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1. Introduction

Initial boundary-value problems for hyperbolic and parabolic type equations in a cylinder
with the base containing conical points have been developed sufficiently by us [1-4], the main
results of which are about the unique existence of the solution and asymptotic expansions of
the solution near a neighborhood of a conical point. However, those problems mentioned
above in cylinder with base containing cuspidal point, also interesting for applied sciences,
have not been studied yet.

In the present paper, we are concerned with the first initial boundary value problems
for higher hyperbolic equation in a cylinder, whose base containing cuspidal points.

In [5, 6] we showed the existence of a sequence of smooth domains {Q¢},., such that
Qf ¢ Q and lim,_,0Q¢ = Q. Furthermore, we proved the existence, the uniqueness, and
the smoothness with respect to time variable of the generalized solution by approximating
boundary method, which can be applied for nonlinear equations. With the help of the results
in [5, 6] as well as the results for elliptic boundary value problems in [7, 8], we can deal with
the regularity with respect to both time variables and spatial ones of the solution.
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Our paper is organized as follows: in Section 2, we introduce exterior cusp domain
and weight Sobolev spaces. In Section 3, we will state the formulation of the problem. The
main results, Theorems 4.3, 4.6, and 4.7, are stated in Section 4, and examples are given in
Section 5.

2. Cusp Domain and Weighted Sobolev Spaces

Let ¢ be an infinitely differentiable positive function on the interval (0,1] satisfying the
following conditions:

(1) limT_)o(p(T)k_l(p(T)(k) <o fork=1,2,...,
(ii) [o(dT/(T)) = +o0.
These conditions are satisfied; the function ¢(7) = 7% if & > 1 is an example. Obviously,

conditions (i) and (ii) imply ¢(0) = 0. We assume that Q is a bounded domain in R”, 0Q\ {O}
is smooth, and

{(xeQ:x, <1} ={xeR":x, <1, x' € p(x,)w}, (2.1)
where x' = (x1,...,x,-1) and w is a smooth domain in R*"!. Then the mapping

Xj
‘P(xn)l

_fl dr
A ey

takes the set {x € Q : x,, < 1} onto the half-cylinder C, = {y e R" : ¢/ € w, y, > 0} =
w x (0,+00). Moreover, it follows that

y]'= j=1,...,n—1,

(2.2)

oy; n
det <a—x’<> ' = (P(xn) . (23)
jk=1,..n

,,,,,,

We extend the functions ¢ to an infinitely differentiable positive function on the interval
(0,+00). The space H, é/y(Q) can be defined as the closure of the set C*(Q \ {O}) with respect
to the norm

1/2
IIuIIH;W(Q)=< Zezﬂwnhp(xn)zw-“'“>|D“u|2dx> . (2.4)

Qlal<i

It is known that u € Hé/y(Q), then ¢*u € Hé,y_k(Q) (see [7, Lemma 9.1.4]).
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We also denote by H(€2) the Sobolev space of functions u = u(x) and x € Q that have
generalized derivatives D*u € L,(£2), |a| < I. The norm in this space is defined as follows:

1/2
lull o) = <f Z|Dau|2dx> ) (2.5)
Q|a|=0

The space H'(Q) is the completion of Cy (L) in norm of the space H H(Q).

Set Qr = Qx(0, T); we proceed to introduce some functional spaces. Let X, Y be Banach
spaces, we denote by L, (0, T; X) the spaces consisting of all measurable functionsu : (0,T) —
X with norm

. 172
lullLy0rx) = <JO||”(f)||§<dt> , (2.6)

and by H k(0,T;X,Y), k =1,2, the spaces consisting of all functions u € L,(0, T; X) such that
generalized derivatives uy = u®) exist and belong to L,(0,T;Y), (see [9]), with norms

. 1/2
2 2
ol o,7.x,v) = <||u||L2(O,T;X) + Z””HHLZ(O,T;Y)> . (2.7)

j=1

For shortness, we set

VIQ) =H),(Q),  V'(Qr)=H*(0,T;V(Q), L»(Q)),

2.8
H'"N(Qr) = H'(0,T; H(Q), L(Q)), H;,’/’;(QT)=Hk<0,T;Hély(Q),L2(Q)>. @8)

Finally, we define the weighted Sobolev space H ;,/Y (Qr) as a set of all functions defined in Qr
such that

1/2
_ 28y(%a) 1y Y21yl ) 2
el or) = <IQ D, g (xy) |D*up|*dx dt> < +00. (2.9)

T |a|+k<I

To simplify notation, we continue to write V!(Qr) instead of Hé 0(Qr).

3. Formulation of the Problem

Let us consider the partial differential operator of order 2m

L(x,t;D0) = Y, Di(ag(x, DY), (3.1)
la,|p|=0
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where a,p are functions with complex values, a,s = (—1)‘“‘”’5 |a*,xp (a*ap denotes the trans-

posed conjugate of a,p) and a,g are infinitely differentiable in Q7. Moreover, we assume that
the functions

Gap(y,) = 9(x (1)) M ans (x(y). ) (32)

satisfy the condition of stabilization for y,, — +oo fora.e.tin (0,T) (see [7, Section 5.5]). Then
the coefficients of the operators i(y, t; Dy), which arise from operators (p(xn)2mL(x, t; D) via
the coordinate change x — 1y, stabilize for y, — +oco. If we replace the coefficients of the
differential operator L(y,t; D,) by their limits for y, — +oo, we get differential operator
which has coefficients depending only on i’ and ¢ (for the convenience in use, we denote also
by L(y',t; Dy, Dy,)).

In the paper, we usually use the following Green’s formula:

J‘ L(x,t; Dy)uv dx = B(u,v ;t) (3.3)
Q
which is valid for all u,v € C{°(Q2) and a.e. t € (0,T), where

B(u,v;t)= > (—1)'“'j aap(-, ) Diu DI dx. (3.4)
el |]=0 ¢

We also suppose that the form B(:,-;t) is H™(Q)-elliptic uniformly with respect to
t € (0,T), that is, the inequality

(~1)"B(w,u ;) > yoll[ullime (3.5)

is valid for all u € H "(Q) and all t € (0,T), where yp is the positive constant independent of
u and t. In this paper, we consider the following problem:

-1)"'"Lu-uy = f inQr, (3.6)
u=0, =0 on§&, (3.7)
8u=0 onSr, j=01,..,m-1, (3.8)

where f € L,(Qr) and 6{,1,1 are derivatives with respect to the outer unit normal of St =
oQ\ {0} x (0,T).
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Definition 3.1. A function u is called a generalized solution of problem (3.6)—(3.8) if and only
if u belongs to H™!(Qr), u(x,0) = 0, and the equality

™ty (—1)'“'f aqpDh uDn dx dt +f w , dx dt= | fi dx dt (3.9)
|, |B1=0 Qr Qr Qr

holds for all 17 € H™(Qr), 5(x, T) = 0.

The existence, the uniqueness and the smoothness with respect to the time variable

for the generalized solution of problem (3.6)—(3.8) in the Sobolev space IiIm'l(QT) were
established in [5, 6] according to following theorems:

Theorem 3.2. Assume that f € L,(Qr), and there exists a positive number p such that
aa,,,ﬁ
sup{ ‘ Doy

Then problem (3.6), (3.8) has the unique generalized solution u € H™(Qr), and the following
estimate holds

7

agp| : (x,1) € Qr,0 < |al, | B] Sm} <p. (3.10)

where C is a constant independent of u and f.
Theorem 3.3. Suppose that the following hypotheses are satisfied:
(i) ok f/otk € Lr(Qr), k < h;
(ii) o f/0tK|izo = 0,x € Q k< h-1;
(iii) sup{|6kaaﬂ/atk|,k <h:(x,t) €Qr,0< |al|fl <m} < p.

Then the generalized solution u € H™'(Qr) of problem (3.6), (3.8) has generalized derivatives with
respect to t up to order h in H™'(Qr) and satisfies the following estimate:

h
o1 < C XM fix 7y (3.12)
k=0

where C is a constant independent of u and f.

Owing to the support of the following proposition, we can apply the results of the
Dirichlet problem for elliptic equation in domains with exterior cusps.
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Proposition 3.4. Suppose that u = u(x,t) is a generalized solution of problem (3.6)—(3.8) and uy €

Ly(Qr). Then for a.e. t € (0,T), u(t) = u(-,t) is a generalized solution in H™(Q) of the Dirichlet
problem for elliptic equation

L('rt;Dx)u = fl('/t)/ (313)

where f1 = (=1)" " (uy + f).

Proof. Let {i} i, be an orthogonal basis of the space Iilm (Q). Setting 7n7(x,t) = ¢ (x)0(t),
where 6 € C7°(0,T), and substituting the function 7(x, ) into (3.9), we conclude that

f [ i (-1)" a3 DE uDZgsy + (~1)" (uy Gix + f@)] O(t)dx dt = 0. (3.14)
Q1 jal)p|=0

We will denote by

é(t>=f i (-1)ags D uDZgsy + (=1)" (u G + f5) | dx, (3.15)
€ Ljal|p=0

that ¢(t) € L»(0,T). Noting that 6 € Cy(0,T) and using Fubini’s theorem, we obtain from
(8.14) that ¢ = 0in (0, T) \ Ex, where Ej is a set of measure zero. Since {¢};-; are dense in

H” (), the following equality

f S (-1)agD’ uDiy dx = (—1)"“[ (s + ) dx (3.16)
Qlal,|p|=0 Q

holds for all ¢ € I(-)I m(Q), forallt € (0,T)\U72, Ek. It follows that u(t) is a generalized solution
in chI "(€2) of the Dirichlet problem for elliptic equation (3.13), for a.e. t € (0,T). O

4, The Main Results

In this section, we would like to present the main results of the study which is based on our
previous results (cf. [5, 6]) and the results of elliptic equations in cusp domains (cf. [7]). For
the start of this section, we denote by U(\, t) (A € C,t € (0,T)) the operator corresponding to
the parameter-depending boundary value problem

i(y’,t; Dy, )u=0 inw; Olu=0 on dw, j=1,...,m-1. (4.1)

For each t € (0,T), we have the operator pencil U(A,t) to be Fredholm, and its spectrum
consists of a countable number of isolated eigenvalues. Similarly to Theorem 9.1.4 in [7], we
have the following lemma.
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Lemma 4.1. Assume that fi € H l’;y(Q), where B,y are real numbers. Additionally, the authors
suppose that no eigenvalues of U(A,t),t € (0,T) line in strips ReA- < Red < Re ), and Re A <
p < Re,, where Xy and A_ are eigenvalues of U(A, t), and Re A_ < 0 < Re .. Then the generalized
solution u of the Dirichlet problem for elliptic equation (3.13), such that u = 0 if x,, > 1, belongs to
the H é;‘*k(Q) and satisfies the inequality

2

where the constant C is independent of fi.

Proof. Setting
wr = @(T)w (4.3)

by the Friederichs inequality, we have

2
f lu*dx’ < Co(1)* Z ’[ DJYC,u| dx'; (4.4)
“r [y[=k"
therefore,
2
(p(xn)z(m_m)J‘ |D§,u| dx' <C Z f |Df§,u|2dx' (4.5)
Wxp |a|=m" Wxy
for all |y| < m. Hence,
2
S [ gt |pufar<c S | piubax 46)
Iylsm? @ lal<m?’ 2

Let v = v(y) be the function which arises from (p(xn)m_"/ 2u(x) via the coordinate

change x — y. We set 9(y,) = ¢(x,); then from the properties of the mapping (2.2) and from
inequality (4.6), it follows that () ™™/?v € H™(C,). Since (¢) ™"/?v is the solution of an
elliptic equation in C, with coefficients which stabilize for y, — +oo, that s,

i(a)—mﬁ-n/zv — fl, (47)

where fi = (§)*"f1, we obtain (p) ™"/*v € H*"*(C,)(cf. [7, Lemma 5.5.3]). This implies
ueH 2’”*;’;((@). Using the fact that

0,m

o)) s, (48

as x, — 0,if 0 < € <, we conclude that u € H EZ‘; k(Q). From Corollary 9.1.1 in [7] it follows

thatu € H ;’;‘*k(Q). Furthermore, (4.2) holds. O
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Lemma 4.2. Suppose that f, fi € L,(Qr), f(x,0) = 0, and the strip Re A- < Re A < Re A, does not
contain eigenvalues of U(A, t),t € (0,T). Then the generalized solution u of problem (3.6)—(3.8), such
that uw =0 if x, > 1, belongs to the V*™2(Qr) and satisfies the inequality

2 2
lulfyznin) < €[ T i0m + il 0 ) (49)

where the constant C is independent of f.

Proof. Using the smoothness of the generalized solution of problem (3.6)—(3.8) with respect

to t in Theorem 3.3 and Proposition 3.4, we can see that for a.e. t € (0,T), u € H™(Q) is the
generalized solution of Dirichlet problem for (3.13) with fi; = uy + f € Ly(Q) = Hg/O(Q) =
VO(Q). From Lemma 4.1, it implies that u € V?"(Q) for a.e. t € (0,T) and satisfies the
inequality

lulieniey < Cull Al < C(IA Euiqy + Il e)- (410)

By integrating the inequality above with respect to ¢ from 0 to T, and using the estimates for
derivatives of u with respect to t again, we obtain u € V?"2(Qr), which satisfies inequality
(4.9). O

Theorem 4.3. Let the assumptions of Lemma 4.2 be satisfied, and fx € Lo(Qr), k <2m, fix(x,0) =
0, fork=0,1,...,2m — 1. Then the generalized solution u of problem (3.6)—(3.8), such that u = 0 if
xy > 1, belongs to the V*™(Qr) and satisfies the inequality

2m
lelon @y < €3 1 Trny (4.11)
=0

where the constant C is independent of f.

Proof. Let us first prove that 1 belong to the Vv2mO(Qr) fors =0,...,2m-1and satisfy

2m
It [ma ) < CkZIIftk [ (412)
=0

The proof is an induction on s. According to Lemma 4.2, it is valid for s = 0. Now let this
assertion be true for s — 1; we will prove that this also holds for s. Due to Lemma 4.2, u
satisfies (3.6). By differentiating both sides of (3.6) with respect to t, s times, we obtain

Lug = (1) (fie + up) + (-1)" D’ <Z> Lyttyss, (4.13)
k=1
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where

mn oFaus(x, t)
L =La(x, ;D) = > D;(‘;”T Df). (4.14)
a,p=0

By the supposition of the theorem and the inductive assumption, the right-hand side of
(4.13) belongs to Ly(Qr). By the arguments analogous to the proof of Lemma 4.2, we get
s € V2O (Qr) and

2m
e [Fma ) < € 25 fi i (4.15)
k=0

where C is a constant independent of u, f, and s < m — 1.
By using (4.15) and estimates for derivatives of u with respect to t in Theorem 3.3, we
have

2m-1
2 2 2
||u||V2m(QT) < kz: ||ut"||V2m,0(QT) + ||ut2'"||L2(QT)
=0
(4.16)

2m )
<CY N fellL 0
k=0 O]

Remark 4.4. Let f be a sufficiently small positive number. Suppose that ef¥(») f € L,(Qr),
and the strip Red. < Rel < Rel, contains no eigenvalues of U(\,t), t € (0,T)); then
the generalized solution u of problem (3.6)-(3.8), such that u = 0 if x,, > 1, belongs to the
HETS(QT)‘ In fact, setting u = e P¥()U, we obtain the first initial boundary value problem

which differs little from (3.6)—(3.8). Therefore, U € V?>"(Qr), and then u € H ;TS(QT). Using
the remark above and Lemma 4.1, we obtain the following theorem.

Theorem 4.5. Let the assumptions of Lemma 4.1 be satisfied. Furthermore, the authors assume that
fix € Hg,y(QT), k <2m,and fu(x,0) =0, for k =0,1,...,2m — 1. Then the generalized solution u

of problem (3.6)—(3.8), such that u = 0 if x, > 1, belongs to the H ;Zi,r;(QT) and satisfies the inequality

2m
il n gry < C XM Fecllig oy (4.17)
Y k=0 By

where the constant C is independent of f.

This theorem is proved by arguments analogous to those proofs of Lemma 4.2 and
Theorem 4.3. Next, we will prove the well regularity of the generalized solution of problem
(3.6)—(3.8).
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Theorem 4.6. Let the assumptions of Lemma 4.1 be satisfied. Furthermore, the authors assume that
fix € H;};I,Y(QT)f k <2m+h,and fi(x,0) = Ofor k = 0,1,...,2m+ h -1, h € N. Then the

generalized solution u of problem (3.6)—(3.8), such that u = 0 if x,, > 1, belongs to the Hf,’;’*h(QT)
and satisfies the inequality

2m
2 2
”u”Hf}'}"’*h(Qr) < Ckz:;)”ftk”H[l;,r(QT), (418)

where the constant C is independent of u and f.

Proof. The theorem is proved by induction on h. Thanks to Theorem 4.5, this theorem is
obviously valid for h = 0. Assume that the theorem is true for h — 1, we will prove that it
also holds for h. It is only needed to show that

up € H™%Qr) fors=hh-1,...,0,

Py
5 2m 5 (4.19)
e Wgom< iy < C 2N fie i
' k=0
Differentiating both sides of (3.6) again with respect to t, h times, we obtain
h /h
Lup = (=1)" ' (fir + upez) + (1) <k> Lycugnr. (4.20)
k=1

By the supposition of the theorem and the inductive assumption, the right-hand side of (4.20)
belongs to HB/Y(Q) fora.e.t € (0,T). Using Lemma 4.1, we conclude that us € H;Z:’O(QT). It
implies that (4.19) holds for s = h. Suppose that (4.19) is true fors = h,h—1,...,j+1, and set
v = 1y, we obtain

Lv=Fj, (4.21)

where F; = (~1)"( fi +ou) + (1) Z{(:l(i )Ltkutjfk. By the inductive assumption with
respect to s, vy belongs to HZ;] (Q) for a.e. t € (0,T). Thus, the right-hand side of (4.21)
belongs to HZ;] (Q). Applying Lemma 4.1 again for k = h—j, we get that v = u,; € H;Z,Hh_j (Q)

for a.e.t € (0,T). It means that v = uy belongs to 20

by (Qr). Furthermore, we have

2m
2
||U||§_Il§:+h—j,()(QT) < C||FJ'||H;';’7°(QT) < Ckz:(:)”ftk ||H£),(QT)' (4.22)
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Therefore,
2 2 2
j +h-j < j+ m+h-j— + j m+h-j,
||ut]||H;f;’ e [|1asi 1||th},y o) ||”t!||H;r "0 ()
2m ) (423)
< CZ”ftk”Hg Qr)°

k=0 v

It implies that (4.19) holds for s = j. The proof is complete. O

Now we will prove the global regularity of the solution.

Theorem 4.7. Let the hypotheses of Lemma 4.1 be satisfied. Furthermore, suppose fu € H gy(QT),
k<2m+h,and fx(x,0) =0for k=0,1,...,2m+h—1, h € N. Then the generalized solution u of
problem (3.6)—(3.8) belongs to the HE’;“}‘(QT) and satisfies the inequality

2m
2 2
”u“Hf}'}',Hh(QT) < Ckgo ”ftk ”H;;;Y(QT)/ (424)

where the constant C is independent of u and f.

Proof. We denote by B the unit ball, and suppose that { € C{°(B), and { = 1 in the
neighborhood of the origin O. It is easy to get that

(1" 'L(gu) — (Gu)y = of + Lin, (4.25)

where L; is a differential operator, whose coefficients have compact support in a
neighborhood of the origin. By arguments analogous to the proof of Theorem 4.6, we obtain

2m
2

Set {1u = (1-¢)u, then §1u = 0 in a neighborhood of the origin and u = {u+ (1-¢)u, and using
the smoothness of the solution of this problem in domain with smooth boundary, we get

2m
2 2 2
||§1“||H2m+h(QT) ~ ||§1”||Hl§:?+h(Qr) < C;)”ffk”Hgm(QT)' (4.27)

The proof is complete. O
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5. Examples

In this section, we apply the results of the previous section to the Cauchy-Dirichlet problem
for the wave equation. The assumptions can be described as follows: Q is a bounded domain
inR",0Q \ {O} is smooth,

{(xeQ:0<x,<1}={xeR":0<x, <1, |xX| <@(xn)}, (5.1)

where X' = (x1,...,x,-1), ¢ € C*[0,1), ¢'(x,) — 0, 9(x)¢"(x,) — Oasx, — 0and ¢(0) =0,
and Qr =Qx (0,T), St =0Q\ {O} x (0,T).
We consider the Cauchy-Dirichlet problem for the wave equation in Qr:

Au—utt :f in QT,
u=0, =0 onQ, (5.2)

u=0 onSr, j=01,.... m-1,

where f € ngy(QT). It follows the results of Section 4 that if |f| < z,, where z, is the least
positive root of the Bessel function J(,-3)/2(z), then problem (5.2) has a unique solution u in

H /zs,y(QT) and we have the estimate
Udr
ex — o' (x,
p<ﬁfxn o5 ) as

Moreover, if fix € H;}J(QT), k <2+h,and fux(x,0) =0fork =0,1,...,1+h,thenu € Hf;rh(QT)
and satisfies

2

2
[l

w2 on <€ (53)

L>(Qr)

2
2 2

For the two-dimensional case (n = 2), and letting ¢(7) = 72, we consider problem (5.2)
in the cylinder Qr = Q x (0, T), where Q is a bounded domain in R?,0Q \ {O} is smooth, and

{(x,y)EQ:0<x<1}E{(x,y)eR2:0<x<1,

y| < xz}. (5.5)
Thus, the change of variables
tdr -2
é:‘[x? =X —1, ‘}’l:yx (5-6)

transforms

{(x,y) eQ:0<x<1} ontoCi:={(¢{n):¢(>0,ne(-1,1)}. (5.7)
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With notations v(¢, 7, t) = u(x,y,t), we have

u(x,y) =o(x1-1,yx?), (5.8)
dyu = X200, 6§yu = x‘4a,2mv, Oyt = —=x20;v — 2yx 30,0,
0%, u = X700 + 6yx *0,v + x*46§§v + 4yxi5<3§qv + 4y2x*6afmv
=x* [xaév +6yd,v + 03,0 + 4yx’16§qv + 4y2x_383mv] (5.9)
= x4 [aggv AN+ )70} 0 + 4P+ 1) 2

+ @+ 1) 00 +6n(3 + 1) 70,0)].

Hence, the differential operator A, which arises from the differential operator x*Au via the
coordinate change (x,y) — (¢, 1), turns out to be

Av = o+ Oy 0 +4n(E+1) 710} v+ 4P (§+ 1) 70,0
(5.10)
+(&+1)7'0;0 + 61(E +1) 20,0

Clearly, coefficients of differential operator A stabilize for § — +oo, and the limit differential
operator of A (denoted by A for convenience) is

Av =d}0+0},0. (5.11)

We denote also by U(A) (A € C), the operator corresponding to the parameter-depending
boundary value problem

Oy +A0=0, 9(-1)=9(1) =0. (5.12)

Eigenvalues of U(\) are roots of the Bessel function

1/2
J-172(z) = <é> Cos z; (5.13)

Jv,v > =1 has only real roots (see [10, Theorem 1, page 94]). Therefore, they are

A = % vk, keZ. (5.14)

It is easy to see that A, = /2 is the least positive root of the Bessel function J_;/»(z). From
arguments above in combination with Theorems 4.6 and 4.7, we obtain the following results:
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Theorem 5.1. Suppose that fu € Hg,y(QT), k <2,|p| < /2,y is areal number and fu(x,0) =0,

for k =0, 1. Then problem (5.2) has a unique solution u in Héy(QT), and we have the estimate

2
L(Qr)

2
”u”i(éy(Qr) < CZ”eﬁ(l/x—l)xZthk (5.15)
’ k=0

Moreover, if fu € Hgy(QT), k<2+h,and fu(x,0)=0fork=0,1,...,1+h, thenu € H;*Yh(QT)
and satisfies

2
2 2
etz o gry < Céﬂm (e (5.16)

In case that boundary of  has some cuspidal points, then by arguments analogous to
Section 4, we consequently obtain the similar results.
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