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1 Introduction

Over the past two decades, there has been significant attention given to a posteriori error
analysis of partial differential equations. This theory has been extensively applied to ellip-
tic and parabolic problems in the context of finite element approximation, as evidenced by
various studies [1-13]. However, the a posteriori analysis of hyperbolic problems, whether
using the finite element method or the spectral element method, remains relatively unex-
plored in the literature [14—24].

This study aims to advance the a posteriori error analysis for the initial-boundary-value
problem associated with the second-order linear wave equation, which is discretized us-
ing the spectral element method. In this method, the solution of partial differential equa-
tions is approximated using higher-order polynomial functions over each element of the
decomposition [25-27]. The discretization parameter comprises a K-tuple, determined
by the maximum polynomial degree Ni on each element. Similar to the concept in the
h — p version of the finite element method (as discussed in [2, 7, 28]), this parameter
also includes a quantity /4 representing the diameter of the element. Additionally, we
demonstrate that converting the second-order wave equation into a first-order system
involves time discretization equivalent to the backward Euler-time discretization of the
corresponding first-order system.

This study extends the results obtained by Bernardi et al. [6] for the finite element
method to the spectral element method. Specifically, we introduce two families of indi-
cators, both of which are of residual type. The first family, as introduced in [11], is global
concerning spatial variables but local concerning time discretization. The selection of the
next time step relies on the time error indicator from this family. The second family serves
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as an efficient tool for mesh adaptivity. These indicators are local with respect to both
temporal and spatial variables and can be explicitly computed as functions of the discrete
solution and problem data. They are deemed optimal if their Hilbert sum is equivalent
to the error, and the corresponding constant remains independent of the discretization
parameter. The structure of this document is as follows:

In Sect. 2, we introduce the second-order linear wave equation and delve into the time-
semi-discrete problem along with its spatial discretization.

Section 3 focuses on the construction of error indicators for the wave equation, accom-
panied by the establishment of upper and lower bounds derived from time and space in-
dicators.

2 The discrete problems
We denote €2 as an open bounded connected domain in R, where d takes on values of 1,
2, or 3. Let I' represent its Lipschitz continuous boundary, and T denote a positive real
number.

Considering f € L'(0, T; H}(R2)), we examine the following initial-boundary-value prob-
lem for the second-order linear wave equation:

Zu—Au=f inQx]0,TI,
u=0 onI'x]0,T],
u(-,0) = ug in ,
ou(-,0)=vy inQ,

Here, u represents the unknown function defined over 2x]0, T'[, while (0, vo) denote the
data functions defined over 2.

Proposition 1 For any given data f € L*(0, T; Hy (2)) and (uo, vo) € H}(2) x L*(S2), prob-
lem (1) possesses a unique solution u within the space C'(0, T;L*(2)) N C°(0, T; Hy (),
satisfying the following estimate for0 <t < T

(lll? + 1V ull?)? < (Ivoll? + | Viso1?) +/0 1f1s) ds. )

The establishment of the well-posedness of system (1) relies on the Cauchy—Lipschitz
theorem and the estimate (2). For a detailed proof, refer to ([29], Chap. 1, Th. 12.3). Addi-
tionally, for a broader examination of non-linear wave equations, consult [30-35].

In order to formulate the time semi-discrete problem, we partition the interval [0, T']
into sub-intervals [t;,£;,.1], where 1 <i <I,with0=#y<t; <---<t; = T. We define t; =

tiv1 — b, T = (11,...,T), |T] = maxi<i<r |7], and
T
0; = max
2<i<I T;3

as the regularity parameter. For any family u’ = u(-,t;), 1 <i < I, we define the function u,
on the interval [0, T'] to be affine on each sub-interval [t,_;, ¢;], where 1 < i < I, such that
u.(¢;) = u(-, ;). This function is given by:

Lt

T

Vt [S [ti—ly ti]: Ur (t) = ui -

(ui - ui_l).
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We then employ the implicit Euler method to discretize the time derivative in problem (1),

with the data f = 0 for simplification purposes. The time-discrete problem aims to find the
I+1

sequence u' = u(x, ;)g<;<; in Hy(2)"" such that:

ivl_i i i1 . ) )

Mo—w _uh . pAutl=0 inQ,1<i<lI,
Ti Ti-1

u*l =0 onl,1<i<],

. . 3)
u’ = ug in €,
ul = ugy + hovy in Q,

Given that (uo, vo) is an element of H}($2) x H}(2), when the values of #° and 1° are
known, we establish that ui*!, for i > 1, serves as a solution to the following variational
formulation:

Find #/*! in H}(S2) such that for any v € H}(Q2) we have:

/ U (x)v(x) dx + th / Vit (x) V(x) dx
Q Q

:/(ui+ i (ui—ui_1)>(x)v(x)dx.
Q Ti-1

Proposition 2 If (ug, vo) lies in Hy () x Hy (), then problem (4) possesses a unique solu-

(4)

tion u™*! for i > 1 within H}(Q), satisfying the following stability conditions:

il2

Mz'+1_u ) 9
— |+ [vu|” < Ivoll? + 211 Vasoll* + 275 [ Vo> (5)
i
and
uitl i 2 ) ) ) )
— | v =2 V) )
1

Proof We employ the Lax—Milgram theorem to readily demonstrate the uniqueness of
the solution to the variational formulation (4). Refer to [21] for the verification of stability
conditions (5) and (6). O

Next, we present the a priori time error estimate in the following theorem.

Theorem 1 For the solution u of problem (1) and (u')1<;<, the solution of problem (3), the
a priori error estimate holds for 0 <i <I:

2

+ |9 (ute) - ) |

ultivy) — u(ts) Byutltinn)

12

2

< cﬂ(/o“(”afun . ||a§wn)(s>ds> ,

where C is a positive constant that remains independent of the step t.

Refer to [21] for the proof of Theorem 1. The estimate (7) is of order 1, as the time
discretization relies on the implicit Euler scheme.

Page 3 0f 13
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In the subsequent discussion, we will concentrate on the a posteriori analysis of the spec-
tral element method in one dimension, given that the polynomial inverse inequalities are
not optimal for the spectral method in dimensions d > 2. Now, we delineate the discrete
space. Let A denote the interval ] — 1, 1[. For each discrete time ¢;,0 < i < I, we introduce
a partition P; of the interval A such that

-l=ay<a1<---<ax1=<arg=1,

and Ay =lag_1,ar[, 1 < k < K. Let i the length of the sub-interval Ak, and & =
maxi <<k Hx. The discrete parameter § is a K-tuple of couples (/, Ni), 1 < k < K, where
ainteger N > 2.

Let’s begin by revisiting the following formulas, which we will utilize later on. Con-
sider & < - - - < &y as the zeros of the polynomial (1 —x?)L};, and poj as their corresponding
weights, where Ly represents the Legendre polynomial defined on A. The Gauss—Lobatto

quadrature formula on the interval A =] — 1, 1] can be expressed as:
1 N
voePua(n) [ odr=Y a(g)el (®)
-1 ]
j=0

where Py (A) is the space of polynomials, defined on A, with degree < N.

We define a discrete scalar product for any continuous functions u# and v over A as

follows:
K Ng
wv)s =y Y ulE™ WwE )0 (9)
k=1 j=0

where SjN" = F,:l(élN) and p}vk = (ay - ak,l)p]N, 0 <j < N, such that F; is the bijection from
Ay into A.
Let is denote the Lagrange interpolation operator on the set of nodes ’.;‘]Nk , taking values

in
Ys = {vs € H'(A);vsia, € Py (Ak),1 <k <K}
For every function ¢ continuous over A, is(@)| Ak belongs to Py, (Ay), and we confirm
is(@)1a, (%Nk) = Q|a; (S,Nk)'
We consider the following property, which will be widely used in the following:
Vus € Y5, ||M6||i2(,\) < (us, us)s < 3||M6||]%2(A)- (10)
We define the discrete space as

Xj={vs € Hy(A);VAr €P; veja, € Py (Ai), 1 <k <K} (11)
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We introduce the orthogonal projection operator T} defined on H}(Q) into X. If w €
HL(S2), TTiw belongs to X! such that:

(12)

, d(w-Tiw) 9t
Vts eXé, (M _8> =0.

ox " dx

By employing the Galerkin method along with numerical integration, we formulate the
discrete problem derived from problem (3) as follows: Given that #y and v, are continuous
over A, the task is to find (u,0 < i < 1) in []., X} such that:

ug =isup and ué = isuo + TolsVo, (13)

i+1 i+l i i,,i-1 i+1
. utt =TI u ut —TIliu dus™ dvg
Yvs € X3, ( i 8 4_ 20 87 ,v5) +1-L,( 8 <
s

=0. (14)
T; Ti-1 dx ox

8

As in the problem (4), we prove that u}™!, 1 < i < I is the solution of the following discrete
variational problem:

Find #4! in X{*! such that:

Vvs € X5 (uftve) s + 77 o vy —(mi & (s = TT5u "), vs ) . (15)
§ 2 s S i ax ’ ax s § ) 71 $ 8§76 ’ s

Hence, utilizing the Lax—Milgram theorem, we readily establish that the problem (13)-(14)

possesses a unique solution.

Remark 1 Opting to utilize various spectral meshes at each time step led us to employ the
I1% operators, diverging from the conventional approach of fixed-grid spectral discretiza-

tion for the wave equation (as outlined in [21]).

3 A posteriori analysis of the discretizations

In this section, we commence by introducing two sets of error indicators. The first pertains
to the temporal discretization, while the second addresses the spectral discretization. We
establish upper and lower bounds on the error, initially concentrating on the temporal

discretization, followed by an examination of the spatial discretization.

3.1 A posteriori analysis of the time discretization

We define the time indicators foreach 1 <i <1,

bt —ul)
ox

i+l piel i i i -1
us — g~ uy  wy — iy

Ki=T; i (16)

T Ti-1

This type of time indicators was initially introduced in [11]. Additionally, their utilization
in the a posteriori analysis of the finite element discretization of certain parabolic prob-
lems (such as the heat equation) can be found in [6]. It is worth noting that given the
knowledge of the discrete solutions u}™, u}, and !, the time indicator «; can be readily

computed.
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Let v/ = ”l;%ll_l for 1 <i <I. Thus, the residual problem if I/ = (’:), and U, = ('::) is:
01 Duy .
(U -U)—(, JU-U)=(}Y) inR2x]0, T,
Uu—u; =0 onI'x]0, T, (17)
(U_U‘L')(':O)z() in Q,

where D, (x,£) =v—v,, fort; <t <t,1,1 <i<I-1,and D,(x,t) =0, for 0 < t < t; likewise

a2 a2
D,(x,t) = %,for ti<t<t,i,1<i<I-1landD,(xt)= "a:;,forOStftl.

Proposition 3 The a posteriori error estimate between the solution u of problem (1) with

f =0, and the solution (u')o<;<r of problem (3), remains valid for 0 <i <1I:

utl oy

i+1 H

H (0ru)(ti1) —

‘ + ||M(ti+1) —-u
i -1(A)

i j+1 j+1
- C<ZT’<H = axuiS |
j=1

o [ R R ]

HE=
+
0x

)

(18)

+ (%) 1 = i) = (W = Wad) ) || + & + 20l Vo]l + zg||wo||>.
"

Proof Taking the inner product of (17) with ( A"i;:—av,;)) yields:

ST

2(8) = (= s> + v = v} )

Thus,

1d*%

1
5 = Pun =) + (D A7 =v5)) = (IDul* + 1Dy l-1 ) -

So,

ax. 1
o= (IDu1? + ||Dv||i171(9))7 < 1Dyl + 1Dyl 1) (19)

Since X(0) = 0, then by integration (19) between 0 and ¢;,;, we have

Liv1
S(t) < / (IDull + 1Dy 10y .
0
Since

. tiin—t, . .
Vee (bl ue(t) =" - T (! - 1),
T
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then

tjr1 82(u1+1 — uj) Gel (tiq —t
f 1Dyl sy e = —— f (” )dt
ti X t/‘ Tj
N AYE R
“\2 2 '
And we conclude by the triangular inequality
| | :

Employing identical arguments, we evaluate ft:f*l |ID, || dt. The combination of all these

02/t — )
A2

82(1/[?1 _Mg)

0x2

82(uj+1 _ M{;l)
0x2

0% - u))

0x2

E ‘

+ ‘

inequalities yields the desired result (18). O

In the forthcoming proposition, we establish an upper bound for the error indicators «;

foreach0<i<I.

Proposition 4 For indicators k;, 0 < i < I, the following estimate is applicable:

tit1
/ (v—vs) dt”
¢

i

K,‘S‘ +

/tm 82(u — ug) "
ti

0x2

i+1-k _ ,i-k 4
(atl/l)(ti+1—k) _ u u + ||u(ti+1—k) _ MHl—k“

H1(Q)

1
+2
k=0

i-k

(20)
1

+'L’,'§

k=0
(ui+l—k _ uf;l—k) _ (ui—k _ H?l_kuf;k)

Ti—k

82(ui+1—k _ u?l—k)
dx?

Proof Applying the triangle inequality, we only need to bound the following terms:

aZ(qu _ ui)
dx?

. i+1 _

Ti

, rl»||v Vv H (21)

i) To bound the first term in (21), we take the inner product of the second line of (17) with

(u™*! — u') and integrate over the time interval [¢;, £;,1]. Thus, we obtain:

T
2

82(ui+1 _ ui)
0x2

2 tir1 ) ,
< f (9(v—ve), '™ — i) dt
ti

tiv1 82 _ 2,041 _ i
. / (u u,)dt’a (u u') '
4 0x2 0x2

Page 7 of 13
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Then, through integration by parts, we deduce that

2 wtl ,
=< <(atu)(ti+1) e u’)
T

i

i i-1
- ((am(n) SEE i u")

Ti-1
tivl 82 _ 2(,,0+1 _ i
.\ / (u ur)dt’a (u u') .
4 dx? 0x?

Applying Cauchy—Schwarz inequality then

T
2

92(u ! — u)
0x2

witl _
(Oeu)(tis1) — ———

i

T

2

32(ui+1 _ ui)

=<
0x2

H1(Q)

e - L=

Ti1

+

HL(Q)
tis1 82(u —u)
——dt|.
/tf dx? H

ii) Similarly to estimating the first term in (21), for bounding the second term of (21), we

+

take the inner product of the first equation in (17) with v*! — % and integrate over the

interval [t;, t;,1]. This yields:

El“VHl Y “2 < (M(ti+1) _ ul+1,vl+1 _ Vl) _ (I/l(ti) _ ul’vl+1 _ Vl)
ti+1 ) )
— (/ (V—Vf)dt,vlﬂ—vl),
t;
This allows us to derive the estimate (20). 0

3.2 A posteriori analysis of the spectral discretization

For each 1 <i <1 and each Ay, 1 <k < K, we define the spectral indicators

i+1 i+l i i i i1
us” — 5wy ws — Tug

Ti Ti1

(22)

Bf = s - T3 as | + NG

These indicators are local and respect both the time and spatial variables, depending on
the local discrete solution. Consequently, they can be explicitly computed for each time
iteration. It is noteworthy that the first term in (22) arises due to the utilization of dif-
ferent spatial meshes across various time levels, while the other term is consistent with
standard residual-based error bounds for the elliptic equation (refer to [1]). Subsequently,

the residual problem is derived from the system (13)—(14). For each 1 <i <, we define:

i _ i i i1
u' —u . uy—Ilu : S S

V= —, V=0 0 eus = u' — uy, evs =V —vj. (23)
Ti-1 Ti-1

Page 8 of 13
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Thus, from problems (3) and (13)—(14), we deduce that the error vector Ei = (Z:B) consti-
)
tutes the solution to the following residual problem:

Eitl_pi 0 1y pisl Sufg . .
2 = (LB :(svg) inQ0<i<I,
eutl =0 onT,0<i<I, (24)
_,0 0_,0
BT
)

The two terms £u} and &V belongs to H™1(S2) and are defined as

i i+,

) us — I u
<$ugfv):( - _L_(S 5;‘/)

i
i i+l i Qi1 i+1

Py Y uy - T ug ug — Tug dug™ dv

<€V57V>___ - V] — »y ~
T; T; Tio1 0x ~ ox

where (-,-) is the duality product between H~(Q2), and Hj(2). The proposition following

(25)

this deals with bounding the error estimate using the refinement spectral indicators.

Proposition 5 The a posteriori error estimate between the solution (u') of problem (3) and
the solution (”fs) of problem (13)-(14) holds forall 1 <i<I-1,

(ui+1 _ uf;—l) _ (ui _ H:’;—lug

g it
el
i /K , 3 (26)
5C<Z<Z(5;'k)> +||u°—u§||+fo||V°—V§H)~
=1 \ k-1

Proof Applying inequality (6) to the residual problem (24), and noting that for any a > 0,

b>0, 7(a+b)§vg2+b2§a+b,wederive:

levs™ 1 +||eu’“||<C(Hev5HH1 + e |

(27)

S o i + ||sw;1||>).
=1

Next, we need to constrain the terms on the right-hand side of inequality (27). The upper
bounds of [|ex} || ;-1 (e and lev}|| are established using the final equation of the system (24).
By utilizing the definition of &, we demonstrate that

|- n”u’
g = | =——

1 K %
(ZIW 0 s ) .

Since,

€V
sup ——

veHL (@) vl

’

&

HL(Q) =

Page 9 of 13
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and using the equality (14), we have for any v € H}(S2) and v; € Xé

1(%”—11{;*% ol — Tl ) (au{; 8(1/—1/5))
== - wv=vs |- —, —=).

+1

HYQ) ~ . .
'L'] T]_l

We consider for any function v € H}(S2) the function

K

vs = ZnNk 1 (v = V@) Yo = i@ ye) + Y via) i

k=1

Here, ¥ represents affine functions on Ay, which are equal to 1 at node a; and 0 at other
nodes a; for [ # k. 7{1{[’]?_1 denotes the orthogonal projection operator from H}(Ax) onto
Pr, (Ar) N H}(Ay). For properties of this operator, we refer the reader to [25]. Since v €
H;} (), the function vs belongs to the space X;. Subsequently, through integration by parts,

we derive:

4 T A
o e == (2
]

Therefore, we establish result (26) by employing the Cauchy—Schwarz inequality. O

ji+1 j i i j-1
Ty ws  us— T )
- yV—Vs |.

'L'j 'L']'_l

The following proposition concerns the upper bound estimate of the spectral indicators.

Proposition 6 The subsequent estimate is valid for the indicators X, where 1 <i <1,

(w1 — u?l—f) —(u - Hg‘rl—iug—i)

Ti—j

ﬁffC(i(

j=0

+ ||t - g ||L2(Ak)> + u(

LZ(Ak))>

where C is a positive constant independent of T and §.

H=1(Ag)

(ui+l _ u?l) _ (uz’ _ H?lué)

T;

(28)

L2(Ag)

. a(qu _ uf;l)
0x

Proof We successively bound the two terms in ﬂl.k , labeled as ﬁlf and ,325‘ . From the first

equation of system (24), we have:

1 i Ul i+1, i

euitl — ey - Ity

b N N eV?l %-MHI )
T T

Next, we take the L? norm of this equation and multiply by ;, resulting in:

(ui+1 _ uf;’l) _ (ui _ I—[f;rlug

T

(29)

1
ZHED I Ui PV
j=0

L2(Ag)

‘“5 ”a _ “5 na“s

Let v5 be the function defined as ( ' )Y on the interval Ay, and 0 else-

where on A\ Ak, where Y, represents aﬂine functlons on Ak equal to 1 at the node a; and
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0 at other nodes a; for [ # k. Then, we demonstrate through integration by parts that:

1 2

(SV?l, V(S) — __v
i

i+1 i+, i i i1\

us” — 5" uy  wy — Tuy w2

k
Ti Ti-1

L2(Ag)
Therefore, taking the inner product of the second equation of system (24) with —z;v; yields:

1 2

T

. 8(ui+l _ I/lf;rl)
0x

i+1 i+l i el

us — 15wy wy — TT5ug w2

k
Ti Ti-1

L2(Ag)

(U1 — u?l—/) —(u - l—[g+1—iug—i)

Ti—j

H 31/5
2(ap) I 9%

We now employ the following two inverse inequalities (refer to [25] and [26] for the proof).

H(Ag)

L2(Ag)

For any ¢y € Pn(A), we have:

1 1
/1(%&)2(;)(1 ~¢?)’de < cNZf1 o () (1-¢?)de,
and

1 1
/wiz(é)dfi cNZ/ () (1-¢%)de.
-1 -1

Combining all these inequalities, we deduce the existence of a constant C such that:

1

Bk < C(Z

(i1 — u?lfi) — (- H?lfiuf’;f)

o Tisj H(Ag)
(30)
a(ui+1 _ M?l)
+ | — .
ox Lz(Ak)
Ultimately, by considering (29) and (30), we obtain the desired result (28). O

4 Conclusion

In the discretization of partial differential equations, a posteriori analysis proves highly
effective for mesh adaptivity. Our focus in this work lies in applying a posteriori analysis to
the discretization of the second-order wave equation using the spectral element method.
We have developed two types of residual indicators and established their optimal upper
and lower error bounds. The resolution algorithm and implementation of these findings
will be detailed in our forthcoming paper.
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