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1 Introduction

Numerous previous research works in the field of problems with variable exponents ac-
knowledged the role of dampers which appear in many areas of applied sciences. The
objective of this work is to provide further insight into the complex interactions that exist
between dampers and variable exponents.

In the absence of a variable exponent, the reader can view the following papers related
to the topic being studied: the general decay, blow-up, and growth of solutions [1, 3-5, 7—
9,11-15].

We present our current problem of a quasilinear system of viscoelastic equations with
dispersion, source, and variable exponents, where we combine several damping terms into
one, of course in the general case (n > 0).

In this work, we try to collect many studies in one paper, where the reader has in his
hands four different proofs with the methods used under appropriate conditions, while
comparing the differences.
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First, we list some previous works similar to ours. Whereas in the absence of the source
term with (n = 0), the study is found in [16], the authors studied the global existence and
general decay of solutions for a quasilinear system with degenerate damping terms.

As for the presence of the source and degenerate damping terms in the absence of dis-
persion term, we mention the work done by the authors in [26], where they obtained global
existence of solutions. Then, they proved the general decay result. Finally, they proved the
finite time blow-up result of solutions with negative initial energy. For more information
in this context, you can see the papers [6, 17, 18, 20, 22, 23].

On the other hand, there are many works that deal with the variable exponent. We men-
tion, for example, our work [24]. In the presence of delay, the authors have demonstrated a
nonlinear Kirchhoff-type equation with distributed delay and variable exponents. Under
a suitable hypothesis they proved the blow-up of solutions, and by using an integral in-
equality due to Komornik, they obtained the general decay result. See also [2, 10, 21, 29],
and [25], each of which examines a different problem with appropriate conditions.

In this work, we are examining the following problem:

D7Dy~ T(IVOIHAD + [y It = ) AD(5)ds — ADy + g1 (D) = (P, W),
(WM — TV AW + [3 by(t— ) AW () dg — AWy + g2(B,) = fo(®, ¥),

O(x, 1) =W(x,t) =0, (x1)ecdQx(0,T), (1.1)
®O(x,0) = Op(x), D4(x,0) = P1(x), x€,

W(x,0) = Wo(x), W, (x,0) = Pi(x), x€Q,

where
@(®):= 0|00 00, @) =W oY),

inwhichn >0forN=1,2and0<n < ﬁ for N > 3,and /;(-) : R* — R* (i = 1,2) symbol-
izes the relaxation function, — A (-) symbolizes the dispersion term, and 7 (o) is a positive

locally Lipschitz function for y,o > 0 such that 7 (0') = o1 + @207, and

Fi(®, W) = a;|® + WA (D 4 W) 4 by | D1W), .| W |1®)+2,

(1.2)
Fo(®, W) = a; | + W2AOD(D 4 W) 4 by | W]10) P, |y]70)+2,

In this context, we consider g(-), m(-), and s(-) are variable exponents defined as measur-

able functions on  in the following manner:

2<s <s(x) <st<s*, (1.3)
where
q = inf g(x), m~ = inf m(x), s~ = inf s(x),

xe€Q xeQ2 xeQ2
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q" =supq(x),  m" =supm(x),  s" =sups(x), (1.4)
xeQ xeQ xeQ
with
max{m*,f} <2 +1 (1.5)
and
2m-1
mrst = 2D e g (1.6)
n—-2

As for the division of the paper, it is as follows. In the following section, we present the
hypotheses, concepts, and lemmas essential for our study. In Sect. 3, we obtain global
existence of the solution of (1.1). Next, Sects. 4 and 5 are dedicated to proving the blow-up
result, followed by the exponential growth of solutions. In Sect. 6, we establish the general

decay when f; = f; = 0. Finally, we present the general conclusion in the last section.

2 Preliminaries
In this section, we give some related theory and put suitable hypotheses for the proof of
our result.

(H1) Put a nonincreasing and differentiable function 4; : R, — R, where

hi(t) = 0, 1—/(;oohi(§)dg:li>0, i=1,2. (2.1)
(H2) One can find &;, &, > 0 in a way that

K(2) < -&hi(t), £>0,i=1,2. (2.2)

Lemma 2.1 There exists F(®, V) defined by

1
F(®,¥) = m[c1>f1(c1>,\11) + Ofy(P, V)]

1
= —————[a|® + W1 4 2| D.W[1*2] > 0,
2(q(x) +2)

where

JoF oF
aT‘) :fl(CI),\IJ), 8_\11 ZfZ(CD,“I’)«

For simplification, we put @1 = @ = 1 and a; = b; = 1 for convenience.

Lemma 2.2 [6] One can find ¢y > 0 and c; > 0 in a way that

€0

DD (|q>|2(q(x)+2) + |\Ij|2(q(x)+2)) < F(d, V)

“ 2(q(®)+2) 2q(®)+2)
< || + || . (2.3)
2(g(x) +2) ( )
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Now, we consider g : 2 — [1,00) is a measurable function.

After, introducing the Lebesgue space with a variable exponent g(-) as follows:
L1(Q) = {dD : Q2 — R; measurable in Q: / | D190 dix < oo},
Q

we give the norm as follows:

) P
|Pllg) =infiA >0:
al A

q(x)

dx < 1}.

This space is fitted with the standard norm, L19(2) is a Banach space. After that, we in-

troduce the variable exponent Sobolev space W'7)(Q) as follows:
Wh(Q) = {® € L10(Q); VO exists and [VO| € L1(Q)},
with the norm given by
[Pll1q0) = 1Plge) + IV Plg0)s

W40)(Q) is a Banach space, and the closure of C{°(R) is given by Wol’q(')(Q).
For ® € Wol 1(Q), we give the equivalent norm

@10 = IVPlg0)-

W&l’q/(')(Q) denotes the dual of Wol"f(')(sz) in which ﬁ + ﬁ =1.
Next, we offer the continuity condition of Log-Hélder:

M,

lp(x) - p()| = T and |m(x)_m(y)}§_loglx—yl

- (2.4)
log |x - y|

for all x,y € Q, where M;, M, >0 and 0 < o < 1 with |x —y| < 0.

Theorem 2.3 Assume that (2.1)—(2.2) hold. Then, for any ($o, ®1, Vo, V1) € H, (1.1) has
a unique solution for some T > 0:

@,V € C([0, T]; HA(2) N Hy(RQ)),
@, € C([0, T HY(2)) N L™ (2 % (0, 7)),

W, € C([0, T1; Hy(R2)) N L*X(Q x (0, 7)),
where
H = Hy(Q) x LX(Q) x Hy(Q) x L*(R).

Now, we define the functional of energy.



Choucha et al. Boundary Value Problems (2024) 2024:57

Lemma 2.4 Let (2.1)—(2.2) be satisfied and (®, V) be a solution of (1.1). Then the func-
tional E(t) is nonincreasing and defined as follows:

1 1
E(t) = m[nqnnzﬁ S I5] + SV + 1V 3]

2(y+1) 2(y+1)
+2(y+1)[IIV<I>||2V + VW57
1 t t
+5[(1—/0 hl(g>dg)||v4>||%+ (1—/0 hz(g)d§>IIV‘I'II§}
+1[(hlovc1>)(t)+(hzoV\y)(t)]- / F(®,V)dx (2.5)
2 Q
Sfulfills
1 1
') = E[(h;owp)(t) + (hyoVW)(1)] - E[hl(t)||vo1>||§ +ha()IVW 3]

4 / 19,(0)|"™ dix - ¢ / w0 dx
Q Q

<0. (2.6)

Proof By multiplying (1.1);, (1.1), by ®,, ¥; and integrating over 2, we have
Y plying 1 2 by g g

d 1 2 1 9 1 1
— ! —||® n+ |V n+ TR VA ) 2+—V\IJ 2
dt{,MH ellgia + g Wellyia + IVl + 51V el

2 1 2 1
[IVe ;7™ + Ve ;7]

" 2(y +1)

1 t 1 t
+ 5(1—/ hl(g)d§>IIV@II§+ 5<1—/ hz(g)dg)IIWJII%
0 0

+ %(hlovcb)(t)+ %(hzoV\I/)(t)—/QF(QD,\D)dx}

- g / 19,(0)|"™ dx - ¢ / 10,0 dx
Q Q

1., 1 1., 1

+ 5(hlov<1>) - 5hl(t)||Vc1>||§ + 5(hzovw) - 5hz(t)nvwng. (2.7)
Hence, we find (2.5) and (2.6). Then, we have £ is a nonincreasing function. This ends the
proof. O

3 Global existence
Now, we show that the solution of (1.1) is uniformly bounded and global in time. For this
purpose, we set

1(t)=[(1—/0 hl(g)dg>||vcb||%+<1—/o hz(g)d;)nwni]

2 1 2 1
+ [V + Ve 30

(v +1)

+ [(hoV®)(t) + (hoVW)(8)] - 2(q +2)/ F(®,V)dx, (3.1)
Q

Page 5 of 30
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70 = %[(1— /0 hl(g)dg)nwn% + (1— /0 hz<g>dg)||wn%]

vq) 2(y+1) V\IJ 2(y+1)
o s Ve IV
1
+ 5[(hlon>)(t)+(h20VlD)(t)]— / F(®,V)dx. (3.2)
Q
Hence,
+ n+ 1
EW =70+ SLHPls + 1w l5] + S LIV @ell3 + 1V WellF]- (3.3)

Lemma 3.1 Suppose that the initial data (®o, 1), (Wo, ¥1) € (HY(RQ) x LX(RQ))? satisfy
1(0) > 0 and

~ aCp?) ((2p- + 4)5(0))1”*“
£:= <1.

I lp-+1) (34)

Then I(t) >0 forany t € [0, T].

Proof Since I(0) > 0, we deduce by continuity that there exists 0 < 7* < T such that I(¢) > 0
for all ¢ € [0, T*].
This implies that V¢ € [0, T*],

—_ 1 t t
J(t)zzé_++2)[(1— /0 h1<g>dg)||w>||§+<1— /0 h2(§)d§>||vq’||%:|

q +1 2y +1) 2y +1)
Vo vV
+ 2(q+2){ (VN7 + VW], ]
qg +1
2(q +2)

- qg +1
T 2q +2)

(y+1)

+

[(h10V®@)(2) + (h0VW)(2)] 1(2) (3.5)

1
+ —_—
2(q +2)

2 1 2 1
[IVe37 ™) + Vw37 ]

LIV®|2 + L|VY|?
{ 1” ||2+ 2” ||2+ (y+1)

+ (h10VD)(2) + (hzoV\Il)(t)}

> q_+

1
2 S v ANVl + LIVYI).

Hence, by (2.6) and (3.3), we get

2(q‘+2)](t) < 2(q‘+2)g(t
qg +1 qg +1

- 2(q” +2)

T g +1

(LIVOl3 +LIVY]3) < )

£(0), Vveelo,T*]. (3.6)
On the other hand, by using (2.3), we get

2(q +2)/ F(®,V)dx < / (101" 4 [W 2" d, (3.7)
Q Q

Page 6 of 30
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Then the embedding H} (R2)) < L%"*4(Q) yields

/Q(IGDIZP**‘* W) dx < C(pY) (VO [ + [V )

= C.(p){[vew|;|vew])

s vw@;lvee]y ). (38)

By (3.6), we find

] (2o +DEO) N
2(q +2)/QF(c1>,\y)dx<c1C*(p )<(Z(;-—+1)> |[vew)|?
(27 +2E0)\ !
+61C*(p)((z(p+_7+1)> 4701
<EL|ve®|:+n|ve]s). (3.9)
where
- o (207 + BEO)\ !
E=aC(p)? 2)<p<pm+7+1)) ’

the embedding constant C,(p*) and / = min(/y, l5).
By (3.4) and (2.1), we obtain

2q +2) /Q F(d),\D)dx<$<1— /0 hl(g)dg> [voo)|’

+’§(1 - /0 hg(g)dg> [vw@s. (3.10)

According to (3.1),(3.6), and (3.10), we get

1) ><1—A>{<1— [ hl(g)d;> Ve’ + (1— | h2<g>dg) meui}

>0, Vee[o,T*] (3.11)
By repeating this procedure, T* can be extended to 7. This completes the proof. O

Remark 3.2 Under the conditions of Lemma 3.1, we have J(¢) > 0, and consequently £(¢) >
0, Vt € [0, T]. Hence, by (3.3) and (3.5), we find

|@:0)] 775 + [we)]17 < (n+ 2E),

2 2
Vo0, + Ve, <2600,
2q + 4
VO 4 [ vw 20D < q—l(y +1)E(0). (3.12)
q_ +

Theorem 3.3 Suppose that the hypotheses of Lemma 3.1 hold, then the solution of (1.1) is
global and bounded.

Page 7 of 30
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Proof It suffices to show that

2 2
1@, W), = NPl + 1 125 + VD3 + VW3

+ +

+IVOE + V|13

is bounded independently of ¢. To achieve this, we use (3.12) to get

E0)>EB=J@®) +

1
[N + 1% 1755] + 5[||V<I>t||% + IV 13]

n+ 2 n+2 n+2
> %(MIWDII% + L VW[3) + " S LIl + 1373
+ %[nvcbtn% + VW3] (3.13)
Therefore,
[(@,w)],, = CE0),
where C(q~,n,11,1,) is a positive constant. O

4 Blow-up
Here, we establish the blow-up result for the solution of (1.1) with negative initial energy.
Initially, we introduce the following functional:

1 1
H(®) = =€) = 5 12l + 193] = S [IV @l + 1V Wil5]

2(y+1) 2(y+1)
- Vo +||VW¥
o 1)[n I3 (NA 2 b

1 t t
—5[(1—/0 hl(g)dg)||w>||§+(1—/0 hz(g)dg)nwné]

- l[(hloVQJ)(L‘) + (hzoV\IJ)(t)] + / F(O,V)dx. (4.1)
2 Q

Theorem 4.1 Assume that (2.1)-(2.2) and £(0) < 0 hold. Then the solution of (1.1) blows
up in finite time.

Proof From (2.5), the following can be written:

£() < £(0) <0. (4.2)
Therefore

H(¢) = -E'(t) > &1 [9 |@.(0)|" dx - ¢ /Q W, (5)[*" d, (4.3)
hence

H'(£) > ¢4 / |@:(8)|" dx = 0
Q
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H () > ¢ / \w,(6)*"™ dx > 0.
Q
By (4.1) and (2.3), we have

0 <H(0) < H(z) < / F(®,¥)dx
Q
2! 2(q(x)+2) 2(q(x)+2)
= 2at rp (O W) dx
< ﬁ(g( ) +o(W)),

where

0(9) = 040)(¢) = /Q |4 gy

Lemma 4.2 Let Ic > 0 in a way that any solution of (1.1) satisfies
1@l + Wl < c(o(®) +o(W)).

Proof Let
le{er:|<I>(x,t)|zl}, QZ:{xGQ:|<I>(x,t)|<1},

we have

o(®) = f |2 g / |20 g
951 Q)

2_/ |q>|2(q‘+2) dx+/ |<D|2(q++2)dx
Q1 Qo
2(q +2)

2(q+2) +2) 2q+2)
> | @7 Fdx+c | D)2 +2) ,
Q1 Q)

then

Q(CI)) Z/ |q>|2(q‘+2) dx
Q1

2(q—+2)
( (@)) q ¥12) 2/ |(D|2(q*+2)dx‘
¢ .

Hence, we get

2(g~+2)

||‘D||§EZ:3) < o(®) + c(g(d))) SIS

< (o(®) +o(¥)) +c(o(®) + Q(\IJ)) sy

< (0(®) + o(W))[1 + c(o(®) + o(W)) 275 ],

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.10)

Page 9 of 30
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According to (4.5), we have

)

= (o(®) + 0(V)).

Therefore,
2Aq+2) Aq +2) 4
JOIZ7 12 < (o(®) + (W) [1 + c(EH(0)) 75 1,
Hence
DI 15 < c(o(®) +o(W)). (4.11)
Using the same method, we find
2(g~+2)
W57 < c(o(®) +o(W)). (4.12)

By combining the previous two inequalities (4.11) and (4.12), we get the result we want
(4.6). 0

Corollary 4.3
_/;2 |1 dax < c((e(®) + (W)™ (o(®) + Q(\I,))m*/z(qnz)),
fg'“"sw dy < c((e(@) + (W) + (o(@) + (W) ™). (4.13)

Proof By (1.5), we get

/|q>|m<">dx5 |c1>|’”*dx+/ |®|" dx
Q Q1 Q)

) gD ) bcass)
Sc( || +2>dx) - +c(/ E3EC +2>dx> ‘“
Q2 Q2

< (@I 1oy + 1PN 1)- (4.14)
Then, Lemma 4.2 gives (4.13);. Similarly, we get (4.13),. d

Here, we introduce the following new functional:

D) = H () + — /[CI>|CI>,|”CI>¢+\II|\I/t|”\I/t]dx
n+1Jq

+8/ [VO, VD + VU, VU] dx, (4.15)
Q

where 0 < ¢ will be considered later, and take

. 1 1 1+2y 29 +4-m~
O<oa<ming(1- — , , )
20 +2) n+2) 4y +1) 2 +4)(m*-1)
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(4.16)

2q” +4-m"* 29 +4—r* 2g +4 -5 1
’ ) < 1.
g +4)(m*-1) 2 +4)(s*-1) (2g~ +4)(st -1)

By multiplying (1.1), (1.1), by ®, ¥ and with the help of (4.15), we obtain

, _ &
D'(0) = (1= HH(E) + = (19ellyls + 1Wel3a) + e(IV @ully + 1V W13)

+s/QVd>/Otg(t—g)V@(g)dgdx+sLV\ll /Oth(t—g)V\ll(g)dgdx

Ut J2

—el / DD, | D" 2 dx—el3 / W, W, 02 g
Q Q

J3 Ja

—e(IVOI3 + IVY3) - e(||vq>||§<y+1> + ||vq,”§<y+1))

+8/Q(Cl>ﬁ(cl>,\ll)+llffz(<b,\lf))dx.

J5

By (2.1), we obtain

’ —am &
D'(0) = (1= HH(€) 4 7 (19ellyls + 1Wl0a) + e(IV@ully + 1V el3)

t t
+£/ VCD/ hl(t—g)V©(g)dgdx+8/ V\IJ/ hy(t - ¢)VV¥(c)dcdx
Q 0 Q 0

Ut J2

-l / DD, |0, "2 dx—et5 / W, |, 02 gy
Q Q

J3 Ja

—e(IVOLZ+ 1VW(2) - (IVR 37 + VW *Y)

+8(2q_ +4)/ F(®,V)dx. (4.17)
Q

J5

We have
t t
h=e [ me-s)ds [ o(V0(s)-Vow)drds +e [ m(c)dsivol:
0 Q 0
e [t , €
> 2 [ ) dsiver- S thove), (4.18)
o 2
t t
R [ hat-gds [ VU.(V9(6)-VO0)drds e [ haie)ds IV
0 Q 0
e [* , €
> [ () dSIVOIE - 0V ). (4.19)
0
From (4.17), we find

D'(t) > (1 -a)H*H(¢) +

&
e (IS + 19 11733) + e (VD3 + IV W13)
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1 [t 1 [t
—8[(1—5/0 h1(§)d§)IIV¢||§+(1—§/O hz(g)dg)IIV\Ifllﬁ]

& &
- 5oV ®) — ~(1oV W) — e (1T + VW 37Y)

+J3+Ja+ s (4.20)

At this stage we apply Young’s inequality, which gives us for 83,8, > 0 the following:

1 [ o m' =1 [

Js<et —_/31 | D" dx + — /51'” || dx (4.21)
m-Jao m Q
L[ s S -1 [ o

Ja < L3 —_fsz W da + — /52” |, @ dxc ¢ (4.22)
s~ Jo N Q

Therefore, by setting 81, &, so that
__m®) __sx)
8" = U (0), 8,7 = gk H (), (423)

substituting the previous two equalities into (4.20) gives us the following inequality:

+ n+2

1 [t 1 [t
‘8[(1‘5[) hl(g)dg)nvcbn% (1—5[) hz(g)dg)nwné]

& &
+e([IVD3 + IV 3) - 5 (10V®) = = (10V W)

D(t) > [(1 - ) — exc (i + ) JHH (2) + ﬁ(ud%nz*i 1w 12)

oL / (g1 IHE O ()| @) e
m- Jq

_gf_f / (C) I E-D ()| g o) g
s Ja
—e(Ive 3 + v 3 ) + s, (4.24)

o~ t_1 ~ +_
where 771 = =1 §=5-1
m S

Now, by using (4.5) and (4.13),, we have

é‘ -m(x ox(m(x)— m(x
—i/(;w)l W=D ()| |79 gl
m-Jq

< [ o Vg el dy
m-Ja

= CyH D (g) / | @) dx
Q
< G{(0(®) + o(w)) T Y
x (0(®) + o(W)) T Y, (4.25)

By (4.16), we find

r=m +a(2q +4)(m’r - 1) <(2q +4),
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r=m"+a(2q +4)(m* -1) < (2" +4).
We use the following inequality to advance the proof:

1
Z”§Z+1§<1+—>(Z+V), VZ>0,0<y <1,v>0,
v

with v = %. Then we have

H

m

I 1
(0(®) + (W) T &1 < (1 ¥ m)((g(eb) +0(W)) + H(0))
< G3((o(®) + 0(¥)) + H(2))
and

(0(®) + o(W)) T3V < Cy((o(®) + (W) + H(r)),

where C3 =1+ %. Substituting (4.27) and (4.28) into (4.25), we get

§_1_/(EIK)Lm(x)Ha(m(x)-l)(t)|¢|m(x) dx
m- Jo
< Ca((o(®) + o(¥)) + H(2)).
Similarly, we get
g_f / (é.sK)l—s(x)Ha(s(x)—l)(t)|\pls(x) dx
ST Je
< Gs((e(®) + o(W)) + H(z)),

where Cy = C4() = C3 2k (51)' ™, C5 = Cs (k) = C3 2 (¢31) '
At this stage, combining (4.29), (4.30), and (4.24), and by (2.3) we find

D) = [(1-a) - ek (@ +3) [HH (&) + —— (1155 + 1 %l1]73)

&
77+1 + n+2

1 [t 1 [t
‘*{(1‘5/ hl(g)d;)||v<b||%+ (1—§f hz(g)dg)nvwn%]
0 0
£ £
+e([IVD3 + 1VW3) - 5 (10V®) =~ (h20V W) +Js

—(Ca+ Gs)((0(®) + (W) + H() — e (IVOL" ™ + VW57,

Now, for 0 < a < 1, from (4.1) and (2.3) we have

]5:8(2q_+4)/F(CI>,\IJ)dx

Q
=¢ca(2q +4) / F(®,W)dx +e(1—a)(2q” +4)H(?)
Q

s e(1-a)2q +4)

o (IPel5 + 1%el3)

+ n+2

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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+e(l-a)(g +2)(IVOA3 + IV¥I3)

re(l—a)(q +2( hl(g)d;>||w>||%
+e(l- a) (

/ hz(g)dg> Vw2

+e(l- a)( )((hloVCD)+(h20V\I/))
s e(1—a)( (

o 1 Vel + v 37 ). (4.32)

Substituting (4.32) in (4.31) and applying (2.3) gives

D'(t) > {(1 - ) - ex (i +3) JHH'(t)
+ef-a)(g +2) + 1}(IVOE + IV, ]12)

e(1-a)2q +4) 1

iy + @72 4 |, |" 2
n+2 71+1}(” |l +2 [RZA[Kse9)

+e (1—a)(af+2)(1—/0 hl(g)dg)—<1—%f hl(g)dg)}nwn%
e (1—a)(q-+2)(1—/0 hz(s‘)ds‘)—<1—l/ hz(g)d;)}nvwn%

+e{(l-a)(q +2) - %}(hlovcb + hyoV W)

1- T+2
R v e (TG VAT

+e{coa — (Calk) + Cs(x)) } (o(®) + (V)
+e{(1-a)(2g™ +4) - (Calk) + C5(x)) }H(®). (4.33)

By choosing 0 < 4 so small that
(q_+2)(1—a)> 1+vy,
we have

=(q +2)1-a)-1>0,
Ay i= (q‘+2)(1—a)—%>0,

~+2)(1 -
Agzzw_1>0.
y+1

At this moment we present this supposition

max| [ into)de, [ mtorde | < L0

2
) 2 +1

(4.34)

N =
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gives

Ay = {((q+2)(1—a)—1)—/:h1(g)dg((q +2)(1-a)- %)} >0,
As = {((q_+2)(1—a)—1)—/Othg(g)dS‘((q_ +2)(1-a)- %)} >0.

(2024) 2024:57

Next, we choose « large enough such that

Ag = dcy — (C4(/<) + C5(K)) >0,

Ay = 2(q_ + 2)(1 —a)— (C4(/<) + C5(/<)) > 0.

At this point, take «, a, and we pick ¢ in a way that

rg=(1-a)—ex(m+3)>0

and

D(0) = H"*(0) + —
n +

+ 8/ [VO,VDy + VU V] dx > 0.
Q

Hence, from (4.33) we deduce for some >0

D'(t) > p{H(E) + | DI

n+2

+ VO + VS + VOIS + [V + (110V D) + (120V D)

+0(®) + o(¥)}
and

D()>9(0)>0, t>0.

2 2 1 2 1
IS+ VO3 4 v w0

n+2

Next, by Holder’s and Young’s inequalities, we find

where L +1 =1,
" %

/(¢|Cbt|"d>t+‘lf|‘1’tl"‘l’t)dx = C[lle|
Q

1
I-a

+ 1l

Pick u = (n + 2)(1 — @) to get the below

0 _ n+2
l-a (Q-a)n+2)-1

<2(q +2).

%)
o

0
™

(g +2

1 / [@ol®1]"®1 + Wo| W1 |"W1 | dx
Q

|

n
j
n+2

R [ N Bt

"
I-«

n+2

]

(4.35)

(4.36)

(4.37)

(4.38)
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Consequently, by the application of (4.5), (4.16), and (4.26), we have

n+2

115 %7 <d(I1@ 1501 + Hz))

2(q+2) q=+2)
n+2 2
o 2)— +
w5257 <d(1wii-1) + Hp), Vo0,

Then we have

1
I-o

(PD|" D, + W |W, "W, dx
Q

< cfo(®) + (W) + | D155 + W11 + H(5)}. (4.39)

In the same way, we have

1
I-«

6 e
ClIvVely ™ + Vel

/(Vq>vq>,+ VUVY,)dx
Q

6 e
HIVWI + 1V,

where i + % =1.
In this, by assuming 6 = 2(y + 1)(1 — ), we get

no_ 2(y +1)
l-a 2(1-a)(y+1)-
1
T-a
/(vq>vq>t+ VOVE)dx|  <c{Ivel;Y ™ + w3
Q

+ VO3 + IVE3) (4.40)

Thus, by (4.39) and (4.40), we have

D (f) = (Hl_“(t)+ nil/(q>|q>t|"q>,+qx|xpt|"qf,)dx
Q

1
T-a
e/(VCDtVCD + V\I!tV\I!)dx>
Q

1
I-« 2

2
< C(H(t) + +IVOl,™ + VW™

f(q>|q>t|"q>t+\y|\yt|"wt)dx
Q

2 2
+VO,™ + IIV‘I’:IIZ}'“)

< c(H@) + 1D + 175 + IV Y + VW 57 + |V, |3
+ ||V\Ilt||§ + (h10V®) + (h0VV) + o(D) + Q(\IJ))

< c{H(E) + @755 + 19055 + VO + Vw37
+ VA + VR + [VPF + VY3 + (110VD) + (h20VW)

+0(P) +o(V)}. (4.41)
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Now, (4.36) and (4.41) imply

|
—

D'(t) = ADT= (¢), (4.42)

where 0 < A, this relies only on 8 and c.
Further simplification of (4.42) leads us to
« 1
T-o t) > .
DT (0) — At

(1-a)

Hence, D(¢) blows up in time

T<T* = l-«
T @/l ()
This ends the proof. d

5 Growth of solution
Here, the exponential growth of solution of problem (1.1) is established with positive initial
energy.

First, based on Theorem 3.3, we have a solution that is global in time. To achieve the

objectives of our results in this section, we first introduce the following function:

Y(t):= (1—f h1<g)dg)||vc1>||%+ (1—/ hz(g>dg)||w||§+(h1ow>>
0 0 (51)
+ (hy o VW),

Then, we present the following lemma, which is similar to the one presented first by Vit-

illaro [28] to study a class of single wave equations, also see [27].

Lemma 5.1 Suppose that (2.1) and (2.2) hold. Let (u,v,z,y) be a solution of (1.1). Assume
further that

[VDoll5 + VW3 > i,  E(0) <ds. (5.2)

Then there exists a constant ay > o1 such that

T(t) > o) (5.3)
and
L
2(p™ +2) / F(®, W) dx > (Bay)*?" 2 (5.4)
0
with

1
c1Ci(p*) | 2072 J&
. (W ;=B
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_ 1 1 )
= [2(10‘ +2)(1-a) 20p + 2)}“1' (5.5)

We also know which number d = [% — ﬁ](xf >di > £(0).

Moreover, one can easily see that, from (5.5), the condition £(0) < d; is equivalent to
inequality (3.4).

Since 0 < 4 < 1, we will appoint it later, we have 2 < 2(p~ + 2)(1 - a) < 2(p™ + 2)
For this purpose, we set the functional

1 .
T(t) = dy — E(t) = dl—n—[||d>t||"+2+||wt||" 2]

piz] = SV + 1V W3]

2(y+1) 2(y+1)
- Vo + ||VW¥
o 1)[” I3 (NA 2 bxd

1 t t
—5[(1—/0 hl(g)dg)||w>||§+(1—/0 hz(g)dg>||vwn§]

—l[(hloVCD)(t)+(h20V‘-IJ)(t)]+ / F(®,¥)dx
2 Q

(5.6)
Theorem 5.2 Assume that (2.1)—(2.2) are satisfied and £(0) < d,, then
_ n+2
2 2 . 5.7
(@ +2)> (57)
Then the solution of problem (1.1) grows exponentially
Proof To achieve our goal, by (2.5) we first deduce
E() <&(0)<dy, (5.8)
with the help of (4.3) and (4.4) and (5.2), (2.3), we have
2(p~+2) ~+2
0<T©O) <T@t <dy - ~a? + 2 [||<1> + W01 + 2PV ]
1 c1 - -
<d- et s 1RG5 + 11 3)]
1 ol 4 a 2p+2) 2(p~+2)
_2([)_ + 2 oy + 2(P [”q)llz(pnrz) + ”\IJ”z(p—Jrg)]
2(p™+2) 2(p™+2)
=< Z(p )[||¢||2(pr2) + ||‘I"||2(pf:2)]~ (5.9)

In this, we introduce the functional

m(r)=1r(t)+L/[d>|cpt|"q>,+xp|\yt|"\yt]dx
n+1Jg

+ e/ [V®, Vv + VIV, VW] dx, (5.10)
Q
where ¢ > 0.
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From (1.1);, (1.1),, and (5.10), we get

, &
R (E) = T'0) + 7 (105 + 19l 35) + (1Yl + IV W)

¢ t
+8/ VCI)/ hl(t—g)V¢(g)dgdx+s/ V\I// ha(t — <)VW(c)dc dx
Q 0 Q o
_84-1/ d)cbt|q)t|m(x)—2dx_8§3/ \Ij\yt|\yt|s(x)—2dx
§ Q
—e(IVO[3 + IVY3) - 8(||Vc1)||§(7”1) + ”W,”;(m))

+e/;2(cl>ﬁ(<b,\ll)+\llﬁ(<b,\ll)) dx.

By (2.1), we find

e
n+1

R () >T(t) +

2 2
(I@ellyys + 19 l5) + e(IV RN + IV Well3)

t t
+s/ VCD/ hl(t—g)VdD(g)dgdx+e/ V\Il/ hy(t - ¢)VV¥(c)dcdx
Q 0 Q 0

I I

—8{1/ d>d>t|cbt|m(")‘2dx—8§3/ W, | W, 02 gy
Q Q

I3 Iy

—8(||Vd)||% + ||V‘IJ||%) —8(||Vd>||§(y“) + ||V\p||§(y+l))

+e(2q +4)/ F(®,W)dx. (5.11)
Q

I5

Similarly to /1, J» in (4.18) and (4.19), we estimate I, I:

e [t £
hehz? / () s IVOI - - (noV D), (5.12)
0

e [! £
hehz} / () g IV - = (0V ). (5.13)
0

From (5.11), we find

R () = T() + —

2 2
. (I@ellyya + 19l 5) + e(IV RN + IV Well3)

1t 1/t
—8[(1—5/0 hl(g)d§>llv®llg+(1—§/0 hz(;)dg)llv\llllg}

£ £
- 5(hlowb) - E(hzovw) —e(IVO 3"V + Vw3 )

+13 +I4 +15. (514-)
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Similar to J5 and Jy in (4.21)—(4.22), we estimate /3 and I;. By Young’s inequality, we find

for 81,65, >0
1 mt—1 [ -
I; < 8{1{— / 879 || gy 4 / 8, "I |, ) dx} (5.15)
m- Jo Q
and
1 + 1 sx)
I < 8;3{_ / 85| )l + f W@ d } (5.16)
S Jo st Q
Therefore, by setting 81, 3 so that
_m(x) s(x)
“mw-1 _ $1 51 63
8" = 5 8, = Sk (5.17)

substituting in (5.14), we obtain

R () > [1 —ek(m +§)]T’(t) +

n+2 n+2

n+
1 [t 1t
“{(1‘5/0 hl(g)dg>||vcl>||§+<1—5/0 hﬂg)dg)nvwn%]

£ &
+ (VD3 + IVW3) - 5 (10oV®) = = (h0V W)

1-m(x) 1-s(x)
—si/ Q_K |<1>|m(")dx—£§—3/ Q_K |‘~I’|S(x)dx
m- Jo 2 S Jao 2

—e(IVRI"* Y + Vw3 Y) + I, (5.18)

2 2
l(llfbtll'7+ +1%ely)

,$= %=1 By using (4.5) and (4.13), we have

1-m(x) 1-m~
) e (2 o
m- Jo m- Jo

= Cgf || dx
Q

< Cof(0(®) + o(W)) 2@ e

+ (0(®) + o(W)) T 7}, (5.19)
By (1.5), we get
r=m"<(2q +4), r=m"<(2q" +4)

and by (4.26) with v = ﬁ Then we have

m- 1
(0(®) + 0(w)) X (“M)“ () + 0(W)) + T(0))

< Cio(((®) + 0(W)) + T(®)) (5.20)
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and
(o(®) + (W) %= 7 < Cio((e(®@) + 0(¥)) + T()), (5.21)

where Cio =1 + 575 Substltutmg (5.20) and (5.21) into (5.19), we get

1-m(x)
o / (CI_K) 11" dx < Cr1((o(®) + 0(¥)) + T(®)). (5:22)
Q

m- 2

Similarly, we find

1-s(x)
%L(%) (W™ dx < Cra((0(@) + 0(¥)) + T(®)), (5.23)

where Ci; = Cy1(k) = Cg%(%()l’m_, Ci2 = Cialk) = C9§—§(£37K)17S_~
Combining (5.22), (5.23), and (5.18), we have

R (t) > [1 - ex(m+3)]T'(t) +5 (||<I>z||”+2 + 1 172)

n+2
1 [t ) 1 [t )
—8[(1 - 5/ hl(g)dg) IVel; + (1 - 5[ hz(g)dg) IIV\PIIJ
0 0
& &
+e(IVPN3+ IV WI3) - 510V ®) ~ - (h20V¥) + 15 (5.24)

—&(Ci1 + Ci2)((0(®) + 0(¥)) + T(®) —e(IVRIST ™ + Vw37 D).

Here, for 0 < a < 1, from (5.6) and (2.3) we have

]7:8(2q_+4)/QF(d>,\IJ)dx

= sa(2q’ + 4-)/ F(®,W¥)dx+e(1 - a)(2q’ + 4-) ('JI‘(t) - dl)
Q

e(l-a)(2q +4)
+ e —
+2

+e(l-a)(q +2)(IVe, ||2+ IV @.l13)

2 2
(IPellys + 1w 775)

+e(1- a)

e1-a)a +2< () dg)||V<1>||2

/ hz(g)d§> Vw2

+e(l- a)( )((hloVCD) + (hy0VW))
(

e(1-a)(q

o Ve 7™+ (v 37 ). (5.25)

Substituting (5.25) in (5.24) and applying (2.3) and (5.4), we get

R (6) > {1 - ex(m+3)}T'(2)
+e{l-a)(g +2) + L}(IVO3 + IVE3)
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8(1 - ﬂ)(zq_ + 4') 1 n+2 n+2
+e ) t o (1Pl + 1ells)

i (1—a)(q+2)(1—/0 hl(g)dg>—<1—%/o hl(g)dg)}nwn%
e (1—a)(q-+2)(1—/o hz(g)dg>—(1—%/0 hz(g)dg>}||W||§

+e{(1-a)(q +2) - %}(hdeD + hyoV W)

1- T+2
ref 02 ‘;)(fl )—1}(||V<I>||§(V*”+||W||§<“”)

+efeo(a—2(p +2)(1 - a)di(Ban) 2" *?) — Ci3(kc)} (0(@) + 0 ()

+e{(1-a)(2g” +4) - Ci3(c)}T(), (5.26)

where Ci3(k) = C11(k) + Cia(«), by (5.5),(2.3), and (5.4), one can check thatc > 0.
Here, assume 0 < a so small that

(q_+2)(1—a)> 1+vy,
we have
Mi=(q +2)(1-a)-1>0,

Ay i= (q’+2)(1—a)—%>0,

~+2)(1 -
Agzzw_1>0’
y+1

and we assume

” > (+2)(1-a)-1 21
max{/o hl(s‘)ds‘:/o hZ(g)dg}<((q‘+2)(1—a)—%)_2)»1+1' (5.27)

which gives
M:{((q +2)(1—a)—1)—/0 hl(g)d;((q +2)(1‘“"§)}>°’
As:{((q +2)(1—a)—1)—/0 hz(s’)d§((q +2)(1‘“)_§>}>0'

Next, we pick « large enough such that

A6 = coc — Ci3(k) > 0,

A7 =2(q" +2)(1-a) - Ci3(x) > 0.
At this point, we fix «, a and select ¢ so small that

Ag=1—ex(@m+3)>0
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and

%(0) = T(0) + f[<1>o|<1>1|"<1>1 oWy 70, ] dx
Q

n+1
+ 8/ [VO, VD + V¥ V]dx >0, (5.28)
Q
and from (5.9) and (5.10)
R(e) < (IR + W) (5.29)

Thus, for some p©; > 0, (5.26) implies

2 2 2 1 2| 1
W) = [ T@) + 19755 + w15 + 19w ™ + v 37+

+ +

+ VO3 + VS + VRIS + VW3 + (110V D) + (h0V W)

+0(P) +o(V)} (5.30)
and
R(t) > RO0) >0, ¢>0. (5.31)

After, by Holder’s and Young’s inequalities, we find

n+2

/(<b|<bt|"d>t F W) di| < ClI Pl + e
Q

+ W sy + Wl 0] (5.32)

q+2 n+2

where i + % = 1. Next, assume u = (1 + 2) to reach

+2) ~
i+ 1) 52(q +2).

By using (5.7) and (4.26), we find

n+2

+ 2q +2
@15 < K(I®I5E 1) +T(e)

n+2

T 2(g~+2
1w, < K151 + T(),  ve=o.

Then

/(d>|d>t|"d>t+\ll|\llt|”\llt)dx
Q

<c|(0(®) + () + 10,115 + 1%, 155 + T(5)}. (5.33)

Hence

R(t) = <’Jl‘(t)+ L/(<1>|c1>t|"o1>t+\11|\11t|’7\1/t)(;1x
n+1lJg
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+8/(Vd>tVd>+V\I/tV\IJ)dx)
Q

2 2
< o(T@) + 1Dl + 1Welly + VRIS + VW3

2 1 2 1
+ VR + VW2 + VO30 + Ve 30D

+ (h10V®) + (h0V W) + (0(®) + 0(V))). (5.34)
From (5.30) and (5.34), we have
R (t) = MR(@), (5.35)
where A > 0, this relies on u; and c¢. Hence, (5.35) gives
R() > RO0)e*?) Vi 0. (5.36)
Then (5.29) and (5.36) imply
@I + 1515 = Ce®19, Ve so.

This implies that the solution grows exponentially with L>¥ *?-norm. This ends the

proof. d

6 General decay
In this section, we state and prove the general decay of system (1.1) in the case f; = f; = 0.

For this goal, problem (1.1) can be written as

|D|" Dy — T(IVPRIZ)AD + fot hi(t-5)Ad(s)ds — ADy +g1(P;) =0,
®(x,0) = Dp(x), ®4(x,0) = P1(x), inQ (6.1)
®(x,t)=0, indQx(0,T),

where

m(x)-2

g1(®y) = 41| @ (1)| D,(2).

We introduce the modified functional of energy € of (6.1) as follows:
1 1 1
E(t) = —— D111 + SIVP3 + ——— [V ;7"
(O = 5195+ S IVOE + 51Vl
1 t , 1
+5(1- / ()ds ) IV + 2 (ova)(). (62)
0

From Lemma 2.4, the functional of energy satisfies

m(x 1 7 1
¢(t) < -0 / |@(6)]"™ dx + 5 (10V@)(®) = S| VI3 < 0. 6.3)
Q
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Lemma 6.1 (Komornik, [19]) Assume a nonincreasing function E : R, — R, and suppose

that Ao, > 0 in a manner that
o 1
/ EYS @) dt < —EN0)E(D) = cE(Y), V3> 0. (6.4)
3 w
Then we have ¥Vt > 0

E(t) < cEQ)/(1 + )%, ifR>0,
E(t) <cE(0)e™, if¥=0.

(6.5)

Theorem 6.2 Suppose that (1.3), (2.1)—(2.2), and (2.4) hold. Then there exist ¢, > 0 so
that the solution of (6.1) satisfies

E(1) < c€O)/(1+ )2, ifm*>2,

(6.6)
E(t) < c€(0)e™, ifm(x)=2.
Proof Multiplying (6.1); by ®€?(¢) for p > 0,
then integrating over Q x (3, T), where J < T, gives
T t
/ eﬁ(t)/ {cmcbtl”cbn ~T(IVO[3) AP + / (- 5)PA®(5)dg
3 Q 0
~ PAD, + §1d>d>t|d>t(t)|m(x)_2} dxdt =0, 6.7)

we deduce that
/Tep(t)/ iL(cmcb "®,) - L|q> |72 4+ i(Vd)VCI) )= |V, ?
S Q dtﬂ+1 ¢ ¢ T]+1 ¢ dt ¢ g

t
+T(IVP3) VP - f It - c)VOVO(c)dc + §1<I><I>t‘cl>t(t)]m(x)2}dxdt
0

=0. (6.8)

By (6.2) and the relation

i(@”(t)/(d>|<1>[|”d>t+V<DVCI>t)dx)
dt o

=pep-1(t)e’(t)(/ <D|<Dt|”d>tdx+/ VdJVCDtdx)
Q Q

d
+pr(t)—(/ d>|d>t|”d>tdx+/Vd>VCI>tdx),
dt\Ja Q

we deduce

T
(n+2) /N e () dt

\
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T T
:/;( %(@P(t)/g;cb|(bt|”q)tdx> dt—p/\; <@p_1(t)(‘5/(t)/9d>|d>t|’7<btdx> dt

I I

T 4
+(n+1)/% d—t(eﬂ(t)/ngqwx) dt

I3

T T
—(17+1)p/; <ep—1(t)e’(t)/gv¢v¢tdx) dt—g‘[ <ep(t)/g|v¢t|2dx> dt

Iy I5

n+2 (T ¢ i
* l;(@“(l—ﬁln@ﬁk)AJV®¢M)m

Is

2 T
N ((n 1)+ 2(';; 1))L (pr(t)fQ ||vq>||§y|vq>|2dx> dt
I7

T
+(+ DG / (pr(t) /Q CI><I>t|<I>t(t)|m(x)_2dx) dt

4

Ig

T
o0 ; 2 f (€ (t)(y 0 VO)(£)) dt

\

Iy

T t
—(17+1)/; (Q‘Sp(t)/(; hl(t—g)/ngGJVCD(g)dxdg) dt. (6.9)

Lo

Now, we estimate [,j = 1,..., 10, of the RHS in (6.9), we have

h=@®/¢@ﬂ@mnw—@mf¢@MQmmm
Q Q

< ce (D) |06 1)} + [ @ D] 115}

+e@@) {0, + |05 )]}
< c@(T)|c.]| vO(D)|; + &(D))
@@ e | Vo) + €R))

< ci(EN(T) + & (D). (6.10)
Because € is a nonincreasing function, we find
I < c€P"H(3) < EP(0)E(J) < cE(J). (6.11)

Similarly, we find

T
L <-p / pr’l(t)QE/(t)(c*QE(t) + Qf(t)) dt

\
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T
<-c / EP()E () dt < ¢ () < (),
3

T
I < cﬁ EO(IVPIE + IV Pi]12) dt

3

< @7 H(J) < E(0)E(3) < c&(D),

and

S

T
I<-(+1p / e ()& (¢)(c& () dt
T
<-—c f EP()E () dt < P (I) < cE(3).
J

Next, we get
n T
Is = _Ecﬁ (E@IVP,3)dt

T
< c/ E (1) E(2) dt < cE*(I) < c&(R).

N

After that, we get
T
Is<(n+2) / EP()E(t) dt < cEP(J) < c&(D).

For the next term, we have

T vo 2(y+1)

I - (2(y+1)(n+1>+<n+2))f T

N

T
<c f EP()E(2) dt < P (J) < c&(D),

\

by Young’s inequality, we find

T
(@P(t)/ d>d>t|c1>t(t)\m(")2dx> dt
R Q

T
<e [ (@”(t) / o) dx) dt
3 Q
T
e / (ep(t) / ce(®)| @.(8) " dx) dt
3 Q
T . -
58/; (‘i"(t)[/m@(t)! dx+/Q |<I>(t)| dx]dt

T
e / (@P(t) f ¢ (@) @:(0)™ dx) dt.
3 Q

Here, utilizing H (Q) < L™ (Q) and H}(Q) < L™ (), we get

Iy = (Tl+1)§1/

T . _
iz [ ewldven] | ven];

~S

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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T
g ()| 0.0 d >d
+c/3 ( (t)/Qc (x)| (t)| x | dt

T t2 m_=2
<e / E()[c€" 7 (0)€() + c& 7 (0)&(D)] dt

3

T
e @) @u(t)|" d )d
+c/3 ( (t)/Qc (x)|<l> (t)’ x | dt

T T
<ce / ()t +c / (@p(t) / cg(x)|d>t(t)|m(x)dx) dt
J I Q

and
T
Ih<(n+2) / EP()E(t) dt < cEP(J) < cE(D).
By Young’s inequality, we get
T
Lo < (n+1) / (@O (cIVOIZ + clin o VYD) de

T
<c / CP()E(t) dt < cEPH(J) < c&(Q).

3

By substituting (6.11)—(6.20) into (6.9), we find

T T
/ e () dt < ce / EPL(E) dt + c&(J)

3

T
¢ ()| 2,0 d )d.
+c/$ ( (t)/Qc (x)‘CD (t)’ x | dt

Now, we choose ¢ so small that

R

After, we fix g, ¢, (x) < M since m(x) is bounded.
Then, by (6.3), we have

T T
[ ewar=cerom [ (ep(t) | \‘Dt(t)|m(x)dx)dt
3J 3 Q

T
< cE&(J) - c{ﬂ/ EP ()€ (¢) dt

1 3

Taking T — o0, we get

/ e L) dt < c&(R).

S

Hence, Komornik’s Lemma 6.1 (with 8 = p = %) gives (6.6). This ends the proof.

T T
/ () dt < c€(3) + ¢ / (@P(t) / cg(x)|d>t(t)|m(x)dx)dt.
I I Q

[e71(3) - & H(T)] < c&(J).
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(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

O
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7 Conclusion
In this paper, we investigated a coupled nonlinear viscoelastic Kirchhoft-type system with
sources and variable exponents. Firstly, we showed the global existence of the solution.
Next, we proved the blow-up result with negative initial energy. After that, we established
the exponential growth of solution but with positive initial energy. At the end of this study
we obtained the general decay by Komornik’s lemma in the case of absence of the source
terms.

As for the future vision, we will apply the same method to study other systems, but with
the addition of some damping terms.
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