ3

1
χe– 1

μ1
χ Dβ

t ψ dχ (29)

–
∫ ∞

0

1
μ2

1
e– 1

μ1
χ Dβ

t ψ dχ .

Putting Eq. (29) into Eq. (28), we obtain

∂

∂μ1

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ3

1
χe– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt

–
∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ2

1
e– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt, (30)

the partial derivative with respect to μ2 for Eq. (30) is calculated as the following:

∂2

∂μ1∂μ2

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
∂

∂μ2

(∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ3

1
χe– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt

)

–
∂

∂μ2

(∫ ∞

0

∫ ∞

0

sα

μ2
e–( 1

μ2
σ+ 1

s t)
(∫ ∞

0

1
μ2

1
e– 1

μ1
χ Dβ

t ψ dχ

)
dσ dt

)
, (31)
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therefore, Eq. (31) becomes

∂2

∂μ1∂μ2

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
1

μ2
1μ

2
2

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)
χσDβ

t ψ dχ dσ dt
)

+
1

μ1μ2

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)Dβ
t ψ dχ dσ dt

)

–
1

μ1μ
2
2

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)
σDβ

t ψ dχ dσ dt
)

–
1

μ2
1μ2

(
sα

μ1μ2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e–( 1

μ1
χ+ 1

μ2
σ+ 1

s t)
χDβ

t ψ dχ dσ dt
)

, (32)

thence

∂2

∂μ1∂μ2

(
Sχ Sσ Gt

[
Dβ

t ψ
])

=
1

μ2
1μ

2
2

Sχ Sσ Gt
[
χσDβ

t ψ
]

+
1

μ1μ2
Sχ Sσ Gt

[
Dβ

t ψ
]

–
1

μ1μ
2
2

Sχ Sσ Gt
[
σDβ

t ψ
]

–
1

μ2
1μ2

Sχ Sσ Gt
[
χDβ

t ψ
]

(33)

and one can rearrange Eq. (33), to prove Eq. (27)

Sχ Sσ Gt
[
χσDβ

t ψ
]

=
μ1μ2

sβ

∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, s)

)

– μ1μ2sα–β+1 ∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, 0)

)
. �

3 Double Sumudu-generalized Laplace decomposition method and
two-dimensional time-fractional coupled Burger’s equation

This section aims to make use of the double Sumudu-generalized Laplace decomposition
method (DSGLTDM) to solve the two-dimensional time-fractional coupled Burger’s equa-
tion. In the upcoming analysis, we deem the two-dimensional fractional coupled Burger’s
equation to be:

Dβ
t ψ + ψψχ + φψσ =

1
	 (ψχχ + ψσσ )

Dβ
t φ + ψφχ + φφσ =

1
	 (φχχ + φσσ ) (34)

n – 1 < β < n;

with the following conditions

ψ(χ ,σ , 0) = f1(χ ,σ ), φ(χ ,σ , 0) = g1(χ ,σ ), (35)

where Dβ
t = ∂β

∂tβ stands for the fractional Caputo derivative, 	 is the Reynolds number,
and the velocity components are determined by ψ(χ ,σ , t) and φ(χ ,σ , t) in the χ and σ
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directions, respectively. The two-dimensional coupled Burger’s equations are the same as
the incompressible Navier–Stokes equations with the pressure-gradient terms removed.
With the purpose to gain the solution of Eq. (34), first, operating the double Sumudu-
generalized Laplace for Eq. (34) and using the double Sumudu transform for Eq. (35) we
gain

Sχ Sσ Gt
[
Dβ

t ψ
]

= Sχ Sσ Gt

[
1
	 (ψχχ + ψσσ )

]

– Sχ Sσ Gt[ψψχ + φψσ ] (36)

and

Sχ Sσ Gt
[
Dβ

t φ
]

= Sχ Sσ Gt

[
1
	 (φχχ + φσσ )

]

– Sχ Sσ Gt[ψφχ + φφσ ], (37)

by putting Eq. (19) into Eq. (36) and Eq. (37), we obtain

�(μ1,μ2, s)
sβ

= sα–β+1F1(μ1,μ2)

+ Sχ Sσ Gt

[
1
	 (ψχχ + ψσσ )

]

– Sχ Sσ Gt[ψψχ + φψσ ] (38)

and

�(μ1,μ2, s)
sβ

= sα–β+1G1(μ1,μ2)

+ Sχ Sσ Gt

[
1
	 (φχχ + φσσ )

]

– Sχ Sσ Gt[ψφχ + φφσ ], (39)

therefore, by rearranging Eq. (38) and Eq. (39) we obtain

�(μ1,μ2, s) = sα+1F1(μ1,μ2)

+ sβSχ Sσ Gt

[
1
	 (ψχχ + ψσσ )

]

– sβSχ Sσ Gt[ψψχ + φψσ ], (40)

and

�(μ1,μ2, s) = sα+1G1(μ1,μ2)

+ sβSχ Sσ Gt

[
1
	 (φχχ + φσσ )

]

– sβSχ Sσ Gt[ψφχ + φφσ ] (41)
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and by employing the inverse double Sumudu-generalized Laplace for Eq. (38) and
Eq. (39), we yield

ψ(χ ,σ , t) = f1(χ ,σ )

+ S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	 (ψχχ + ψσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt[An + Bn]

]
(42)

and

φ(χ ,σ , t) = g1(χ ,σ )

+ S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	 (φχχ + φσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt[Cn + Dn]

]
, (43)

where some terms of the Adomian polynomials An Bn, Cn, and Dn are determined by

A0 = ψ0ψ0χ , A1 = ψ0ψ1χ + ψ1ψ0χ ,

A2 = ψ0ψ2χ + ψ1ψ1χ + ψ2ψ0χ ,

A3 = ψ0ψ3χ + ψ1ψ2χ + ψ2ψ1χ + ψ3ψ0χ , (44)

B0 = φ0ψ0σ , B1 = φ0ψ1σ + φ1ψ0σ ,

B2 = φ0ψ2σ + φ1ψ1σ + φ2ψ0σ ,

B3 = φ0ψ3σ + φ1ψ2σ + φ2ψ1σ + φ3ψ0σ , (45)

C0 = ψ0φ0χ , C1 = ψ0φ1χ + ψ1φ0χ ,

C2 = ψ0φ2χ + ψ1φ1χ + ψ2φ0χ ,

C3 = ψ0φ3χ + ψ1φ2χ + ψ2φ1χ + ψ3φ0χ . (46)

D0 = φ0φ0σ , D1 = φ0φ1σ + φ1φ0σ ,

D2 = φ0φ2σ + φ1φ1σ + φ2φ0σ ,

D3 = φ0φ3σ + φ1φ2σ + φ2φ1σ + φ3φ0σ (47)

and S–1
μ1 S–1

μ2 G–1
s denotes the inverse double Sumudu-generalized Laplace. The double

Sumudu-generalized Laplace decomposition method (DSGLTDM) defines the solutions
ψ(χ ,σ , t) and ψ(χ ,σ , t) and is represented by the following infinite series.

ψ(χ ,σ , t) =
∞∑

n=0

ψn(χ ,σ , t) (48)

φ(χ ,σ , t) =
∞∑

n=0

φn(χ ,σ , t). (49)
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Moreover, the nonlinear terms ψψχ , φ ∂ψ

∂σ
, ψ ∂φ

∂χ
and φ

∂φ

∂σ
are presented by:

ψψχ =
∞∑

n=0

An, φ
∂ψ

∂σ
=

∞∑

n=0

Bn, ψ
∂φ

∂χ
=

∞∑

n=0

Cn, φ
∂φ

∂σ
=

∞∑

n=0

Dn. (50)

By substituting Eq. (48) and Eq. (49) into Eq. (42) and Eq. (43), we obtain

∞∑

n=0

ψn(χ ,σ , t) = f1(χ ,σ ) + S–1
μ1 S–1

μ2 G–1
s

[

sβSχ Sσ Gt

[
1
	

( ∞∑

n=0

(ψnχχ + ψnσσ )

)]]

– S–1
μ1 S–1

μ2 G–1
s

[

sβSχ Sσ Gt

[ ∞∑

n=0

(An + Bn)

]]

(51)

and

∞∑

n=0

φn(χ ,σ , t) = g1(χ ,σ ) + S–1
μ1 S–1

μ2 G–1
s

[

sβSχ Sσ Gt

[
1
	

( ∞∑

n=0

(φnχχ + φnσσ )

)]]

– S–1
μ1 S–1

μ2 G–1
s

[

sβSχ Sσ Gt

[ ∞∑

n=0

(Cn + Dn)

]]

. (52)

By comparing both sides of Eq. (51) and Eq. (52), we obtain

ψ0(χ ,σ , t) = f1(χ ,σ ),

φ0(χ ,σ , t) = g1(χ ,σ ). (53)

Generally, the remnant terms are presented by

ψn+1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	

(
(ψnχχ + ψnσσ )

)]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(An + Bn)

]]
(54)

and

φn+1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	

(
(φnχχ + φnσσ )

)]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(Cn + Dn)

]]
, (55)

where the inverse double Sumudu-generalized Laplace transform is determined by
S–1

ζ1
S–1

ζ2
G–1

s . We assume that the inverse exists for Eqs. (54) and (55). For the goal of illus-
trating the advantages and the reliability of the (DSGLTDM) we solve the two-dimensional
fractional coupled Burger’s equations.

Example 1 [13, 26, 27] Consider the singular two-dimensional time-fractional coupled
Burger’s equations to be determined by

Dα
t ψ + ψψχ + φψσ = ψχχ + ψσσ , χ ,σ , t > 0,
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Dα
t φ + ψφχ + φφσ = φχχ + φσσ , χ ,σ , t > 0,

n – 1 < α < n, (56)

with the following conditions

ψ(χ ,σ , 0) = χ + σ , φ(χ ,σ , 0) = χ – σ . (57)

Utilizing the previous steps one can obtain

ψ(χ ,σ , t) = χ + σ + S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	 (ψχχ + ψσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt[An + Bn]

]
,

φ(χ ,σ , t) = χ – σ + S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
1
	 (φχχ + φσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt[Cn + Dn]

]
. (58)

The zeroth components ψ0 and φ0 are proposed by the Adomian method; combining the
initial conditions and the sources terms as follows:

ψ0(χ ,σ , t) = χ + σ

φ0(χ ,σ , t) = χ – σ . (59)

The remainder components ψn+1, φn+1, n ≥ 0 are determined by utilizing the relation

ψn+1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(ψnχχ + ψnσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(An + Bn)

]]
(60)

and

φn+1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(φnχχ + φnσσ )

]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(Cn + Dn)

]]
, (61)

for n = 0, 1, 2, . . . , so, at n = 0

ψ1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[(
(ψ0χχ + ψ0σσ )

)]]

– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(A0 + B0)

]]

= –S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(2χ )

]]

= –S–1
μ1 S–1

μ2 G–1
s

[
2sα+β+1μ1

]

ψ1(χ ,σ , t) =
–2χ tβ

�(α + 1)

and

φ1(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[(
(φ0χχ + φ0σσ )

)]]
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– S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(C0 + D0)

]]

= –S–1
μ1 S–1

μ2 G–1
s

[
sβSχ Sσ Gt

[
(2χ )

]]

= –S–1
μ1 S–1

μ2 G–1
s

[
2sα+β+1μ2

]

φ1(χ ,σ , t) =
–2σ tβ

�(α + 1)
,

likely, at n = 1, we have

ψ2 = –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
(ψ0ψ1χ + ψ1ψ0χ + φ0ψ1σ + φ1ψ0σ )

))

+ S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
(ψ1χχ + ψ1σσ )

))
,

= –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
–tβ

�(α + 1)
(4χ + 4σ )

))

= S–1
μ1 S–1

μ2 G–1
s

(
(4μ1 + 4μ2)sα+2β+1)

=
4(χ + σ )t2β

�(2α + 1)

and

φ2 = –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt(D1 + E1)

)

+ S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt(φ1χχ + φ1σσ )

)

= S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
–tβ

�(β + 1)
(–4χ + 4σ )

))

= S–1
μ1 S–1

μ2 G–1
s

(
(–4μ1 + 4μ2)sα+2β+1)

=
4(χ – σ )t2β

�(2α + 1)
,

at n = 2, we produce

ψ3 = –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt(ψ0χψ2 + ψ1χψ1 + ψχ2ψ0 + φ0ψσ2 + φ1ψσ1 + φ2ψσ0)

)

+ S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
(ψχχ2 + ψσσ2)

))
,

= –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

((
16χ +

4χ�(2β + 1)
(�(β + 1))2

)
t2β

�(2β + 1)

))

= –S–1
μ1 S–1

μ2 G–1
s

(
16μ1sα+3β+1 +

4�(2β + 1)μ1sα+3β+1

(�(β + 1))2

)

=
(

–16χ –
4�(2β + 1)χ
(�(β + 1))2

)
t3β

�(3β + 1)
,

similar to

φ3 = –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt(D2 + E2)

)

+ S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

(
(φ2χχ + φ2σσ )

))
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= –S–1
μ1 S–1

μ2 G–1
s

(
sβSχ Sσ Gt

((
16σ +

4σ�(2β + 1)
(�(β + 1))2

)
t2β

�(2β + 1)

))

=
(

–16σ –
4σ�(2β + 1)
(�(β + 1))2

)
t3β

�(3β + 1)
.

Thus, the solution of Eq. (56) is

ψ(χ ,σ , t) =
∞∑

n=0

un = ψ0 + ψ1 + ψ2 + ψ3 + · · ·

ψ(χ ,σ , t) = χ + σ –
2χ tβ

�(β + 1)
+

4(χ + σ )t2β

�(2β + 1)
–

(
16χ +

4χ�(2β + 1)
(�(β + 1))2

)
t3β

�(3β + 1)
+ · · ·

and

φ(χ ,σ , t) =
∞∑

n=0

vn = φ0 + φ1 + φ2 + φ3 + · · ·

φ(χ ,σ , t) = χ – σ –
2σ tβ

�(β + 1)
+

4(χ + σ )t2β

�(2β + 1)

–
(

16σ +
4σ�(2β + 1)
(�(β + 1))2

)
t3α

�(3α + 1)
+ · · · ,

at β = 1 the solution of the above equation becomes

ψ(χ ,σ , t) = χ + σ – 2χ t + 2(χ + σ )t2 – 4χ t3 + 4(χ + σ )t4 – 8χ t5

+ 8(χ + σ )t6 – 16χ t7 + 16(χ + σ )t8 · · ·
= χ

(
1 + 2t2 + 4t4 + 8t6 + · · · ) + σ

(
1 + 2t2 + 4t4 + 8t6 + · · · )

– 2χ t
(
1 + 2t2 + 4t4 + 8t6 + · · · )

ψ(χ ,σ , t) =
(χ + σ – 2χ t)

1 – 2t2

and

φ(χ ,σ , t) = χ – σ –
2σ tα

�(α + 1)
+

4(χ – σ )t2α

�(2α + 1)

+
(

–16σ –
4σ�(2α + 1)
(�(α + 1))2

)
t3α

�(3α + 1)
+ · · ·

= (χ – σ ) – 2σ t + 2(χ – σ )t2 – 4σ t3 + 4(χ – σ )t4 – 8σ t5 + 8(χ – σ )t6

– 16σ t7 + 16(χ – σ )t8 · · ·
= χ

(
1 + 2t2 + 4t4 + 8t6 + · · · ) – σ

(
1 + 2t2 + 4t4 + 8t6 + · · · )

– 2σ t
(
1 + 2t2 + 4t4 + 8t6 + · · · )

φ(χ ,σ , t) =
(χ – σ – 2σ t)

1 – 2t2 .

We achieved the same results that were presented in [13, 26, 27].
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Table 1 Comparison between the exact and approximation solutions for ψ (χ ,σ , t)

Exact The method Error The method Error
β = 1 β = 0.95 β = 0.99

0 0 0 0 0
0.8000 0.8777 0.0777 0.8148 0.0148
1.6000 1.7554 0.1554 1.6295 0.0295
2.4000 2.6331 0.2331 2.4443 0.0443
3.2000 3.5108 0.3108 3.2591 0.0591
4.0000 4.3886 0.3886 4.0739 0.0739
4.8000 5.2663 0.4663 4.8886 0.0886
5.6000 6.1440 0.5440 5.7034 0.1034
6.4000 7.0217 0.6217 6.5182 0.1182
7.2000 7.8994 0.6994 7.3330 0.1330
8.0000 8.7771 0.7771 8.1477 0.1477

Table 2 Comparison between the exact and approximation solutions for φ(χ ,σ , t)

Exact The method Error The method Error
β = 1 β = 0.95 β = 0.99

0 0 0 0 0
–0.6000 –0.6777 0.0777 –0.6148 0.0148
–1.2000 –1.3554 0.1554 –1.2295 0.0295
–1.8000 –2.0331 0.2331 –1.8443 0.0443
–2.4000 –2.7108 0.3108 –2.4591 0.0591
–3.0000 –3.3886 0.3886 –3.0739 0.0739
–3.6000 –4.0663 0.4663 –3.6886 0.0886
–4.2000 –4.7440 0.5440 –4.3034 0.1034
–4.8000 –5.4217 0.6217 –4.9182 0.1182
–5.4000 –6.0994 0.6994 –5.5330 0.1330
–6.0000 –6.7771 0.7771 –6.1477 0.1477

Figure 1 The comparison between the exact and numerical solutions for ψ (χ ,σ , t)

Table 1 and Table 2 above show the comparison between exact and approximate solu-
tions of Example 1.
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Figure 2 The comparison between the exact and numerical solutions for φ(χ ,σ , t)

Figure 3 The surface shows the function ψ (χ ,σ , t)

The comparison between the exact and numerical solutions for the Eq. (56) is shown in
Figs. 1 and 2. We obtain the exact solution at β = 1 and the different values of β such as
(β = 0.95, β = 0.99) shows the approximate solution. The surfaces in Figs. 3 and 4 show
the exact solution of the functions ψ(χ ,σ , t) and φ(χ ,σ , t) at χ = 0, respectively.

4 Double Sumudu-generalized Laplace decomposition method and singular
two-dimensional time-fractional coupled Burger’s equation

The objective of this section is to interpret the utilization of the double Sumudu-
generalized Laplace decomposition method for solving the singular two-dimensional
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Figure 4 The surface shows the function φ(χ ,σ , t)

time-fractional coupled Burger’s equations in the following form

Dα
t ψ +

1
χ

ψψχ +
1
σ

φφσ –
1
χ

(χψχ )χ –
1
σ

(σψσ )σ = f (χ ,σ , t),

Dα
t φ +

1
χ

ψφχ +
1
σ

φφσ –
1
χ

(χφχ )χ –
1
σ

(σφσ )σ = g(χ ,σ , t),

χ ,σ , t > 0, (62)

with the initial condition

ψ(χ ,σ , 0) = f1(χ ,σ ), φ(χ ,σ , 0) = g1(χ ,σ ), (63)

where Dα
t = ∂α

∂tα is the fractional Caputo derivative and 1
χ

(χψχ )χ , 1
σ

(σψσ )σ , 1
χ

(χφχ )χ ,
1
σ

(σφσ )σ are the so-called Bessel operators, ψ(χ ,σ , t) and φ(χ ,σ , t) are the velocity com-
ponents to be presented, f (χ ,σ , t), g(χ ,σ , t), f1(χ ,σ ), and g1(χ ,σ ) are given functions. For
the purpose of obtaining the solution of Eq. (62), we apply the next steps:

Step 1: Multiply both sides of Eq. (62) by χσ to yield

χσDα
t ψ + σψψχ + χφψσ – σ (χψχ )χ – χ (σψσ )σ = χσ f (χ ,σ , t),

χσDα
t φ + σψφχ + χφφσ – σ (χφχ )χ – χ (σφσ )σ = χσ g(χ ,σ , t),

χ ,σ , t > 0. (64)

Step 2: Taking the double Sumudu-generalized Laplace transform for either side of
Eq. (64) we gain

∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, s)

)
= sα+1 ∂2

∂μ1∂μ2

(
μ1μ2F1(μ1,μ2)

)

+
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψχ )χ + χ (σψσ )σ

)
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–
sβ

μ1μ2
Sχ Sσ Gt(σψψχ + χφψσ )

+
sβ

μ1μ2
Sχ Sσ Gt

(
χσ f (χ ,σ , t)

)
(65)

and

∂2

∂μ1∂μ2

(
μ1μ2�(μ1,μ2, s)

)
= sα+1 ∂2

∂μ1∂μ2

(
μ1μ2G1(μ1,μ2)

)

+
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφχ )χ + χ (σφσ )σ

)

–
sβ

μ1μ2
Sχ Sσ Gt(σψφχ + χφφσ )

+
sβ

μ1μ2
Sχ Sσ Gt

(
χσ g(χ ,σ , t)

)
. (66)

Step 3: By taking the double integral for both sides of Eq. (65) and Eq. (66) from 0 to μ1

and 0 to μ2 according to μ1 and μ2, respectively, we obtain

�(μ1,μ2, s) =
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2F1(μ1,μ2)

)
)

dμ1 dμ2

+
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψχ )χ + χ (σψσ )σ

))
dμ1 dμ2

–
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σψψχ + χφψσ )

)
dμ1 dμ2

+
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ f (χ ,σ , t)

))
dμ1 dμ2 (67)

and

�(μ1,μ2, s) =
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2G1(μ1,μ2)

)
)

dμ1 dμ2

+
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφχ )χ + χ (σφσ )σ

))
dμ1 dμ2

–
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σψφχ + χφφσ )

)
dμ1 dμ2

+
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ g(χ ,σ , t)

))
dμ1 dμ. (68)

Step 4: On using the inverse double Sumudu-generalized Laplace decomposition
method for Eqs. (67) and (68), we obtain

ψ(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2F1(μ1,μ2)

))
dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψχ )χ + χ (σψσ )σ

))
dμ1 dμ2

]
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– S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σψψχ + χφψσ )

)
dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ f (χ ,σ , t)

))
dμ1 dμ2

]
(69)

and

φ(χ ,σ , t) = S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2G1(μ1,μ2)

))
dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφχ )χ + χ (σφσ )σ

)
)

dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σψφχ + χφφσ )

)
dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ g(χ ,σ , t)

))
dμ1 dμ2

]
. (70)

Step 5: Substituting Eqs. (48), (50), and Eq. (49) into Eqs. (69) and (70), we have

∞∑

n=0

ψn(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2F1(μ1,μ2)

))
dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(

σ

(

χ

∞∑

n=0

ψnχ

)

χ

+ χ

(

σ

∞∑

n=0

ψnσ

)

σ

))

dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

×
[

1
μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(

σ

∞∑

n=0

An + χ

∞∑

n=0

Bn

))

dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ f (χ ,σ , t)

))
dμ1 dμ2

]

and

∞∑

n=0

φn(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2G1(μ1,μ2)

))
dμ1 dμ2

]
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+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(

σ

(

χ

∞∑

n=0

φnχ

)

χ

+ χ

(

σ

∞∑

n=0

φnσ

)

σ

))

dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

×
(

1
μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(

σ

∞∑

n=0

Cn + χ

∞∑

n=0

Dn

))

dμ1 dμ2

)

+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ g(χ ,σ , t)

))
dμ1 dμ2

]
.

Step 6: On utilizing the double Sumudu-generalized Laplace decomposition method, we
present the recursive relations to obtain:

ψ0(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2F1(μ1,μ2)

)
)

dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ f (χ ,σ , t)

))
dμ1 dμ2

]
(71)

and

φ0(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sα+1 ∂2

∂μ1∂μ2

(
μ1μ2G1(μ1,μ2)

)
)

dμ1 dμ2

]

+ S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

sβ

μ1μ2

(
Sχ Sσ Gt

(
χσ g(χ ,σ , t)

))
dμ1 dμ2

]
. (72)

The remainder components ψn+1 and φn+1, n ≥ 0 are determined by

ψn+1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψnχ )χ + χ (σψnσ )σ

)
)

dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σAn + χBn)

)
dμ1 dμ2

]
(73)

and

φn+1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφnχ )χ + χ (σφnσ )σ

))
dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

(
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σCn + χDn)

)
dμ1 dμ2

)
(74)
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and Sχ Sσ Gt is the double Sumudu-generalized Laplace transform with respect to χ , σ , t
and the inverse double Sumudu-generalized Laplace transform is denoted by S–1

μ1 S–1
μ2 G–1

s

according to μ1, μ2, s. We assumed that the inverse double Sumudu-generalized Laplace
transform with respect to μ1, μ2, and s exists for Eqs. (71), (72), (73), and (74). In the fol-
lowing example, we use the double Sumudu-generalized Laplace transform Adomain de-
composition method to solve singular two-dimensional time-fractional coupled Burger’s
equations.

Example 2 [26] Consider that the singular two-dimensional time-fractional coupled
Burger’s equations are presented by

Dα
t ψ +

1
χ

ψψχ +
1
σ

φψσ –
1
χ

(χψχ )χ –
1
σ

(σψσ )σ =
(
χ2 – σ 2)et ,

Dα
t φ +

1
χ

ψφχ +
1
σ

vφφσ –
1
χ

(χφχ )χ –
1
σ

(σφσ )σ =
(
χ2 – σ 2)et ,

χ ,σ , t > 0, (75)

with the initial condition

ψ(χ ,σ , 0) = χ2 – σ 2, φ(χ ,σ , 0) = χ2 – σ 2.

By using our method above, we successfully obtain

ψ0(χ ,σ , t) = χ2 – σ 2 +
(
χ2 – σ 2)

(
tβ

�(β + 1)
+

tβ+1

�(β + 2)
+

tβ+2

�(β + 3)
+ · · ·

)
,

φ0(χ ,σ , t) = χ2 – σ 2 +
(
χ2 – σ 2)

(
tβ

�(β + 1)
+

tβ+1

�(β + 2)
+

tβ+2

�(β + 3)
+ · · ·

)
,

and the remainder components ψn+1 and φn+1, n ≥ 0 are given by

ψn+1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψnχ )χ + χ (σψnσ )σ

)
)

dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σAn + χBn)

)
dμ1 dμ2

]
(76)

and

φn+1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφnχ )χ + χ (σφnσ )σ

))
dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

(
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σCn + χDn)

)
dμ1 dμ2

)
. (77)
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By substituting n = 0, into Eqs. (76) and (77) we have

ψ1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χψ0χ )χ + χ (σψ0σ )σ

))
dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σA0 + χB0)

)
dμ1 dμ2

]
,

ψ1(χ ,σ , t) = 0

and

φ1(χ ,σ , t)

= S–1
μ1 S–1

μ2 G–1
s

[
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt

(
σ (χφ0χ )χ + χ (σφ0σ )σ

))
dμ1 dμ2

]

– S–1
μ1 S–1

μ2 G–1
s

(
1

μ1μ2

∫ μ1

0

∫ μ2

0

(
sβ

μ1μ2
Sχ Sσ Gt(σC0 + χD0)

)
dμ1 dμ2

)
,

φ1(χ ,σ , t) = 0.

In a similar way, at n = 1, we have

ψ2(χ ,σ , t) = 0, φ2(χ ,σ , t) = 0.

The solution of Eq. (75) is determined by

ψ(χ ,σ , t) = ψ0 + ψ1 + ψ2 + · · · ,

φ(χ ,σ , t) = φ0 + φ1 + φ2 + · · · + .

Thence, the exact solution is denoted by

ψ(χ ,σ , t) = χ2 – σ 2 +
(
χ2 – σ 2)

(
tβ

�(β + 1)
+

tβ+1

�(β + 2)
+

tβ+2

�(β + 3)
+ · · ·

)
,

φ(χ ,σ , t) = χ2 – σ 2 +
(
χ2 – σ 2)

(
tβ

�(β + 1)
+

tβ+1

�(β + 2)
+

tβ+2

�(β + 3)
+ · · ·

)
,

when we put α = 1, we obtain the exact solution of Eq. (75) as follows:

ψ(χ ,σ , t) =
(
χ2 – σ 2)

(
1 + t +

t2

2!
+

t3

3!
+

t4

4!
· · ·

)
=

(
χ2 – σ 2)et ,

φ(χ ,σ , t) =
(
χ2 – σ 2)

(
1 + t +

t2

2!
+

t3

3!
+

t4

4!
· · ·

)
=

(
χ2 – σ 2)et .

Table 3 and Table 4 below shows the comparison between exact and approximate solutions
of Example 2.
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Table 3 Comparison between the exact and approximation solutions for ψ (χ ,σ , t)

Exact The method Error The method Error
β = 1 β = 0.95 β = 0.99

–1.0000 –1.0000 0 –1.0000 0
–1.0941 –1.1094 0.0153 –1.0970 0.0029
–1.1725 –1.1956 0.0231 –1.1769 0.0045
–1.2280 –1.2560 0.0280 –1.2335 0.0054
–1.2522 –1.2826 0.0304 –1.2581 0.0060
–1.2344 –1.2650 0.0306 –1.2404 0.0060
–1.1622 –1.1909 0.0286 –1.1679 0.0057
–1.0211 –1.0456 0.0245 –1.0260 0.0049
–0.7939 –0.8122 0.0183 –0.7976 0.0036
–0.4610 –0.4711 0.0101 –0.4630 0.0020
0 0 0 0 0

Table 4 Comparison between the exact and approximation solutions for φ(χ ,σ , t)

Exact The method Error The method Error
β = 1 β = 0.95 β = 0.99

–1.0000 –1.0000 0 –1.0000 0
–1.0941 –1.1094 0.0153 –1.0970 0.0029
–1.1725 –1.1956 0.0231 –1.1769 0.0045
–1.2280 –1.2560 0.0280 –1.2335 0.0054
–1.2522 –1.2826 0.0304 –1.2581 0.0060
–1.2344 –1.2650 0.0306 –1.2404 0.0060
–1.1622 –1.1909 0.0286 –1.1679 0.0057
–1.0211 –1.0456 0.0245 –1.0260 0.0049
–0.7939 –0.8122 0.0183 –0.7976 0.0036
–0.4610 –0.4711 0.0101 –0.4630 0.0020
0 0 0 0 0

Figure 5 The comparison between the exact and numerical solutions for ψ (χ ,σ , t)

The comparison between the exact and numerical solutions for the Eq. (75) is shown in
Figs. 5 and 6. We obtain the exact solution at β = 1 and the different values of β such as
(β = 0.95, β = 0.99) shows the approximate solution. The surfaces in Figs. 7 and 8 show
the exact solution of the functions ψ(χ ,σ , t) and φ(χ ,σ , t) at χ = 0, respectively.
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Figure 6 The comparison between the exact and numerical solutions for φ(χ ,σ , t)

Figure 7 The surface shows the function ψ (χ ,σ , t)

5 Conclusions
In this research paper, double Sumudu-generalized Laplace transforms and Adomian de-
composition have been profitably joined to obtain a new potent method called the double
Sumudu-generalized Laplace Adomian decomposition method (DSGLTDM). This tech-
nique has been employed to solve regular and singular two-dimensional time-fractional
coupled Burger’s equations. By involving this approach in some examples we have ob-
tained new effective relations to solve our problems. Our method shows that the series
solution can converge very quickly to the solutions. In this study, the technique utilized to
obtain exact and approximation solutions can also be expanded to solve other nonlinear
partial differential equations of physical interest. We see that the results of Examples 1 and
2 are the same as those of applying the Laplace–Adomian decomposition method, vari-
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Figure 8 The surface shows the function φ(χ ,σ , t)

ational iteration method (VIM), and Triple Laplace–Adomian Decomposition Method,
[13, 26, 27]. The advantage of DSGLTDM is that it generates other methods, such as
the double Sumudu–Laplace transform decomposition method, see Eq. (2), the double
Sumudu–Yang Transform decomposition method, see Eq. (3), the triple Sumudu Trans-
form decomposition method, see Eq. (4), the double Sumudu–Elzaki transform decom-
position method, see Eq. (5), and double Sumudu–Aboodh transform, see Eq. (6).
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