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1. Introduction

Let Q ¢ RN(N > 1) be an open bounded subset with C? boundary 9Q, and let X = L?(Q) be
the space square integrable functions equipped with its natural || - ||, topology. Of concern
is the study of pseudo almost automorphic solutions to the N-dimensional heat equation
with divergence terms

lo+F(1B9)] =29+ G(LBy), 1eRxc (1.1)

p(t,x)=0, teR, x€0Q,

where the symbols B and A stand, respectively, for the first- and second-order differential
operators defined by

R N
B=23- A=3-5 (1.2)

and the coefficients F,G : R x Hé (Q) — L?(Q) are SP-pseudo almost automorphic.
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To analyze (1.1), our strategy will consist of studying the existence of pseudo almost
automorphic solutions to the class of partial hyperbolic differential equations

%[u(t) + f(t, Bu(t))] = Au(t) + g(t,Cu(t)), teR, (1.3)

where A : D(A) ¢ X — X is a sectorial linear operator on a Banach space X whose
corresponding analytic semigroup (T'(t)) is hyperbolic; that is, 0(A) N iR = @, the operator
B, C are arbitrary linear (possibly unbounded) operators on X, and f, g are SP-pseudo almost
automorphic for p > 1 and jointly continuous functions.

Indeed, letting Ay = Agp for all p € D(A) = Hé(Q) N H2(Q), E(p = By = Co for all
¢ € H)(Q),and f = F and g = G, one can readily see that (1.1) is a particular case of (1.3).

The concept of pseudo almost automorphy, which is the central tool here, was
recently introduced in literature by Liang et al. [1, 2]. The pseudo almost automorphy is a
generalization of both the classical almost automorphy due to Bochner [3] and that of pseudo
almost periodicity due to Zhang [4-6]. It has recently generated several developments and
extensions. For the most recent developments, we refer the reader to [1, 2, 7-9]. More recently,
in Diagana [7], the concept of SP-pseudo almost automorphy (or Stepanov-like pseudo
almost automorphy) was introduced. It should be mentioned that the SP-pseudo almost
automorphy is a natural generalization of the notion of pseudo almost automorphy.

In this paper, we will make extensive use of the concept of SP-pseudo almost
automorphy combined with the techniques of hyperbolic semigroups to study the existence
of pseudo almost automorphic solutions to the class of partial hyperbolic differential
equations appearing in (1.3) and then to the N-dimensional heat equation (1.1).

In this paper, as in the recent papers [10-12], we consider a general intermediate space
Xx between D(A) and X. In contrast with the fractional power spaces considered in some
recent papers by Diagana [13], the interpolation and Holder spaces, for instance, depend only
on D(A) and X and can be explicitly expressed in many concrete cases. Literature related to
those intermediate spaces is very extensive; in particular, we refer the reader to the excellent
book by Lunardi [14], which contains a comprehensive presentation on this topic and related
issues.

Existence results related to pseudo almost periodic and almost automorphic solutions
to the partial hyperbolic differential equations of the form (1.3) have recently been established
in [12, 15-18], respectively. Though to the best of our knowledge, the existence of pseudo
almost automorphic solutions to the heat equation (1.1) in the case when the coefficients f, g
are SP-pseudo almost automorphic is an untreated original problem and constitutes the main
motivation of the present paper.

2. Preliminaries

Let X, || - 11), (Y, ]l - ly) be two Banach spaces. Let BC(R, X) (resp., BC(R x Y, X)) denote the
collection of all X-valued bounded continuous functions (resp., the class of jointly bounded
continuous functions F : R x Y — X). The space BC(R, X) equipped with the sup norm | - ||,
is a Banach space. Furthermore, C(R,Y) (resp., C(R x Y, X)) denotes the class of continuous
functions from R into Y (resp., the class of jointly continuous functions F : R x Y — X).
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The notation L(X,Y) stands for the Banach space of bounded linear operators from X
into Y equipped with its natural topology; in particular, this is simply denoted L(X) whenever
X=Y.

Definition 2.1 (see [19]). The Bochner transform f¥(t,s),t € R, s € [0,1] of a function f : R —
X is defined by f?(t,s) := f(t +s).

Remark 2.2. (i) A function ¢(t,s), t € R, s € [0,1], is the Bochner transform of a certain
function f, ¢(t,s) = fb(t,s), if and only if p(t + 7,5 — T) = ¢(s,t) forallt € R, s € [0,1] and
TE[s-1,5s].

(ii) Note that if f = h + @, then f? = h? + @*. Moreover, (Af)" = Af? for each scalar .

Definition 2.3. The Bochner transform Fb(t,s,u),t € R, s € [0,1], u € X of a function F(t,u)
on R x X, with values in X, is defined by Fb(t,s,u) := F(t + s,u) for each u € X.

Definition 2.4. Let p € [1, o). The space BS?(X) of all Stepanov bounded functions, with the
exponent p, consists of all measurable functions f : R — X such that f* € L= (R; LP((0, 1), X)).
This is a Banach space with the norm

t+1 1/p
= b 2.1
L®(R,LP) Stlelf <L If @l dT> . (2.1)

2.1. SP-Pseudo Almost Periodicity

Il = |

Definition 2.5. A function f € C(R,X) is called (Bohr) almost periodic if for each ¢ > 0 there
exists I(¢) > 0 such that every interval of length I(¢) contains a number 7 with the property
that

|f(t+7) - f(t)|| <e foreachteR. (2.2)

The number 7 above is called an e-translation number of f, and the collection of all
such functions will be denoted AP(X).

Definition 2.6. A function F € C(R x Y, X) is called (Bohr) almost periodic in t € R uniformly
in y € K where K C Y is any compact subset K C Y if for each € > 0 there exists I(¢) such that
every interval of length I(¢) contains a number T with the property that

||F(t+7,y)-F(t,y)|| <e foreachteR,yeK. (2.3)

The collection of those functions is denoted by AP(R x Y).

Define the classes of functions PAPy(X) and PAP(R x X), respectively, as follows:

T
PAPy(X) = {u € BC(R,X) : Tlim %’[ lu(s)||ds = 0}, (2.4)
— 00 *T
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and PAPy(R x Y) is the collection of all functions F € BC(R x Y, X) such that
1 (T
1 — = 2.5
TlimeTJ‘THF(t,u)Hdt 0 (2.5)

uniformly inu € Y.

Definition 2.7 (see [13]). A function f € BC(R, X) is called pseudo almost periodic if it can be
expressed as f = h + ¢, where h € AP(X) and ¢ € PAPy(X). The collection of such functions
will be denoted by PAP(X).

Definition 2.8 (see [13]). A function F € C(R x Y, X) is said to be pseudo almost periodic if it
can be expressed as F = G + ®, where G € AP(RxY) and ¢ € PAPy(R xY). The collection of
such functions will be denoted by PAP(R x Y).

Define AAy(R x Y) as the collection of all functions F € BC(R x Y, X) such that
1 (T
im — = 2.6
TILwZTIT||F(t,u)||dt 0 (2.6)

uniformly in u € K, where K C Y is any bounded subset.
Obviously,

PAP)(R xY) C AAy(R x Y). (2.7)

A weaker version of Definition 2.8 is the following.

Definition 2.9. A function F € C(R x Y, X) is said to be B-pseudo almost periodic if it can be
expressed as F = G + @, where G € AP(RxY) and ¢ € AAp(R xY). The collection of such
functions will be denoted by BPAP(R x Y).

Definition 2.10 (see [20, 21]). A function f € BSP(X) is called SP-pseudo almost periodic
(or Stepanov-like pseudo almost periodic) if it can be expressed as f = h + ¢, where
h’ € AP(L?((0,1),X)) and ¢* € PAPy(LP((0,1),X)). The collection of such functions will
be denoted by PAP?(X).

In other words, a function f € LfOC(R, X) is said to be SP-pseudo almost periodic if its
Bochner transform f” : R — LP((0,1),X) is pseudo almost periodic in the sense that there
exist two functions h,¢ : R — X such that f = h + ¢, where h® € AP(L?((0,1),X)) and
¢’ € PAPy(LP((0,1),X)).

To define the notion of SP-pseudo almost automorphy for functions of the form F :
R xY +— Y, we need to define the SP-pseudo almost periodicity for these functions as follows.
Definition 2.11. A function F : R xY +— X, (t,u) — F(t,u) with F(-,u) € LfOC(R, X) for each
u € X, is said to be SP-pseudo almost periodic if there exist two functions H,® : R x Y — X
such that F = H + ®, where H? € AP(R x L?((0,1),X)) and ®® € AA(R x LP((0,1),X)).
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The collection of those SP-pseudo almost periodic functions F : R x Y +— X will be

denoted PAPP(R x Y).

2.2, SP-Almost Automorphy

The notion of SP-almost automorphy is a new notion due to N'Guérékata and Pankov [22].

Definition 2.12 (Bochner). A function f € C(R,X) is said to be almost automorphic if for every
sequence of real numbers (s},), there exists a subsequence (s,),cy such that

g(t) = nlif;of(t +5p) (2.8)
is well defined for each t € R, and
lim g(t - s,) = f(£) (2.9)

for each t € R.

Remark 2.13. The function g in Definition 2.12 is measurable but not necessarily continuous.
Moreover, if g is continuous, then f is uniformly continuous. If the convergence above is
uniform in ¢ € R, then f is almost periodic. Denote by AA(X) the collection of all almost
automorphic functions R — X. Note that AA(X) equipped with the sup norm, || - ||, turns
out to be a Banach space.

We will denote by AA,(X) the closed subspace of all functions f € AA(X) with
g € C(R,X). Equivalently, f € AA,(X) if and only if f is almost automorphic, and the
convergences in Definition 2.12 are uniform on compact intervals, that is, in the Fréchet space
C(R,X). Indeed, if f is almost automorphic, then its range is relatively compact. Obviously,
the following inclusions hold:

AP(X) ¢ AA,(X) C AA(X) C BC(X). (2.10)

Definition 2.14 (see [22]). The space ASP(X) of Stepanov-like almost automorphic functions
(or SP-almost automorphic) consists of all f € BSP(X) such that f* € AA(L?(0,1;X)). That
is, a function f € L] (R;X) is said to be $”-almost automorphic if its Bochner transform f* :
R — L7(0,1;X) is almost automorphic in the sense that for every sequence of real numbers
(8},) ey there exists a subsequence (s,) ey and a function g € LfOC(R;X) such that

t+1 1/p
[ Wreso-sora) =
2.11)

t+1 L/p
[L llg(s—sn) — f(s) ||pds:| —0

asn — oo pointwise on R.
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Remark 2.15. It is clear thatif 1 < p < g < cwand f € quOC(R; X) is S9-almost automorphic,
then f is SP-almost automorphic. Also if f € AA(X), then f is SP-almost automorphic for any
1 < p < co. Moreover, it is clear that f € AA,(X) if and only if f* € AA(L*(0,1;X)). Thus,
AA,(X) can be considered as AS*(X).

Definition 2.16. A function F : R xY +— X, (t,u) — F(t,u) with F(-,u) € L’lgOc (R; X) for each

u €Y, is said to be SP-almost automorphic in t € R uniformly in u € Y if t — F(t,u) is SP-

almost automorphic for each u € Y; that is, for every sequence of real numbers (s},), oy, there
exists a subsequence (s;),cy and a function G(-, u) € LfOC(R; X) such that
t+1 1/p
[I ”F(Sn +5, u) - G(S, u)”PdS] - 0/
t
(2.12)

t

t+1 /p
[ f 1G5 = 50,u) - E(s, u>||Pds] 0

asn — oo pointwise on R for each u € Y.
The collection of those SP-almost automorphic functions F : RxY +— X will be denoted
by ASP(R xY).
2.3. Pseudo Almost Automorphy
The notion of pseudo almost automorphy is a new notion due to Liang et al. [2, 9].

Definition 2.17. A function f € C(R,X) is called pseudo almost automorphic if it can be
expressed as f = h + ¢, where h € AA(X) and ¢ € PAP,(X). The collection of such functions
will be denoted by PAA(X).

Obviously, the following inclusions hold:

AP(X) c PAP(X) c PAA(X),  AP(X) C AA(X) C PAA(X). (2.13)

Definition 2.18. A function F € C(R x Y, X) is said to be pseudo almost automorphic if it can
be expressed as F = G + @, where G € AA(RxY) and ¢ € AA)(R xY). The collection of such
functions will be denoted by PAA(R x Y).

A substantial result is the next theorem, which is due to Liang et al. [2].
Theorem 2.19 (see [2]). The space PAA(X) equipped with the sup norm || - ||, is a Banach space.
We also have the following composition result.

Theorem 2.20 (see [2]). If f : R x Y+ X belongs to PAA(R x Y) and if x — f(t,x) is uniformly
continuous on any bounded subset K of Y for each t € R, then the function defined by h(t) = f(t, p(t))
belongs to PAA(X) provided ¢ € PAA(Y).
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3. SP-Pseudo Almost Automorphy

This section is devoted to the notion of SP-pseudo almost automorphy. Such a concept is
completely new and is due to Diagana [7].

Definition 3.1 (see [7]). A function f € BSP(X) is called SP-pseudo almost automorphic (or
Stepanov-like pseudo almost automorphic) if it can be expressed as

f=h+g, (3.1)

where h® € AA(LP((0,1),X)) and ¢” € PAPy(L?((0,1),X)). The collection of such functions
will be denoted by PAAP(X).

Clearly, a function f € L} (R,X) is said to be SP-pseudo almost automorphic if its
Bochner transform f* : R — LF((0,1),X) is pseudo almost automorphic in the sense that
there exist two functions h, ¢ : R — X such that f = h + ¢, where h® € AA(LP((0,1),X)) and

¢? € PAPy(LP((0,1),X)).

Theorem 3.2 (see [7]). If f € PAA(X), then f € PAAP(X) for each 1 < p < oo. In other words,
PAA(X) c PAAP(X).

Obviously, the following inclusions hold:

AP(X) c PAP(X) c PAA(X) Cc PAAP(X),
(3.2)
AP(X) c AA(X) c PAA(X) c PAAP(X).
Theorem 3.3 (see [7]). The space PAAP(X) equipped with the norm || - ||g» is a Banach space.

Definition 3.4. A function F : RxY — X, (t,u) — F(t,u) with F(-,u) € LP(R,X) foreachu € Y,
is said to be SP-pseudo almost automorphic if there exists two functions H,® : R x Y — X
such that

F=H+®, (3.3)
where H? € AA(R x LP((0,1),X)) and ®* € AAy(R x LP((0,1),X)). The collection of those
SP-pseudo almost automorphic functions will be denoted by PAAP(R x Y).

We have the following composition theorems.

Theorem 3.5. Let F : R x X +— X be a SP-pseudo almost automorphic function. Suppose that F(t, u)
is Lipschitzian in u € X uniformly in t € R; that is there exists L > 0 such

IF(t,u) = F(t,0)[| <L - |lu-2 (3.4)

forallt € R, (u,v) € Xx X,
If ¢ € PAAP(X), then T : R — Xdefined byI'(-) := F(,$(-)) belongs to PAAP(X).
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Proof. Let F = H + ®, where H* € AA(R x LP((0,1),X)) and ®* € AAp(R x LP((0,1),X)).
Similarly, let ¢ = ¢y + ¢», where ¢p¥ € AA(LP((0,1),X)) and ¢S € PAPy(L?((0,1),X)), that s,

1 (T £+1 1p
lim <J ||(p2(o)||pd0> dt =0 (3.5)
t

T—w2T -T

forallt € R.
It is obvious to see that F¥(-, ¢(+)) : R — LP((0,1),X). Now decompose F? as follows:

FP (L ¢()) = HY (41 () + F° (- 4()) = H (1))

(3.6)
=H(,1()) + F°(,¢()) = F* (-, 1()) + D" (-, 1 ().

Using the theorem of composition of almost automorphic functions, it is easy to see
that HY(-, ¢1(-)) € AA(LP((0,1),X)). Now, set

GU() = F( () = F*(,1())- (37)
Clearly, G®(-) € PAPy(L?((0,1),X)). Indeed, we have
t+1 t+1
L IG (o) Pdo = f IF(0,(0)) - F(o, 1 (0))|do
t+1
< L”J‘ () - p1(0) || do (3.8)
t

t+1
-v[ p@ras
t

and hence for T > 0,

1 T t+1 1/p L T 41 1/p
— G(o)|[Pdo dt < — J o)||’do dt. (3.9)
sz_T<L G ) - _T< @
Now using (3.5), it follows that
1 (T £+1 1/p
lim — f G(o)|Pdo ) dt=o0. (3.10)
Jim _T< IG@)

Using the theorem of composition of functions of PAP(L?((0,1),X)) (see [13]) it is
easy to see that ®(-,¢1(-)) € PAPy(LF((0,1),X)). O

Theorem 3.6. Let F = H + @ : R x X +— X be an SP-pseudo almost automorphic function, where
HY € AA(RxLP((0,1),X)) and ®* € AAo(R x LP((0,1),X)). Suppose that F(t,u) and ®(t, x) are
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uniformly continuous in every bounded subset K C X uniformly for t € R. If g € PAAP(X), then
I':R — Xdefined by I'(:) := F(,g(+)) belongs to PAAP (X).

Proof. Let F = H + ®, where H* € AA(R x LP((0,1),X)) and ®* € AAy(R x LP((0,1),X)).
Similarly, let g = ¢1 + ¢, where 4)119 € AA(LP((0,1),X)) and (i)lz’ € PAPy(L*((0,1),X)).
It is obvious to see that F¥(-, g(-)) : R+ LP((0,1),X). Now decompose F?’ as follows:

F'(:,8()) = H" (1)) + F* (-, 8()) = H" (-, 1 ()

(3.11)
=H (., 1)) + F? (-, 8()) = F°(, p1(-)) + D" (-, $1.())-

Using the theorem of composition of almost automorphic functions, it is easy to see
that H(-, ¢1(-)) € AA(LP((0,1),X)). Now, set

G'()=F"(,8()) = F* (. ¢1(-))- (3.12)

We claim that Gb(-) € PAPy(LP((0,1),X)). First of all, note that the uniformly
continuity of F on bounded subsets K C X yields the uniform continuity of its Bohr transform
F? on bounded subsets of X. Since both g, ¢1 are bounded functions, it follows that there exists
K ¢ X a bounded subset such that g(c),$1(0) € K for each 0 € R. Now from the uniform
continuity of F* on bounded subsets of X, it obviously follows that F? is uniformly continuous
on K uniformly for each t € R. Therefore for every £ > 0 there exists 6 > 0 such that for all
X,Y € K with || X - Y| < 6 yield

”Fb(o,X) ~ F(0,X) || <¢ VYoeR (3.13)

Using the proof of the composition theorem [2, Theorem 2.4], (applied to F?) it follows

1 (T £+1 1/p
lim — <f ||G(a)||”do> dt=0. (3.14)
t

T—w2T -T

Using the theorem of composition [2, Theorem 2.4] for functions of PAP(L”((0,1),X)) it is
easy to see that ®(-,¢1(-)) € PAPy(LP((0,1),X)). O

4. Sectorial Linear Operators

Definition 4.1. A linear operator A : D(A) C X — X (not necessarily densely defined) is said
to be sectorial if the following holds: there exist constants w € R, 0 € (or/2,o), and M > 0
such that p(A) D Sg.,

Sow:={LeC:l#w, |arg(-w)|<6},

(4.1)

M
||R()L/A)|| < m, Ae Sg,w.
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The class of sectorial operators is very rich and contains most of classical operators
encountered in literature.

Example 4.2. Let p > 1 and let Q C R? be open bounded subset with regular boundary 0Q.
Let X := (LP(Q), | - [|,) be the Lebesgue space.
Define the linear operator A as follows:

D(A) =W (@) nW,"(Q),  A(p) = Ay, Yy € D(A). (4.2)

It can be checked that the operator A is sectorial on LP ().
It is wellknown that [14] if A is sectorial, then it generates an analytic semigroup
(T(t));59, which maps (0, o) into B(X) and such that there exist My, M; > 0 with
IT®)I < Moe, t>0, (4.3)

[t(A - w)T(t)| < Mie*', t>0. (4.4)

Throughout the rest of the paper, we suppose that the semigroup (T(t)),, is
hyperbolic; that is, there exist a projection P and constants M, 6 > 0 such that T () commutes
with P, N(P) is invariant with respect to T(t), T(t) : R(Q) — R(Q) is invertible, and the
following hold:

IT(t)Px|| < Me™®||x|| for t>0, (4.5)

IT(#)Qx|| < Me®|lx|| for t <0, (4.6)

where Q := I - Pand, for t <0, T(t) := (T(-#))"".
Recall that the analytic semigroup (T'(t)),, associated with A is hyperbolic if and only
if
o(A)NiR =0, (4.7)

see details in [23, Proposition 1.15, page 305]

Definition 4.3. Let a € (0,1). A Banach space (Xg, || - ||,) is said to be an intermediate space
between D(A) and X, or a space of class Jy, if D(A) C X, C X, and there is a constant ¢ > 0
such that

Ixll, < cllx™llx]%,  x € D(A), (4.8)

where || - || 4 is the graph norm of A.
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Concrete examples of X, include D((-A%)) for a € (0,1), the domains of the fractional
powers of A, the real interpolation spaces D4 (a, ), a € (0,1), defined as the space of all
x € X such

[x], = sup tlf"‘AT(t)x” < oo (4.9)
0<t<1
with the norm
1/l = llx]| + [x] (4.10)

e

the abstract Holder spaces Da(a) := D(A) * as well as the complex interpolation spaces
[X,D(A)],; see Lunardi [14] for details.

For a hyperbolic analytic semigroup (T'(t));, one can easily check that similar
estimations as both (4.5) and (4.6) still hold with the a-norms || - ||,. In fact, as the part of
Ain R(Q) is bounded, it follows from (4.6) that

AT (#)Qx|| < C'e®||x| for t < 0. (4.11)
Hence, from (4.8) there exists a constant c(a) > 0 such that

IT(#)Qx||, < c(a)e®||x|| for t<0. (4.12)
In addition to the above, the following holds:

IT®Px|l < IT(Wllpexx,) ITE =D Px]l, t>1, (4.13)

and hence from (4.5), one obtains
IT(t)Pxll, < M'e™|lx||, t>1, (4.14)
where M’ depends on a. For t € (0,1], by (4.4) and (4.8),
IT(H)Pxll, < M"t||x]|. (4.15)
Hence, there exist constants M («a) > 0 and y > 0 such that
T (t)Px||, < M(a)t *e™||x|| fort>D0. (4.16)

5. Existence of Pseudo Almost Automorphic Solutions

This section is devoted to the search of an almost automorphic solution to the partial hyper-
bolic differential equation (1.3).
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Definition 5.1. Let a € (0,1). A bounded continuous function u : R — X, is said to be a
mild solution to (1.3) provided that the function s — AT(t —s)Pf(s, Bu(s)) is integrable on
(-oo,t), s — AT (t - s)Qf (s, Bu(s)) is integrable on (¢, o0) for each t € R, and

u(t) = —f(t, Bu(t)) - Jt AT(t-s)Pf(s,Bu(s))ds

+ JTAT(t -5)Qf (s, Bu(s))ds
(5.1)

+ f T(t—s)Pg(s,Cu(s))ds

- fmT(t -5)Qg(s,Cu(s))ds

t

forallt € R.

Throughout the rest of the paper we denote by I'1, I';, I'3, and I'y the nonlinear integral
operators defined by

(Tu)(t) := ft AT(t-s)Pf (s, Bu(s))ds,

(Ta)t) = [ AT (= )01 (5, Bu(s)ds,
(5.2)

Tsu)(t) := ft_ T(t-s)Pg(s,Cu(s))ds,

[oe]

Tt = [ T(t=9)Qg(s, Cu(s)ds.

Let p > 1 and let g > 1 such that 1/p + 1/q = 1. Throughout the rest of the paper,
we suppose that the operator A is sectorial and generates a hyperbolic (analytic) semigroup
(T(t));5 and requires the following assumptions.

(H.1) Let 0 < a« < 1. Then X, = D((-A%)), or X4 = Da(a,p),1 < p < oo, 0r Xy = Da(a), or

X = [X, D(A)],. Moreover, we assume that the linear operators B, C : X, +— X are
bounded.

(H2) LetO<a<p <1, f:Rx X+ Xgbe an SP-pseudo almost automorphic function in
t € Runiformly in u € X, and letg : R x X+ X be SP-pseudo almost automorphic in
t € R uniformly in u € X. Moreover, the functions f, g are uniformly Lipschitz with
respect to the second argument in the following sense: there exists K > 0 such that

Iftw) = ft,0)]|; < Kllu -],

lg(t,u) - g(t,v)|| < Kllu -]

(5.3)

forallu,v € Xand t € R.
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In order to show that I'; and I', are well defined, we need the next lemma whose proof
can be found in Diagana [12].

Lemma 5.2 (see [12]). Let 0 < a, f < 1. Then

IAT (#)Qxll, < ce™|lxllg  for t <O, (5.4)

AT (t) Px|, < ct#*"'e " ||x[|5,  for t > 0. (5.5)

The proof for the pseudo almost automorphy of I';u is similar to that of I'yu and hence
will be omitted.

Lemma 5.3. Under assumptions (H.1)-(H.2), consider the function I'u, for u € PAPP(X,), defined

by
t
(Tqu)(t) = J‘ AT(t-s)Pf (s, Bu(s))ds (5.6)
foreacht € R. If
o n 1/q
L(q v, p) = Z [J‘ e rsga(f-a-1) gg < oo, (5.7)
n=1 n-1

then T1u € PAA(Xy).

Remark 5.4. Note that the assumption L(c,q,y,a,) < oo holds in several case. This is in
particular the case when g —a > 1/p.

Proof. Let u € PAAP(X,). Since B € B(X,,X), it follows that Bu € PAAP(X). Setting h(t) =
f(t,Bu(t)) and using Theorem 3.5 it follows that h € PAAP(Xp). Moreover, using (5.5) it
follows that

IAT (t = ) Ph(s)ll, < c(t = )79 |(s) I, (5.8)

and hence the function s — AT (t — s) Ph(s) is integrable over (-0, t) for each t € R.
Leth =Y + Z where Y* € AA(LP(0,1),X,)) and Z? € PAPy(L?(0,1),X,)). Define, for
alln=1,2,..., the sequence of integral operators

n n
I (t) = j AT(s)PY (t - s)ds, TL(t) := f AT (s)PZ(t - s)ds (5.9)
n-1 n-1
for each t € R.
Now letting r = t — s, it follows that
t-n+1

() = f AT(t-7)Y(r)dr VteR. (5.10)

t-n



14 Boundary Value Problems
Using Holder’s inequality and the estimate (5.8), it follows that

t-n+1
L@ < c(t = )P e EN Y (1) || s dr
n a p

t-n

(5.11)
n 1/q
=c U e*‘"ssq(ﬁ_“"l)ds] Y1l
n-1

Using the assumption L(g,y,a,f) < oo, we then deduce from the well-known
Weirstrass theorem that the series 3,52, I's (t) is uniformly convergent on R. Furthermore,

Ty(t) = ir;(t), (5.12)
n=1
I'y € C(R,X,), and
Ity @)l < YT 0)|. < cL@r.ap) I¥ls (5.13)
n=1

foreacht € R.
We claim that I', € AA(X,)). Indeed, let (s;n),,en be @ sequence of real numbers. Since

Y € ASP(Xp), there exists a subsequence (Sp,) ey Of (Sm) ey and a function Y € AS? (Xp)
such that

+1 p 1/p
[I ”Y(smk +0) - Y(0) ||ﬂd0:| — 0 as k— oo. (5.14)
t
Define
AL(t) = f AT ()PY (t - §)dé. (5.15)
n-1

Set H! @) = gfale7r¢ for ¢ > 0. Then using both Holder’s inequality and (5.5), we
obtain

I+ 5) T30, |

[ ar@plyae s, -o-vu-o)4
n-1 a
<of H@ersn-o-Te-pe 616

<t |[ [y s -o-ve-o|a v

where Lz:g’ﬂ =c- supn[J’Z_l(H:ZZ(s))qu]l/q <o, as L(g,y,a,p) < .
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Obviously,

Similarly, we can prove that

TL(t+ 8m,) — A},(t)” —0 ask— oo (5.17)

”A}l(t + Sy ) —r},(t)na —0 ask— oo. (5.18)

Therefore the sequence I L e AA(X,) for each n, and hence its uniform limit Ty € AA(X,).
Let us show that each T} € PAPy(X,). Indeed,

t-n+1

[, <[ ew-rreterenzear
t-n
5.19
n 1/q t-n+1 1/p ( )
SCU e_‘"ssq(ﬂ_“_l)ds] j ||Z(s)||§ds ,
n-1 t-n

and hence T 1 € PAPy(X,), as Z¥ € PAPy(LP((0,1),X,)). Furthermore, using the assumption
L(g,y,a,p) < oo, we then deduce from the well-known Weirstrass theorem that the series

ST (5.20)
n=1

is uniformly convergent on R. Moreover,

B, = ST, G21)
n=1
flu € C(R,X,), and
[rz0], < 0|, <Learepizis (5.22)
n=1

for each t € R. ~ ~
Consequently the uniform limit I'z(t) = 322, TL(t) € PAPy(X,); see [21, Lemma2.5] .
Therefore, T1u =Ty + 7 : R — X, is pseudo almost automorphic. O

The proof for the almost automorphy of I'yu is similar to that of I';u and hence will be
omitted.
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Lemma 5.5. Under assumptions (H.1)-(H.2), consider the function I'su, for u € PAAP(X,), defined
by

(Tsu)(t) = f_ T(t-s)Pg(s,Cu(s))ds (5.23)

foreacht € R.
IFM(q,y,a) = 32, [ s e-ds]"? < oo, then Tsu € PAA(X,).

Proof. The proof is similar to that of Lemma 5.3 and hence omitted, though here we make use
of the approximation (5.4) rather than (5.5). O

Throughout the rest of the paper, the constant k(a) denotes the bound of the
embedding X — X,, that is,

lull,, < k(a)||u||ﬂ for each u € Xg. (5.24)

Theorem 5.6. Under the previous assumptions and if assumptions (H.1)-(H.2) hold, then the
evolution equation (1.3) has a unique pseudo almost automorphic solution whenever K is small
enough, that is,

r'(p- _
O := Kw | k(a) + e (f-a) + M(@)I(1 - a) + c(@) <1, (5.25)

6 Yﬁ—a Yl—a 6
where w = max(”B”B(Xa,X)/ ”C“B(X,,,X))~
Proof. In PAAP(X,), define the operator L : PAA?(X,;) — C(R,X,) by setting

t
Lu(t) = —f(t, Bu(t)) - f AT (t-s)Pf(s,Bu(s))ds
+ J AT (t -s5)Qf (s, Bu(s))ds
‘ (5.26)

+ Jt T(t-s)Pg(s,Cu(s))ds

- JwT(t -5)Qg(s,Cu(s))ds
t

for each t € R.

As we have previously seen, for every u € PAAP(X,), f(-,Bu()) € PAAP(Xp) C
PAAP(X,). From previous assumptions one can easily see that Lu is well defined and
continuous. Moreover, from Theorem 3.5, Lemma 5.3, and Lemma 5.5 we infer that L. maps
PAAP(X,) into PAA(X,). In particular, L maps PAA(X,) C PAAP(X,) into PAA(X,). To
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complete the proof one has to show that L has a unique fixedpoint. Let v, w € PAA(X,). It is
routine to see that

Lo = Lav]| g0 < © - [0 = W]l - (5.27)

Therefore, by the Banach fixed-point principle, if © < 1, then L has a unique fixed-point,
which obviously is the only pseudo almost automorphic solution to (1.3). O

6. Example

Let Q ¢ RV(N > 1) be an open bounded subset with C> boundary dQ, and let X = L*(Q)
equipped with its natural topology || - [[2(q)-
Define the linear operator appearing in (1.3) as follows:

Au=Au VYue D(A) =Hj(Q) nH* Q). (6.1)

The operator A defined above is sectorial and hence is the infinitesimal generator of an
analytic semigroup (T'(t)),so. Moreover, the semigroup (T (t)), is hyperbolic as o (A)NiR = §.

Throughout the rest of the paper, for each y € (0,1), we take X, = D((-A)") equipped
with its yg-norm || - [|,. Moreover, we let a« = 1/2 and suppose that 1/2 < p < 1. Letting

Bu=Bu=Cuforallue Xy = D((—A)l/z) = H(l)(Q), one easily sees that both operators are
bounded from H{(Q) into L*(Q) with @ = 1.
We require the following assumption.

(H3)Let1/2 < p<1,let F:Rx Hé(Q) — Xp be an SP-pseudo almost automorphic
function in t € R uniformly in u € H}(Q), and let G : R x H}(Q) — L*(Q) be
SP-pseudo almost automorphic in ¢t € R uniformly in u € H}(Q). Moreover, the
functions F, G are uniformly Lipschitz with respect to the second argument in the
following sense: there exists K’ > 0 such that

IE(t u) - F(t,0)|ls < K'llu - 0ll2q),
6.2)
Gt u) - G(t,v)|li2 ) < K'llu =2z

forall u,v € L2(Q) and t € R.

We have the following.

Theorem 6.1. Under the previous assumptions including (H.3), then the N-dimensional heat
equation (1.1) has a unique pseudo almost automorphic solution ¢ € H(l) (Q) N H2(Q) whenever
K' is small enough.
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Classical examples of the above-mentioned functions F,G : R x H)(Q) — L*(Q) are
given as follows:

F(t,Bu) = %, G(t, Bu) = $, (63)

where the functions e, m : R — R are SP-pseudo almost automorphic.
In this particular case, the corresponding heat equation, that is,

2 ¥ —Ke(t) =Ap+ —Km(t) teR, xeQ
ot 1+ 'E(pi 1+ 'E(pll ' , (6.4)

p(t,x)=0, teR, xe€oQ

has a unique pseudo almost automorphic solution ¢ € Hj(Q) N H*(Q) whenever K is small
enough.
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