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1. Introduction

The main purpose of this paper is to get results on the solvability of the following bound-
ary value problem (BVP):

x"(t) = f(tx(t),x (1)),

AX () = bix' (),  Ax(tx) = aex (),
(1.1)

m—2

X0)=0, x(1)=> ax(&),

i=1

where §; € (0,1),i=1,2,....m—2,0< & <é <<, ,<1,a,€Ri=1,2,...,m—2,
S Pai+1,0=tg<t| <ty <---<tp<try =1L

Such problems without impulses effects have been solved before, for example, in [1-3].
But as far as we know the publication on the solvability of m-point problems with im-
pulses is fewer [4]. Our main goal is to find condition for f,bx,ck,1 < k < T, which guar-
antees the existence of at least one solution of problem (1.1). The proofs are based on
the Leray-Schauder continuation theorem [5] and the nonlinear alternative of Leray-
Schauder type [6].
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In order to define the concept of solution for BVP (1.1), we introduce the following
spaces of functions:
(i) PC[0,1] = {u:[0,1] — R, uis continuous at t # tx, u(t}), u(t; ) exist,and u(t; ) =
u(te)}s
(ii) PC'[0,1] = {u € PC[0,1] : u is continuously differentiable at t # f, u'(07),
u'(tf), u'(t;) existand u' (¢ ) = u'(t)};
(iii) PC?[0,1] = {u € PC'[0,1] : u is twice continuously differentiable at t # #}.
Note that PC[0,1] and PC'[0, 1] are Banach spaces with the norms

lullw =sup{|u(t)|:t<[0,1]}, llully = max {||ulleo, 1t |} (1.2)

respectively.

Definition 1.1. The set F is said to be quasiequicontinuous in [0, c] if for any € > 0 there
exists § >0 such thatif x € &F, k € Z, t*,t** € (tx_1,tx] N [0,c], and |t* — t**| < §, then
[x(t%) — x(t**)| <e.

Lemma 1.2 (compactness criterion [7]). The set & C PC([0,c],R") is relatively compact if
and only if one has the following:

(1) % is bounded;

(2) F is quasiequicontinuous in [0,c].

Lemma 1.3 [7]. Lets € [0,T), ¢k = 0, ax, k = 1,..., p, are constants and let p,q € PC(J,R),
x € PC'(J,R). If

x(t) < p()x(t)+q(t), telsT), t+tk,
x(tf) < ax(te) +ax, teel(sT), (13)

then fort € [s,T],

x(t) sx(s+)< I ck)exp<£tp(u)du>

Ss<tr<t

t t
+J ( l_[ ck> exp(J p(T)dT)q(u)du (1.4)

S \u<tp<t

+ 2 ( [ c,-> eXp(J;P(T)dT>ka-

s<tp<t \f<ti<t
The result also holds if the above inequalities are reversed.

2. Main results

THEOREM 2.1. Let f:[0,1] X R* — R be a continuous function. Assume that there exist
p(t), q(t), and r(t) : [0,1] — [0, c0) such that

| f(tu,v)| < p(6)lul +q(@)v]+r(t) (2.1)
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for t € [0,1] and all (u,v) € R%. Then the BVP (1.1) has at least one solution in PC'[0,1]
provided

Q+B<1, (2.2)

m—2 .
<1+ |1Zi_£f’i|?c|1»| ) (1 —S—B +c> <1, (2.3)

where P = [ p(t)dt, Q = [} q(t)dt, B=31_, |bil, C = 31_, lekl.
Proof. Let Y = X = PC'[0,1]. Define a linear operator L: D(L) C X — Y by setting

m—2
D(L) = {x € PC*[0,1], x'(0) =0, x(1) = > a,-x(f,-)}, (2.4)

and forx € D(L) : Lx = (x”, Ax' (t), Ax(tx)). We also define a nonlinear mapping F : X —
Y by setting

(Fx)(t) = (f(t,x(£),x" (1)), bex’ (tk), ckx(te) ). (2.5)

From the assumption on f, we see that F is a bounded mapping from X to Y. Next, it
is easy to see that L: D(L) — Y is one-to-one mapping. Moreover, it follows easily using
Lemma 1.2 that L™'F : X — X is a compact mapping.

We note that x € PC'[0, 1] is a solution of (1.1) if and only if x is a fixed point of the
equation

x=L"'Fx. (2.6)

We apply the Leray-Schauder continuation theorem to obtain the existence of a solution
for x = L™'Fx.

To do this, it suffices to verify that the set of all possible solutions of the family of
equations:

x"(t) = Af (6x(8),x' (1)),
Ax'(t) = Abkx (t),  Ax(te) = Aerx(t),

(2.7)
m—2
X0)=0,  x(1)= > ax(&).
i=1
Integrate (2.7) from 0 to ¢ to obtain
X (t) = Aff(s,x(s),x’(s))dsu S b (1), (2.8)
0

O<tr<t
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By condition (2.1), we have

%' (1) | <J [p()llx]l +q(s)llx"[| +7(s)]ds + Z AIES
k=1 (2.9)
< (Q+B)|[x'|| +Pllx[l + Ry,
where R, = fol r(t)dt. Thus,
, 1
lx']l < I—Qﬁ(P”xH +Ry). (2.10)
Integrate (2.8) from ¢ to 1 to obtain

—x(t)

_)L{J H(t,s) f (s,x(s),x (S))ds-i—Jl Z brx' (t;)ds + Z crx ()

0<tx<s t<tr<1

+%m§: ai[r (&,3) f (s,x(s),x"(s) dsJ Z brx' (t;)ds + Z ckx(tk)]},

1= ai = 0 8 0<t<s &<ti<l
(2.11)
where
1-t, 0<s<t=<l,
H(t,s) = 2.12
(b5) {l—s, 0<t<s<l. ( )
So
S ail '
xll < {1+ "5 | [P+ O)lxll + (Q+B)lIx" | + Ry ]. (2.13)
[1-31ail

Equations (2.10) and (2.13) imply

[lx]l < <1+ T DT |a’c|l |> [( P 3 +C) [lx]| +R1]. (2.14)
1 1 1

It follows from the assumption (2.3) that there is a constant M, in dependent of A €
[0,1] such that [|x|| < M,. Furthermore, by (2.10), there is a constant M, such that ||x'|| <
M,. It is now immediate that the set of solutions of the family of equations (2.7) is, a
priori, bounded in PC'[0,1] by a constant independent of A € [0,1]. This completes the
proof of the theorem.

THEOREM 2.2. Let f :[0,1] X R* — R. Assume that the following conditions hold:
(Hy) | f(t,u,v)| < g(t)w(max{|ul,|v|}) on [0,1] X R* with w > 0 continuous and non-
decreasing on [0,0), q(t) : [0,1] — [0, %) is continuous;
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(H,) by = 0, and

| 1— m 2
(2.15)
o 5 M= (1||> [1_C(1+W>]1Q
r>EW(r) ’ [1-3 mzai| [1- 11a1| ’
where Q = [y [Toe<1 (14 bi)g(s)ds.
Then (1.1) has at least one solution.
Choose M > 0 such that
M
~— > Ms. 2.16
w (D) 3 (2.16)
To show that (1.1)) has at least one solution, we consider the operator
x=A"'"Fx, Ae][0,1], (2.17)
which is equivalent to (2.7). Let x € PC' [0, 1] be any solution of (2.7), from (H; ), we have
—q(O)w(llxll) < x"(t) < qO)w(llxllh). (2.18)
Consider the inequalities
%" (t) < q(®)w(llxl),
x (t) = (1+b)x(tx),
x'(0) =0, ( )
2.19
x"(t) = —q(t)w(llxll),
x (tk) = (1+br)x (),
x"(0) =0.
By Lemma 1.3, we have
% (t) < w(llxll) J [T (1+bk)q(s)ds
O<tr<t
< Qw(llxll1),
(2.20)
¥ ()= ~wlllxlh) j [T (1+b)q()ds
O<tr<t
= —Qw(llxll).
From (2.20), we can deduce
|x' (1) | < Qw(llxllh), (2.21)
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and so
%Il < Qw(llxllh). (2.22)

Using x(t) = x(1) ft — Dien<r Crx(ti) and x(1) = Zﬁ_lz a;x(&;), we have

1 m-2 1 , 1 ,
x(t) = —Tm ,; a; {Lx (s)ds+ Z ckx(tk)] — L x'(s)ds — Z crx(ty),

&i<te<l t<t<l1
(2.23)
which implies
m—2
ai /
lx(D)] < <1 M) (Il 1+ Cllxll), (2.24)
and so
m—2 m—2 -1
il < (1 + Z'“') [1 e (1 - Z‘m'“z'ﬂ I
-3 1a,| |13 ail
] 2o . (2.25)
St el
< 1+# 1-C 1+# QW(HX”l)
< |1_Zi:12ai| |1_Zi:12ai|
Now, (2.22) together with (2.25) imply ||x||; # M. Set
U={uePC0,1]:|lull; <M}, K=E=PC'0,1], (2.26)
then the nonlinear alternative of Leray-Schauder type [6] guarantees that L' F has a fixed
point, that is, (1.1) has a solution x € PC'[0, 1], which completes the proof. O
3. Examples

Example 3.1. Consider the boundary value problem

X” f(t)x’x )> [ ] t:fé A
MY (1) = £x' (1), Ax(n) = gx(8), t=1, 1)
) — Ly o1 /2
x(O)—O,x(l)—2x<3) x(s)’
where
f(t,u,v)=t5u+%t3v+t2[1+cos( 200 4930) 1. (3.2)

It is easy to see that

| f(tu,v)| < p(6)lul +q(@)v]+r(t) (3.3)
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with p(t) =12, q(¢) = (1/2)83, r(t) = 2¢%. Clearly, P = 1/6, Q = 1/8, B =1/6, C = 1/4, and

m—2
Q+B= -1 <1, <1+|2"‘l |ai] )( P C) 3 (3.4)

+C) ==
-5 lal ) \1-Q-B 34
By Theorem 2.1, (3.1) has at least one solution.

Example 3.2. Consider the boundary value problem

1
-x” :f(trxy-x,)) te [O>1]1 t:I'é E)

Ax'(tx) =" (t),  Ax(tx) = %X(tk), t = % (3.5)
, 1 1 1 /2
X0=0 x0=3(3)-3+(3)
where
ftu,v) = e (u*+vP) +pe (3.6)

with « € [0,1], B € [0,1], p > 0. It is easy to see that

| f(tu,v)| < q(t)w(max {|ul,|v|}) (3.7)

with q(t) = e7t, w(s) = s* + sf + . Clearly

m—2
C(1+Z"1 4] )—2<1,

1= a 3
! (3.8)
su = Su ! = 0
bw(r) e rearbap

so (H,) is true. Theorem 2.2 shows that (3.5) has at least one solution.
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