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1. Introduction

In recent years, many papers have discussed the existence of positive solutions of right
focal boundary value problems, see [1-7]. In 2003, Ma [5] established existence results of
positive solutions for the fourth-order semipositone boundary value problems

u® (x) = Af (x,u(x),u' (x)),

’ ' 1 (1.1)
u(0)=u'(0)=u"(1)=u""(1) =0.

Motivated by Agarwal and Wong [8] and Ma [5], the purpose of this article is to gen-
eralize and complement Ma’s work to nth-order right focal eigenvalue problems:

(=1 Pu () = Af (t,u(®),u (8),...,u? (1)) (12)
with boundary conditions

u0)=0, 0<i<p-1,
) (1.3)
u(1)=0, p<i<n-—1,



2 Boundary Value Problems

where n 22,1 < p<n-—1isfixed, f:[0,1] X [0,00)? — (—00,00) is continuous with
f(t, Ui, Us,...,Up) = —M for some positive constant M.

We say that u(t) is positive solution of BVP (1.2), (1.3) if u(t) € C"[0,1] is solution of
BVP (1.2), (1.3) and u’(¢) >0, t € (0,1),i=0,1,...,p— 1.

For other related works with focal boundary value problem, we refer to recent contri-
butions of Agarwal [1], Agarwal et al. [2], Boey and Wong [3], He and Ge [4], and Wong
and Agarwal [6, 7].

The outline of the paper is as follows: in Section 2, we will present some lemmas which
will be used in the proof of main results. In Section 3, by using Krasnoselskii’s fixed-point
theorem in a cone, we offer criteria for the existence of a positive solution and two positive
solutions of BVP (1.2), (1.3).

2. Some preliminaries

In order to abbreviate our discussion, we use C; (i = 1,2,3,4,5) to denote the following
conditions:
(C1) f(tur,uzs... up) € C([0,1] X [0,00)P,(—00,00)) is continuous with f(t,u1,us,
..»Up) = —M for some positive constant M;
(Cy) there exists constant 0 < ¢ < 1 such that

) . LUy, Usy. . Up) + M
i in f(tu ») oo (2.1)
UL, U2l = 00 tE [g,1] Up

(Cs) there exists constant « > 0 such that

tuy, Uy, U
lim min flt p) = o0; (2.2)

up=0% (t,u1,uss...otp-1)€[0,1]x[0,a]P 1 Up

(C4) there exists constant a > 0 such that

f(t)uIJuZ)u-)upfl)O) >0) (t,bll,uz,...,l«lpfl) € [0)1] X [O)a]pil; (23)
(Cs) h(s) =s"P/(n—p)!, Dy = fo -I'D, = jslh(s)ds)’l, where 0 < e< 1 is
constant.

Let B = {u € CP7'[0,1] : u?(0) =0, 0 <i < p—2} with the norm |[ull =
sup,(,q) 14?7V (8)|. It is easy to prove that B is a Banach space.

LEMmMmA 2.1. Let
C={ueB:u? V()= tl|ul, t€[0,1]}. (2.4)
Then C is a cone in B and for allu € C,

tP~ | ull

=) <uD(t) <|lull, tel[0,1],i=0,1,....,p— 1. (2.5)
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Proof. Forall u,v € Cand forall « > 0, § = 0, we have

(ou(t) + Bv() P~ = auP=V(t) + Brr ()
> atllull + ptlvll (2.6)
> tlau+ By,
so au+ fv € C. In addition, if u € C, —u € C, and u # 0 (where 0 denotes the zero ele-
ment of B), then
uP V() = tul =0, te(0,1],

(2.7)
—uP V()= t|ull =0, te]0,1].

Thus u?=V(t) = 0, t € [0,1]. It follows that |[u|| = 0, which contradicts the assumption.
Hence C is a cone in B.
Forallu e C,0 <i< p— 1, due to Taylor’s formula, we have £ € (0,¢) such that

uP=2(0)p=i=2  ylp=D (&) p—i-1

() () — 1,00) (i+1)
u () = uD0) +u™VO0) 4+ - - - + (p=i-2) (p-i-1) (2.8)
It follows from u € C that fori =0, 1,...,p — 1,
(p—1) —i1
lull 2w () = 42O
(p—i-1! (29)
tlul| P~ _ P |u| >t1’*"||u|| '
S (p-i=DL (p-i-D T (p-DY O

LeEmMA 2.2 [6]. Let K(t,s) be Green’s function of the differential equation (—1)""Pu‘"(t) = 0
subject to the boundary conditions (1.3). Then

p-1

(n i 1)t"( L 0<s<t<l,
(=1)rp |i=0
K(t,s) =
(t,s) (n=DU| w1/ (2.10)

_ ( ) )tz( S)n*lfl 0<t<5<1, .
: 1
i=p

%K(t,s) =0, (t,5)€[0,1]x[0,1],0<i<p.

LemMa 2.3. Assume that (Cs) holds. Let k(t,s) be Green’s function of the differential equa-
tion

(=1 Pu P (1) =0 (2.11)
subject to the boundary conditions

u(0)=0, u(1)=0, l<i<n-p. (2.12)
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Then
th(s) < k(t,s) < h(s), (t,s) € [0,1] x[0,1].

Proof. Ttis clear that

or-1 1 s"P, 0<s<t=<l
k(t,s) = atpflK(t,S) = (n—p)! <|sn—p —(s=t)"P, 0<t<s<l.
Obviously,
1 .
th(s) < (n—p)!s P<h(s), O0<s=<t<l
ForO<t<s<l,
h(s) > (= p)! [s" P —(s—1)"P]
1 n—p-1 A ‘
= m[s— (S— t)] lgo Sn_P_l_l(S— t)l
n—p—1
> (n_p)!ts
n—p _
> (n—p)!ts th(s).

Thus,

th(s) < k(t,s) < h(s), (t,s)€[0,1]x[0,1].

LemMa 2.4. The boundary value problem
(D" Pu (1) =1, teo,1],
u(0)=0, 0<i<p-—1,
uD(1)=0, p<i<n-—1,

has unique solution w(t) € C"[0,1] and

0<wi(t) < LJ
(n—p)i(p-i!
Proof. It is clear that the boundary value problem
(D" Py () =1, telo,1],
u(0)=0, 0<i<p-1,
u(1)=0, p<i<n-—1,

te[0,1],0<i<p-1

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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has unique solution

1
w(t) =I K(t,5)ds, (2.21)
0
where K(t,s) is as in Lemma 2.2.
Obviously, for0 <s <t <1,
1 tshp1
TP — 2.22
(n—p)! (n—p-1)! (222)
ForO<t<s<l,
1 1 ”’i" L .
[s" P = (s=t)"P] = [s=(s=1] D, " P (s—t)
— ) Y
(n=p) (n=p) i=0 (2.23)
( ) ts"p1 ts" Pl
<(n- = )
Po=pt = —p-1)
So
0<k s 2.24
< P
< (t’s)_(n—p—l)!’ (2.24)
where k(t,s) is as in Lemma 2.3. Since w?~1(¢t) = fol k(t,s)ds, then
1 1 tsn—p—l t
(p-1) — =
0= w0 = | k(t9ds< | =T (2.25)
Further, since w?(0) = 0,0 <i < p — 1, we get
0 < wi(t) o te[0,1],0 1 (2.26)
<w" <— e[0,1],0<i<p-—1. .
(= plp—1! P 0

LEmMMA 2.5 [8]. Let E be a Banach space, and let C C E be a cone in E. Assume that Qy, Q)
are open subsets of Ewith0 € Q) C Q) C Qp, andlet T: CN (Q\ Q) — C be a completely
continuous operator such that either

1) ITull < llull, u € CnoQy, || Tull = |lull, ue CnoQ, or

(1) | Tull = NJull, u € CnoQy, || Tull < |lull, u € Cn Q.
Then, T has a fixed point in C N (Qy \ Q).

3. Main results

In this section, by using Lemma 2.5, we offer criteria for the existence of positive solutions
for two-point semipositone right focal eigenvalue problem (1.2), (1.3).

THEOREM 3.1. Assume (Cy), (C;), and (Cs) hold. Then BVP (1.2), (1.3) has at least one
positive solution if A > 0 is small enough.
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Proof. We consider BVP

where

¢(t) =AMw(t) (w(¢)is asin Lemma 2.4),
f*(t)ul)MZ)--->up) = f(taPI,PZ,---aPp) +M)

and foralli=1,2,...,p,

_Jui ui=0;
Pi=lo, w<o.

(3.1)

(3.2)

(3.3)

We will prove that (3.1) has a solution u; (¢). Obviously, (3.1) has a solution in C if and

only if

u(t) = J: K(t,)Af* (s,u(s) — ¢p(s),u'(s) — ¢ (5),...,u?"V(s) — pP~V(s))ds

= (Thu)(t)

or

uP=V(t) = Jl k(t,$)Af* (s,u(s) — ¢(s), 1’ (s) = ¢ (s),...,uP"V(s) — P~ V(s))ds
0

= (Tiw) " (1)
has a solution in C. From Lemma 2.3, we know that

(Tyu)? V(1)

= Jl k(t,$)Af* (s,u(s) = ¢(s), 1’ (s) = ¢ (s),...,uP~V(s) — ¢~V (s))ds
0

< Jl R(HAF* (s,u(s) — ¢(s), 1’ (s) = ¢ (s),...,u P~V (s) — P~V (s))ds,
0

SO

1
IThul| < L h(SAF* (s,u(s) — (s), 1 (5) — ¢ ()., uP"D(s) — ¢~V (s))ds.

(3.4)

(3.5)

(3.6)

(3.7)
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From Lemma 2.3 again,
(Tiw) "~ (1)
= Il k(t,$)Af* (s,uls) — ¢(s),u'(s) — ¢ (5),...,u?"V(s) — ¢P~V(s))ds
0

> Il th(s)Af* (s,u(s) — ¢(s), 1’ (s) = ¢'(s),...,uP"V(s) — ¢ P~V (s))ds (3.8)

0
= tJl h(S)AF* (s,u(s) — ¢(s), 1’ (s) — ¢ (s),...,uP"V(s) — P~ V(s))ds
0

> 1| Tyu].

Hence, T1(C) < C. Further, it is clear that T} : C — C is completely continuous.
Let

A€ (0,A) (3.9)
be fixed, where
min {21 (4=}
A= mm{ M M , (3.10)
My = max { f* (t,ur,uz,...,up) : (t,ur,u,...,up) € [0,1] X [0,2]7]. (3.11)

We separate the rest of the proof into the following two steps.

Step 1. Let
Q) ={ueB:|u| <2} (3.12)
From the definition of f*, we know

My = max { f* (t,u1,u,...,up) = (Luy,uz,...,up) € [0,1] % [0,2]7}

=max {f*(t,u1,u2,...,up) : (t,u1,U,...,up) € [0,1] X (—00,2]P}. (3.13)
It follows from Lemma 2.3 and (Cs) that for all u € 00 N C,
(1) (8)
= Ll k(t,)Af* (s, u(s) — @(s), 1’ (s) — ¢’ (s),...,uP"V(s) — ¢P~V(s))ds (3.14)
< Ll h(s)AMy ds = AMy Dy < 2 = [[ull,

Hence,

[|Tul| < llull, ueadQinC. (3.15)
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Step 2. From (C,), we know that there exists 77 > 2 (# can be chosen arbitrarily large) such

that

M M
(n—p)n 2(n—p)!

1
=1- > -,
7 2

and for all (u1,us,...,up) € [(ePon)/p!l, )P~ X [eon, ),

LU, Uy Upy) + M
min f( b7 P) > —2D2 > &
tele1] up e Leo

Then, for all (¢,uy,uz,...,up) € [&,1] X [(ePon)/pln]P~1 X [eon, 7],

Dzup Dzrl
f(t,ul,uz,...,up) +M = W > T

It follows from Lemmas 2.1 and 2.4 that for u € C and |lul| = 1,

u®(t) — ¢ D (t) = u®(t) — AMw(t)
AMtP~i
(n—p)i(p—i)!
AMuD(t)
(n—p)n

e
|

> ul(t) -

> u(i)(t) —

(n—p)ly
L AM ]tl"’ﬁ
(n—p)nd(p—i)!

o2 e 101] (by (3.16))
- ’ v

P
{8 o 0<i<p-2,telel],
>

\%

pl’
eon, i=p—-1,te(sll]

Using Lemma 2.3 and (3.18), we know that

(Tyw)?" (1)

= Jl k(L )Af* (s,u(s) — ¢(s), 1’ (s) — @' (5),...,uP "V (s) — ¢ P~V (s))ds
0

1 1
> J h(s)a?ds - J h(s)Dands = 1 = [lull.

Hence, let

O, ={ueB:|ull <y}

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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then
[|Tyul| = lull, u€oQ,nC (3.22)
Thus, it follows from the first part of Lemma 2.5 that T} («) = u has one fixed point #(t)

in C, such that 2 < |[u]| < #.
Let

uy (t) =u(t) — ¢(1). (3.23)

From Lemmas 2.1, 2.4, and (3.16), we know that fori =0,1,...,p — 1,

u (1) =a (1) - (1)
=u(t) - AMw (1)

; AMtP~i
gy - M
= G i)
> () — AMu(l)()
2(n-p)! (3.24)
_[1 Z(n—p)!]u ®
AM 2tP~1
=[1- (n—p)!]u)—i)!
tp=i X
>( —z)' e (0,1].
This implies that
u"(1) >0, te(0,1],i=0,1,...,p—1. (3.25)

Further, we get

(=D Pui” (1) = (—1)"*Pa<"><r> -AM
=Af*(t,u (1), (t) — ¢' (1), P V(1) —gb(P‘”(t)) — M
= Af(t,u(t - ¢(t),ﬁ'( ) = ¢/ ()., w7V (1) =P (1))
= Af (0,0’ (1),
(3.26)
So, uy (t) = u(t) — ¢(t) is a positive solution of BVP (1.2), (1.3).
Thus, for A € (0,A), BVP (1.2), (1.3) has at least one positive solution. O

THEOREM 3.2. Assume (C;), (Cy), (Cs), and (Cs) hold. Then BVP (1.2), (1.3) has at least
two positive solutions if A > 0 is small enough.
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Proof. It follows from Theorem 3.1 that, for A € (0, A), where A is as in (3.10), BVP (1.2),
(1.3) has positive solution u (t) such that

[ > 1. (3.27)

Next, we will find the second positive solution. From (Cs), we know that there exists
a € (0,0) such that

ftuup,..upy) =0, (fuy,uz,...up) € [0,1] % [0,a]. (3.28)
We consider the following BVP:

(—1) =PIy () = )tf**(t u(t),u’ (t),...,u?™V), te0,1],
D(0) =0, 0<i<p-1, (3.29)
u(1)=0, p<i<n-—1,

where

f**(t,ul,uz,...,up) = f(l‘,pl,pz,...,pp),

ui, u;€[0,a], | (3.30)
pi = l=1,2,...,p.
a, u; € (a,),

It is easy to prove that (3.29) has a solution in C if and only if operator

u(t) = J:K(t,s))tf**(s,u(s),u'(s),... P=D(s))ds = (Tou)(t) (3.31)

or
WPt Jkts WL (5,u(s) 1t () u® () ds = (Tu) P 0(0) (3.32)

has a fixed point in C. Moreover, it is easy to check that T, : C — C is completely contin-
uous.
Let

H = min{l,a},
DIH} (3.33)
M, V)’

A1 = min {A,
where A is as in (3.10) and

M, := max { f** (t,u1,uz,...,up) : (t,u1,uz,...,up) € [0,1] X [0,a]P}. (3.34)
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Let
Ae (0,Ar) (3.35)
be fixed.
Let
Qs ={ueB:|lull<H}. (3.36)

Then for u € C N 03, we have from Lemma 2.3 and (Cs) that

(Tou) P V(1) = )LJOIk(t,s)f**(t,u(s),u'(s),...,u(P’l)(s))ds
< ALI B(s) £ (8 (), (5),...., uP~D(s)) ds (3.37)
<AD;'M, < H.
Therefore,
|| Toul| < llull, ueCnaQs. (3.38)
From (Cs), there exist #, 1y, where Az fol sh(s)ds > 1 with ry < H such that

F* (tun,ua,.up) =y, (Gug,ta,...up) € [0,1] X [0,70]". (3.39)

For u € C and ||ul| = ry, we have from Lemma 2.3 and (3.39) that
1
(Tou) PV (1) =AJ k(L,8) 5 (5,u(s), 1’ (5),....,uP~D(s))ds
0
1
=AJ B(s) (5, u(8), 1 (5),...., uP~D(s)) ds
0

> Af h(s)nu'P=V(s)ds (3.40)
) .

) Ll h(s)nsllullds  (by the definition of C)
= quol sh(s)dsl|lull
> lull.
Thus, let
Qu={ueB:|ul <r}, (3.41)
then

|| Toul| = llull, ueCnoQy. (3.42)
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Therefore, it follows from the first part of Lemma 2.5 that BVP (3.29) has a solution
u, such that

ro < lluzll < H. (3.43)

From the definition of f** and Lemma 2.1, we know that u, is positive solution of BVP
(1.2), (1.3).

Thus, from (3.27), (3.33), and (3.43), we find that for A € (0,A;), BVP (1.2), (1.3) has
two distinct positive solutions u; and u,. O

COROLLARY 3.3. Assume (Cy), (C,), (C4), and (Cs) hold. Then BVP (1.2), (1.3) has at least
two positive solutions if A > 0 is small enough.

Proof. It is easy to prove from (C,) that (Cs) holds. By using Theorem 3.2, we know that
the result holds. O

Remark 3.4. By letting n = 4, p = 2 in Theorem 3.1 and Corollary 3.3, we get Ma [5,
Theorems 1 and 2].
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