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Abstract
This article investigates sufficient conditions for the existence and uniqueness of
solutions to the ψ -Hilfer sequential type pantograph fractional boundary value
problem. Considering the system depends on a lower-order fractional derivative of an
unknown function, the study is carried out in a special working space. Standard fixed
point theorems such as the Banach contraction principle and Krasnosel’skii’s fixed
point theorem are applied to prove the uniqueness and the existence of a solution,
respectively. Finally, an example demonstrating our results with numerical simulations
is presented.
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1 Introduction
Fractional calculus and its implementations have grown in prominence due to their use-
fulness in representing a variety of complex phenomena in science and engineering [1–5].
One of the most important and distinctive issues in fractional calculus is the study of
pantograph-type differential equations. It is a particular class of functional differential
equations with proportional delay. It occurs in a variety of pure and applied mathemat-
ics areas, including quantum physics, electrodynamics, number theory, control systems
and probability. Various researchers have used analytical and numerical methods to in-
vestigate the pantograph-type fractional differential equations (FDEs) [6–9]. Using fixed
point techniques, some researchers proved the existence and uniqueness of the solution
to some nonlinear classes of pantograph-type FDEs with a wider range of boundary con-
ditions [10–15].

Sequential FDEs provide a flexible framework for describing complex systems with mul-
tiple memory-dependent processes. The sequential nature allows for the inclusion of frac-
tional derivatives of various orders, providing a nuanced representation of system dynam-
ics. This representation provides a richer mathematical framework for modelling diverse
physical and engineering systems. This is advantageous in applications such as materials
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science, viscoelasticity and biological systems. Qualitative analysis of sequential FDEs is
found in [16–20].

The generalised fractional derivative is a powerful tool for simulating complex real-
world problems due to its increased precision. The Hilfer fractional derivative is a gener-
alisation of Riemann–Liouville and Caputo fractional derivatives [1]. Sousa and Oliveira
[21] provided the ψ-Hilfer fractional derivative with respect to another function. The ad-
vantage of the ψ-Hilfer fractional derivative is the freedom to select the differentiation
operator and the kernel function ψ . Boundary value problems (BVPs) provide a natural
framework for capturing real-world conditions and constraints [22–25]. BVPs involving
the ψ-Hilfer fractional derivative were studied in [26–30].

In [12], a sequential pantograph problem involving the φ-Caputo derivative was taken
into consideration, and the existence results were studied using Darbo’s fixed point theo-
rem and the measure of noncompactness. Motivated by the above-mentioned works, we
investigate the ψ-Hilfer sequential pantograph fractional BVP of the form

⎧
⎨

⎩

HDφ1,η1:ψ
a+ (HDφ2,η2:ψ

a+ x(t) + f (t, x(t))) = g(t, x(t), x(λt), HDα,β ;ψ
a+ x(λt)),

x(a) = 0, x(b) =
∑m

i=1 ωix(θi), t ∈ S = [a, b],
(1)

where HDφ1,η1:ψ
a+ , HDφ2,η2:ψ

a+ and H Dα,β ;ψ
a+ are the ψ-Hilfer fractional derivatives of order φ1,

φ2 and α respectively, with 0 < α < φ1,φ2 < 1 and type 0 ≤ η1,η2,β ≤ 1, ωi ∈ R+, θi ∈
S , g : S × R × R × R → R and f : S × R → R are continuous functions on a Banach
space.

The article is structured as follows: Sect. 2 presents the fundamental concepts, theorems
and lemmas that support our investigation. In Sect. 3, the solution of BVP (1) is obtained.
The existence and uniqueness of the solution to (1) are established in Sect. 4. In Sect. 5,
an example is given.

2 Preliminaries
Let C([a, b],R) represent the space of all continuous functions from [a, b] −→ R and
AC([a, b],R) be the space of all absolutely continuous functions from [a, b] −→R.

Definition 1 [2] Let (a, b)(–∞ ≤ a < b ≤ ∞) be a finite or infinite interval of the real line
R and ϑ > 0. Let ψ(t) be an increasing and positive monotone function on (a, b], having a
continuous derivative ψ ′(t) on (a, b). The ψ-Riemann–Liouville fractional integral Iϑ ;ψ

a+ (·)
of a function h ∈ ACn([a, b],R) with respect to another function ψ on [a,b] is defined
by

Iϑ ;ψ
a+ h(t) =

1
�(ϑ)

∫ t

a
ψ ′(s)

(
ψ(t) – ψ(s)

)ϑ–1h(s) ds, t > a > 0,

where �(.) represents the gamma function.

Definition 2 [2] Let ψ ′(t) �= 0 and ϑ > 0, n ∈N. The Riemann–Liouville fractional deriva-
tive of order ϑ of a function h ∈ ACn([a, b],R) with respect to another function ψ is de-
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fined by

Dϑ ,ρ;ψ
a+ h(t) =

(
1

ψ ′(t)
d
dt

)n

In–ϑ ;ψ
a+ h(t)

=
1

�(n – ϑ)

(
1

ψ ′(t)
d
dt

)n ∫ t

a
ψ ′(s)

(
ψ(t) – ψ(s)

)n–ϑ–1h(s) ds,

where n = [ϑ] + 1, [ϑ] represents the integer part of the real number ϑ .

Definition 3 [21] Let n – 1 < ϑ < n with n ∈ N, [a, b] is the interval such that
–∞ ≤ a < b ≤ ∞ and h,ψ ∈ Cn([a, b],R) are two functions such that ψ(t) is increasing
and ψ ′(t) �= 0 for all t ∈ [a, b]. The ψ-Hilfer fractional derivative HDϑ ,ρ;ψ

a+ (·) of a function h
of order ϑ and type 0 ≤ ρ ≤ 1 is defined by

HDϑ ,ρ;ψ
a+ h(t) = Iρ(n–ϑ);ψ

a+

(
1

ψ ′(t)
d
dt

)n

I(1–ρ)(n–ϑ);ψ
a+ h(t),

where n = [ϑ]+1, [ϑ] represents the integer part of the real number ϑ with γ = ϑ +ρ(n–ϑ).

Lemma 1 [2] Let ϑ , τ > 0. Then we have the following semigroup property:

Iϑ ;ψ
a+ Iτ ;ψ

a+ h(t) = Iϑ+τ ;ψ
a+ h(t), t > a.

Lemma 2 [21] If h ∈ Cn([a, b],R), n – 1 < ϑ < n and 0 ≤ ρ ≤ 1 and γ = ϑ + ρ(n – ϑ), then

Iϑ ;ψ
a+

HDϑ ,ρ;ψ
a+ h(t) = h(t) –

n∑

k=1

(ψ(t) – ψ(a))γ –k

�(γ – k + 1)
h[n–k]

ψ I(1–ρ)(n–ϑ);ψ
a+ h(a)

for all t ∈ S , where h[n]
ψ h(t) = ( 1

ψ ′(t)
d
dt )nh(t).

Proposition 3 [2, 21] Let ϑ ≥ 0, l > 0 and t > a. Then the ψ-fractional integral and deriva-
tive of a power function are given by

1. Iϑ ;ψ
a+ (ψ(t) – ψ(a))l–1(t) = �(l)

�(l+ϑ) (ψ(t) – ψ(a))l+ϑ–1;
2. Dϑ ,ρ;ψ

a+ (ψ(t) – ψ(a))l–1(t) = �(l)
�(l–ϑ) (ψ(t) – ψ(a))l–ϑ–1;

3. HDϑ ,ρ;ψ
a+ (ψ(t) – ψ(a))l–1(t) = �(l)

�(l–ϑ) (ψ(t) – ψ(a))l–ϑ–1, l > γ = ϑ + ρ(n – ϑ).

Lemma 4 [30] Let n – 1 < ϑ < n, m – 1 < α < m ≤ n, m, n ∈ N, 0 ≤ β ≤ 1 and ϑ ≥ α + β(m –
α). If h ∈ Cm(S ,R), then

HDα,β ;ψ
a+ Iϑ ;ψ

a+ h(t) = Iϑ–α;ψ
a+ h(t).

Lemma 5 (Banach contraction principle) [31] If C is a closed non-empty subset of a Ba-
nach space B, then any contraction mapping U : C → C has a unique fixed point.

Theorem 6 (Krasnosel’skii’s fixed point theorem) [32] Let D be a closed, bounded, convex
and non-empty subset of a Banach space (B,‖ · ‖). Suppose that U1,U2 are operators from
D to D such that
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1. U1x + U2y ∈ D,∀x, y ∈ D;
2. U1 is continuous and compact;
3. U2 is a contraction mapping.

Then there exists z ∈ D such that z = U1z + U2z.

3 An auxiliary result
System (1) relies on a lower-order fractional derivative of the state function. Therefore, we
shall conduct the analysis in a special working space given by

J =
{

x|x(t) ∈ C
(
[a, b],R

)
, HDα,β ;ψ

a+ x(t) ∈ C
(
[a, b],R

)}
with the norm

‖x‖J = max
{
sup
t∈S

∥
∥x(t)

∥
∥, sup

t∈S

∥
∥H Dα,β ;ψ

a+ x(t)
∥
∥
}

.

The requirement that functions x(t) and HDα,β ;ψ
a+ x(t) are continuous implies smoothness

and regularity. We can verify from [33] that J is a Banach space. J also ensures that the
solution is well posed and can be analysed within a rigorous mathematical framework.

For proving the existence results, Krasnosel’skii’s fixed point approach is more suitable
for the above-considered special working space.

To demonstrate the existence and uniqueness of (1), it is essential to prove the following
lemma.

Lemma 7 Let 0 < α < φ1,φ2 < 1, 0 ≤ η1,η2,β ≤ 1, γ1 = φ1 + η1(1 – φ1),γ2 = φ2 + η2(1 – φ2),
a ≥ 0 and � �= 0. Then, for g : S × J × J × J → J , f : S × J → J , the solution of the
sequential pantograph fractional BVP (1) is given by

x(t) = Iφ1+φ2;ψ
a+ g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– Iφ2;ψ
a+ f

(
t, x(t)

)

+
(ψ(t) – ψ(a))γ1+φ2–1

�(γ1 + φ2) ·�

[ m∑

i=1

ωiIφ1+φ2;ψ
a+ g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)

– Iφ1+φ2;ψ
a+ g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)

–
m∑

i=1

ωiIφ2;ψ
a+ f

(
θi, x(θi)

)

+ Iφ2;ψ
a+ f

(
b, x(b)

)
]

,

(2)

where

� =
(ψ(b) – ψ(a))γ1+φ2–1

�(γ1 + φ2)
–

m∑

i=1

ωi
(ψ(θi) – ψ(a))γ1+φ2–1

�(γ1 + φ2)
. (3)

Proof Using Lemma 2 and applying operator Iφ1;ψ
a+ on both sides of (1), we have

HDφ2,η2:ψ
a+ x(t) + f

(
t, x(t)

)
= c1

(ψ(t) – ψ(a))γ1–1

�(γ1)
+ Iφ1;ψ

a+ g
(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)
.
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Again applying operator Iφ2;ψ
a+ on both sides of (1), we have

x(t) =Iφ1+φ2;ψ
a+ g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– Iφ2;ψ
a+ f

(
t, x(t)

)

+ c1
(ψ(t) – ψ(a))γ1+φ2–1

�(γ1 + φ2)
+ c2

(ψ(t) – ψ(a))γ2–1

�(γ2)
.

When x(a) = 0, we get c2 = 0. Then the above equation reduces to

x(t) = Iφ1+φ2;ψ
a+ g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– Iφ2;ψ
a+ f

(
t, x(t)

)

+ c1
(ψ(t) – ψ(a))γ1+φ2–1

�(γ1 + φ2)
.

(4)

Applying the other boundary condition, we get

Iφ1+φ2;ψ
a+ g

(
b, x(b), HDα,β ;ψ

a+ x(b)
)

– Iφ2;ψ
a+ f

(
b, x(b)

)
+ c1

(ψ(t) – ψ(a))γ1+φ2–1

�(γ1 + φ2)

=
m∑

i=1

ωiIφ1+φ2;ψ
a+ g

(
t, x(θi), HDα,β ;ψ

a+ x(θi)
)

–
m∑

i=1

ωiIφ2;ψ
a+ f

(
θi, x(θi)

)

+ c1

m∑

i=1

ωi
(ψ(θi) – ψ(a))γ1+φ2–1

�(γ1 + φ2)
.

This implies

c1 =
1
�

[ m∑

i=1

ωiIφ1+φ2;ψ
a+ g

(
t, x(θi), HDα,β ;ψ

a+ x(θi)
)

– Iφ1+φ2;ψ
a+ g

(
b, x(b), HDα,β ;ψ

a+ x(b)
)

–
m∑

i=1

ωiIφ2;ψ
a+ + Iφ2;ψ

a+ f
(
b, x(b)

)
f
(
θi, x(θi)

)
]

.

Thus, (2) is satisfied.
Conversely, by direct calculation, we verify that (2) satisfies (1). �

4 Existence and uniqueness results
To verify the existence and uniqueness results, we model our system (1) as a fixed point
problem.

Let us define an operator U : J −→ J by

Ux(t) = Iφ1+φ2;ψ
a+ g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– Iφ2;ψ
a+ f

(
t, x(t)

)

+
(ψ(t) – ψ(a))γ1+φ2–1

�(γ1 + φ2) ·�

[ m∑

i=1

ωiIφ1+φ2;ψ
a+ g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)

– Iφ1+φ2;ψ
a+ g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)

–
m∑

i=1

ωiIφ2;ψ
a+ f

(
θi, x(θi)

)

+ Iφ2;ψ
a+ f

(
b, x(b)

)
]

.

(5)
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We state the following hypothesis:
(H1) Let g : S ×J ×J ×J −→ J be a continuous function, and there exists a constant

0 < Kg < 1 such that, for all t ∈ S and x1, x2, x̄1, x̄2, x1
′, x2

′ ∈R,

∥
∥g

(
t, x1, x̄1, x1

′) – g
(
t, x2, x̄2, x2

′)∥∥ ≤ Kg
(∥
∥x1(t) – x2(t)

∥
∥ +

∥
∥x̄1(t) – x̄2(t)

∥
∥

+
∥
∥x1

′(t) – x2
′(t)

∥
∥
)
.

(H2) Let f : S ×J −→ J be a continuous function, and there exists a constant 0 < Kf < 1
such that, for all t ∈ S and x1, x2 ∈R,

∥
∥f (t, x1) – f (t, x2)

∥
∥ ≤ Kf

(∥
∥x1(t) – x2(t)

∥
∥
)
.

(H3) Let g : S × J × J × J −→ J and f : S × J −→ J be continuous functions, and
there exist functions σ ,ν > 0 such that, for all t ∈ S and x, x̄, x′,∈R,

∥
∥g

(
t, x, x̄, x′)∥∥ ≤ σ (t),

∥
∥f (t, x)

∥
∥ ≤ ν(t).

To simplify the process, let us introduce some notations.

ϒ(p, d) =
(ψ(p) – ψ(a))d

�(d + 1)
, (6)

N = 2KgN1 + Kf N2, where (7)

N1 = ϒ(b, k) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi, k) + ϒ(b, k)

]

, (8)

N2 = ϒ(b, k̄) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi, k̄) + ϒ(b, k̄)

]

, (9)

where k = φ1 + φ2 or φ1 + φ2 – α, k̄ = φ2 or φ2 – α.
Uniqueness of solution.

Theorem 8 Assume that (H1) and (H2) are satisfied. Suppose that 2KgN1 + Kf N2 < 1,
where Kf and Kg are constants,N1 andN2 are given by (8) and (9) respectively. Then system
(1) has a unique solution on S .

Proof Consider the operator Ux(t) defined in (5).
Let supt∈S ‖g(t, 0, 0, 0)‖ = M1 < ∞, supt∈S ‖f (t, 0)‖ = M2 < ∞ and set

Jr =
{

x ∈ J : ‖x‖J ≤ r
}

, r ≥ N1M1 + N2M2

1 – N .

Jr is a bounded, closed and convex subset of J .
Step 1: UJr ⊂ Jr .
For any x ∈ Jr , t ∈ S , using (H1), we have

∥
∥g

(
t, x, x̄, x′)∥∥ ≤ Kg

(∥
∥x(t)

∥
∥ +

∥
∥x̄(t)

∥
∥ +

∥
∥x′(t)

∥
∥
)

+ M1,
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∥
∥f (t, x)

∥
∥ ≤ Kf

(∥
∥x(t)

∥
∥
)

+ M2.

Then, we obtain

∥
∥Ux(t)

∥
∥

≤ Iφ1+φ2;ψ
a+

∥
∥g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥ + Iφ2;ψ

a+
∥
∥f

(
t, x(t)

)∥
∥

+
ϒ(t,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiIφ1+φ2;ψ
a+

∥
∥g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)∥
∥

+ Iφ1+φ2;ψ
a+

∥
∥g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)∥
∥ +

m∑

i=1

ωiIφ2;ψ
a+

∥
∥f

(
θi, x(θi)

)∥
∥

+ Iφ2;ψ
a+

∥
∥f

(
b, x(b)

)∥
∥

]

≤
{

2Kg

(

ϒ(b,φ1 + φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2) + ϒ(b,φ1 + φ2)

])

+ Kf

(

ϒ(b,φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2) + ϒ(b,φ2)

])}

‖x‖J

+

(

ϒ(b,φ1 + φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2) + ϒ(b,φ1 + φ2)

])

M1

+

(

ϒ(b,φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2) + ϒ(b,φ2)

])

M2

and

∥
∥HDα,β ;ψ

a+ Ux(t)
∥
∥

≤ Iφ1+φ2–α;ψ
a+

∥
∥g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥ + Iφ2–α;ψ

a+
∥
∥f

(
t, x(t)

)∥
∥

+
ϒ(t,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiIφ1+φ2–α;ψ
a+

∥
∥g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)∥
∥

+ Iφ1+φ2–α;ψ
a+

∥
∥g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)∥
∥ +

m∑

i=1

ωiIφ2–α;ψ
a+

∥
∥f

(
θi, x(θi)

)∥
∥

+ Iφ2–α;ψ
a+

∥
∥f

(
b, x(b)

)∥
∥

]

≤
{

2Kg

(

ϒ(b,φ1 + φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α)

+ ϒ(b,φ1 + φ2 – α)

])

+ Kf

(

ϒ(b,φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

×
[ m∑

i=1

ωiϒ(θi,φ2 – α) + ϒ(b,φ2 – α)

])}

‖x‖J +

(

ϒ(b,φ1 + φ2 – α)
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+
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α) + ϒ(b,φ1 + φ2 – α)

])

M1

+

(

ϒ(b,φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2 – α) + ϒ(b,φ2 – α)

])

M2.

Thus, ‖Ux‖J ≤N ‖x‖J + N1M1 + N2M2 ≤ r.
This implies UJr ⊂ Jr .
Step 2: U is a contraction.
For any x, y ∈ Jr and for each t ∈ S , using (H1), we have

∥
∥Ux(t) – Uy(t)

∥
∥

≤ Iφ1+φ2;ψ
a+

∥
∥g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– g
(
t, y(t), y(λt), HDα,β ;ψ

a+ y(λt)
)∥
∥

+ Iφ2;ψ
a+

∥
∥f

(
t, x(t)

)
– f

(
t, y(t)

)∥
∥ +

ϒ(t,γ1 + φ2 – 1)
|� |

[ m∑

i=1

ωiIφ1+φ2;ψ
a+

× ∥
∥g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)

– g
(
θi, y(θi), y(λθi), HDα,β ;ψ

a+ y(λθi)
)∥
∥

+ Iφ1+φ2;ψ
a+

∥
∥g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)

– g
(
b, y(b), y(λb), HDα,β ;ψ

a+ y(λb)
)∥
∥

+
m∑

i=1

ωiIφ2;ψ
a+

∥
∥f

(
θi, x(θi)

)
– f

(
θi, y(θi)

)∥
∥ + Iφ2;ψ

a+
∥
∥f

(
b, x(b)

)
– f

(
b, y(b)

)∥
∥

]

≤ ϒ(b,φ1 + φ2)2Kg‖x – y‖J + ϒ(b,φ2)Kf ‖x – y‖J +
ϒ(b,γ1 + φ2 – 1)

|� |

×
[ m∑

i=1

ωiϒ(θi,φ1 + φ2)2Kg‖x – y‖J + ϒ(b,φ1 + φ2)2Kg‖x – y‖J

+
m∑

i=1

ωiϒ(θi,φ2)Kf ‖x – y‖J + ϒ(b,φ2)Kf ‖x – y‖J
]

≤
{

2Kg

(

ϒ(b,φ1 + φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2) + ϒ(b,φ1 + φ2)

])

+ Kf

(

ϒ(b,φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2) + ϒ(b,φ2)

])}

‖x – y‖J

and

∥
∥HDα,β ;ψ

a+ Ux(t) – HDα,β ;ψ
a+ Uy(t)

∥
∥

≤
{

2Kg

(

ϒ(b,φ1 + φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α)

+ ϒ(b,φ1 + φ2 – α)

])

+ Kf

(

ϒ(b,φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

×
[ m∑

i=1

ωiϒ(θi,φ2 – α) + ϒ(b,φ2 – α)

])}

‖x – y‖J .

Thus, ‖Ux – Uy‖J ≤ (2KgN1 + Kf N2)‖x – y‖J .
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Since 2KgN1 + Kf N2 < 1, the operator U is a contraction.
Therefore, by Lemma 5, we conclude thatU has a unique fixed point, which is the unique

solution of (1) on S . �

Existence of solution.

Theorem 9 Assume that (H1), (H2) and (H3) are satisfied. Suppose that [2Kg(N1 –
ϒ(b, l)) + Kf (N2 – ϒ(b, l̄))] < 1, where l = φ1 + φ2 or φ1 + φ2 – α, l̄ = φ2 or φ2 – α, Kf and Kg

are constants, N1 and N2 are given by (8) and (9) respectively. Then system (1) has at least
one solution on S .

Proof Let supt∈J |σ (t)| = ‖σ‖, supt∈J |ν(t)| = ‖ν‖.
Also define a bounded subset Jρ of J , where Jρ = {x ∈ J : ‖x‖ ≤ ρ} with

ρ ≥N1‖σ‖ + N2‖ν‖.

Let us define the operators U1 and U2 on Jρ for t ∈ S as U = U1 + U2, where

U1x(t) = Iφ1+φ2;ψ
a+ g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)

– Iφ2;ψ
a+ f

(
t, x(t)

)
,

U2x(t) =
ϒ(t,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiIφ1+φ2;ψ
a+ g

(
θi, x(θi), x(λθi), HDα,β ;ψ

a+ x(λθi)
)

– Iφ1+φ2;ψ
a+ g

(
b, x(b), x(λb), HDα,β ;ψ

a+ x(λb)
)

–
m∑

i=1

ωiIφ2;ψ
a+ f

(
θi, x(θi)

)

+ Iφ2;ψ
a+ f

(
b, x(b)

)
]

.

Step 1: U1x + U2y ∈ Jρ .
For any x ∈ Jρ , t ∈ S , we obtain

∥
∥U1x(t) + U2y(t)

∥
∥

≤ ϒ(b,φ1 + φ2)‖σ‖ + ϒ(b,φ2)‖ν‖ +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2)‖σ‖

+ ϒ(b,φ1 + φ2)‖σ‖ +
m∑

i=1

ωiϒ(θi,φ2)‖ν‖ + ϒ(b,φ2)‖ν‖
]

≤
{

‖σ‖
(

ϒ(b,φ1 + φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2) + ϒ(b,φ1 + φ2)

])

+ ‖ν‖
(

ϒ(b,φ2) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2) + ϒ(b,φ2)

])}

and

∥
∥HDα,β ;ψ

a+ U1x(t) + HDα,β ;ψ
a+ U2y(t)

∥
∥
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≤ ϒ(b,φ1 + φ2 – α)‖σ‖ + ϒ(b,φ2 – α)‖ν‖ +
ϒ(b,γ1 + φ2 – 1)

|� |

×
[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α)‖σ‖ + ϒ(b,φ1 + φ2 – α)‖σ‖ +
m∑

i=1

ωiϒ(θi,φ2 – α)‖ν‖

+ ϒ(b,φ2 – α)‖ν‖
]

≤ ‖σ‖
(

ϒ(b,φ1 + φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α)

+ ϒ(b,φ1 + φ2 – α)

])

+ ‖ν‖
(

ϒ(b,φ2 – α) +
ϒ(b,γ1 + φ2 – 1)

|� |

×
[ m∑

i=1

ωiϒ(θi,φ2 – α) + ϒ(b,φ2 – α)

])

.

Thus, ‖U1x + U2y‖J ≤N1‖σ‖ + N2‖ν‖ ≤ ρ .
Step 2: U1 is completely continuous.
To prove U1 is continuous and compact on Jρ ,
let xn be a sequence and xn −→ x as n −→ ∞ in Jρ . Then, for t ∈ S , we have

∥
∥U1xn(t) – U1x(t)

∥
∥

≤ Iφ1+φ2;ψ
a+

∥
∥g

(
t, xn(t), xn(λt), HDα,β ;ψ

a+ xn(λt)
)

– g
(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥

+ Iφ2;ψ
a+

∥
∥f

(
t, xn(t)

)
– f

(
t, x(t)

)∥
∥

≤ ϒ(b,φ1 + φ2)2Kg‖xn – x‖J + ϒ(b,φ2)Kf ‖xn – x‖J
−→ 0 as n −→ ∞

and

∥
∥HDα,β ;ψ

a+ U1xn(t) – HDα,β ;ψ
a+ U1x(t)

∥
∥

≤ Iφ1+φ2–α;ψ
a+

∥
∥g

(
t, xn(t), xn(tλ), HDα,β ;ψ

a+ xn(λt)
)

– g
(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥

+ Iφ2–α;ψ
a+

∥
∥f

(
t, xn(t)

)
– f

(
t, x(t)

)∥
∥

≤ ϒ(b,φ1 + φ2 – α)2Kg‖xn – x‖J + ϒ(b,φ2 – α)Kf ‖xn – x‖J
−→ 0 as n −→ ∞.

Now, consider

∥
∥U1x(t2) – U1x(t1)

∥
∥

= ‖
∫ t2

t1

(
1

�(φ1 + φ2)
ψ ′(s)

(
ψ(t2) – ψ(s)

)φ1+φ2–1g
(
s, x(s), HDα,β ;ψ

a+ x(s)
)

–
1

�(φ2)
ψ ′(s)

(
ψ(t2) – ψ(s)

)φ2–1f
(
s, x(s)

)
)

ds +
∫ t2

c

(
1

�(φ1 + φ2)
ψ ′(s)

× [(
ψ(t2) – ψ(s)

)φ1+φ2–1 –
(
ψ(t1) – ψ(s)

)φ1+φ2–1]g
(
s, x(s), HDα,β ;ψ

a+ x(s)
)
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–
1

�(φ2)
ψ ′(s)

[(
ψ(t2) – ψ(s)

)φ2–1 –
(
ψ(t1) – ψ(s)

)φ2–1]f
(
s, x(s)

)
)

ds

≤ 1
�(φ1 + φ2 + 1)

[
2
(
ψ(t2) – ψ(t1)

)φ1+φ2 +
(
ψ(t2) – ψ(a)

)φ1+φ2

–
(
ψ(t1) – ψ(a)

)φ1+φ2]∥∥g
(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥ –

1
�(φ2 + 1)

× [
2
(
ψ(t2) – ψ(t1)

)φ2 +
(
ψ(t2) – ψ(a)

)φ2 –
(
ψ(t1) – ψ(a)

)φ2]∥∥f
(
t, x(t)

)∥
∥

−→ 0 as t2 −→ t1

and

∥
∥HDα,β ;ψ

a+ U1x(t2) – HDα,β ;ψ
a+ U1x(t1)

∥
∥

≤ 1
�(φ1 + φ2 – α + 1)

[
2
(
ψ(t2) – ψ(t1)

)φ1+φ2–α +
(
ψ(t2) – ψ(a)

)φ1+φ2–α

–
(
ψ(t1) – ψ(a)

)φ1+φ2–α]∥
∥g

(
t, x(t), x(λt), HDα,β ;ψ

a+ x(λt)
)∥
∥

–
1

�(φ2 – α + 1)
[
2
(
ψ(t2) – ψ(t1)

)φ2 +
(
ψ(t2) – ψ(a)

)φ2–α

–
(
ψ(t1) – ψ(a)

)φ2–α]∥
∥f

(
t, x(t)

)∥
∥

−→ 0 as t2 −→ t1.

Thus, ‖U1x(t2) – U1x(t1)‖J −→ 0 as t2 −→ t1, i.e. U1Jρ is equicontinuous.
Hence, U1 is completely continuous on Jρ by the Arzela–Ascoli theorem [34].
Step 3: U2 is a contraction.
For any x, y ∈ Jρ and for each t ∈ S , using (H1), we have

∥
∥U2x(t) – U2y(t)

∥
∥

≤ ϒ(b,γ1 + φ2 – 1)
|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2)2Kg‖x – y‖J + ϒ(b,φ1 + φ2)

× 2Kg‖x – y‖J +
m∑

i=1

ωiϒ(θi,φ2)Kf ‖x – y‖J + ϒ(b,φ2)Kf ‖x – y‖J
]

≤
{

2Kg
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2) + ϒ(b,φ1 + φ2)

]

+ Kf
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2) + ϒ(b,φ2)

]}

‖x – y‖J

and

∥
∥HDα,β ;ψ

a+ U2x(t) – HDα,β ;ψ
a+ U2y(t)

∥
∥

≤
{

2Kg
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ1 + φ2 – α) + ϒ(b,φ1 + φ2 – α)

]
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+ Kf
ϒ(b,γ1 + φ2 – 1)

|� |

[ m∑

i=1

ωiϒ(θi,φ2 – α) + ϒ(b,φ2 – α)

]}

‖x – y‖J .

Thus, ‖U2x – U2y‖J ≤ [2Kg(N1 – ϒ(b, l)) + Kf (N2 – ϒ(b, l̄))]‖x – y‖J .
Since [2Kg(N1 – ϒ(b, l)) + Kf (N2 – ϒ(b, l̄))] < 1, the operator U2 is a contraction.
Therefore, by Theorem 6, we conclude that BVP (1) has at least one solution on S . �

5 Application
This section contains an example to demonstrate our results. Equation (1) can be found in
various fields, including biology, physics and engineering, to model systems with memory
effects and non-local dependencies; for instance, in describing the viscoelastic behaviour
of the material that captures both internal dissipation and external influences. The linear
viscoelastic Kelvin–Voigt model that describes the behaviour of materials exhibiting both
elastic and viscous properties could be expressed using a sequential pantograph fractional
differential equation.

Example 1 Consider the ψ-Hilfer sequential type pantograph fractional BVP

⎧
⎨

⎩

HD
1
2 , 1

10 :sin t
0+ (HD

7
10 , 2

5 :sin t
0+ x(t) + f (t, x(t))) = g(t, x(t), x(λt), HD

1
5 , 1

3 ;sin t
0+ x(λt)),

x(0) = 0, x(1) =
∑3

i=1( –i
i+3 )i+1x( i

5 ), t ∈ [0, 1],
(10)

where g and f are given by

g
(
t, x(t), x(λt), HD

1
5 , 1

3 ;sin t
0+ x(λt)

)

=
t2

5 – sin3 π t
|x(t)|

8 + |x(t)| +
t

2(t + 10)

∣
∣
∣
∣x

(
1
4

t
)∣

∣
∣
∣ +

2e–t|H D
5
4 , 1

6 ;sin t
0+ x( 1

4 t)|
|HD

5
4 , 1

6 ;sin tx( 1
4 t)| + 24

,

f
(
t, x(t)

)
=

1
(t + 2)2 + 9

|x(t)|
1 + |x(t)| .

Here φ1 = 1
2 , φ2 = 7

10 , η1 = 1
10 , η2 = 2

5 , α = 1
5 , β = 1

3 , a = 0, b = 1, m = 3, ωi = ( –i
i+3 )i+1, θi = i

5 ,
ψ(t) = sin t, ψ ′(t) = cos t. Using the data, we evaluate γ1 = 0.5500, γ2 = 0.8200, �≈ 1.0066,
N1 ≈ 3.5153 and N2 ≈ 4.3360.

(i) Uniqueness of solution
For x1, x̄1, x′

1, x2, x̄2, x′
2,∈ J and t ∈ [0, 1], we have

∥
∥g

(
t, x1, x̄1, x1

′) – g
(
t, x2, x̄2, x2

′)∥∥

≤ 1
12

(∥
∥x1(t) – x2(t)

∥
∥ +

∥
∥x̄1(t) – x̄2(t)

∥
∥ +

∥
∥x1

′(t) – x2
′(t)

∥
∥
)
,

∥
∥f (t, x1) – f (t, x2)

∥
∥ ≤ 1

13
(∥
∥x1(t) – x2(t)

∥
∥
)
.

Comparing with (H1) and (H2), we observe that Kg = 1
12 and Kf = 1

13 .
We find that � = 2KgN1 + Kf N2 ≈ 0.9194 < 1.
Thus, the hypothesis of Theorem 8 is satisfied, and system (10) has a unique solution on

S .
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Table 1 � for different values of φ1 and φ2

�

t φ1 + φ2 = 1.2 φ1 + φ2 = 1.3 φ1 + φ2 = 1.4 φ1 + φ2 = 1.5 φ1 + φ2 = 1.6

0 0 0 0 0 0
0.1 0.4546 0.2998 0.2064 0.1480 0.1102
0.2 0.5594 0.4170 0.3192 0.2506 0.2015
0.3 0.6350 0.5072 0.4125 0.3412 0.2867
0.4 0.6960 0.5830 0.4942 0.4238 0.3673
0.5 0.7478 0.6487 0.5673 0.4997 0.4433
0.6 0.7925 0.7065 0.6329 0.5694 0.5145
0.7 0.8314 0.7575 0.6918 0.6331 0.5805
0.8 0.8653 0.8022 0.7442 0.6906 0.6409
0.9 0.8945 0.8412 0.7904 0.7417 0.6951
1 0.9194 0.8746 0.8302 0.7862 0.7428

Figure 1 Representation of the impact of fractional order φ1,φ2 on �

The numerical results of � for various values of t ∈ [0, 1] and φ1, φ2 ∈ (0, 1) are shown
in Table 1.

We observe that for an increase in time, � increases, and for an increase in order, �

decreases. Clearly, � is less than 1. The results are graphically presented in Fig. 1.
(ii) Existence of solution
For x, x̄, x′ ∈ J and t ∈ [0, 1], we have

∥
∥g

(
t, x, x̄, x′)∥∥ ≤ t2

40
+

t
2(t + 10)

+
e–t

12
,

∥
∥f (t, x)

∥
∥ ≤ 1

(t + 2)2 + 9
.

Hypothesis (H3) is satisfied.
We find that � = � – [2Kgϒ(b,φ1 + φ2 – α) + Kf ϒ(b,φ2 – α)] ≈ 0.6995 < 1.
Thus, the hypothesis of Theorem 9 is satisfied, and system (10) has at least one solution

on S .
The numerical results of � for various values of t ∈ [0, 1] and φ1, φ2 ∈ (0, 1) are shown

in Table 2.
We observe that for an increase in time, � increases, and for an increase in order, �

decreases. Clearly, � is less than 1. The results are graphically presented in Fig. 2.
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Table 2 � for different values of φ1 and φ2

�

t φ1 + φ2 = 1.2 φ1 + φ2 = 1.3 φ1 + φ2 = 1.4 φ1 + φ2 = 1.5 φ1 + φ2 = 1.6

0 0 0 0 0 0
0.1 0.4106 0.2628 0.1752 0.1217 0.0880
0.2 0.4876 0.3545 0.2648 0.2032 0.1602
0.3 0.5385 0.4213 0.3361 0.2732 0.2263
0.4 0.5770 0.4750 0.3966 0.3355 0.2877
0.5 0.6078 0.5200 0.4493 0.3918 0.3448
0.6 0.6331 0.5584 0.4956 0.4425 0.3975
0.7 0.6544 0.5913 0.5364 0.4882 0.4458
0.8 0.6722 0.6196 0.5722 0.5289 0.4895
0.9 0.6871 0.6438 0.6032 0.5648 0.5285
1 0.6995 0.6642 0.6296 0.5957 0.5624

Figure 2 Representation of the impact of fractional order φ1,φ2 on �

6 Conclusion
In this research, the ψ-Hilfer sequential-type pantograph fractional BVP was identified. In
a special working space, the existence and uniqueness of a solution to the BVP were inves-
tigated. The Krasnosel’skii’s fixed point theorem was used to analyse the existence result,
and the Banach contraction principle was used to study the uniqueness result. We have
developed an example to interpret our findings. To further illustrate, a graphical analysis
was also performed. In the future, the study can be extended to investigate the coupled
system of sequential FDEs, and the stability of the solution can be analysed.
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