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state of the model’s solutions in different spaces through prior estimation. After that,
we immediately prove the existence and unigueness of their solutions in different
spaces through the Faedo-Galerkin method. Subsequently, we prove their family of
global attractors using the compactness theorem. Finally, we reflect on the
subsequent research of the model and point out relevant directions for further
research on the model. In this way, we systematically study the longtime dynamics of
the higher-order (my, m,)-coupled Kirchhoff model with higher-order rotational
inertia, thus enriching the relevant findings of higher-order coupled Kirchhoff models
and laying a theoretical foundation for future practical applications.
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1 Introduction
This study considers the longtime dynamics of the following higher-order (11, m,)-

coupled Kirchhoff model in a bounded smooth domain  C R":

A+ a(=A))uy + Ni (V" ul*) (= A) " e + MV u]* + [ V72V]*) (- A) " u

+g1(u,v) = filx),
1+ B(=A)"2)vy + No(I[V™2v[|2) (= A)"2v, + M([|[ V™ u|? + | V™2v]|2) (- A)™2y
+ @ (u,v) = fo(x),

(1)
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under the following boundary conditions:

du )
u(x) =0, 5 - =0, i=1,....m—1,m >1,
nl
. 2)
w=0, .o j-1 Ly > 1
v(x) =0, — =0, j=1,....,my—1,my>1,
EY, ] 2 2
and the following initial conditions:
u(x, O) = l/l()(x), Mt(xr 0) = ul(x)r V(xr O) = VO(x)) (3)

vex,0) =v1(x), xeQ,

where A is the Laplace operator, a € (0,1] and 8 € (0,1] are rotational coefficients, Nj,
N,, M, and M, are scalar functions specified later, g; and g, are the given source terms,
and fi and f; are the given functions.

Equation (1) is a set of generalized higher-order quasilinear wave equations. The pro-
posed equation in this paper originated from the stretchable string vibration problem es-
tablished by Kirchhoft in 1883:

9%u Eh (L/ou\* . ) 3%
he— = = () ax!ZZ, 4
Prae {p°+2L A (8x) x} PYE )

where u = u(x, t) is the lateral displacement at space coordinate x and time coordinate £, 0 <
x <L, t >0, E is the Young’s modulus, p is the mass density, / is the cross-sectional area, L
is the length, and py is the initial axial tension. In recent decades, the long-term behaviors
of Kirchhoff equations in various forms have attracted much academic attention, and for
abundant research results for some related system, we can refer to [1-12].

For instance, Chueshov [1] studied the well-posedness and long-term dynamic behav-
iors of the following Kirchhoff equation with a nonlinear strong damping term:

g + o (IIVull®) Ay — d (I Vull*) Au + f(u) = h(x). (5)

Moreover, Lin, Lv, and Lou [2] studied the global dynamics of the following generalized
nonlinear Kirchhoff-Boussinesq equation with strong damping:

Uy + oy — BAuy + A%y = div(g(|Vu|2)Vu) + Ah(u) + f(x). (6)

This paper proved that the semigroup conformed to the squeezing property of the sys-
tem, while demonstrating the existence of an exponential attractor. Then, the spectral in-
terval theory verified that the system had an inertial manifold.

Nakao [3] investigated the initial-boundary value problem of a quasilinear Kirchhoff-

type wave equation with standard dissipation u;:
wy — (1+ |Vu®)|3) Au+ u, + g, u) = f(x). )

Under an external force, the stretchable string undergoes elastic deformation. Over time,
elastic mechanics methods may not fully reflect the actual long-term characteristics of the
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string, and increasing attention is directed to the long-term properties of the strings with
the rotational inertia effect. Wave equations with rotational inertia have become a research
hotspot in mathematics and physics.

Chueshov and Lasiecka [13] proposed a plate model with rotational inertia,

(1 - aA)uy + A%u— BAu, + (Q - | Vull?) Au = Plu, ), (8)

where o > 0 represents the rotational inertia parameter, 8 > 0 is the damping coefficient,
Q is a parameter describing the internal stress acting on the plate, and P is a function repre-
senting the lateral load that may depend on # and ;. When « > 0, this model of transverse
inertia becomes the Rayleigh plate equation, and (8) is a pure hyperbolic problem. When
a =0, (8) becomes a Berger plate model with structural damping. Chueshov and Lasiecka
[13] studied the well-posedness and longtime dynamic behavior of (8).

Niimura [14] studied the long-term dynamic behavior of autonomous beam equations
with nonlocal structural damping and rotational inertia under initial boundary value con-
ditions:

(1 - aA)ugy + A?u—~N(|Vul|*) Auy = M([|Vull*) Au + f (1) = h(x). 9)

The well-posedness of the global solution was established, and the existence of a global
attractor was proved for the autonomous infinite dynamical system corresponding to « €
[0, 1], while the existence of an exponential attractor was demonstrated.

With the advance of research, scholars have shifted their focus on the dynamics of
higher-order Kirchhoft equations. Ye and Tao [15] studied the initial-boundary value
problem of the following higher-order Kirchhoff-type equation with a nonlinear dissipa-

tion term:
Uy + <I>(||D”‘u||2)(—A)mu + alu |7 %u; = blu| u. (10)

Lin and Zhu [16] studied the initial-boundary value problem of the following nonlinear
nonlocal higher-order Kirchhoft-type equations:

Uy +M(||D’”u||2)(—A)’”u + B(=A)"u; + g(x, u;) =f(x). (11)

The existence and uniqueness of the solutions were demonstrated, and the existence of
a global attractor family was confirmed using the compactness method, thus obtaining the
finite Hausdorft and fractal dimensions.

Dingand Yang [17] investigated the well-posedness, regularity, and longtime behavior of
solutions for an extensible beam equation with fractional rotational inertia and structural
nonlinear damping;: (1 + (=A)?)uy + A%u — M(|Vul|*) Au + N(|Vul| ) (-A)°u; + f(u) = g,
where the dissipative index is w € (0, 1], and the rotational index is 6 € [0, w). To the best of
our knowledge, a comprehensive study on the long-term dynamics of coupled Kirchhoff
models incorporating rotational inertia is yet to be reported.

Originating from physics, a system coupling measures the dependence of two entities
on each other. With suitable conditions or parameters, a connected system can be cou-
pled, and its potential energy can enable the generation of new functions by combining the
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structural functions of different systems. As mathematical equations derived from physics,
the Kirchhoff model is naturally considered a coupled system, and scholars gradually con-
sidered the dynamics of coupled Kirchhoff equations. For example, Wang and Zhang [18]
studied the long-term dynamics of coupled beam equations with strong damping under
nonlinear boundary conditions. Lin and Zhang [19] studied the initial boundary value
problem of the following Kirchhoff coupling group with a source term and strong damp-
ing:

e — BAu = M(|Vul* + | VVI*) Au + g1 (1, v) = fi (%),

12

Vit = BAV, = M{IVael® + [ VYD) AV + go(4,v) = f3(x). w2

The finite Hausdorff dimension of the global attractor was obtained in a previous
work [19].

In recent years, Lin et al. [20—23] explored the dynamics of higher-order coupled Kirch-
hoff equations and obtained a series of excellent results.

Few existing studies have focused on higher-order coupled Kirchhoff problems, and
higher-order (m;, m;)-coupled Kirchhoff models with a nonlinear strong damping have
not been studied. The main difficulties lie in the estimation and processing of the harmonic
term and the nonlinear damping term. In addition, the nonlinear damping also brings
challenges when proving the uniqueness. Therefore, we propose a higher-order cou-
pled Kirchhoff model with higher-order rotational inertia. Under reasonable assumptions,
this paper overcame these difficulties by using Holder, Young, Poincaré, and Gagliardo—
Nirenberg inequalities, thus obtaining the global solution and the global attractor family.
The conclusions could fill the gap of the global attractor family for higher-order coupled
models with higher-order rotational inertia (regardless of whether m1; equals 71,) and lay
the foundation for subsequent engineering applications.

The rest of this paper is organized as follows. Section 2 provides the fundamentals for
this work and states the main results. Section 3 proves the main results. Finally, the sum-
mary and prospects are presented in Sect. 4.

2 Preparatory knowledge and statement of main results
This section introduces the assumptions for this work and presents the main results.

In this paper, || - || and (-,-) denote the norm and inner product in H = L*(R2). Let
Vi = D((-A) é) be the scale of the Hilbert space generated by the Laplacian with Dirichlet
boundary condition on H and endowed with standard inner product and norm, respec-
tively, (,-)y, = ((—A)§~,(—A)§'), and || - [y, = ||(—A)§ - ||l. The main goal here is to study
the well-posedness and long-term dynamics of problem (1)—(3) under the following set of
assumptions:

(A1) Function M(s) is continuous on the interval [0, +00), M(s) € C1(R*), and

1) M'(s) =0,
2) M(0) =M, >0.
(A2) Forany u,v e H,if J(u,v) = [,[G1(u,v) + G2(u,v)] dx, where
Gi(u,v) = [ g1(s,v)ds, Ga(u,v) = [ g2(u,8)ds, then for any u > 0, there exist
C>0,C,>0, C; > 0 such that

Gi(u,v) + Ga(u,v) = CiJ (u, v) + /L(”leu||2 + | V’”ZVHZ) >-C,,
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([l + [97]P) 2,
(A3) Function gj(u,v) € C*(R) (j=1,2), and

|g(,v)| < o1+ |l + v]9);
|gl'u(”’ V)| = Cg(l +lup s |V|qj);

g (14, v)| < Ca(1 + uf? + vj97Y).

Specifically, when # = 1,2, 1 < p;(g;); when 3 <n < 2m, 1 < p;(q;) < ﬁ; when
2m<n, 1 <pi(q) < ﬁ, where m = min{my, m,}.

(A4) One has Nj(s;) > Njo, where Njo (j = 1,2) are positive constants and py, o2 > 0.
Thus, M(sy + s3) — p1N1(s1) — p2Na(s3) > 0.

Then, the research phase space of this study is obtained as follows:

Vo=H,  Vi=Hy(Q),  Vi=H"Q)NH)Q),
XanﬂO = le X le X sz X sz,
Xaklxﬂkz = Vm1+k1 X Vm1+k1 X Vm2+k2 X Vm2+k2’

kl =O,1,2,...,Wll, /(2=0,1,2,...,W12,
and the norms of the corresponding spaces are as follows:

lGoyvydly,, e = 19"l + [V ]+ a vt [P+ vy

kq x Bky

2 2
+[VEn |+ B[V |
Meanwhile, the general form of the Poincaré inequality is A || V"u||? < || V"*1u||, where A,
is the first eigenvalue of —A with a homogeneous Dirichlet boundary on €. In this paper,
C; is a constant, and C(-) is a constant depending on the parameters in the parentheses.

The main results of this paper are as follows.

Theorem 1 Suppose that assumptions (A1)—(A4) hold. If fi € Vi, fo € Vi, and initial
data (1o, U1, V0, V1) € Xk x iy k1 =0,1,2,...,m1, ky =0,1,2,...,my, then for Vo, B € (0, 1],
problem (1)—(3) admits a unique solution (u,v) satisfying

u € L=(0,00; Vi 4k )5

g € L(0,00; Vipy 1) N L0, T3 Vi 1 )s

v € L*(0,00; Vinyriy );

Ve € L(0,003 Vinyky) N L0, T Vipsy sy )-
Theorem 2 Suppose that assumptions (Al)—(A4) hold. If fi € Vi, fo € Vi, and initial
data (1o, U1, Vo, V1) € Xam x pmy» then for Va, B € (0,1], problem (1)—(3) has a global attrac-

tor family A in Xqox po:

A = {Aot/q Xﬁkz}; Aot/q xBky = w(Bakl Xﬁkz,()) = m US(t)BO(/q X Bk,0s

>0¢t>71

Page 5 of 19
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k1:1,2,...,m1, k2=1,2,...,}’1’12,

where By cpio0 = (111, v,90) € Xyt 10t sy v, )30 = 19705024 VR 24
af VR |2 4 [ VrrRey)2 4| VR 2 4+ BV, |12 < C(Raoxpo) + C(Rak, xpky)} are
bounded absorbing sets in Xqoxpo, Bak; xpiy0 are compact in Xooxg0s Aakyx ks C Xa0x g0-
Moreover,
1) S(O)Aaky xky = Aaky x ks for all t > 0,
2) Sets Agk,xpky attract all bounded sets in Xqox o, i-€., for all By, x gk, C Xaoxpo, they
are mapped to bounded sets in Xqoxgo, and

diSt(S(t)Bakl Xﬂkz)Aotkl Xﬂkg)
= sup inf | S()x—y -0 (t— o),
xEBakl x Bk yertkl xBko || ||on0><ﬂ0

where {S(£)}t=0 is the solution semigroup generated by problem (1)—(3).

3 Proof of the main results
This section presents the proof of the existence and uniqueness of the solutions and the
family of global attractors for problem (1)—(3).

Let £ > 0 be small enough, and %Nlo —2-4g-2¢>>0, % —2e—-¢2>0, #NQO —2-

48—28220,and11—‘230—28—8220.

Lemma 1 ([24]) Lety:R* — R* be an absolutely continuous positive function, which sat-

isfies the following differential inequality for some § > 0:
d
Ey(t) +28y(2) <gt)y(t) + K, ¢t>0,

whereKzO,cmdaZOiftZSZOsothatf;g(r)dr <&(t—s) +a. Then,

Ke”

, t=>0.
8

y(t) < e“y(0)e™ +
Lemma 2 ([16]) Let X be a Banach space, then the continuous operator semigroup {S(t)}:>o
satisfies the following:

(1) Semigroup {S(¢)}i>0 is uniformly bounded in X, i.e., for all Ry > 0, there exists a

positive constant Co(Ro) that when ||u|lx < Ro,
||S(t)u||X < Co(Ro), forallte [0,+00);

(2) There exists a bounded absorbing set By in X, and for any bounded set B C X, there

exists a moment ty such that
S(t)BC By, t=>ty;

(3) Ift >0, and S(¢) is a fully continuous operator,
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then the semigroup {S(t)}>0 has a global attractor A in X, and

A=o(By) = JSs®B.

>0t>71

Lemma 3 Suppose that assumptions (A1)—(A4) hold. If f; € H (j = 1,2) and initial data
(40, U1,V0, V1) € Xaoxpo, then for Ryoxpo > 0, there exist positive constants C(Ryoxpo) and

ta0x po SO that when t > tyox o, (U, Y1, v,¥2) determined by problem (1)—(3) satisfies

I L A L e e
2 (13)
+ 12207 + B V™92 |” < CRaoxpo),  for Ve, B € (0,1],

[y vml,

where y1 = Uy + €U, Yo = V¢ + V.
Proof Multiplying the first equation of (1) by y; in H and the second by y, in H, we have

1d

3 [nmz ra |V | + sl + B V™2, |

197 L] 2+ V72 )2

+/ M(z)dt + 2J(u, V)]

0
eM(|V™ul” + [V ) ([vu]® + [ vev])
—e(lyall® + e[ V"1 ") = ezl + B[ V722 ) (14)
+ 82((u,y1) + a((—A)mlu,yl) + (v, y0) + ﬂ((—A)mzv,yz))
e N (| V) [0 P+ Na (9720 ) [V 72
= eNy (|97 ) (V70, V) = eNo (9720 7) (9723, V720)

+ S(gl(u1 V)r ”) + g(gZ(M’ V)’V) = (fllyl) + (f2’y2)~

Using Holder, Young, and Poincaré inequalities, we have

—&(Iy I + | V7 |* + 192 0? + B V729 )
+ (1) + (A" u,31)) + € ((v,32) + B((-A)"v,92))

2
> <—e - %)(nylnz +a Vi |F 4 1yl + B V29

2
- P v vl i+ B

2 2
= (o= 5 )i s a9 ) (o= 5 ) (et 19
& m 12 E (s m my |2
S eVl - S 657« p)v 19

Ni([V )9 |+ Na([ V2 ) 972

N (17 ?) (770,97 ) = N (97 ) (972, 970)
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Ny([9"ulF) [Vt + N2(||V’"2V|| )Vl

m»—

- %Nl(HV’”IuHZ) v ul~ %Nz(HVWVIIZ) [vr=l”, (16)
1 2 1 2 1 2 1 2
(o) + (o32) <IN+ sl < Sl + S llall® + SUAIR + S IAI% - (17)

Inserting the above estimates into (14), we have

1

PR R Y e |

'

(L BT M B S T

|V )| 24| V22

M(t)dt + 2/ (1, V)]

(e D)elvn s St |l

1 g? € m
- (5 te+t §>Ilyz||2 - (e + 7)ﬂHV 2y, |

+eM([V il + [V ) ([l + [ 97])

(18)

(N (V72 +2 ) [ 97

&
2
g 2
- —(Nz(ll V7 [?) 4 2772 4 B) [V
1 1
< —e(gi(u,v),u) - &(g2(,v),v) + §|lf1”2 +s [T
According to (A1),
M|V V20 [P (V0] 4 V720 ]

e [IV7 Ll V72|
. / M(z)de (19)
0

2)’

M|Vl o) (|
and according to (A2),

—&(g1(u,v), 1) — £(g2(,v),v) < —eC L (w,v) + e (|| V™ u| + |[V™20]*) + £C.. (20)
Inserting (18) and (19) into (20), we have

d 2 (2 ) e 12

E[nyln waf| VI |7+l + B V29|

VL) 2+ V72 v
+/ M(t)dr + 2](u,v):|
0

mj
(M (el -1-20 -6 il
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1
, (gz\ﬁ [ u]?) = 26 - ¢ )anvmyl”
m
(%Nz (1vv)?) 1—28—82)||y2||2 (21)
1
A
e [IV™MulP+V2v]?
E/ M(t)dt +2eCiJ(u,v)
e (GMwmal? [0 =20 28 |7 l) = 2057 ) |9
e (G MATmal? | 972]) - 200 = (1975 - 27 9

<2eCu + A% + 1A%

||vm1uu2

+ my 2
Let Hy(¢) = ||y1 ||2 +al| VM2 + (321 + BIV™2y5)2 + V"5 M(z) dr + 27 (u, v)

and o7 = mln{ N10—2 4e — 28> ' 55 LNy - 26 — &2 ,—N20—2 4e — 2¢? ,2ﬁN10—28—
2, 5,eC1}. Then we can infer from (21) that

d
GO+ o) = 26C, + WA+ A2 (22)

According to Gronwall’s inequality, we have

2eCy + AN + IIA112

Hy(t) < Hy(0)e ™ + (23)
o1
and
H(©) = Iy 12+ |V | + 1yl + B V™29, |
+M0(||V”’1u|| + ||V”’2v|| ) +2J(u,v)
> o2+ a |V |* + Il + B V29| (24)
M m:
7°(||V'”1u||2+ [vv]?) -2c,
> Cs(llyal? + lyal® + | V™ u|* + | V720] ) - 2C,
according to (A1) and (A2), where u = and Cs = min{1, 4 =}. Thus,
lGyvyly,, 0 = 1V ul + I + @[ 97
[V 4 el + B V29
(Hi(2) +2C)) (25)
< - - 0"

< c
Hi(0)e™ +2C,  2¢C, + Al + 12
+
C5 GICS

=<

’
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ie.,

22 2eCu AP + 1A

T 2
tlgglo H(M,yb V’yZ)HXa(OXﬂO = a 01Cs = Ry0x go- (26)

Therefore, there exist positive constants C(Rqoxp0) and tyoxpo such that, whenever ¢ >

toz0><ﬂ0;

leyuvy)y = V™u]® + ) + e v |

a0x B0
[Vl + B V25 e

< C(Ruoxp0)-
Thus, Lemma 3 is proved. O

Lemma 4 Suppose that assumptions (A1)—(A4) hold. Iff; € Vi, fo € Vi, k1 = 1,2,...,my,
ko =1,2,...,my, and initial data (o, u1, v, V1) € Xak; x ky» then, for Ryk, x gk, > 0, there exist
positive constants C(Ruk,xpk,) ANd tyi, xpk, Such that, whenever t > tyx, xgky» (U ¥1,V5¥2)
determined by problem (1)-(3) satisfies

” (u,yl,v,y2)||§(a = ||Vm1+k1u”2 + ||V"1y1 “2 Iy ||Vm1+k1y1 “2

kq x Bky
L R LAY VoA 29

< C(Rukyxpky)»  for Ve, B €(0,1],
where y1 = u; + €U, Yo = Vy + €V.

Proof Multiplying the first equation of (1) by (~A)1yy, ky = 1,2,...,m; in H and the sec-
ond by (=A)*2y,, ky = 1,2,...,m, in H and then integrating over 2, we have

e R N L e e

s M|V ul*+ |9 ) ([ tul + |97
M|V ul*+ |9 ]) - ([mul* s | vmeey])

e ([ V| + o[V ) — e (Vo] + ]V )
+ &2 (VR Vg ) + (Vi y, vmthy, )

+ 82((Vk2 v, Vk2y2) +B (V’”z*k2 v, V”‘z*kzyz))

(29)
N ([ V) [V | N ([ [ v |

- N (9 (9, )
- N7 (77, 9

+ (@@ v), (=A)Y91) + (22, ), (=A)2y2)

my+k 2 my+k: 2
_ v ;nv 2y %M(valu||z+||vmzv||2)

+ (fl’(_A)klyl) + (f2’ (_A)kzyZ)'

Page 10 of 19
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Using Holder, Young, and Poincaré inequalities, we then have

(|| + @[t ) e (| VEr | + B Ve )
82 ((V/q u, Vklyl) +a (Vm1+k1 u, Vm1+k1y1))

82((Vk21/, szyz) i ,B(Vm”kzv, Vm2+k2y2))
2
> (o= 5 )9l val i)
&2 k 2 k 2
(o= S ) vl + Iy
82 k 2 m1+k 2 82 k 2 my+k 2
=5 (Ivou]” vl vtiul7) = - ([Vov ]+ g vy

2
=—(e+ 5 ) AV n P a7t )

<g+ _)<||vk2y2n + B vty )

82 —mj mi+ky 2 82 —my mo+ky |12
]| Rl e ) [ 30
Ny ([ u ) [V P+ Na (9729 ]?) [ 972 s |
_ 8N1(|| v u||2)(vm1+k1y Vm1+k1 M) _ SNz(” Vm2V||2) (Vm2+k2y2, Vm2+k2 V)
1y
= o Ni([V7ul ) [Vt | + Nz(ll V) vy, |
- N7l - ([T [, (31)
(g1, v), (=A)191) + (@2(u,v), (= A)*2y,)
< g [ V9] + |20 [ [ V29 |
N 2y ki=m
< -Yio ” Vm1+k1y1 “2 + ]i[ ”g1 (u, V) ”2
10
N 2522
20 H Vm2+k2y2 ”2 + N ng ” V) 2, (32)
20
(fl,(—A)’“yl) + (for (~A)2y,)
< IVRAIV ] + VL] [V
1 1 1 1
< IV« IRl « SR SRR 33
and
H@me=fmwam§/Kxumw+Mmfm
Q Q
< 66/9(1 + [P+ P de < Co(1+ uloh! + [vInh), (34)
2p2 2q2 (35)

|29 |* < Co(1 + Iull322 + IVI152),
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according to (A3). Furthermore, based on the Gagliardo—Nirenberg inequality, we can

conclude that

2 n(p/-—l) 2m1p/—n(p/'—1)
7
lullyy, < Copll V™l 1 lall 1

2 nlgj-1) 2mygj-n(gj-1)
]
Vllag, < CropIV"2IE ™2 vl ™

Thus, we have
1) |* + | g2 W) |* < CRaoxpo). (36)

Inserting (31)—(33) and (36) into (29), we have

1d

a1Vl e vt P v [ v

+ BV | e M(| V] [ ) (9 9] )]

N Ni(| V™ ul| A =2 — 4e — 2¢?
4
2N (|| V™1 y||?) = N, 2
n l(” Lt” ) 10 e 8_ Olemﬁklyl ”2
8 2
N No([| V2] AT = 2 — de — 262
4
N 2N ([IV™2v|?) = Nao B
8p

e MVl 97 P) (0l )

[vh?

[955*

82 k 2
o= 2 )Bl V|

2
MOl + [ = SN (V)

+
7N N
N | ™

2
R [Nt -
€ my 2 my |2 82 my |2
(GMAT a4 o) = G v)
82

) [

||vm1+k1u”2+ ||Vm2+k2V||2 d
—M
2 de

>
iy

1
(1o ul*+ |vrv]) + S VA

IA

1
+ 1R + CRo )
< ([vmsou + [ vrhey P M (| V] + 7))

X ((V’"lu, v ut) + (V’"2v, V"’th))
1 1
S IVEAL + S92 + CRo )
< Go(| Ve + [V72we]) - ([0Sl + [ v72e2v ) + %”Vklfl I°

1
3 |V f, ”2 + C(Ry0xpos A1)

Page 12 of 19
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Letting Hs(2) = [V¥iy1 |12 + o[ V"*Kuy |2 + [V, |12 + BV K202 + M(IV™ul|? +

. AN g—2-4e-262 A2 Npo—2-4e-2¢% N
[V™2v]|2) - (J[V™ 4|2 + || V™2 *R2y]|?) and o5 = min{~L 1 , = T ) ol

d
gHz(t) + 0o H,(2) 38)

< Cu(| V"] + [V )o@ + [ VAL + [T + CRaoxpo,2a).

Taking the scalar product of (1) in H with u,, v;, we have

1d

EE[HMtHZ ra| VP + el + BV

VL) 2+| V72 v
+ / M(r)dr + 2] (u,v) - 2(f1, u) - Z(fz,V)] (39)
0

N[V ) [V | No (| 9720 ) [ 9720 = 0,

and integrating (39) on (0, ¢) yields

[T s [9niofya

1 ' mj 2 my 2
fﬁﬁﬁ@ﬁﬁlﬂvatmwnw ()|

+ N (V200 |*) | V"2vi(r) | ) de (40)

PR
min{No, Nao}

2 2
(I|u1 12+ Oé||V’”1u1 || +vll* + ﬂ|| V"2y, H
V™1 [|2+1| V"2 v |2
+/ M(T)df +2](u0,V0)—2(f1,1/l0)—2(f2,V0)> =< C12'
0

Then,

cu | (77 @] + |97 u@)])) dr = Zie -9 +a (@1)
for t > s> 0 and some a > 0. Based on (38), (41), and Lemma 1, we obtain
Hy(t) < Ci3Hy(0)e™ 7% + Cyy. (42)
According to (A1), we have
Ho(@) = [V ])” + |V Ry [P+ [Voy | + 972 g |
s M([9ul)” + [ - (v« vty ])

2 2 2 2 (43)
2 Cis([VEn]" + e[ VB |+ [V "+ B 97

7 o)

Page 13 0of 19
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and then,

[l e, = 1991 Vo P+ [ vy + 972y

kq x Bky
_o% (44)
o [k 4 ey | < G120 i G
a CIS
ie.,
@“(ur‘yl;v’yZ)“;uklxﬁkz SRO(](]X/S/(Z' (45)

Therefore, there exist positive constants C(Ryx, xgk,) and tyx, x gk, such that whenever ¢ >
Laky x pky» the obtained (u, y1, v, y,) satisfies

[l e, = 179 Vo P+ [VEp + w72y

k1 xBky

e [y 46)

SC(Raklxﬂkz); k1:1,2,...,}’7’11,k2:1,2,...,”’12.
Thus, Lemma 4 is proved. d

Proof of Theorem 1 According to previous findings [16] and the Faedo—Galerkin method,
problem (1)—(3) has global solutions, which follows by combining with Lemmas 3 and 4.

Let (u',v!) and (#2,v?) be two solutions of problem (1)—(3) corresponding to the same

2

initial data, respectively, w = u! — 42, z = v —v2. Then, (w, 2) solves

(1 +a(=A))wy + 2o12(0)(=A)™"w, + P 1()(-A) " w
+ Gl(ul, MZ, Vl; VZ; t) = 0)
(1+ B(=A)")zy + 3034(D)(=A)"™z, + 3 P12 (E)(-A)"™2z

+ Go(uh, u?, v, vt =0,

(47)

where

o012 = 01(f) + 02(2), D15(8) = D1(2) + P2(2),
@ =N [V ), e =Ml [V, i=12,
osa=o3(t) +oa(®), o) = No(||V"2V]?), j=3,4,

Gl(ul,uz,vl,vz; t)

= 010 -8 (i +82) + [91(0) - 0] -4 i+ 42}
+ &1 (1, v1) - g1 (uz, v),
Gz(ul,uz,vl,vz; t)

) %{["3“) =~ 0u(O](=A)" (v} +v) + [@1(0) - 0] (-A)" (v + 7))

+ gz(ub v1) — &2 (u2, v2).
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According to Lemma 3,

o1y = CRaoxpo) (| V" g | + |7

)34 = CRaoxpo) (| Vi | + [ V720 ]))-

Taking the scalar product of (47) in H with w;, z;, we obtain

1d

55[”%“2 +a|| V””Wt||2 Tzl + ,3” Vm22r||2

1
+ 2 ®0- (V7w + ||sz||2)} (48)

1 1
+ 5@Vl + Soue] vz

+(Gy (ul,uz,vl,v2;t),wt) + (Gg(ul,uz,vl,vz; t),z) = 0.

According to Lemma 3 and (Al), My < M < C(Ry,H;(0)) = M;. When %(HVW”WHZ +
IV™22]|?) > 0, we have ® = 2M; otherwise &y = 2M;.
Letting (G, (u!, u®, v, v%£), w,) = G11 + Gio + Giz and (Ga(ul, u?, v1, v 8), 2,) = Goy + G +

G13, we have
1
Gy = E(Ul(t) —02()) (V"™ (uy +17), V"™ wy)
< C(R(mx;so)(“Vm‘ut1 “ + ||Vm1uf ||)|| Vm1w|| || V’”lth

@ ||2 n 2C(Ra0></30) (

e A e (A B M B T
G = %(qw) 0, (0)) (V7 (! + 1), V)

< CRuango) (|97 ] + [9722]) [ 77

= %”Vmwf”“%(\\v’””ﬂ!% [v72]’), (50)
Gz = (g1(u1,v1) — @1 (42, v2), W) < C(Raopo) (lwell* + ||VW’1W||2 + | V72| 2), (51)
G = 5 (050~ ) (V"2 (v} 4 ), V722,

< CRuasg) (77411 + [732 ) |77 |97z

< T |y RO (i oz ) el )
Gy = %(Cbl(t) — 0,(0)) (V7 (v +12), V™)

< CRuango) (|97 ] + | 972]) |72

= Sy« 2 (o] o), @
Gas = (201, 11) — @142, v2), 21) < CRaoxpo) (211> + [V w4 [V™2|*),  (54)

where 0120 = 2N1() and 0340 = 2N20.
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Inserting (49)—(54) into (48), we have

1d

5&[”%“2 +a|| lewt”2 Tzl + /3” Vg, ”2

F (9 o)

< Cio(1+ |V™Mul | + [ V™2 |” + | V72vl| + [ V722 |%) (55)

x [||wt||2+a||vmwt||2 +llzel? + B V™2
e (9l o) |
Solving this differential inequality yields

[nwtnz +a |V |* + 1zl + B V22|

r @0 (177wl 4 [97e])]

< [nwln2 ca| V7w |+ 1z )? + BV (56)
1
an (7wl [a)|
t
cenp( [ Colte [ o |9 |9 e |92 ).
0

Thus, the uniqueness of the solutions is proved.
Therefore, problem (1)—(3) possess a unique solution (u, v). Theorem 1 is proved. O

According to Theorem 1, we can define a nonlinear operator {S(¢)};>o the on space
Xaoxpo : S(t)(uo, u1,vo,v1) = (U, uy, v, v¢), for all £ > 0. Theorem 1 shows that {S(¢)} ;o forms
a continuous semigroup in X,oxgo. Before proving the existence of a family of global at-
tractors, we first present their definition.

Definition 1 Let X, be a Banach space and {S(£)};>0 a continuous operator semigroup. If
there exists a compact set Ay, «, satisfying the following conditions:
(i) (Invariance) All Ak, «x, are invariant sets under the action of semigroup {S(¢)}:>0,

S(t)A/q xky = Akl x kg Vit > 0;

(ii) (Attractiveness) All Ay, xx, attract all bounded sets in X, i.e., for any bounded
B C XOJ

dist(S(t)B,Aklxkz) =sup inf ||S(t)x —y”X0 — 0, ast— oo.

x€B YEAK] xky

In particular, when ¢t — o0, all trajectories S(£)u from uy converge to Ag, xx,, i-e.,

dist(S(t)uo,Aklxkz) — 0, ast— oo.

Page 16 of 19
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then, a compact set Ay is a global attractor of the semigroup {S(£)}:>0. Let A = {Aj, i, C
Xo:ki=1,2,...,m,ky = 1,2,...,my} be a family of subsets in X,. Then A is called the
global attractor family in Xj.

Proof of Theorem 2 By Lemma 3, for all Ryoxp0 > 0, we have ||(uo, uliv()’vl)”)(a()xﬁ() <
Ranﬁ0~ Thus,

|| S(&)(wo, 1, v, m)||f(a()xﬁo S A s A e e e v
el + B V72w |

< C(Ru0xp0)s

indicating that {S(£)}:>o are uniformly bounded in X0 go-
Further,

Bozkl x Bk2,0 = {(M, us, v, Vt) € Xakl xBky *

A7) N e e N R e

| vy 4 [ VR | + BV v P < ClRuoxpo) + C(Raky xpta) }

are bounded absorbing sets of the semigroup {S(£)}:>0 in Xy0x go-
Because Xy, x gk, = Xq0xpo are compactly embedded, i.e., bounded sets in Xy, x gi,
are compact sets in X,0x go, the solution semigroup {S(£)};¢ is a fully continuous operator.
To sum up, we obtained the global attractor family A = {Aqk, gk, } of the solution semi-

group {S(£)}s=0 in Xaoxpo, and

Avtkl xBky = a)(Bakl Xﬂkz,o) = m U S(t)Bakl x Bk2,07

>0t>1

Aaklxﬁkz CXanﬁOy ki=1,2,...,m,ky=1,2,...,msy, for VYo, € (0,1].
Theorem 2 is proved. g

Note 1 Lemma 4 and Theorem 2 show that bounded absorbing sets

Bakl x Bka,0 = {(”y us, v, Vt) € Xa/q xBko *
ol =9l o [95 a 9710 |
o

k1 x Bk

[y |? 4 | VR + BV Rou | P < CRuoxpo) + CRuky xpis))

are compact sets in X,oxgo. Therefore, based on condition 3 in Lemma 2, the operator
semigroup {S(£)};>o only needs to be a continuous operator. According to Theorem 1, the
semigroup {S(£)};>o is already continuous. Thus, the global attractor family A = {Aqk, x gk, }
of problem (1)—(3) in X,0xpo can also be obtained.

4 Summary and prospects
This paper investigated higher-order (m1,m,)-coupled Kirchhoft systems with higher-
order rotational inertia and nonlocal damping. For the first time, we systematically defined
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the family of global attractors of problem (1)—(3) and proved its existence. The findings
enriched the relevant findings on higher-order coupled Kirchhoftf models and laid a theo-
retical foundation for future practical applications.

Despite defining and proving the existence of the global attractor family of the higher-
order (mj, m,)-coupled Kirchhoff system, many questions concerning such models still
require further investigation:

1. The higher-order (m;, m,)-coupled Kirchhoff system in this paper is autonomous,
while the relatively complex nonautonomous higher-order (11, m2)-coupled
Kirchhoff systems and higher-order (13, m;)-coupled Kirchhoff systems with delays
have not been studied. Thus, it is very meaningful to study the asymptotic behaviors
of such systems;

2. This paper focused mainly on the global attractor family of dynamic systems, while
many other properties were not explored, such as the dimension estimate, the
exponential attractor family, and the inertial manifold family. The scarce relevant
theoretical results warrant further research efforts.
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