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1 Introduction

Convex analysis is a field of study that has found its application in various domains of
optimization theory, energy systems, engineering applications, and physics. This analysis
holds a significant position in these areas of mathematics, in particular, in the study of
inequalities. The most well-known inequality in convex theory is the Hermite—Hadamard
inequality. This inequality provided by Hermite and Hadamard [11, 16] is expressed as

follows:

b
f(“;b) < %ﬂ/ fwax <L DO ;f(b), (1)

where f : I — R is a convex function on the interval I of real numbers, and a,b € I with

a < b.Iff is concave, then both inequalities in the statement hold in the reverse direction.
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Upper and lower bounds for the average value of a convex function on a compact inter-
val are provided by the Hermite—Hadamard inequality. Numerous disciplines, including
integral calculus, probability theory, statistics, optimization, and number theory, use this
inequality. It is a valuable tool for tackling physical problems that demand the computa-
tion of function averages. With the emergence of new problems, its applications continue
to expand, making it as an effective tool for solving a wide range of mathematical prob-
lems. Moreover, the Hermite—Hadamard inequality is characterized by the trapezoidal
and midpoint inequalities on its right and left parts. Researchers’ studies have concen-
trated on these kinds of inequality. Trapezoid-type inequalities for the case of convex func-
tions were first presented by Dragomir and Agarwal [10], whereas midpoint-type inequal-
ities for the case of convex functions were first established by Kirmaci [22]. Following the
establishment of these inequalities, there has been considerable research activity in this
field [2, 7, 18].

Fractional calculus has a strong historical basis. The beginnings can be traced back to
the correspondence between Leibniz and L'H6pital. With the aid of this calculus, we can
more precisely characterize the behavior of complex systems, particularly those display-
ing noninteger-order dynamics. It extends the notions of standard calculus due to the
presence of fractional orders. In recent times, fractional calculus is a developing branch
of mathematics, which plays a significant role in capturing the dynamics of intricate sys-
tems across diverse science because of the new fractional integral and derivative such as
Caputo—Fabrizio [8], Atangana—Baleanu [4], tempered [27], etc.

A fundamental class of fractional integral operators is the Riemann-Liouville integral
operators [21].

Definition 1 For f € Ly[a, b], the Riemann-Liouville integrals of order « > 0 are given by

Jof(x) = %a) / x-0)* Y@ dt, x>a,

and

b
Jo f(x) = ﬁ‘/ (t—x)*"f(H)dt, x<b,

where T is the gamma function, and J2,f(x) = J) f(x) = f(x). Obviously, the Riemann—
Liouville integrals will be equal to classical integrals for o = 1.

Sarikaya et al. [30] and Igbal et al. [19] obtained many fractional midpoint- and
trapezoid-type inequalities for convex functions, respectively. Next, Sarikaya and Yildirim
[31] derived a distinct expression of the Hermite—Hadamard inequality with the help of
fractional integrals in the following form.

Theorem 1 Let f € Li[a,b] be a convex function on [a,b]. Then we have the following
inequalities for fractional integrals:

fla)+f(b)
2

a+b Ma+1) ., 3
f< 2 )S 2(b - a)* U(%Hf(b)”(#),f(ﬂ)]s

fora>0.
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For other results on fractional integral inequalities, see [6, 12, 14, 24, 25, 33] and refer-
ences therein.

Another important definition in fractional analysis is the following [28]:

Definition2 Leta >0and o ¢ {1,2,...}, n =[] + 1, and let f € AC"[a, b] denote the space
of functions having n absolutely continuous derivatives. The left-sided and right-sided

Caputo fractional derivatives of order « are defined as follows:

Def) = s [ -0 a

and

b
“D f(x) = ﬁ f (t—x)" YD) dt, x<b.

If @ =n € {1,2,3,...} and the usual nth-order derivative f"(x) exists, then the Caputo
fractional derivative CDZ+ f(x) coincides with £ (x), whereas CDZ_ f(x) coincides with the
latter up to a constant multiplier (~1)". For # = 1 and « = 0, we have D%, f(x) = DY f(x) =
f(x).

The Caputo derivative is defined as the application of a fractional integral to the standard
derivative of a function, whereas the Riemann-Liouville fractional derivative is obtained
by differentiating the fractional integral of a function concerning its independent variable
of order n. The Caputo fractional derivative necessitates more suitable initial conditions
in contrast to the conventional Riemann—-Liouville fractional derivative considering frac-
tional differential equations [9]. Besides, the operator of a proportional derivative denoted
as ’D,f(t) is given by [3]

PDof(t) = Ky (o, 0)f (t) + Kol £)f'(2).

Under certain assumptions, Kj and Kj are functions of & € [0, 1] and ¢ € R; also, the func-
tion f is differentiable with respect to ¢ € R. It is related to the wide and expanding area of
conformable derivatives. Additionally, in the realm of control theory, the utilization of this
operator is common. Thus, studying the Caputo and proportional derivatives has become
much more important in recent years [1, 13, 15, 17, 20, 23, 26, 32].

The definition provided by Baleanu et al. [5] combines the notions of proportional
and Caputo derivatives in a novel way to create a hybrid fractional operator that can be
expressed as a linear combination of Riemann-Liouville and Caputo fractional deriva-

tives.

Definition 3 Let f:I C R* — R be a differentiable function on I°, and let f, f’ be locally
in L; (). Then the proportional Caputo-hybrid operator may be defined as follows:

1

D0 = F= e

/ [Ki(er, T)f () + Koo, T)f'(0) ] (£ — 7)™ dT,
0
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where « € [0, 1], and K; and Kj are functions satisfying the following conditions:

lirg Kola, ) =0; lim1 Ko(a,7)=1; Koo, 7) #0,0 € (0,1];
a—0* a—

lim K; (o, 7) = 05 lim Ky(o,7)=1; Ki(a,7)#0,0 €[0,1).
a—0 a—1"

Sarikaya [29] suggested a novel concept based on Definition 3 via different functions K;
and Kj. They also provided the Hermite—Hadamard inequality using the following:

Definition 4 Let f :1 C R* — R be a differentiable function on I° such that f, " € L; (J).
The left- and right-sided proportional Caputo-hybrid operators of order « are defined,
respectively, as follows:

1

D (b) = - e

b
/ [Kl(a, b-1)f(t) + Koo, b - r)f/(r)](b -17)7%dt

and
b
"D f(a) = ﬁ / [Ki(er, T —a)f (v) + Koo, T — a)f'(1)](x — @)™ dt,

where o € [0,1], and Ko(o, 7) = (1 — @)%t and K (e, 7) = 7.

Theorem 2 Letf :I C R* — R beadifferentiable function on I°, the interior of the interval
I, where a,b € I° with a < b, and let f and f' be convex functions on 1. Then we have the
following inequalities:

) aef@+h 1 rapfa+Dh
a(b—a)f< 5 )+5(1—0!)(b—d) f<T>

rl-o) , )
= ﬁ[ﬁc DEf(b) + D2 (a)]
= O[Z(b —a) [w] +(1-a)b- a)l—a [W}

This work aims to analyze analogs of the Hermite—Hadamard-type inequalities concern-
ing Riemann integrals for the proportional Caputo-hybrid operator. For this, we first give
a Hermite—Hadamard inequality in different presentation using the proportional Caputo-
hybrid operator as defined by Sarikaya [29]. Moreover, we present an identity for the first
part of this inequality, called the midpoint side. To establish different midpoint-type in-
equalities, this identity is required. Furthermore, we provide several examples supported
to demonstrate the established inequalities by graphical representations. Under appropri-
ate assumptions on «, these conclusions expand and generalize the inequalities discovered

in earlier works.

2 Main results
In this section, firstly, differently from the literature, we obtain a Hermite—Hadamard in-
equality for the proportional Caputo-hybrid operator as follows.
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Theorem 3 Let f : I C R* — R be a differentiable function on I°, where a,b € I° satisfy
a < b, and let f and f' be convex functions on I. Then we have the following inequalities:

'l -o)
=< W[ atby Dyf(b) + Mb _Dif(a) ]

<a(b—af2 <w> (- a)b— )2 (M)

Proof Since f and f” are convex functions on [a, b], we have

f(a;b)fé[f(§a+%b> +f<%a+ b):|
and
f/(“;b> < %[f’(ga+ %b) +f’<?a+ %b)].

Then, multiplying these expressions by a?(b — a)*2™® and (1 — a)?(b — a)}~*2%71£172%, re

spectively, we obtain

(b )2 "‘f(ﬂ + b)
< %[az(b - a)“2‘°‘f(%a " ?b) +a(b —a)"‘2‘°‘f<?a " %b)}

and

(1 O[) (b 61)1 o= 1 1 2af <ﬂ;—b>

2

1 1aa112a
§§[< (b - a)' 2 f( Tb>

+(1-a)*(b—a)t-@2e 12 (22 ta + b):|

Placing these two statements side by side and summing them up yield
b b
(IZ(b—d)a otf<a+ >+(1 Ol) (l’) 61)1 aga- 1 1 Zaf (ﬂ;— )
7, t 2-t
_ _ (12—(1 o _ -
52[05 (b-a) tf(2a+ 5 b)
2 l-aga-1,1-a 2
+(1-a)(b—a)y *2° 't f( a+Tb>]
1 2-t t
t3 |:a2(b - a)“Z“"t"‘f(Tu + §b>

+(1—a)X(b—a)-2- ”“f( zta+ b)]t‘“.
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Integrating both sides of the inequality with respect to ¢ € [0, 1], we deduce that

b) + %(1 —a)(b- a)l-“za-lf'(ﬂ)

(1{2(19—51)"‘2“"]‘<a;r 5

1! ot 2-t
SE/(;I: 2(b-a)*2” tf( a+Tb)
t

t 2-
+(1-a)*(b- a)l_"‘Z”_ltl_af'(Ea + Tb)]t‘“ dt

1! 2-t ¢t
+ E/o |:a2(h—a)“2_"‘taf<7a+ Eb)

+ (=) (b a) 2% ”“f( zta+ b)]t‘“dt.

Using a variable substitution, we arrive at

W2(b-a)*2 “f<“+b>+ Z(1-a)b-a)le2el (“;b>

270!

b
< Gat /:Hb [az(b —0)f(r)+ (1 —a)*(b- t)l_af’(r)](b -17)%dt

atb

2 " 02— () + 1- @ —a)f (@) - ) d

+ (b_a)—oul p
-«

b
= mﬁ [Ki(e,b—T)f () + Koo, b — 7)f"(2) | (b — 7)™ dt

atb

+ ﬁ ’ [Ki(a, T —a)f (v) + Koo, T — a)f (1) |(r —a) ™ dT
ra-
- ﬁ[l)‘gbﬁth b)+ a+b Da,f ]

Therefore the left side of inequality (2) is demonstrated. To verify the second side of (2),
by the convexity of f and f on [a, b], we have

f(éa ; ?b) R f<?a . §b> <f(@) +f(b)
and
f’(%a N %b) f <%a ; %b) <f'(@)+f (b)

Multiplying these two expressions by a?(b — a)*2™® and (1 — «)2(b — a)} 2% 1172 we

obtain

(b —a)“Z‘“f(%a " ?b) ra(b- a)"‘2“"f<?a " %b)
<a*(b-a)*27*[f(a) + f(b)]

Page 6 of 17



Tung and Demir Boundary Value Problems (2024) 2024:44 Page 7 of 17

and

(1-a)*(b—a) -2 12y (%a 22t tb)

2t t
+(1-a)?b- a)l_O‘Z“_ltl_Z“f/(Ta + Eb)

< (1 —0()2(1’) _ d)l—aza—ltl—Za []N(d) +f/(b)]

Adding these two inequalities, we get

1 2 =0 0 E 2-t
il:a b-a)2 tf(2a+ 5 b)

2—
+(1-a)b- a)l“"Z"“ltl“"f'<§a . Ttb)]t‘“

1 2—t t
+ E[az(b—a)“2ataf(7a + §b>
2 1-aqa—1 1-a g/ 2-t t -
+(1-a)(b—a) 2t 7% Tu+§b t

<a*(b-a)*27 [JL) ;f(b)] + (1= ) (b—a)l-e2e -2 [f/(”) ;f_/(b)}.

Integrating both sides of the inequality over ¢ € [0, 1], we get

1! 2 A= g ¢ 2-t
EA |:Ol (b—(l)?. tf<§ﬂ+7b)

t 2—t
+(1-a)?b- a)l"‘Z"‘ltl“f/(Ea + Tb)]t“ dt

L[, 2-t t
_ _ th—D(a - _
+2/0[a (b-a) tf< 5 a+2b>

2—-t t
+(1-a)?b- a)1“2“1t1"‘f/(7a + §b>]t“ dt

<o2(b-a)*2™ [Ll) ;f (b)} + (1= a)(b-a)-o2? [f/(a) ;f/(b_)].

Now a change of variable leads us to

r(l-a) } )
2(b—a) 1 [@ DAf () + () Dif (@)]

fla) +£(b)

<o(b- a)"‘2“"[ . S+ ®) ’(”’].

} +(1-a)b- a)l“"Z"‘_z[ .

Consequently, we achieve the required second side of inequality (2). d

Remark 1 In the particular case where o tends to 1 in Theorem 3, we get inequality (1).
Therefore we see that inequality (2) is an extension of classical Hermite—Hadamard in-

equality.
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Now we present an example illustrating our theorem.

Example 1 Let us consider the function f: [1,2] — R given by f(x) = x>. Then the left-
and right-hand sides of (2) are

0227327+ (1-)2%%27:=W; and o227%719+ (1 -a)2°315:= W,.

Furthermore, from the equalities
%
/ [oz2(7: -1D)*3+ (1 -)?(r - 1)1_"‘312](1 -1)%dr
1
= oz2/ 3dr +3(1 - ot)Z/ (r -2 24t
1 1

65 2201—5 22(1—3 22(1—3
=—a’+(1-a%)(3 +6 +3
64 2—-«a 3 -2« l-«a

and

2
/3 [a2(2 )P+ (1 -a)?@2 - 1)1""312](2 —-1)%dt

2 2
=o¢2/3 2dt +3(1—oz)2/3 2-1)" %2y
3 b

2

175 2201—5 220{—3 22&—3
=—a’+(1-o%)(3 -12 +12
64 2—-«a 3-2«a l-«

it follows that

ril-ow

15 0(2 ) 20{—5 201—3 20{—3
=——+(1-a)|6 -6 +15 = W3,
4 2% 2-«o 3-2«a l-«

PC o o
[z DEf () +fﬂc%”>-D”f(“)]

Thus, in view of (2), we obtain the inequality

15 o> 208 o3 227°
P29 (10215 < — s (1-a) (67— ~6. " +15 ®)
4 2 2-« 3 -2« l-«

< 22797327 + (1 — a)297%27.

Inequality (3) is illustrated in Fig. 1.
The following lemma is essential for demonstrating other our main results.

Lemmal Letf:1 C R* — R bea twice differentiable function on I°, where a, b € I° satisfy
a<b,andletf,f',f" € Lila, b]. Then we have the following identity:

1 t o 2-t 2-t ¢t
2 _ \atlo—a=-2 d s _ -
a“(b—-a)** 2 /0 t[f <2a+ 5 b) f <—2 a+ 2b>:|dt

Page 8 of 17
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values of the functions \I/k

18 b

1.7

16 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

values of a

Figure 1 The graph of three parts of inequality (3) in Example 1, which is computed and drawn by MATLAB
program, depending on & € (0, 1)

1
i1 —oc)(b—a)2’°‘2°"4/ (22 [f”(%a N ?b) —f”(?a ; %b)] dt
0

a1
- o o 15, DB+, DEf@)

_ <O[2(b—d)a2_af(¥> (1 Ol)(b 61)1 aoa- 2f (ﬂ+ b))

Proof Integrating by parts, we get

Vo(2-t ¢t 2 a+b 2 (Y /2-t t
[ o (e g a2 (57) e [ /(5 rae o)

and
22a 1/ t
/ f( a+ b>dt
0 2
2 _(a+b 2 "
=b—af< 5 )_b—a/ 12f< a+ b)dt.

Using a variable change, multiplying the results by a?(b — a)**'27*! and (1 - a)(b —

a)?>~*2%73, and summing side by side, we arrive at the following result:

a2(b—a)°‘+12_0‘_1/ tf(—a+ b> dt (4)
+(1—a)(b—zz)2’°‘2°"3f 220‘f”( a+ b) dt
0
:az(b_a)az-af(¥) (1-a)(b—a)l-2e-2f (“;b>
21—a ath

G | [PE @@ -0 )] -0 d
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Following similar steps, we obtain

t 2-t

a2(b—a)"‘“2“"‘1/ if’ (—a+ Tb>d (5)

+(1 —oz)(b—a)z_“Z“_B/ t 2"‘f”( a+ 2719) dt

=—a’(b-a)y'2"f (%b) (1 —a)b —a)l_“Z“‘Zf/(g)

21—(1 b
fo-a / (b -0)f () + (1 -6 - @] - )" dr.

Subtracting (4) from (5), we have
1 t 2-t 2t ¢t
2 _ a+12—a—2f 2 = - ol 2" -
a’(b-a) ; t|:f <2a+ 5 b) f( 5 a+ 2b>:|dt
! t 2-t 2-t t
1— _ 2—0:201—4/ 2-2a| | = 1/ -
+(1-a)b-a) ; t |:f <2a+—2 b) —-f <—2 a+2b)j|dt

- %[ﬁﬁ%ﬂb) L PC, D (a)]

_ (az(b—a)“ af(‘”b) +(1-a)(b-a)-o2e2y (“;b»,

which completes the proof. O

Theorem 4 Let f : I C R* — R be a twice differentiable function on I°, where a,b € I°
satisfy a < b, and let f,f',f" € Li|a,b]. If |f'|1 and |f"|? are convex on |a,b] for g > 1, then
we have the following inequality:

s o {5 DB+, DEf@) ©

< 2b-a) 2 f(a+b)+(1—ot)(b—a)1°‘2"‘Zf/<¥>>|

<az(b—a)‘“lz_"‘_B[(%[f’(a)V + %lf/(b)r])q + (%V‘/(ﬂ)rz + %Lf/(b)|‘I)q:|
1 1
(3 - 20[) (8

+ (5" @7+ 3 - 20| (1)]") 1],

-

+(1=a)(b—-a)> 20t [(B-2a)|f"(@]|" +5|f"(B)|")

1
—2a)1

Proof Firstly, let g = 1. By the convexity of |f'| and |[f”|, from Lemma 1 it follows that

I'a
ﬁ[ oy DEFB) 75, DEf@)]

_ <a2(b_a)azaf(¥) + (1= a)(b-a)l—*2e2 (‘”b)){
1
5a2(b—a)w12-a-2/0 tH/(%a+ ?b) ; p <—a+ ;b)ﬂ dt
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1
+(1 —a)(b—zz)z""2°"4/0 tzz"‘H[”<§a + ?b)‘ + ‘f <%a + ;b) H dt

142 _f2
< (b a) 2o /0 %([f/(a)| o) + ZE (@] + o)) de
5 . 1 t3—2a
+(1—a)(b-a)r 20" /O T([f”(a)! +|f" (1))
2-2a _ 43-2a
(@) + | e

— a2(b_d)a+12—a—2(lf,(a)| + [f/(b)|>

2
1 <lf”(ﬂ)| + lf”(b)l)'

2-a -3
+(1-a)b-a)*2 3 -20) 5

Secondly, consider g > 1. In view of Lemma 1, using the power mean inequality and the

convexity of |[f'|7 and |f”'|7, we obtain

ra-
M;_iél)of?m[lﬁbﬁl)hf b)+ (3) Daf ]

oot
LONPLY L 2-t |7\
2(1 _ 4\a+lo—a=2 04 «—i

<a’(b-a)**'2 [(/(; tdt> (/(; t}j(za+ 5 b> dt)

NP2t e [T\

1 }7 1 _

+(1—a>(b—a)2az“[( /0 tzz“dt) ( fo t“ap//(gw%b)

' vl 2-¢ £ \|]7 \7

220 2-2a | g1

o (b a2 [( V e 2 tz[f(b)‘th>q

2p

: :
+ (v/‘o 2t;t2 V/(a)|q+§[f,(b)‘th> :|
1 1 t3—20{

+ (1= a)(b— a2t : [( P

¢ (3—201)7’ /o 3 /@l

2-2a 32«

+ u[f”(b)ﬁdt)

1 2-2« 32« 3
+ (/0 2t z_t lf// )|q lf//(b |th> ]

17/1,, 1., i (1 , 1., a
:aZ(b—a)“”T‘"zz—}’[(ELf @]+ g[f(b)|q> + (glf @]+ gLf(b)|q> ]

AN
dt)

Page 11 of 17
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ranes 1 [(F@F 5@\
+(1-a)b—a)™*2 (3_2(1);[(8_205+(8_2a)(3—2a))

+< 51/ (@)1 +W(b)|q>i]
(8-20)(3-2a) (8-20x) '

This ends the proof. O

Now we illustrate our theorem by an example.

Example 2 Letthe functionf : [1,3] — R be defined by f(x) = x® +x%. Then the right-hand
side of inequality (6) is

1
271 2. N© (2 1__\i
(=574 2337)" 4 (S50 4 2337
4 [\37 73 37 73
(l-a) 1 1
4 3—20{(8_2(1)%

[((3-2w)87 + 5.20”7)5 +(5.87+(3- 204)20‘1)5] = Q1.

On the other hand, we obtain

Fl-a) rc
55—yt Ly DO + (1) Dif @)]

_< 2( )Ot ozf(a"'b) (1 Ol)(l’) 61)1 age— 2f (ﬂ;b))l

7 (1-w)?/ 22 11
2_+( O[) - —8(1—0[):= 92.
3 2 3-20 2-2u

As we can see in Fig. 2, the left-hand side of inequality (6) is always below the right-hand
side of this inequality for all values of « € (0,1) and g > 1.

Remark 2 Taking the limit as @ — 1 and putting g = 1 in Theorem 4, it follows that

‘—/f(x)dx f(‘”b)‘ 2D (@) +

as it was proved by Kirmaci [22].

),

Corollary 1 In the limiting case a = 0 in Theorem 4, we obtain

el e [ sman) (52 (557)

(ba

= [( @)+ 2 Lf”(b)l) <glf”(a)|q+Z[f”(b)\q)l/q],

Moreover, taking a = 5, we have

1
2

| oo J2) (53]
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Figure 2 The graph of both sides of inequality (6) according to Example 2, which is computed and drawn by

1/q
=

b-a
8

1 ! 2 ! I/q 2 ! 1 !
e Srel| « 2rar Jror]
2 1/ 5 / Y 5 / 2 / Y
+[§[f(a)|q+§y<b)|q] +[§[f(a)|q+§[f(b)|q:| }

Theorem 5 Let f : I C R* — R be a twice differentiable function on 1°, where a,b € I°
satisfy a < b, and let f,f',f" € L1[a,b]. If |f'|7 and |f"|? are convex on [a,b] for q > 1, then

we have the following inequality:

r(l-a) ) )
Wa)ofm [@ ) DLf () + () Dif (@)]

- <°‘2(b - “)azaf<aT+b) +(1-a)(b- a)1°‘2"2f/<

a+b
2
4

p+1

) (r@l+lro)

< Olz(b _ a)ot+12rx2(

H-a-ar (G ) (@l o)

where L + 1 =1.
raq

Proof Employing the Holder inequality and the convexity of |f’|7 and |f”|?, by Lemma 1

we have

Iri-ow)

PC N pC .,
355~ a)t L D (0) + (52 Dif (@)

)
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o (252) a-a-aroe 7 (52)
coucars([Pea) ([ (i 5 4)
([ ) ([ Gt
oot [ ([ 5%

Aoy [ 5o
cou-ariz= () [([ dror o)
([ e trmra)

1 P
1— _ 2—012a—4
t1-a)b-a) <2p—2txp+ 1)

|:(/ Vv//( )|q V//(b |th)
+ (/O ?lf//(ﬂ)‘q_l_ %V//(b)|th)4i|

1
=Olz(b—6l)a+12_a_2(p+ 1) |:< V(a ’

3., A\ (3, 1, 2\
+1b‘(b>lq) +(;v<a>|"+;b‘(h)lq) ]

1
q
dt)

2—ana—4 1 %9 1 1" q 3 1" q %

3 /! 1 1! %I
+ (L—L[f @]+ ZL[f (b)|q> ]

Also, by the inequality

Zak+bk <Zak+2bs
k=1

forO<s<landay, by >0,ke{1,2,..., n}, taking a; = |f"(a)|4, by = 3|f"(b)|%, az = 3|f"(a)|4,
=B, my = |f"(@)|?, m1 = 3|f"(b)|7, ma = 3|f" (@), ny = |f"(b)|7, we derive

ra-
ﬁ[l)ﬂlﬁbﬁl)h}[ b) a+b Dwf ]

<2(b a)*2 af(“+b>+(1 @)(b — a) 20 2f (“;b»‘
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2 a+ly-a—4 q !
< o2(b—a)**'2 <p+1> +1)(|f' @]+ |f'®)))
1 l l 1! 1!
+(1—a><b—a)2-“2“-4;<(2 2a)p+1) @7+ (" @] + [ @)

5a2(b-a)°”12“<p+ 1> (If' @] +|F®)))

4 "
+ (l—a)(b—a)2“2“4<m) (V (a) |

1

),

which completes the proof. d

To illustrate the inequality in Theorem 5, derived using the Holder inequality, we provide

the following.

Example 3 Consider the function f defined in Example 2. We can evaluate the expression
on the right-hand side of inequality (7) as follows:

[ 4\ 4 ;o
19— ) +7(1-a)| ———— ] := ;.
p+1 2-2a)p+1

On the other hand, we know that

I'l-a) (rc
W[ a+h)+Db.f(b a+h Daf(ﬂ)]

_< 2( )Ot af(a+b) (1 Ol)(b 61)1 age- 2f (ﬂ;b))‘

,7 (1-a)?( 22 11
_+ —_—
3 2 3-20 2-2a

=

) -8(1 — ) := D,.

Thus from Fig. 3 we can observe that for all values of & € (0,1) and p > 1, the left-hand
side of inequality (7) is consistently lower than the right-hand side.

Remark 3 In the limiting case o = 1 in Theorem 5, we get

1t b\| b-af 4\, ,
it [ 552) "

as it was proved by Kirmaci [22].

))),

Corollary 2 Taking the limit as « — 0 in Theorem 5, we have

stal e [ sman) (55 (557

_“’16“)( L) @l

2p+1
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Figure 3 The graph of both sides of inequality (7) according to Example 3, which is computed and drawn by

MATLAB program, dependingon « € (0,1) and p € (1,3]

Also, taking o = 5, we obtain

1
2

ﬁ( abf(x)dx +£(b) —f(a)) - <f<¥) +f/(aT+b>>'

b— 1/p
<220 @l ol @l o).

3 Conclusions

This work uses a proportional Caputo-hybrid operator to establish novel Hermite—
Hadamard-type integral inequalities for twice-differentiable convex mappings. To do this,
we begin by proving a new integral identity of the Hermite—Hadamard type associated
with the proportional Caputo-hybrid operator. Later, using convexity, the Holder inequal-
ity, and the power mean inequality, we give several Hermite—Hadamard-type inequalities.
Compared to classical calculus, our findings are more helpful because they present the
particular situation of previously established boundaries as @ — 1. So we believe that our
approach and findings will encourage the readers to learn more about this topic. Simi-
lar inequalities for different fractional integrals can be investigated in future studies, and
by utilizing different types of convexity new Hermite—Hadamard-type inequalities can be
obtained.
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