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1. Introduction

In this paper, we study multiplicity of solutions of the impulsive boundary value problem

Y+ f(Ly®),y (1)) =0, t#t,
Ayl = Ie(y(tx)), k=1,2,...,m,
AY et = e(y()), k=1,2,...,m,

y(0)=0=y(1) -ay(n),

(1.1)

where f € C(J xR%R), J = [0,1], It Ix € C(R,R), k = 1,2,...,m, Ayley, = y(t) — y(t}),
AY'li= =Y () —y'(£),0=to <ty <--- <ty <t =1,a€(0,1).

Impulsive differential equations arise naturally in a wide variety of applications,
such as spacecraft control, inspection processes in operations research, drug administration,
and threshold theory in biology. In the past twenty years, a significant development in the
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theory of impulsive differential equations was seen. Many authors have studied impulsive
differential equations using a variety of methods (see [1-5] and the references therein).

The purpose of this paper is to study the multiplicity of solutions of the impulsive
boundary value problems (1.1) by the method of upper and lower solutions. The method
of lower and upper solutions has a very long history. Some of the ideas can be traced back
to Picard [6]. This method deals mainly with existence results for various boundary value
problems. For an overview of this method for ordinary differential equations, the reader is
referred to [7]. Usually, when one uses the method of upper and lower solutions to study
the existence and multiplicity of solutions of impulsive differential equations, one assumes
that the upper solution is larger than the lower solution, that is, the condition that upper and
lower solutions are well ordered. For example, Guo [1] studied the PBVP for second-order
integrodifferential equations of mixed type in real Banach space E:

-u" = f(t,u,Tu,Su) Vte[0,2x], t#t;
Auliy, = Lt (t;),
A |y, = Liu(ty), i=1,2,...,m,
u(0) = u(2r), u'(0) = u'(2x),

(1.2)

where f € C([0,2r]xExXExXE,E), T and S : E + E are two linear operators, 0 < t; <f; <--- <
tm<1,L; L} (i=1,2,...,m) are constants. In [1] Guo first obtained a comparison result, and
then, by establishing two increasing and decreasing sequences, he proved an existence result
for maximal and minimal solutions of the PBVP (1.2) in the ordered interval defined by the
lower and upper solutions.

However, to the best of our knowledge, only in the last few years, it was shown that
existence and multiplicity for impulsive differential equation under the condition that the
upper solution is not larger than the lower solution, that is, the condition of non-well-ordered
upper and lower solutions. In [8], Rachtinkovd and Tvrdy studied the existence of solutions
of the nonlinear impulsive periodic boundary value problem

u'=f(tuu), t#t
u(t?) = 2(ut)), i=12,...,m,
w(ty) = Mm@ (), i=12,...,m,

u(0) =wu(T),  u'(0)=u/(T),

(1.3)

where f € C([0,T] x R?), 2;, M; € C(R). Using Leray-Schauder degree, the authors of
[8] showed some existence results for (1.3) under the non-well-ordered upper and lower
solutions condition. For other results related to non-well-ordered upper and lower solutions,
the reader is referred to [7, 9-14]. Also, here we mention the main results of a very recent
paper [15]. In that paper, we studied the second-order three-point boundary value problem

y')+f(ty)=0, 0<t<1,

1.4
y(0) =0, y@)-ay(n) =0, (14)

where0 <7 <1,0<a<1, feC([0,1] xR, R). In [15], we made the following assumption.
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Figure 1: The positions of w1, u,, v1, v, and six solutions X1, Xy, ..., Xe in Theorem 1.1.

(Ap) There exists M > 0 such that
f(t,xz) —f(t,xl) 2—M(x2—x1), te [0,1], X2 2 X1. (15)

Let the function ebe e = e(t) = tfor t € [0,1]. In [15], we proved the following theorem
(see, [15, Theorem 3.4]).

Theorem 1.1. Suppose that (Ag) holds, uy and u, are two strict lower solutions of (1.4), v1 and v,
are two strict upper solutions of (1.4), and uy < vy, Uy < V2, Up £ V1, U1 £ V2. Moreover, assume

—goe < up —u1 < goe, —-goe < vy —v1 < goe (1.6)

for some gy > 0. Then the three-point boundary value problem (1.4) has at least six solutions
X1,%X2,...,Xe.

Theorem 1.1 establishes the existence of at least six solutions of the three-point
boundary value problem (1.4) only under the condition of two pairs of strict lower and upper
solutions. The positions of uy, 1y, v1,v, and six solutions X1, x>, ..., Xs in Theorem 1.1 can be
illustrated roughly by Figure 1.

In some sense, we can say that these two pairs of lower and upper solutions are parallel
to each other. The position of these two pairs of lower and upper solutions is sharply different
from that of the lower and upper solutions of the main results in [14, 16, 17]. The technique
to prove our main results of [15] is to use the fixed-point index of some increasing operator
with respect to some closed convex sets, which are translations of some special cones (see Q.,
Qz of [15]).

This paper is a continuation of the paper [15]. The aim of this paper is to study the
multiplicity of solutions of the impulsive boundary value problem (1.1) under the conditions
of non-well-ordered upper and lower solutions. In this paper, we will permit the presence
of impulses and the first derivative. The main ideas of this paper are to associate a Leray-
Schauder degree with the lower or upper solution. We will give some multiplicity results
for at least eight solutions. To obtain this multiplicity result, an additional pair of lower
and upper solutions is needed, that is, we will employ a condition of three pairs of lower
and upper solutions. The position of these three pairs of lower and upper solutions will be
illustrated in Remark 2.16.
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2. Results for at least eight solutions

Let J' = J\{t1,t2, ..., tm}, PC[J,R] = {x | xis amap from J into R such that x(t) is continuous
att #tx, left continuous at t = t; and its right-hand limit x(t;) att = t, exits}, and PC! [J,R] =
{x | x is a map from J into R such that x(t) and x'(t) are continuous at ¢ # t, left continuous
att =t and their right-hand limits x(t;) and x'(t) at t = t; exits}. For each x € PC![J,R], let

l[xllpcr = max {||xlpc, ”x,”[’c}' (2.1)

where ||x[[pc = sup,;|x(#)] and [|x'[lpc = sup,.;|x'(£)]. Then, PC'[J,R] is a real Banach space
with the norm ||-||pc1. The function x € PC!'[J,R]NC2[J',R] is called a solution of the boundary
value problem (1.1) if it satisfies all the equalities of (1.1).

Now, for convenience, we make the following assumptions.

(H) O=tg<ty < <ty <y <tma=1a€l01).

(Hy) Ix (k=1,2,...,m) is increasing on R.

Let x, y € PC[J,R]. Now, we define the ordering < by

x<y iff x(t) <y(t) Vte], x(t)) <y(t;) foreachk=1,2,...,m. (2.2)
Definition 2.1. The function u € PC'[J,R] N C?[J',R] is called a strict lower solution of (1.1) if

u'(t) + f(tu(t),u'(t) >0, t#t,

(2.3)
u(0) <0, u(l) —au(n) <0,
whenever [, (x) #0 or T]-O(x) #0 for some iy, jo € {1,2,...,m} and some x € R
Aulpey, = I(u(te)), k=1,2,...,m,
(2.4)

Av'|=y, > Tk(u(tk)), k=1,2,...,m,

whenever I (x) = Iy (x) = 0 foreachx e Rand k € {1,2,...,m}, Au|i—y, = At'|;y, = O for each
ke{1,2,...,m}.
The function v € PC'[J,R] N C2[J', R] is called a strict upper solution of (1.1) if

v"(t) + f(t, o),V (t) <0, t#t,

(2.5)
v(0) >0, (1) —av(n) >0,
whenever [, (x) #0 or T]-O(x) #0 for some iy, jo € {1,2,...,m} and some x € R
Avliey, = I(v(te)), k=1,2,...,m,
(2.6)

AV |1y, <Tk(v(tk)), k=1,2,...,m,

and whenever Iy (x) = Tk(x) =0foreachx e Rand k € {1,2,...,m}, Av|y, = A?'|i=y, =0 for
eachk € {1,2,...,m}.
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Definition 2.2. Let u(t), v(t) € PCHJ,R] N C2[J,R], u(t) < v(t) forall t € J. We say that f
satisfies Nagumo condition with respect to [u, v] if there exists function ¢ € C([0, o0), (0, 0))
such that

[ftx, )| <P(yl), VYt x,y) €] x [ult),v(t)] xR,

“ s (2.7)
J, gies==

Definition 2.3. Let ri(t),r2(t)---r,(t) be strict upper solutions of (1.1) and r(t) =
min{ry(t), r2(t),...r,(t)} for each t € J. Then, we say the upper solutions ry(t), r2(t), ... 7, (t)
are well ordered if for each k € {1,2,...,m}, there exist iy, jo € {1,2,...,n} and §y > 0 small
enough such that

{Tio(t)r te (tx — o, tx],
r(f) = 2.8)

rip(t), t€ (tk, tx + 60].

Definition 2.4. Let Li(t),la(t),...1,(t) be strict lower solutions of (1.1) and I(t) =
max{l(t),l(t),...1,(t)} for each t € J. Then, we say the lower solutions I (t), l»(t), ... L (t)
are well ordered if for each k € {1,2,...,m}, there exist iy, jo € {1,2,...,n} and 6y > 0 small
enough such that

{lio(t)/ t e (tx — 6o, ti],
I(t) = (2.9)

ljo(t)/ te (tk, fre + 60]

From [18, Lemma 5.4.1], we have the following lemma.

Lemma 2.5. H ¢ PC'[],R] is a relative compact set if and only if for all x € H, x(t) and x'(t) are
uniformly bounded on | and equicontinuous on each Ji (k = 1,2,...,m), where J; = [0,t1], Ji =
(ti—llti]l 1i=23,.... m+1.

The following lemma can be easily proved.

Lemma 2.6. Suppose that x € PC'[J,R] N C?[J', R] satisfies
=x"(t) = f(t, x(t),x'(t)), t#k (k=1,2,...,m). (2.10)

Then

t
x'(t) = x'(0) - Iof(s,x(s),x'(s))ds + Z [x' () —x'(t)] Vte],

O<ti<t

x(t) =x(0)+x'(0)t—f (t=s)f(s,x(s),x'(s))ds+ > [x(t}) —x(t)] (2.11)
0

+ > [ (E) - X ()] (E-t) VEET

O<tr<t
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Lemma 2.7. Let ¢ € PC[J,R] and ay,bx € R (k =0,1,2,...,m). Then, x € PC'[],R] n C?[J', R]
is a solution of

-x"(t) =g(t), t#t, k=1,2,...,m
Ax|yey, =ax, k=1,2,...,m

(2.12)
Ax'|t=tk =bk, k=1,2,...,m
©(0) =ap,  x(1)—ax(y) = by
if and only if x € PC[], R] satisfies
_ 1-«a b()t _
x(t) = a [1 — ] e f (1-9)g(s)ds f (- 5)g(s)ds
—te —a(n - te) ] br} f (t-s)g(s)ds (213)
U=
+ Z [ak +bk(t—tk)], te].
O<tr<t
Proof. Let x € PC'[J,R] N C2[J',R]be a solution of (2.12). From Lemma 2.6, we have
t
x(t) = x(0) + x'(0)t — f (t—s)g(s)ds + Z Ax|op, + Z AX |, (= ti)
0 O<t<t O<ty<t
(2.14)
t
=ay+x'(0)t —I (t—s)g(s)ds + Z ax + Z bie(t—t).
0 O<ti<t O<tp<t
Thus,
1 m m
x(1) = ag + x'(0) - j (1-s)g(s)ds + > ar+ D, be(1-t),
0 k= k=
' ' (2.15)
1 m m
x(n) = ap + x'(0)n - J‘ (n—s)g(s)ds + Z ag + Z bic (1 — tr).
0 k=1 k=1
Using the boundary value condition x(1) — ax(#) = by, we have
, 1 1-a 1 (! a ("
x'(0) = . m]bo — 1 aqao . mlf()(l -5)g(s)ds - WL(" -5)g(s)ds
(2.16)
_—Zbk<1_tk)+ Zbk(q—tk).
U= =

The equality (2.13) now follows from (2.14) and (2.16).
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On the other hand, if x € PC[], R] satisfies (2.13), by direct computation, we can easily
show that x satisfies (2.12). The proof is complete. O

Let us define the operator A : PC![J,R] — PC'[],R] by

t (! ) at (1 )
(Ax)(0) = o | (190 (s, x(0), % @) ds = 5 [ 01=9)7 (5, 2(6), 2 () ds
t
[ t-9fGxe K@+ T ) +TEE)E-1] @1
O<ty<t

t
1-an

S - Tk(x(1)) + 1= =l =1 TeCx(t))

From Lemma 2.5, A : PC'[J,R] — PC![J,R] is a completely continuous operator.

Theorem 2.8. Suppose that (Hy) and (H;) hold. Let a;, p; (i =1,2,...,n) be n pairs of strict lower
and upper solution, and

a(t) = max {a;(t), az(t), ..., an(t)}, te],

B(t) = min {Bi(t), fo(t), ..., Bu(t)}, tET.

(2.18)

Suppose that a; < f; (i = 1,2,...,n), @ < f, f satisfies Nagumo condition with respect to [ay, p1].
Moreover, the strict lower solutions ay, &, . . ., &, and the strict upper solutions B1, Pa, . . ., Pn are well
ordered whenever 1;,(x) #0 or Tjo (x) #0 for some iy, jo € {1,2,...,m} and some x € R. Then, there
exist Ry > 0 and Ly > 0 sufficiently large such that for each R > Ry and L > L

deg(I-A,Q,0) =1, (2.19)

where

Q={xeB@O,R) |a<x<p, ~-L<x' <L},
(2.20)
B(6,R) = {x € PC'[J,R] | ||x|lpcr < R}.

Proof. We only prove the case when I; (x) #0 or Tjo (x) #0 for some igp, jo € {1,2,...,m} and
some x € R. The conclusion is achieved in four steps.

Step 1. Since f satisfies Nagumo condition with respect to [a1, 1], then there exists ¢ €
C([0,00), (0, 00)) such that

|ftx, )| <d(lyl), (txy) €] x[at),p®)] xR,

® g (2.21)
f ) Fle) =
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Let pto = miny<k<m+1 (tx — tk-1). Take A > 0 such that

maXigicp SUPyey Pi(t) — mini<ic, infrey ai(t)
>

, 2.22
” (2.22)

and N > 0 such that

N

A %ds > 2. (2.23)

Let Ly = max{N, 2\, maxi<i<, ||&;|lpc, maxi<icn [|B;|lpc }. Define the functions g, h : J x R2— R

by

(f(t,x,L), y>L,
gt x,y)=1 f(t,x,y), -L<y<L,
k_f(t/-x/ _L)/ ]/ < _L/

) B 3 (2.24)
g(tp®),y), x>p),
h(t,x,y) =1 gtxy), @) <x<p@),
g(talt),y), x<a().
Foreach k € {1,2,...,m}, let us define the functions ]kjk :R— Rby
(1 (B(t)), x> P(t),
Je(x) = { L(x), ate) < x < Pt),
Ik(ﬁ(tk)), x < E(tk),
o B (2.25)
Ie(B(te)), x> B(te),
Te(x) = R Te(x), a(ty) <x < p(ty),
jk(ﬁ(tk)), x < E(tk).
It is easy to see that there exists M; > 0 such that
|h(t,x,y)| <My, (tx,y)€]xR?,
(2.26)

@) <My, [Te@)| <My, xeR k=12,...,m
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Let us define the operator A* : PC'[J,R] — PC'[J,R] by

1 1
(A*x)(t) = ﬁj‘o(l —s)h(s, x(s),x'(s))ds - ﬁj‘o (n-s)h(s,x(s),x'(s))ds

- J‘;(t —s)h(s, x(s),x'(s))ds + Z [Jie(x(te)) + (t- tk)fk (x(t))] (2.27)

O<tr<t

a2 (@ (e10) + [(110) ~ e =0T (x(80))

By (2.26), we have

1
1-an

a

1 1
(A*x)(t) < fo(l - s)|h(s,x(s),x'(s))|ds + Io (1 -s)|h(s,x(s),x'(s))|ds

1-an

[ 0= 9lhe 2, ¥ @) lass SO+ (0= 0x(e)]

2 -
*1 —aﬂkz:;“]k(x(tk))' + [T (x (t) ]
M 1 1 1
S 1—[31[11 [§+§aq2+§+2m+4m]
< 1¥;ﬂ[3+6m], te],
* .\ 1 ! ! a K ’
(A*x) (t) < ] —“71.[0(1 —s)|h(s, x(s),x'(s))|ds + : _aﬂjo(q— s)|h(s, x(s),x'(s))|ds
1 mo_ m _
o [[nts 2@l s ST + 12 S + T )]
0 o) i

M,y
“l-an

1 1
§+§a7’l2+1+5m:|

M,
<
“l-an

[5m+3], teJ.
(2.28)

From (2.28), we have ||A*x||pct < (M;/(1 - an))[11m + 6] for each x € PC'[J,R]. Let Ry =
(M1 /(1 - an))(11m + 6) + 1. Then, A*(PC'[J,R]) C B(8, Ry). By the properties of the Leray-
Schauder degree, we have

deg (I - A*,B(6,R),0) = 1. (2.29)
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Thus, A* has at least one fixed point xy. From Lemma 2.7, xq satisfies

xg(t) + h(t,xo(t), x,(£)) =0, t#ty,
Axoli=s, :{k(xo(tk)), k=1,2,...,m 230)
Ax6|t:tk =Ji(xo(tx)), k=1,2,...,m,
x0(0) =0 = xo(1) — axo(n),

Step 2. Next, we will show that

x<x0<p, (2.31)
-L <x, < L. (2.32)
We first show that
a(t) <xo(t) <P(t) Vie]. (2.33)

To begin, we show that xy(t) < B(t) for all t € J. Suppose not, then there exists ¢ € J such that

xo(t') > B(t’). Set w(t) = xo(t) - B(t) for t € J. There are a number of cases to consider.
(1) w(0) = SUP;; w(t) > 0, then, we have

0 < w(0) = x0(0) - B(0) = —p(0) <0, (2.34)

which is a contradiction.

(2) w(l) = SUPye; w(t) > 0; assume without loss of generality that a > 0 and B(l) =
Bi,(1) for some iy € {1,2,...,n}, then, we have

0 <w(1) = x(1) = By (1) < axo(n) - apy, (1) < axo(y) - aP(n) = aw(y) < aw(l),  (2.35)

which is a contradiction.

(3) There exist kg € {1,2,...,m,m + 1} and 79 € (tk,-1,tk) such that w(m) =

sup,c;w(t) > 0. Assume without loss of generality that B(m) = Piy(m) for some iy €
{1,2,...,n}. We have the following two cases:

(BA) Bj(0) > Pi,(T0) for each j € {1,2,...,n} and j #io;

(3B) there exists jo € {1,2,...,n}, jo#io such that B (10) = B;, (70).

For case (3A), there exists 69 > 0 small enough such that [y — 6o, To + 60] C (tx,-1, tk,)
and

w(t) = xo(t) = Biy (£), t € [10— 60,70+ Eo]- (2.36)
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Then, w € C?[1y — 6o, To + 6], w(Tp) is the maximum of w on [1y — &y, To + 89]. Thus, w' (1) =
0, w"(1) < 0. By (2.30), we have

02 w"(m) = x(0) = B (10) = =h(70, %0(70), %0 (70)) = i, (%0)

= =f (70, iy (70). i, (70)) = By (7o),

(2.37)

which is a contradiction.
For case (3B), set wi (t) = xo(t) - pj,(t) for t € (tx,-1,tx,). Forany t' € (t,-1,tx,), we have

w1 (70) = x0(70) = Pjs (T0) = x0(70) = Piy (70) = w(70)

_ (2.38)
>w(t') = xo(t) - p(t') > x0(t') - fjy (') = wi(t).

This implies that w;(7p) is a local maximum. Since w; € C?(tyy-1,tr,), then wi (1) = 0,
w! (1) < 0. Therefore,

0> wj(m) = x4(70) = B}, (70) = £ (70, Bjo (70), B}, (70)) = P, (70) >0, (2:39)

which is a contradiction.

(4) There exists ko € {1,2,...,m} such that w(fy,) = sup,; w(t) > 0. Without loss of
generality, we may assume w(T) < SUP,; w(t) foreach T € (tx_1,tx) and k € {1,2,...,m,m +
1}. (Otherwise, if there exists 7y € (tk,-1,tk,) for some ko € {1,2,...,m,m + 1} such that
w(1y) = sup,. 7 w(t), then we can get a contradiction as in case (3)). In this case, we have the
following two subcases:

(4A) there exists iy € {1,2,...,n} such that f; (t,) < pj(tx,) for j =1,2,...,nand j #io;

(4B) there exists a subset {ny,n,,...,ns} € {1,2,...,n} such that

B(t,) = B, (t,) = Brs (tiy) = -+ = B, (tx,), (2.40)

while g (t,) > ﬁ(tko) foreachl e {1,2,...,n}\ {n,ny,...,ns}, s >2.
First, we consider case (4A). Since I, is increasing on R, then

Piy (t,) = Pio (tk,) + Iy (Bi (b)) < B (i) + I (Bj (t0)) = Bj(t5,),  J #1o. (2.41)

Then, there exists 6y > 0 small enough such that ﬁ(t) = i, (t) for t € [t, — 6o, tk, + Oo] and
so w(t) = xo(t) — i, (t) for t € [tx, — o, t, + Oo]. Since P, (t) is a strict upper solution, we
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have

w(ty,) = xo(t,) = Pio (t,)

= [xo(tko) + Jko (xo(tko))] - [ﬁio (tko) + I, (ﬂio (tko))]

= [xo (tko) - Bi, (tko)] + Uko (xO (tko)) = Ix, (ﬂio (tko))] (242)
= w(tko) + [Iko (ﬁio (tko)) = I, (ﬂio (tko))]
= w(tko).

Since w(T) < w(ty,) for each T € (tx,-1,tk,), then we have w'(ty,) > 0. Similarly, we have
w’(tzo) < 0. Therefore,

0>w'(t) = (t,) - B, (t,)
> [xé)(tko) +7ko (xo (tko))] - [ﬁ;o (tko) +Tko (ﬁio (tko))] (2.43)
= w,(tko) + [Tko (ﬁio (tko)) _Tkn (ﬁio (tko))] = wl(tkn) 20,

which is contradiction.
Now we consider case (4B). Since I, is increasing, then we have

B(te) = P () = B (£,) =+ = P, (8,), (2.44)

while ﬁl(tzo) > ﬁ(t;o) foreach ! € {1,2,...,n} \ {ny,ny,...,ns}. For case (4B), we have two
subcases:

(4Ba) there exists 69 > 0 small enough and iy € {ny,ny,...,ns} such that g;, (t) = p(t)
fort € [tx, — 6o, tk, + O0;

(4Bb) there exists 69 > 0 small enough and iy # jo, io, jo € {11, 12, ..., ns} such that

_ W), t€ [t — 60, tk],
ﬂ(t)={p() € o = ot (2.45)

ﬂfo (t)/ te (tkoftko + 60]

For case (4Ba) as in case (4A), we can easily obtain a contradiction. For case (4Bb), we have

w(t) = (2.46)

{xo(t) - Bi,(t), tE€E [t — 0, tk],

xo(t) = Pjs (1), t€ (ty, i, + B0
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In the same way as in the proof of case (4A), we see that w(tzo) = w(ty,), w'(tx,) > 0 and we
have w'(t; ) < 0. Note that ﬂ;o (tk,) < P, (tk,), and we have

02w (t,) = x(t,) = F;, (£,)

= [xé)(tk()) + Axaltztko] - [ﬁ;g (tkU) + Aﬁ}uhztko]

> [x(tr) = B, (to) ] + [T (%0 () = Ty (B (£))] (2.47)
> x(ty) = By (o) + [T (B (1)) = T (B ()]
= wl(tko) 20,

which is a contradiction.

(5) There exists a kg € {1,2,...,m} such that w(tzo) = supte]w(t) > 0. Without loss
of generality, we may assume that w(7) < w(tzo) for each k € {1,2,...,mm+ 1} and T €
(tk-1,tx). We have two subcases:

(5A) there exists ip € {1,2,...,n} such that ﬁio(tzo) < ﬂj(tzo) for each j #ip;

(5B) there exists a subset {n1,n,,...,ns} C {1,2,...,n} such that

B(te) = P () = B (8,) =+ = B (8,), (2.48)

while ﬂl(%) > ﬁ(t;ﬂ) foreachl e {1,2,...,n}\ {ny,ny,...,ng}, s > 2.
Since I, is increasing, then for case (5A), we have

ﬁio (tko) < ﬂj(tko) (] 7 io), x0<tk0) > ﬁio (tko)/ (2-49)

and for case (5B), we have xq(t,) > B, (tx,) and
ﬁ(tko) = ﬂ"ll (tko) = ﬁnz (tko) == ﬂns (tko)/ (2.50)

while f;(tg,) > B(tko) foreachl € {1,2,...,n}\ {ny,ny,...,ns}. Therefore, we can use the same
method as in case (4) to obtain a contradiction.

From the discussions of (1)—(5), we see that x((f) < ,B(t) for t € J. Similarly, we can
prove that a(t) < xo(t) for t € J. Thus, (2.33) holds.

Next, we prove that & < xg < f. If the inequality xo < 8 does not hold, then either
there exists 7y € J such that x¢(7) = f(0) or there exists ko € {1,2,...,m} such that xo(tio) =

ﬁ(tzo). Set w(t) = xo(t) - B(t) for t € J. Then, we have either w(7y) = SUp;c; w(t) or w(tzo) =
sup,.; w(t) for some ko € {1,2,...,m}. Essentially the same reasoning as in (1)—(5) above

yields a contradiction. Thus, xy < B Similarly, & < xp. Consequently, (2.31) holds.
Step 3. Now, we show (2.32). Suppose not, then we have the following two subcases:

(I) there exists s; € J such that |x;(s1)| > L;
(IT) there exists ko € {1,2,...,m} such that |x6(t;0)| > L.
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We only consider case (II). A similar argument works for case (I). We may assume
without loss of generality that x;(t; ) > L. By the mean-value theorem, there exists s, €
(tiy, tiy+1) such that

X0 (tk0+1) - Xp (tko) § maxi<i<p SUP;¢; Pi(t) — mini<ic, infrey ai(t)

<A<L. (251)

xo(s2) =

tkor1 — tko Ho

Let L; be such that Ly < Ly < L, then, there exist s3,s4 € (tx,, s2] such that s3 < sy, x((s3) = L1,
x,(s4) = A, and A < x;,(s) < Ly for s € [s3, 54]. Therefore,

|x5(5)] = [(s,x0(5), x0(5))| = | £ (5, %0(5), xp(s))| < D(xp(s)), s € [sa,5].  (252)
Consequently,
M?iﬁf?d‘ f Mﬁgws‘fi%@MS:%@Q—XM%)<x (2.53)
. 0 S3
On the other hand,

% xy(8)x5(s) ‘

53 ¢(x0(s)>

L e ‘ zJ‘ —ds >, (2.54)

which is a contradiction. Thus, (2.32) holds.

Step 4. From the excision property of Leray-Schauder degree and (2.29), we have
deg (I- A*,Q,0) =deg (I - A*,B(6,R),0) =1. (2.55)

From (2.31) and (2.32), we see that Ax = A*x for each x € Q, and so

deg(I-A,Q,0)=1. (2.56)

The proof is complete. O
Remark 2.9. From the proof of Theorem 2.8, we see that A has no fixed point on 0.

Theorem 2.10. Suppose that (Hy), (H1) hold, uy (t), us(t) are strict lower solutions, v, (t), vo(t) are
strict upper solutions, uy < v1 < vy, Uy < Vg, Up(t') > v (') for some t' € J, and f satisfies Nagumo
condition with respect to [uy,vo]. Moreover, the strict lower solutions u;(t), ux(t) are well ordered
whenever I (x) #0 or Tjo (x) #0 for some iy, jo € {1,2,...,m} and some x € R. Then, (1.1) has at
least three solutions x1, x>, and x3, such that

u <x1 <0y, u; < xp <0y, Uy < x2 <0, u; < x3 <0y, (257)

and v1(s1) < x3(s1), x3(s2) < up(sy) for some s1,s; € J.
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Proof. Set a(t) = max{u(t), uz(t)} for t € J, and a(t;) = max{u;(t]), uz(t;)} for each k €
{1,2,...,m}. From Theorem 2.8, we see that there exist R > 0 and L > 0 large enough such
that

deg (I-A,Gy,0) =1,
deg (I - A,Gy,0) =1, (2.58)
deg (I-A,Gy,0) =1,

where Gy = {x € BO,R) | u1 < x <vy, —L <x' <L},G; = {x € BO,R) | 1 < x <
v, —L<x'<L},and G, = {x € BO,R) | «a < x < vy, — L < x' < L}. Then, A has fixed
points x; € G; and x; € G, respectively. From the conditions of Theorem 2.10, we see that
GiNG, = @. Let wy(t) be a continuous function on | such that its graph passes the points
(0, (vo(0) +v1(0))/2) and (¥, (v1(t') +u1(t')) /2), and satisfies u; < wy < vy. By the well-known
Weierstrass approximation theorem, there exists w; € C*[0,1] such that

o) —ui(t) vy(0) —v1(0) 1 1
|w1<t>—wO<t>|<mm{ () l) o0 o ’,ano-vonm,;nwo—ulnm}, teJ.

(2.59)

It is easy to see that wq € Gg \ (El U Ez), and so Gg \ (61 UG,)isa nonempty open set. Note
A has no fixed point on 0Gy, 0G1, and 0G,. From (2.58), we have

deg (I-A,Go \ (G1UG,),0)=deg (I-A,Gy,0) — deg (I-A,G1,0) —deg (I-A,G,,0) = -1.
(2.60)

Thus, A has at least one fixed point x3 € Go \ (61 U Ez). Since x3 ¢ G; U Gy, then there exist
s1,52 € J such that v1(s1) < x3(s1) and x3(s2) < uz2(s2). The proof is complete. O

Remark 2.11. Theorem 2.10 is a partial generalization of the main results of [16, Theorem 2.2].
Here, we do not need to assume that u, satisfies 1, < up < vy.

Remark 2.12. The position of u1, up, v1, vy in Theorem 2.10 can be illustrated roughly by
Figure 2.

Remark 2.13. The relationship of u;, us, v1, vpis different from that of [12, Theorems 9 and
10].

Similarly, we have the following result.

Theorem 2.14. Suppose that (Hy), (Hi) hold, ug, uy are strict lower solutions of (1.1), v and v,
are strict upper solutions of (1.1), ug < w1 < vy, g < v, V2(t') < uy(t') for some t' € J, and f
satisfies Nagumo condition with respect to [ug, v1]. Moreover, the strict upper solutions vy (t), va(t)
are well ordered whenever I;(x) #0 or Tjo(x) #0 for some ip, jo € {1,2,...,m} and some x € R.
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Figure 2: The position of uy, 1z, v1, vy in Theorem 2.10.

Then, (1.1) has at least three solutions x1, x2, x3 such that

u <x1 <0y, Uy < xp <01, Uy < xXp <0y, Uy < x3 <01, (2.61)

and v2(s1) < x3(s1), x3(s2) < u1(sy) for some s1,s; € J.
From Theorems 2.10 and 2.14, we have the following Theorem 2.15.

Theorem 2.15. Suppose that (Hy), (H1) hold, ug, w1, up are three strict lower solutions of (1.1),
v, U1, Uy are three strict upper solutions of (1.1), up < u1 < v1 < vy, Uy < Uy < TV < Ty,
upy(t') > v1(¥'), va2(t") < uy (t") for some t',t" € J, and f satisfies Nagumo conditions with respect to
[uo, vo]. Moreover, the strict lower solutions uy, uy, up and the strict upper solutions vy, v1, v, are
well ordered whenever 1;,(x) #0 or Tjo (x) #0 for some iy, jo € {1,2,...,m} and some x € R. Then,
(1.1) has at least eight solutions.

Proof. Now Theorem 2.10 guarantees that (1.1) has at least three solutions x;, x, x3 such that

u <x1 <7y, u; < xp <0y, Uy < x2 <0, u; < x3 <0y, (262)

and v1(s1) < x3(s1), x3(s2) < uz(sy) for some s1,5; € J.
Also (1.1) has at least two solutions x4 and x5 such that

Uy < X4 <V, Uy < x5 < 0y, (263)

and v;(s3) < x5(83), x5(s4) < u1(s4).
Now Theorem 2.14 guarantees that (1.1) has at least two solutions x4, x7 such that

Uy < X <02, Uy < xX¢ <01, Uy < xy <0, (2.64)

and v1(s5) < x7(85), x7(S6) < U2(86)-

Also (1.1) has at least one solution xg such that uy < xg < ©v; and v(s7) <
xg(s7), xg(ss) < ui(sg) for some sy,s3 € J. It is easy to see that x,x,,...,xs are distinct
eight solutions of (1.1). The proof is complete. O
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Figure 3: The position of ug, 11, ua, vy, v1, v in Theorem 2.15.

Remark 2.16. The position of uy, ui, uz, vo, v1, v, in Theorem 2.15 can be illustrated roughly
by Figure 3.

3. Further discussions

For simplicity, in this section, we will always assume that
Li(x)=I(x) =0, xeR, ke({l,2,...,m}. (3.1)

In this case, (1.1) can be reduced to the following three-point boundary value problem

y'+f(ty®),y®))=0, te(0,1),

(3.2)
y(0)=0=y(@1) -ay(n),

where0 < <land0<a<1.

In this section, we will use the following assumptions.

(A1) Suppose that u;, u, are two strict lower solutions, vy, v, are two strict upper
solutions of (1.1), u; < vy, uy < v, and us(s1) > v1(s1), u1(s2) > va(sy) for some sy, s, € J.

Recently, this multipoint boundary value problem has been studied by many authors,
see [16, 17, 19-21] and the references therein. The goal of this section is to prove some
multiplicity results for (3.2) using the condition of two pairs of strict upper and lower
solutions. As we can see from [13], some bounding condition on the nonlinear term is needed.
Instead of the space PC! [J,R], in this section we will use the space C!(J). First, we have the
following theorem.

Theorem 3.1. Suppose that (A1) holds, and
|f(t,x,y)| <Dy, (tx,y)€] xR (3.3)

for some Do > 0. Then, (3.2) has at least eight solutions.
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Proof. First, we show that there exist strict lower and upper solutions 1, vy such that

Uy <u;<v;<vy, i=1,2. (34)

Let agp > |luallc + |[u2llc + ||oallc + ||o2]lc + 1. Now, we consider the following boundary value
problem:

vty + Dy =0, te(0,1),

(3.5)
v9(0) = ag = vo(1) — avo (7).
Let
1-an+at
gi(t) = Toap te],
, (3.6)
B t __an t B 1 )
&) = a0y " a-an 2 L€
By Lemma 2.7, we have
1 n t
vo(t) = q1(H)ap + Dot f (1-s)ds - aDot j (n—-s)ds - Dof (t-s)ds
1_a71 0 1_0”1 0 0 (37)

=g1(t)ao + (t)Dy, te].

It is easy to see that g1(t) > 1 and g (t) > O for each t € J. Thus, vy(t) > ao for each t € J,
and therefore, u; < vy, v; < vy for i = 1,2. On the other hand, from (3.5), it is easy to see
that vy is a strict upper solution of (1.1). Similarly, we can show the existence of 1. Then, by
Theorem 2.15, the conclusion holds. O

Remark 3.2. Obviously, the condition (3.3) is restrictive. In the following, we will make use
of a weaker condition. We study the multiplicity of solutions of (3.2) under a Nagumo-
Knobloch-Schmitt condition. For this kind of bounding condition, the reader is referred to
[13].

Theorem 3.3. Suppose (A1) holds, and there exists function By, 2 € C1(J), p1 < Pa such that
Pr(t) Sui(t) < pa(t),  Pu(t) <vi(t) < palt), te], (3.8)
—f(t,x, (1)) <Bi(t), —f(t,x,Ba(t)) > P5(t), (tx)€]x[s2,5], (3.9)

Bl € ~7=Do € Dy < oD, (310)
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where Do = maX,x,y)efx[sys1]xk | f (5 Y, @&y = luallc + lloalle + [uzlle + [lo2llc,

1 1
s2 = —j |Btldt—y, s = f o) dt +,
0 0
pa(t), y>pa(t), (3.11)

¢ty =1y, fi) sy <pad),
pit), y <pu(®).

Then, (3.2) has at least eight solutions.

Proof. Let p(x) = max{s,, min{x, s;}} for each x € R, and
ftxy) = f(bp(x0),9ty), (Lxy) €] xR (3.12)
Now, we consider the following boundary value problem:

v+ f(Ly®),y®) =0, te(01),

(3.13)
y(0) =0=y() - ay(n).

From (A7) and (3.8), we see that u;, u, are strict lower solutions of (3.13), and v; and v,
are two strict upper solutions of (3.13). By Theorem 3.1, (3.13) has at least eight solutions
X1,%2,...,xs. We need only to show that x1, x3, ..., xg are solutions of (3.2). We claim that

BLD <) <Palt), €] i=12,...,8. (3.14)

We only show that x7 (t) < fa(t) for t € J. If x| (') > fao(t') for some t' € ], then maxey z(t) =
z(tp) > 0 for some ty € ], where z(t) = x| (t) - fa(t) for t € J. If to € [0,1), then z'(ty) <0, and
S0

0> 2'(to) = x{(to) — B3 (o) = —f" (to, x1(to), X (o)) — P> (to)
= —f(to, p(x1(t0)), P (to, x (o)) = P> (to) (3.15)
=—f(to, p(x1(t0)), P2(t0)) = P> (to),

which contradicts (3.9).
From Lemma 2.6, we have

at
1-an

t (! . , " . ,
x1(t) = mj‘o(l =) f*(s,x(s),x'(s))ds - Io (n—-3)f*(s,x(s),x)(s))ds

t (3.16)
- fo(t -5)f*(s,x(s),x1(s))ds,
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and so

1
1-an

[24

X0 < |4 0] < | jl<1—s>ds+ fﬂm—s)dsn]s 2 _Dy<p1).  (317)
0 0 1

1-an —an

This implies that ¢y # 1. Therefore, (3.14) holds. Integrating (3.14), we have

1 1
sy < _J‘olﬁl(t)ldt <xi(t) < f0|ﬁ2(t)|dt <s, tej. (3.18)

From (3.13)-(3.18), we see that x1, x, .. ., xg are eight solutions of (3.2). The proof is complete.
O

Remark 3.4. We also can replace (3.3) by other bounding conditions, see [13].

Remark 3.5. To end this paper, we point out that the results of this paper can be applied to
study the multiplicity of radial solutions of elliptic differential equation in an annulus with
impulses at some radii.
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