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1 Introduction

Lotfi A. Zadeh, a mathematician and computer scientist, introduced the idea of fuzzy sets
in his groundbreaking paper entitled “Fuzzy Sets,” published in 1965 [1]. Zadeh’s moti-
vation was to address the limitations of classical set theory, which relies on crisp, well-
defined boundaries for membership. The extension of fuzzy sets known as intuitionistic
fuzzy sets (IFS) was initially proposed by Atanassov in 1983 [2, 3]. IFS provide a framework
for dealing with uncertainty, vagueness, and hesitation more comprehensively than tradi-
tional fuzzy sets. A neutrosophic set is a mathematical concept introduced as an extension
of classical set theory [4, 5]. Neutrosophic sets provide a way to handle indeterminacy, un-
certainty, and incomplete information more flexibly.

Fuzzy normed spaces (FNS) are mathematical structures that extend the concept of
normed spaces to include fuzzy numbers. Katsaras introduced the idea of FNS, a vector
space equipped with a fuzzy norm, where the norm values are fuzzy numbers rather than
real numbers [6]. The idea of intuitionistic fuzzy normed spaces (IFNS) was proposed in
2006 [7]. IENS represent a fusion of concepts from fuzzy mathematics, intuitionistic fuzzy
sets, and normed spaces, providing a versatile framework for handling uncertainty and
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imprecision in mathematical modeling and analysis. Neutrosophic normed linear spaces
[8, 9] extend the ideas of neutrosophic sets to linear algebraic structures, offering a more
expressive way to represent and handle uncertainty in vector spaces. Neutrosophic con-
cepts have been applied across a wide range of mathematical fields such as groups, sub-
groups [10], vector spaces [11], homomorphisms of rings [12, 13], linear transformations
[14], number theory [15], graph theory [16], measure theory, integral theory, probability
theory [17], etc. Neutrosophic normed linear spaces find applications in various scien-
tific and real-time applications like decision-making, control systems, optimization, image
processing, pattern recognition, medical diagnosis, finance and risk management, infor-
mation retrieval, and artificial intelligence [18—24].

Several mathematicians have derived the results of fixed point (E-P) theory using neu-
trosophic concepts. Ishtiaq et al. [25] proved F-P results in the framework of an orthogo-
nal neutrosophic metric space. The common F-P results in the context of a neutrosophic
metric space were established using contraction mapping [26]. Salama and Alblowi [27]
studied the neutrosophic topological spaces, whereas Al-Omeri et al. [28] analyzed a neu-
trosophic cone metric space. Riaz et al. [29] discussed the F-P results for & -chainable neu-
trosophic and generalized neutrosophic cone metric spaces. Sharma et al. [30] studied the
generalized summability using difference operators on neutrosophic normed spaces. One
of the most prevalent stability theories was introduced by Ulam [31] and further devel-
oped by Hyers [32]. This theory is called the Ulam-Hyers stability and has applications
in various branches of mathematics, including differential equations, functional analysis,
and dynamic systems. Many researchers have worked on this theory and established the
stability results in different normed spaces [33—-40]. Recently, Agilan et al. introduced new
kinds of FEs and established the Ulam-Hyers stability of the newly proposed equations in a
variety of normed spaces [41-44]. Some related applications are also discussed in [45—48].

This article presents a novel category of Euler-Lagrange additive FE. The Ulam-Hyers
stability of the newly introduced equation is analyzed in neutrosophic normed linear
spaces using two techniques: direct and fixed point techniques. The stability analysis of
the newly introduced equation holds significance due to the distinctive characteristics and
potentially broad applications of neutrosophic normed spaces. It is noteworthy that, for
the first time in the literature, the stability of an FE has been examined within neutro-
sophic normed spaces. The uniqueness of this endeavor underscores the importance of
this research.

This study aims to achieve the following primary objectives:

(a) Extend and enhance the current body of work on neutrosophic normed linear

spaces.

(b) Ascertain the uniqueness of the solution for the newly proposed Euler-Lagrange

additive FE.

(c) Derive the Ulam-Hyers stability of the newly proposed equation in neutrosophic

normed linear spaces using the F-P method.

2 Definitions on neutrosophic normed spaces

Definition 2.1 The Seven-tuple (A,2,,B,, €, *, ¢, Q) is said to be a neutrosophic normed
space (for short, NNS) if A is a vector space, * is a continuous k-norm, ¢ and @ is a con-
tinuous xk— conorm, and 2,, *B,, €, are fuzzy sets on A x (0, 0o) satisfying the following
conditions. For every p,q € A and s,x >0,
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(A1) Aa(p,x) +Balp, ) + Ca(p, k) <3,
(A2) 0=<A,(pk) <1,0<B,(p,k) <1,0<(p,x) <1,
(A3) A,(p,x) >0,
(A4) A,(p,x)=1,ifand only if p = 0.
(A5) A, (ap, k) =A,(p, \(I;_|) for each o #0,
(A6) a(p, ) % Aa(g,5) < Aalp + @i +5),
(A7) 2,(p,-):(0,00) — [0,1] is continuous,
(A8) lim,_ o Ay (p, k) =1 and lim, o A, (p, k) =
(A9) B, (p, K) <1,
A10) B,(p,«)=0,ifand only if p = 0.

)

)

)

)

)

)

)

)

)

)

> >

(A11 %a(ozp,/c) =B,(p, IZ_I) for each @ #0,
(A12 %a(p’K)O%a(q’S)Z%a(p"'q”("'s),
(A13) B,(p,-):(0,00) — [0,1] is continuous,
(A14) limy_ o B,(p, k) =0and lim,_,0B,(p,«) =
(A15) €, (p,k) <1,
(Al6) €,(p,x)=0,ifand onlyif p = 0.
(A17 Clap, k) =C,(p, IZ_\) for each o #0,
A18) C,(p,k) ©C,(q,8) > C(p+ g,k +5),
(A19 ¢.(p,-):(0,00) — [0, 1] is continuous,
(A20) limy_ o €,(p, k) =0 and lim,_ o C,(p, k) = 1.

3 Stability results: direct method
The newly proposed Euler-Lagrange additive FE is as follows:
DA (PL o+ Q1 Ya + RaWa) + Prati (QR1(Za - Ya))
+ Q1 (PiR1(Ya = #2)) + Ruaty (PL1 (W — 22))
=T1(P14271(=%)+ Ql%(%)*’RMZfl(%))» (3.1
where P;, 91, Ry € R with Py, Q1, R; #0 and 7 = P; + Q1 + Ry # 0 in neutrosophic
normed space using direct and F-P methods.
Assume that (M, 2(,*B/ , &) is a neutrosophic normed linear space and (M, 2,,B,, €,)
is a neutrosophic Banach space. Let £ be a linear space. Then,
N2V Wa) = 510 (PrZa + Q1Yo+ RaWa) + Pl%(anl(% - 7/51))
+ Ql«@fl(Pﬂzl("f/a - %)) + R1«5271(771 NV %))
- T (PLoi( o) + Qo (Ya) + Rush(Ha)),

where 1 =P1 + Q1 + R1, P1,Q1,R1 € Rand Py, Q1, R1 #0VZ,, Vo, Wy € L.

Theorem 3.1 Let N: L x L x L — M be a mapping with the condition 0 < (‘%")'7 <1,
then

W, (N (T 2r TV TH2),0) 2 W (2N (Lo Vo W 0),
B (N(S1" 20 T SIH2), ) < B (20N (L Vo W V), (32)
¢ (N(T2 20 T, THa)0) < EL(ZN( Ly Vo Ve v)
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and

lim A, (N(T]" 20, T V0, T W), a"v) = 1,

Jim B (N(T]" 20, T V0, T W), 6" ) = 0,
. / nn nn nn _
VEEOQ:“(N(TI Lo TV, T W), 0" ) = 0.

Assume that a mapping o : L — M satisfies the inequality

2, (3( 2o Vi Wi, 0) = UL (N( i, Yoy W), 0),
B (3( Ly Vo W) 0) < BL(N(Ziy Vo W)y ),
Ca(3( iy Vs W), 0) < €, (N( L, Yy o), 0)

and 3 unique additive function Ay : L — M

A (A (Z2) = AU(Z2),0) = A, (N(Zay Loy Za), %11 %1 = Zalv),
B, (A (Za) = Al(Za),v) < B (N(Zay Zay Z2), T1|T1 = Zalv),
Cu(m(%) - Al(f%/;z)r U) = ¢;(N(%;ly %: <?f/;z)r‘z:ll‘s:l - %'U)

with the conditions n € {1,-1}, where T; = P; + Q1 + Ry.
Proof Let us consider (25, Yo, Wa) by (2, Za Z2) in (3.4), we reach

A (T104(T123) - Th(22),0) = A (N( Loy Ziy 22, 0),
B, (T104(T1 20) - T2h(22),0) < BL(N( 2y Loy 22),0),
Cu(slm(slﬁ) - {E%Q{l(%)’ U) = Q;(N(%, %) %)» U)'

By applying the conditions of neutrosophic normed space, we arrive

ma(M - A, %) > W (N2 22 Z2),0),
T T
%a<M AL, %) <8, (N(Z2, Zip Z)0),
51 T1
Q(M — (2, %) < €, (N(Zi Zi» Z2),V).
1 1

Replacing 2, by /%, in (3.7), we get

n+1
(S5 - A ). ) NG 25 25120 0)
1 1
n+1
%(M - (T2, 3) < B, (N(T} 20T 20 T Z), V),
1 1
n+1
e( LT a2, ) < €N T 2T )0,
1 1

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Using (3.8) and conditions of neutrosophic normed space, we arrive

v

o, n+1 . o, n ;z
2[( T2 1(51%),@&)29(;(1\[(%,3&;,%)
1

‘Z(}Hl)

v
,—}’I’
a
v
)

! I Z
A2 AT 2L) v
a - ) ! N '%;l! f%;z’ ‘%(:l y T
® < glml) Y gue2 =B, N( ) Z
AL AL v v
Q:ﬂ - ’ Q:/ N %1%1% y )
(- am) =l "7

Let v by Z'v in (3.9), then

o, n+1% o, n% .qn
m( G La) AT ;)zm;(zv(%,%a,%),u),
o, n+1gbrﬂ o, n% . gn
o, (AT ACLD 0 < v, 2 200)
5T Ty
o Tn+1% o, r:n% .
@( G Lo A2 v +;’)§¢;(N(=%,<%,%),v).
S H RXt
It is easy to see that
(T, nl (g I+ ) J g
AT - 3y, Ao - AEER
1 J=0 {31 s1
From (3.10) and (3.11), we reach
(T Za) Z.7v
Q‘“(T_Ml(‘%) P
1 J=0 1
n-1 T +1 J n-1 J
o4 Za) Za Z.
:%(Z LT 2) 1(?7 ) $° ;ﬂf)»
J=0 "i'l 1 J=0
(T Za)
%u<T—ﬂ1(%) Z Tm)

A (T 2)

n
1
a(z S
J=0 1

)
T—m(&r) Z gm)

AT AT )
‘I(J-H) -
1

T

n-1

>3
J=0

EAED
T

strZ

%fv)

>3

n-1 %JU)
T+2 |
J =0 Tl
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(3.9)

(3.10)

(3.11)

(3.12)
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From (3.12), we arrive

B3

n oy J
m(—mm‘%’-w%) ) ‘ﬂf)

(2024) 2024:47

1

-1
= 1_[ ( J+1
J=0

AE 2 AT 20) %jur)
1 .I{ ? (Ii7+2 ’
’ T +2
T=0 £S5

%(% ()
1

T (AE "2 243 20) 3@%)

= ]_[ ( J+1
J=0 E5

AT, -
csa(M—wv%),Z o

H

J T g J+2
£ 77

1 %JU>

l:

= %(57“3&”)
.7+1

where
n-1
Qi=Q1xQyx---%Q,
J=0
n-1
5=8510850---@S,
J=0

Using the above conditions, we

- N (Za),

(T Za)
NEL:

EATED 3&;%)
ixd T2

n-1

and [[R=RioRyo---0R,

J=0

have

2«7
Z TJ+2 )

J=0 71

= Q‘;(N(f%;l) %) %)rv) ZQ[;(N(%, %;1» f%;z); U),

(T Za)
(G2 - 5 15

= %;(N(%, %: %))U) :%;(N(%r %) %))U)r

¢<M e, Z )
1

£

< [ [ & (N( 2o 2oy 22, 0) = €, (N( 2oy Za 22, 0).

(3.13)

(3.14)
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Considering 2, by V"2, in (3.14) and dividing by TV, we get

mﬂ(mmm%)_mm%)i 27 v )

(Z(1n+m) gliﬂ = (S(1J+m+2)

> A (N (7 2o T 20 T 20),0)

v
( ( )W)

a

B N L) A (T Za) Z_:
a s(lmm) Tm ,j

27
I(lj+m+2)

v)

n-1
=0
< B (N(TV 20y T 2oy TP 20),

/ v
=%4(N<2;,5&;,%), %m)

‘I(n+m) - giﬂ T(]+m+2)

%(ma'{*m%ﬂ) %(fs{%)"’z‘l %ﬂ%)
1 J=0

< €, (N(T}' 20 T 20T 24), )

v
=B/ N ar Lar La)y |
SBa( (L L 22) %m)

Replacing v by Z"v in the above inequality, we have

%<m(@f+m%) ) m(smz)i 2,7y

g(l}’l+m) T}IM = (S(l‘7+m+2)> Z Q[;(N(%f %I ‘%;l)r U);

%a(&{l om0 _m(zm%),nzl <%/‘.7+m

(n+m) ‘I;in s(ljﬂmz ) < B’ (N(f%; Loy Za), U), (3.15)

J=0

d (:In+m3?//') M(ZT%) n-1 %jerU ,
¢ n+m Tm ’Z (T +m+2) =¢, (N(%, Zar Z2), U)»
J=0 ~1
of, (Fn+m PAGYE g
ma( 1(3jn+m<%‘) 1(2;%)’1})2%[;(]\[(%,%,%)# s
g ! ZJ m TJ+2
AT 2) ﬂi(zl 22) v
%a( T(’H'm , U N('%;l’ ‘%/(:ll %);W ) (316)
T=m W
;27 n+mdabr R AGYR S
%( T AL I ,v> (N(%%%) ——
‘I r._l7 m §J+2

Since 0 < Z, <1 and an:o(%")j < 00. The sequence {dl(g%‘)} is Cauchy in (Y, %2,
1

B,,&,). Since (Y,2,,B,,,) is a complete NSN-space, this sequence converges to some

point A;(Z,) € Y. Defining A, : L — M by

lim m<w - A2, u> -1,

n—00 ‘Il
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lim %(M _Al(gga),u> _o,
n—00 ‘3,';’
lim Q;a(M _Al(gga),u) _o.
n—00 ‘I;’

Finally

A (T Za) NSN
N

T Ai(Z,), asn— oo.

Consider m = 0 in (3.16), then

(TN L,
ma(%‘% - (Z2), U) > 91; (N(«%, X Z2), ﬁ ’
1
AV , v
%ﬂ<% — (2, u> < %(N(%»%’%)' o 27 ) (3.17)
1 270 e
1
h (T2,
Cu(%_M(%)’U> SQ;(N(%)%)%)) 1U %j
1 ZZ_:O gi7a+2

Asn—> o0 in (3.17) and

Q[u(Al(%) - MI(%): t) = Q[;(N(%r %7 %)r ‘3:11)(3:1 - %)))
%a(Al(%) - 'Q{l(%): t) = %;(N(%r %) %)7T1U(‘Il - %))’ (3'18)
ca(»’éll('%a) - 'Q/l(f%l)rt) =< Q:;(N(%, f%ﬂ %)7 {IIU(EI - ‘%l))

Finally, A; satisfies (3.1), taking (2, ¥4, #.) by (¥} 2., T/ 74, T W,) in (3.4).

ma(%s(i'f«%;,im,i’%), v) > A, (N(T) 20 TV T W), Thv),
1

%a<%3(51’%,‘31’%,51’%),v> < B (N(TL 20 SV T, T0) . (3.19)
1

¢a<%3(¢'{«%,f’f%5’f%),v> = € (N(S1 20 TV0 TIH2), Tho).

Here,

21, (791A1(Q1R1(% - 7/a)) + QIAI(PIRI(% - Wu))
+ R1A (PLQ1 (W = 22)) + T AP 20 + Q1Yo + RaWa)
- T (PLAI(ZL) + Q1AL(Y) + RiAL()))

>, (PI-AI(QlRI(% - 7/a)) - %M(Qﬂzl(% - %z));
1

*%(QlAl(mm ) - DA (PR~ H),
1

v
6

AT

)
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m( VAP, + O +R17/)+ mm% + Q1Y+ RAH), Z)

* Qla( Ty (PrAU(Z2) + Q1 AL(Y2) + R1AL(HL))

+ B (PUAL) + QAT + Rach (1),
1

A

(le(gmlw K)+ g h (PRI~ 1)

+@m(ngw 2.)) + Z;mm%&mmlw
1

- T_i(Puzfl(%) + Q1 (V) + Ruah (W), %)
1
and

B, (731-/41(@1731(% - 7/5:)) + Q1A (7)1731(7/5: - %))
+ RIAI(PI VA %)) + T A (P 2o+ Q70+ RaHa)
- (PLAU(Z) + Q1 AL(Y2) + RiAL(L)))

>%a(P1A1(Q1R1(%—%)) Plﬂfl(glRl(% 7/))

(2

(QIAI (PR~ ) -

A (PyRA(Ve = H3), %)

T
©B, ‘31-/41(7)1«% + O+ RiWa) + s—i%(’ﬂ% + QY+ R, %)
1

% %u< T (731./41(%) + Q1 A7) + RlAl(Wa))

T
I_;(79 G (Za) + Quar(Va) + Ruch (W), )
1

B, (7;%1(91&(% 1) + le(PIRM 7))

T
" Q—M(Plg(% - 2) + 2 h(PL 2+ QY+ Ra)
1

_&(PIM(%)+Q1M(7)+R1%(W)) )

and

Co(PrA(QRUZ: - Y2) + QA (PIR(Ya - #2))
+ RIAI(PIQI(% - %)) + TA(PLZo+ QYo+ Riy)
-4 (7)1-/41(%) + Q1 A(70) + RIAI(%)))

Py

>¢u<7)1¢41(Q1R1(=%—7/a)) Enﬂfl(QlRl(% 7/)) )

(3.20)

(3.21)

Page 9 of 24
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¢, Q1A (7)1721(%: - %)) %

S AP 1), )
@ eta(slAl(Pl% + Q1Y+ RAH) + T—;M(PI% + Q1Y+ RAH), g)
1

@¢a< T (PLANZ) + QLANTa) + RiANH)

A

+

(Prati(Z2) + Quan (Vo) + Rishi(H2), %)

o]

d
@a(ﬂm(@ml(% 7)) + le(PlRM ),

+ g—jm(ﬂgl% - 2) + T—M(PI% + Q1Y+ RaWe)
1

T
- i (PLAh(20) + QA () + Rach(2), ;’) (3.22)
1
Also,
. 1 v
lim %a(—a(ii’%,zm,ﬁ%), —) =1,
n—>00 ‘Z’i’ 6
Jim %a(%ﬂf’f%"f?%,ﬂ%), %) =0, (3.23)
1
lim ¢, ( . 3(@%5%@%),3) -0,
27 6
To prove uniqueness
(Al (Z,) - AL(Z), U)
o0, (31 20) - (51.22), Y5 ) v (h(120) - A (51 ), 251 )

n+1
@sﬂ%@ 2522, - a|>

rzn+1 T - 3?//;1
2 9’[; <N(%’%r ‘%;l)’ M)’

2 2
B, (A1(22) - AL(22),v)

n+1
< (N2 2122, S - 3@)

T}Hl T - %
S %; (N(%: %7 %): M>1

2. 2
Co(A1(Z0) = AL (Z),v)

= (i) - on (@22, 55 o (s (3122) - A 20). 75 )
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vEl
2
v T, - 24

2. '

=<, (N(TI%,T;%,S';%), 1 - %l)

=¢ (N(%z,%z,%),

vEHT -2

Since lim,,_, o ST =00,
a

n+1 _

tim 24 (N7, 27, 20, B )
n+1 _

tim % (N(2;, 7, ), %ﬂ) ~0,
n+1 _

tim (M2, 75, 200, S o

Hence,

Ao (Au(22) - A (22),0) =1,

B, (A1(22) - A (Z2),v) =0,

%a(Al(%) - -’4/1(%;1)’ U) =0.

Thus, A1(Z,) = A1 (Z2). Hence, A1 (27) is unique.

Method 2: Assume that n = —1. Substituting p by %“ in (3.6) gives
Z. Za Zi Z,
_ 24 L2 (N[ Za Fa Fa
ma(glcﬁzfl(%) Slw(zl )yv) ZQ(”<N< 2 ’ 2 ’ 2 );U>;
B (s - T 22) 0] = m(N( 55 55 5 )v) (324)
2 Ly Zu Za
(s 22)0) ze (w22, 2,25 1)
T 2’272 0

p5!
Corollary 3.2 Let o be an approximately additive mapping from (Z,,B!, &) in a neu-

trosophic normed space and (M, U,,B 4, €,) be a neutrosophic Banach space that satisfies
the inequality

(32 Y Wi, )
A,(S,v),

A (SWZaNE + 17205 + 17201%),v), €56 41,
(3.25)

v

A (SIZANENNS AN v), E+TF+B £,
(SN ZLNENal N #a01®
+ (1 2SS+ 101 S50 4 171557 0) L v), €+F+B 41,
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B (3(Zas Y W), v)
I
B,(S,v),

<\ BL(SIZCNZalP 1 7a]1%v), €+F+6 41,

B, (S{I 22l €N 7al 1711

+ (12l S+ 1 Fl S0+ LS5 0) ), €+F+ 641,
¢ (3(Zo Vs Wa),v)

¢, (S,v),

(SN2l + 17l +17:19),0), €56 41,
<1 C(SIZACN2aB17al®v), €+F+&#1,

& (S{IIZaN N7l 17a01®

+ (12l + 1SS+ 155 0) Jv), €+F+ 641

such that

B (SUNZall® + 1175 + 172019),0), €36 #1,

Q11/1(42{1(3!/1/;1) - Al(%)r U)

v

A (S, Titv| Ty - 1)),
A, ([SI221%1%11 + SUZLlFIZ1 IS + SI221°1%11%],
T[] T - T+ [T - T + [T - TP ))),
ﬂ;(3||%||e+g+®|31|e+3+®,31U’T1 _ 51@+S+Q§

))
Ao (SI 2l 57015y | 1570
+[SIZa1 1T + SIZalB 1% + SI220101%11° ],

),

Tv| Ty - TP

B, (A4 (2) - Ai(2),0)

IA

B (S, T1v|T; - 1)),
B, ([SI2a1%1%11€ + SI2251%11% + SI 221%1%:1°),
T[T - T+ [T - T + [T - 7)),
%;(SII%H@*S*@lill&%@,ilv‘fl _ glewswﬁ

))
%;(8"%”6+3+®|T1|G+3+®
+[SIZaIEI1Z11E + SIZAI TS + SI2L1%1%11%),

),

Tv| Ty - TP

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Page 12 of 24
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Co(A(20) - AL(Z),v)

(S, TvlT - 1),

¢ ([SI2a1 %111 + SUZLlF1Z1 ]S + S 2al1%1%11%],
To[|% - TF| + [T - FF

+HT-17)),

<3 CL(SIZLl ST, &8, Tyu| Ty - TTEO)),
Q;(S”%”G+§+®|¢Zl|@+g+®
+[SIZaIEI1ZT11E + SIZAIF TS + S12L1%1%11°%),
Tv| Ty - TS,
Proof Let

S,

S22l +17all® + 117211°),
N(Z Vs Wa) = { SIZaN € IyIS N1211®,
S{IZN €1 Yall¥ 111

¢ & C+F+B ¢ &
+ (122l S S0 4 1V S50 4 ([ €+5+9)

and

0,
A B C

T+ + I,
E+5+S

T,

‘I1€+S+Q§'

4 Stability results: fixed point method [49]
Theorem 4.1 Let N: L x L x L —> M such that

lim A, (K (D! 20,9170 D!W,),D") = 1,

n—00

lim B/ (K(D} 24, D! 7., D!#,),9"v) =0,

n— 00

nli>nt}c E;(I((Q;’%,Df“f/ﬂ,@;’%),@"v) =0,
where

T, ifi=0,

1 o
T_l lflzl,

(4.1)

(4.2)

Page 13 of 24
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then

Uy (3( 2 Vs W)y v) = W (K( Ly Yo W)y ),
%u (5(%1 Ai/ai Wa), U) = %; (I<(<%/a» AI/a» %)1 U);
Ca(3( 2o Yo W), v) < CL(K(Zas Var Wa), V).

IfL = L(i) and

L (2 2 7
«Qfl(%) = ‘Z_ll (T_l’T_l, (3:1 );
and
m;(L%ﬁ%’,u) -2, (4(22),v),
~Q{ ita
% <L1(§7f§“,u) = B (A (2 0),
¢, Q%,u) - € (A(22),)
also

A (A (22) = AL(Z2),0) = A, («%(«%),

B, (A (22) — A2, v) < %;(%(%), 2,

() - A Z)0) = € (AZD

L )
v .
L

Proof Let

S= {hl |h1:,%/;l — Y;JZ{I(O):O}x

Ao (A (Za) — A (Z0a),v) = A (A (22), L), v >0,

)

(4.3)

(4.5)

(4.6)

d(h,f1) = inf § L € (0,00) : § B (Za) — A (20),v) < B (9 (Za), Lv),v >0,

Q:a(%(%) - %(%); U) = %;(M(%),LU), v>0

(4.7)

Page 14 of 24
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Hence, by (4.7)

inf { L € (0,00):

after that

inf{ 1€ (0,00):

Assuming i =0,

inf { L

Q‘a(%(%)_&{l(%)’v) Eﬂ;(m(%),v)};

Ay

2

B,

B,

B (.4 (22) - A (D), v) < BL(A(2), Lv)),

<

(o

Ca(Jon(Za) =] (20),v) <

0€(0,00):

(2024) 2024:47

1 1
(Eﬁm %)~ 2 oh(0,22), u) = W, (A, 2,),D0)),
1 1
a(am ) - A7) u) = (4 (22),Lv))

W (4 (22) - J A (D), v) = A (A (22), L)},
B, (A(22) - A %),u) < B, (A (22, )},

—_

ADL) - 5 D), u> < B, (A(®:22),9)),

1

QM(@ iZa) -

(s
(

m@ 2, u) B (AL Lv)},

Cu(A(20) - (20, 0) < € (A(2),v)),

(,; ADL) - 5 O, ) < (A D, 25),D)),
(34000 - 5 oh@ 700 v) = €, (Ao L),

(A (Za), Lv)}

Q[ﬂ (fQ{l (31 %) - SlfQ{l(%)r U) = Q[; ([((%, %) %), ‘Zl U),
%a (M(‘Il %) - ‘:{14271(%), U) = gB; (I<(%r <Q//;zr %)1TIU)¢
Q:a (ﬂl(gl %) - Tl%(%): U) = Q:; (K(gf/y;v %r %)"Ilv)

(4.8)

Aa (1 (T

42%

— T (L) V) = U (K (P Xy X, Trv),

2

a(]dl(«%z) - S (2a),v) = A (A (Za), L), ’
u(]m(%) - 4271(%), U) = m;(%(%),LU),
VN (Xa) = A (20),v) = W (A (22), Lv)

R R W

4.9)

Page 15 of 24
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inf { L' € (0,00) :

inf{ L0 € (0,00) :

Ifi=1,and

inf{L'™" € (0,00) :
2, (mw
Ao (A (22)
A (4(Z,
A, (dﬁ(%

B (A (2,) -
B, (A (2a) -
B (A (2,) -

Qiﬂ<£f/(3£”)

B, (42%1(%) ‘Zla)(

Cu(A(22) - JA(Zo),v)
Cu(A(D2) — T (22),v)
Cu( (L) ~T A (22),0) < C,((Z0),v)

(2024) 2024:47

B, (A(T1 2,) - T (20, 1) < B, (K(Ziy X 22),%10),

G (T1 2a)
a 751

%a(]m(%) - JZ{I(‘%(.Z)I U) = %;(Q{l(%))LU),
%a(]%l(%) - @{1(%): U) = %;(M(%)’LU)’
B (JA(22) - A (L), 0) < B (4 (22), Lv)

R

- J2{1(<?//;1)1 U) S %;([((%r t%;z: %),Q%U),

Q:a (fo{l(‘Il %) - ‘Ilﬂfl(%)x t) =< %; (1<(¢%;2) %; %)) ‘IIU);

(1 2a)
a T

A EACAREAC AR ELACAC AN
(A (22) - A (22),0) < €A (Z0), L),
A (L2) - A (22),0) < E,(A(22), Lv)

c

—M(«%),v) < O (K( 2y Zi 2,0, T0),

(4.11)

o)) 2ok (5 ) me)
~J (2, 0) = W (A2 v),
)= (2 0) = W, (A2 v),
(L)) = W (A2, ),
2wl
Jh(2a),v) < B, (A(2a),v), (4.12)
Jh (Za),v) < B (A (22),v),
Jh(2a),v) < %;(%(%)U),
mol g o) =k )
<€, (A (2),v),
<€ (AA(22)v),

(4.10)
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and
Ao (A (20) =T A (), 0) = A (A (o), L),
inf { L' € (0,00) : { B, (A (L) ~JA(22),v) < BL (A (o), L), ¢ ¢ (4.13)
A EACARYEACAR) ESMEAC AN A

Hence property [49] Condition : 1 holds.
According to the Condition : 2, [49] there is a alternative fixed point 4; of / in S then

lim m(m - A2, u) -1,
n— 00 @l,
lim %(ML;‘%‘) - A (20, u) -0,
n—>00 @l.
lim C,(% - A(Z2), U) =0.

For <7 is additive, taking (£, ¥4, #4) by (D7 22, D1 Vo, DI H ).
Fixed point Condition : 3 of [49], A; is the alternative fixed point of J in the set A =
{A; € S:d(94,A) < o0}, and A; is a unique mapping then

A (A(L) — A2 v) = A, (A(2) L), ZaeL,
B (A(22) - A1(20),0) < B, (A(2), L), 2 eL,
(AL - A2 v) < CL(A(Z), L), Zye L.

By applying [49] Condition : 4

1-i
W (A(2) - A2 v) = 2L, (wxz), lL——LU)

1-i
B, (A(L) - A2 v) < %;(%(%), fju)

1-i
Co(AL) ~ A (20, v) < et;,(%%» lL_—Lu)

Hence proved. g

Corollary4.2 Let o/ be an approximately additive mapping from (Z,,B/, ¢ ) in a neu-
trosophic normed space and (M, 2,,'B,, &,) be a neutrosophic Banach space satisfying the
inequality
e (3(20 Vo W), v)
A (S,v),
A (SUZa® + 176l + 17a1F)v), €#1,

v

A, (SIZal NPl SNl v),  3E#1,
A (SUIZN Nl Nl + (1 2alPE + 17alPE + 17a1°¢) L v),  3€#1,

Page 17 of 24
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B (3(Zas Yar W), v)
B (S,v),
B BL(S(IZal® + 1720 + 1720%),v), €41,
B R AS EA R VAR A RRY B TS
B, (S22l NVl S NHall® + (12213 + 1761 + 1761°¢) L v),  3€#1,
Ca(3(Za Yas W), v)
¢, (S,v),
B ¢ (SUNZal® + 117l + 1#a1%),v), €41,
I EASEAN AN AR I
(SN NN + (1 221°F + 1721 + 1720°%) L), 3€#1
such that

S %
Q’[/ — )
“(Tl 1-%, ”)

(SIZaI¢ 3 %
A s v,
T T I -,
(SIZL1PE 1 <1
D/ T v,
|$l|3e gl —Tl

T
(SII%IISG( 1 %1 ))
b} v »
T TipE TP 7E-T,

S T
T, 1- Tl

SIZa¢ 3 T )
5, )

=
( N
(
=

A (A (Za) - AL(Za),v) =

B, (A(20) - AL(22),0) < (4.14)

SIZ.1%¢ 1 T )
T TpEEe_g )

S||3b'/||3€< 1 B3 v>)
% I, 3¢ |Tl|3€’ ¢T3 ’

S T )

T,'1-%,

SIZ.¢ 3 T )
5, )

T TR -

“(s
(
<5||5&Cz||3‘E T )
“(

¢

Co( A (Za) = Al(Za),v) <

¢

Q

Tl |f‘£’1|3€ 33(’3 sl

N EA |3€( 1 T ))
, v) ).
g3 T PE T e T -T,
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Proof Let

A, (K(D} 22 D110, D1W2), D71 0)

Q[;(S’ @{-(U),

A, (S(1 22l + 174l + 17411%), D4 v),
AR AR FANFZA RS i)}
a

—1 asf — oo,
-1 as A — oo,

-1 as.f — oo,

-1 as. >

B, (K(D} 20D V0 D1 W), D77 10)

SB:Z(SJQZ%I U),
B, (S(12201% + 174l1® + 17411%), 2~ v),
B (SI 2l SNl 176l ©, D7),

—-0 as.f — oo,
—-0 as.f — oo,

—0 as A — oo,

&

-0 as.f —>

(K (D] 22,0} D172), 0 0)

¢, (S, 01),

(SN Zal® + 17l + 17411€), 27 %0),
(ST ZalEIal 170l €, D772 0),
A

i

C(SUIZNENTaN S NAal® + (122> + Iy + 1121°) ), D771 v)

-0 as. b — oo,
-0 as. 4 — oo,

—-0 as.f — oo,

—0 as.Z — oo.

A (SN2 I Nl + (12l + 1Tl + 17417¢)}, D470

BL(S{I 2l ENTalEIHAlE + (1 ZalPE + 1 FalPE + 174 ]7€)}, 242 0)

Page 19 of 24



Aloqaily et al. Boundary Value Problems

Here (4.1) exists, then

1
T

2 % 2
fl’il,gl

ek (z )

—K
T

(e (5

7"

1
T

Lo Za Za
T T T

(2

(2024) 2024:47

(5
% (M

20 <SII%II3@
!

S
7,
SIZ.1¢ 3 )
T, me)
)
T pE)
Sllﬁﬂ“( 1 ) )
7U1
T |T1|36 |T, 3¢

()
SIZa¢ 3 )
B | ——— ,u |,
“( T 1%
3¢
%;<S||%|| 1 ’U),
T |TPe
B S| Z.1%¢ 3 s 1
’U b
“ T IT13¢ T3¢
S
Q:, — ’
a(Tl U)
(5”%”@ 3 )
T T
5||<%z||?’G 1
T |T|3€’ ’
<S||,%|3@( N 1
U ).
T %1 3¢ |Z 3¢




Aloqaily et al. Boundary Value Problems (2024) 2024:47

From (4.5),
Ql SZDU)
(SII«%IIC”" 3 @,leu>
6’ l )
o (A2 N S
4 D; i (S”‘%”m ©1sev>
T TP ’
8”%”3@ 3 1 JD,73¢ ),
T |(31|ge |T1[3€¢
B’ (S,CD,U
<S||3&”|| 3 Qlev)
6’ l )
o (@2 N S
A\, V)7 <S||%||Se ®1sev>
T TP ’
SII%II“( 3 1 ) 1-3@)
% 7©i )
( T TP [T Pe v
%;(S,@[U),
¢ 3
Q:;(Sna;&;n . |€,©i1_czv),
o (@2 _ Lo
AT YT Q:,<«<>‘||5&;||3f 1 e)
AT TP ’
SII%II“( 3 1 ) 1-3@)
¢ ,D; .
( SN TAENEAEE v
Hence (4.6), we have
L ¢i=0 L €i=1
. T 0 TP o
2. 3¢ ¢<1 TE oes1
3. T;7%¢ 3¢<1 T 3¢>1
4. T3¢! 3¢<1 TEL 3¢5 1.
Method: 1 Fori=0,
As (A (23) — Ai(Z2),v) = W A(Z2), L =9 S, T
a\“21 a 1 a)V) =4, 1 1- 3:1 El 1- Tl
g0 S T
B, (A (L) — A L), v) < B A(Z), B/
(1( ) — Ax( )U)< a( 1€ )1 T1> (Tl 1 31
. T1-0 S T
C(A(2y) - A2, 0) <€ | AL, =¢ (=,
( 1(Za) — Ax( )U) ( 1€ ) T1 ) a(T1 1-,

’)

’)
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Method: 1 Fori=1,

’ ((gl)_l)l_1 o S Tl
Q[a(m(%) - Ai(Z22), U) >2A, (M(%); WU> = Qla(‘z—l; HU)

/ ((T1)71)171 o/ S ‘Il
B (A(0) - A Z) = %, (A2, o) - (£,

/ ((Tl)_l)l_l g S ‘3:1
Q:a(gfl(f%z) - Ai(Za), U) =, (%(%), WU> = Qa(s—l: ﬁv)

Method: 2 For i =0,

((3:1—@)170
W (A(2) - A2 v) = 2L, (mw&;), li_u)
- &9

:Q[,<S||%||¢‘ 3. U)
SN ATE A

(3:1—@)170
B (A(2) — A2 0) < B, (m%ﬂ), m“)
- 1

/<c‘5||%a||G 3 T >
=5, , v,
T T -T

(gl—@)lfo
Ca(A(20) ~ A(Ziv) < e;(mm), 1—_u)
@9

/<$||=%a||G 3 T )
=C, , v ).
ST Lo Lot S )

Method: 2 Fori=1,

(TA—I)I—I
W (AL) ~ A (20),0) = 2L, (mwﬂ) i )

1@’

/(SH%;H6 3 B3 )
=2, % v,
T Tl -

(SA*I)I—I
B, (4 (23) - A 2),v) 5%(%(3&2), i )

- (&’

:%/(snmne 3% U>
\TE mE s - )

(zA—l)l—l
Cu(A(25) — A2 0) < c;(m%» T@*)“)
- 1

o (S1Za® 3
e s mEe - ) U

This paper has presented a novel approach for analyzing the stability of the Euler-Lagrange
additive FE within neutrosophic normed spaces, addressing a critical need in the realm of

5 Conclusion

uncertainty modeling and functional analysis. The investigation delves into the existence
of solutions for this equation and explores its Ulam-Hyers stability within neutrosophic
normed spaces. The results are obtained by applying two distinct approaches: direct and
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fixed point techniques. The findings presented in this article establish the relationship
between four distinct areas of research: FEs, neutrosophic normed spaces, Ulam-Hyers
stability, and fixed point theory. The stability analysis of this equation in neutrosophic
normed spaces is unique, given the absence of prior research on the stability of equations
employing neutrosophic concepts. This paper contributes to the broader advancement of
neutrosophic mathematics by offering new perspectives and methodologies for analyz-
ing functional equations in nonclassical settings. Our work opens up avenues for further
research and exploration, inviting interdisciplinary collaboration and innovation in the
fields of mathematics, uncertainty modeling, and system analysis.
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