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We study the following reaction-diffusion system with a cross-diffusion matrix and fractional
derivatives u; = a1 Au+ a Av — 1 (-A) " u - c2(-A) v + 1, f1(x, £) in Qx]0, *[, vy = biAu+ byAv —
dy (AU — dy (D)0 + 1, fo(x, t) in Qx]0, [, u = v = 0 on dQx]0, #*[, u(x,0) = u(x), v(x,0) =
vp(x) in x € Q, where Q ¢ RN (I > 1) is a smooth bounded domain, ug, vy € L*(Q), the diffusion

xM=(""
matrix = (
by by

w C Q is an open nonempty set, and 1,, is the characteristic function of w. Specifically, we prove
that under some conditions over the coefficients a;, b;, ¢;, d;(i = 1,2), the semigroup generated by
the linear operator of the system is exponentially stable, and under other conditions we prove that
for all #* > 0 the system is approximately controllable on [0, #*].

) has semisimple and positive eigenvalues 0 < p; < pp, 0 < ay, a2, B1,p < 1,

1. Introduction

In this paper we prove controllability for the following reaction-diffusion system with cross
diffusion matrix:

= a1Au+ aAv — c1(-A)"u— e (-A) v + 1 f1(x, 1) in Qx]0, ],
v = biAu+ by Av — di (-A)Pu — do(~A)P0 + 1, fo(x, 1) in Qx]0,¢], W
1.1
u=v=0 onoQx]0,t,

u(x,0) =up(x), v(x,0)=7p(x) inxeQ,

where w is an open nonempty set of Q and 1,, is the characteristic function of cw.
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We assume the following assumptions.

(H1) Q is a smooth bounded domain in RN (N > 1).

ap a

(H2) The diffusion matrix M = ( b
1 02

p2.

) has semisimple and positive eigenvalues 0 < p; <

(H3) ¢j,d; (j = 1,2) are real constants, a;, f; (j = 1,2) are real constants belonging to the
interval [0, 1[.

(H4) Up, g € LZ(Q)

(H5) The distributed controls fi, f» € L*([0, +*]; L>(X2)).
Specifically, we prove the following statements.

(i) If ¢ =dy =0and min{c; + Ai_“l p1,da+ Aifﬂ ’p1} > 0, where \; is the first eigenvalue
of —A with Dirichlet condition, or if ¢;#0, di1#0, ¢; > 0, and d, > 0; then, under
the hypotheses (H1)-(H3), the semigroup generated by the linear operator of the
system is exponentially stable.

(ii) If ¢ = dq = 0 and under the hypotheses (H1)—-(H5), then, for all t* > 0 and all open
nonempty subset w of Q the system is approximately controllable on [0, t*].

This paper has been motivated by the work done in [1] and the work done by H. Larez
and H. Leiva in [2]. In the work [1], the auther studies the asymptotic behavior of the solution
of the system

ut:a%+ﬁg—z+b%+f(t,u,v), xeR, t>0, )
vt:c%+d%+ﬁg—z+g(t,u,v), xeR, t>0 |
supplemeted with the initial conditions
u(x,0) =up(x), v(x,0)=290(x), xeR. (1.3)

The author proved that in the Banach space X x X where X = C,(R) is the space of bounded
uniformly continuous real valued functions on R, if f and g are locally Lipshitz and under
some conditions over the coefficients a, b, ¢, d, p, and if ug,vp € C; = {u € Cwp(R) :
limy . ou(x) exist}, then u(t), v(t) € C, for all t < tpax. Moreover, U(t) = limy o u(x)
and V (t) = lim, _, ., v(x) satisfy the system of ordinary differential equations

u'(t) = f(L,U(t), V(t),
(1.4)
VI(t) = g(t, U(t), V()
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with the initial data

() = lm u(x),  V(0)= lim vy(x). (1.5)

The same result holds for C_ = {u € Cyp(R) : lim, _, _,u(x) exist}.
In the work done in [2], the authers studied the system (1.1) with ¢, = d; =0, ¢1 = d,

and a; = o = 1/2. They proved that if the diffusion matrix <a Z) has semi-simple and
c

positive eigenvalues 0 < p; < pa, f1, f> € L*([0, 7[; L*(Q)) , then if )L%/Zpl +p >0 () is the first
eigenvalue of —A), the system is approximately controllable on [0, 7] for all open nonempty
subset w of Q.

2. Notations and Preliminaries
In the following we denote by

M7 (R) the set of 2 x 2 matrices with entries from R,

L?(Q) the set of all measurable functions u : Q — R such that fQ|u|2dx < oo,
H'(Q) the set of all the functions u € L*(Q) that have generalized derivatives
ou/ox; € L*(Q) forallj=1,...,N,

Hj(Q) the closure of the set C(Q) in the Hilbert space H(Q),

H?(Q) the set of all the functions u € L*(Q2) that have generalized derivatives
ou/0x;j,0*u/0x;0x; € L*(Q) forall j,k=1,...,N.

We will use the following results.

Theorem 2.1 (cf. [3]). Let us consider the following classical boundary-eigenvalue problem for the
laplacien:

-Au=2Au, onQ,
(2.1)
u=0, onoQ,

where Q is a nonempty bounded open set in RN and D(-A) = H*(Q) N H}(Q).

This problem has a countable system of eigenvalues 0 < c < Ay <Ay <+ < Aj <o
and \; — +c0asj — oo.

(i) All the eigenvalues \; have finite multiplicity m; equal to the dimension of the
corresponding eigenspace S;.

(i) Let {¢jk }km:] , be abasis of the S; for every j, then the eigenvectors {¢jx }Zl:’ '1(?:1 form
a complete orthonormal system in the space LZ(Q)._ Hence for all u € L*(Q) we
ha;e u =37 30wk If we put Eju = 3,7 (u, @ik )pji then we get u =
ijl E]u.

(iii) Also, the eigenfunctions {(p,-k}zz “

'1/].:1 C Cy(Q), where CF(L2) is the space of
infinitely continuously differentiable functions on Q and compactly supported in Q.
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(iv) Forallu € D(-A) we have —Au =37 A;Eju.
(v) The operator A generates an analytic semigroup {Ta(t)} on L?*(Q) defined by

Ta(hu =Y e 'Eju. (2.2)
j=1

Definition 2.2. Let 0 < a <1 a real number, the operator (-A)" is defined by

(-8)": D((-4)") ¢ L3(Q) — [3(Q),

(2.3)

D(-A)") - { 2@ | 335w < °°}’
j=1 k=1

(=8)"u = DAk, w)pjk.

j=1 k=1

In particular, we obtain ¢;x € D((-A)") and (-A)%pjx = )L;.‘(p]-k. Since {(p]-k}kmi’ljzl form a
complete orthonormal system in the space L?(Q), then it is dense in L?(Q), and hence D(-A)"
is dense in L?(Q).

Proposition 2.3 (cf. [4]). Let X be a Hilbert separable space and { A; }].>1 and {P; }j>1 two families
of bounded linear operators in X, with {P; }].21 a family of complete orthogonal projections such that
AijPj=PiA;, j> 1.

Define the following family of linear operators S(t)w = 32, e'Pw, w e X, t > 0. Then

(a) S(t) is a linear and bounded operator if ||e!|| < g(t),j > 1 with g(t) > 0, continiuous for
>0,

(b) under the above condition (a), {S(t)} s is a strongly continiuous semigroup in the Hilbert
space X, whose infinitesimal generator A is given by

Aw =Y AiPw, weD(A), D(A)= {w eX | Y |APw|’ < oo}. (2.4)

=1 =1

Theorem 2.4 (cf. [5]). Suppose Q is connected, f is a real function in Q, and f = 0 on a nonempty
open subset of Q. Then f =0 in Q.

3. Abstract Formulation of the Problem

In this section we consider the following notations.
(i) X = L2(Q) x L2(Q). X is a Hilbert space with the inner product

((u1,01), (U2, 02)) = (U1, uz) + (v1,02). (3.1)
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(ii) We define
A1n(1,0) = a1Au+ ayAv — o1 (-A)"'u — ¢ (-A) v,
A (u,0) = biAu + by Av — dy (-A)Pru — dy(-A)Po.
(iii) Let w = (u, v), then we can define the linear operator
A:DA)CX —X,

D(A) = (H*(Q;R) nH&(Q;R))Z,

Aw = ~(MA = ¢1Bi(=A)" = 2By (~A)" = di B3 (~A)" — dyBy(~A)"* )0,

where
a; ap 10 01
M = 7 Bl = 7 BZ = 7
by by 00 00
00 00
B; = , By = .
10 01
Therefore, for all w € D(A)

[e/e] [ee] o0 [o'e]
— . . a a .
A (u,0) = alz/\]E]u + aZZ)L]E]v + ClZ)L]- Eju + CzZ)t]- Ejv,
j=1 j=1 =1 =1

A12(u, ’U) = blz/\]E]u + sz)L]E]’U + d]Z)Lfl E]-u + dzZ)L]ﬁzE]U
j=1 j=1 j=1 j=1

If we put

then (3.3) can be written as

Ay (u, U) el a o
Aw = < B Z(/\]M + )L].1clBl + )L]-ZC2BZ + /\'fldlBg, + )szdzB4>ij,

An(u,v) j=1

and we have for all w € X

w=YPw,  |wl=|Pw|"
i =1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Consequently, system (1.1) can be written as an abstract differential equation in the Hilbert
space X in the following form:
w=-Aw + B, f(t), in Qx]0,£,
w=0, on]0,[x0Q, (3.9)

w(0) =wy, inxeQ,

where f = col(fi, f2) € L*([0,T]; X) ) and B, = <1; 10 > is a bounded linear operator from U
into X. ‘

4. Main Results
4.1. Generation of a Cy-Semigroup

Theorem 4.1. If c; = di = 0, then, under hypotheses (H1)-(H3), the linear operator —A defined by
(3.3) is the infinitesimal generator of strongly continuous semigroup {S(t) } o given by

S(tyw = ief‘ffpjw, w e X, (4.1)
j=1
where
M;=-\M - J\;” 1B - )t?csz - )»?1 diBs - )tfzdszlr (4.2)
Aj = M;P;. (4.3)
Moreover, if
min{q + A}_“lpl, dy + Aifﬁzpl} >0, (4.4)

then the Co-semigoup {S(t) } - is exponentially stable, that is, there exist two positives constants ¢, 0
such that

IS(t)|| < ce™®, forallt>0. (4.5)

Proof. In order to apply the Proposition 2.3, we observe that —A can be written as follows:

-Aw =Y AjPjw, w € D(A), (4.6)
j=1
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where
A]' = —<)L]M + )L]p-“ C131 + /\?ZCZBZ + )LfldlBg, + )szdzB4>P] (47)

Therefore, Aj = M;P; and A;P; = P;A;.

Now, we have to verify condition (a) of the Proposition 2.3. We shall suppose that
0 < p1 < p2. Then, there exists a set {Q1, >} € [_/ilz(]R)]2 of complementary projections on R?
such that

eMb = ePitQ) + Q. (4.8)
IfG = (Z Zi) is the matrix passage from the canonical basis of R? to the basis composed
with the eigenvectors of M, then
1 811822 —&11812 1 —812821 L1812
_< ) Q2:_< ) @9)
P1P2 \ 2182 —812821 P1P2 \~g2182 1182
Hence,
e VM= ePIQy + e 7P Q. (4.10)

We have also

At a
R G T A
0 1 0 1

(4.11)
e—).fl diBst _ 1 0 e—xfldzmt _ o _
it 1 0 eVt

From (4.10)-(4.11) into (4.7) we obtain

eVt = (eI Qy + ey ) K; (1) P, (4.12)
where
e—)t}” cit +./\?2+ﬂ1C2d1t26_);161t _)L;tzczte—()t?] C1+)L?2d2)t

K;i(t) = (4.13)

—)L]pl dlt e—./\fzdzt
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e—);‘;lclt O
Ki(t) = . 4.14
0 < ; e_%ﬂ_zdzt> (414)

As \j — +ooasj — oo, then this implies the existence of a positive number ¢ and a real
number 6 such that [le4|| < ce®, for every j > 1. Therefore —A is a strongly continious
semigroup {S(t) }», given by (4.1). We can even estimate the constants ¢ and 6 as follows.

(i) If min{c; + Ai_“lpl,dz + )Li_ﬂzpl} < 0. As liquoo{—/\;”(cl + .)Lll._alpl)} =

As ¢y =di =0 we get

lim; o —/\fz (c1+ A;_ﬂ *p1)} = —co, then there exist constants

61 = max{—)t?1 <c1 + )L]l._”“m) | )L;” <01 + )le._“lp1> <0, j> 1},

(4.15)
6> = max {1 (do + 1, Ppr) | A (o + 1771 <0, 21,

hence, if we put

6 =max{61,6,} >0, (4.16)
1

co = ,KTP2 max{|g1g»|, |g1812| |82182|, |g12821 |}, (4.17)

we easily obtain
”eAft“ <dee™, > 1. (4.18)

(ii) If min{c; + )@""”pl,dz + Aifﬂzpl} > 0. If we put

6= min{A’fl <01 + )q-“lpl),AfZ (dz + A}‘ﬂzpl) } >0, (4.19)

then we find that
”eAi‘” <dce™®, j>1. (4.20)

Therefore, the linear operator —A generates a strongly continuous semigroup {S(t) };5, on X
given by expression (4.1).

Finally, if min{c; + )Li_“l p1,dr + .)Li_ﬂ ’p1} > 0, we have already proved (4.20). Using
(4.20) into (4.1) we get that the Cp-semigoup {S(t) },»( is exponentially stable. The expression
(4.5) is verfied with ¢ = 4c¢g and 6 is defined by (4.19). O
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Theorem 4.2. If

c #0, d; #0, c1 >0, dr, >0, (4.21)

then, under the hypotheses (H1)-(H3), the linear operator —A defined by (3.3) is the infinitesimal
generator of strongly continuous semigroup exponentially stable {S(t)} 5o defined by (4.1). Specially,
there exist two positives constants ¢, 6 such that

S|l < ce™®, Vit >0. (4.22)

To prove this result, we need the following lemma.

Lemma 4.3. For every two real positives constants ¢ and A, one has for every 0 < 6 < A/c

1
At < —6ct Vi > .
cte _—e()u/c—(S)e , Vt>0, (4.23)
and for every 0 < 6 < A/+/c
ct?eM < ;e-ﬁﬁf, vt > 0. (4.24)
~e2(A//c-6) - '

Proof of Lemma 4.3. It is easy to verify that for every &> 0:te " <1/eg, forall t > 0.
Let 0<6<A/cand e =1/c-06 >0, then we get

1
teVeh <~ 70 yr>. .
e _6(1/0—6)6 , >0 (4.25)

Hence, we get (4.23).
Also, it is easy to verify that for every & > 0 : t?¢™¢" < 4/e?¢?, for all t > 0. Let
0<b6<A/ycand e =1/+/c—-6>0, then we get

4
PeWate 7 o0t yp>. 4.26
e2((1/y/c) - 6)° o

Hence, from (4.26) we get ct2e™ = (y/ct)?e W/ Vovet < 4/e2(V/ /e - 6) eV for all t > 0
and 0 < 6 < A/+/c, which gives (4.24).

With the same manner we can prove that for every 0 < 6 < Ac
we have

-7 and every n € N*

n
predetmt < o6t yps (4.27)
(eg)”
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and consequently, for every two real positives constants c and A and every n € N* we have

_ n" _s.-1/n
cte At < e 6c Mt

< o , forall >0 and every 0 <6 < . (4.28)

Now, we are ready to prove Theorem 4.2. O
Proof of Theorem 4.2. By applying Proposition 2.3 we start from formula (4.12) and we put

Ki(f) - <K11,j(t) KlZ,j(t)> , (4.29)
K21,j(t) Kxo,(t)

where
_ ATyt a+p 2 —\Met _ a —()L'?l Cl-h\;-{zdz)t
K11,j(t) =e + )LI- coditte i K12,j(t) = —)L]- cyte Vi i ,
(4.30)
_ _\h gy .
Ko j(t) = =Aj'dit, Ky j(t)=e ™, Vj>1
To estimate e‘)‘ff’ltKH,]-(t) we have in taking into account ¢; > 0
e—()tjp1+/\?1cl)t < ei,hmt, V>0, (431)
and applying the Lemma 4.3(c = J\,?2+ﬂ "|cadi]) we get
)t?ﬁﬂl Czdlt‘zef(’\fp]Jr)”?lc])i'L
< = 7 4 ( Ve e—YM?Fﬂ]/z\/ |Czd1\t’
—(ao+ a—(ax+
(A2 ) leadi] o+ (A2 leadi)er - 1)
(4.32)

forallt > 0and 0 < yi < (A 2/ \ladiDpy + (U772 /\/ledi])er. But we have
W2 fleadiDpr+ (A2 leadiDer > (472 fleadil)py, for all j > 1. Then
we get for every 0<7y; < ()&_(“ﬁﬂl)/z/\/lczdl|)p1 that

)L;‘mpl Czdltze_(’\f‘oﬁk;{c1 ct

(4.33)

4 e_yl(A§a2+ﬂ1)/2 /7|C2d1|)t’ VE> 0.

<
ez<<)‘1_(u2+ﬂl)/2/\/m>l)l _ 51>
From (4.31)-(4.33) we get

e M PIKyi(t) <oe™!, V>0, j>1, (4.34)
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where

-1
11—(&24—,&1)/2
. (a2 +p1)/2
or=1+4 Lonepi -6 ) , 61 = mm{)qpl,)q)t \/lczd1|}, (4.35)
< Vc2di | !

and 0 <y < (A, P2 /3 ladi ) pr.
Applying Lemma 4.3 and taking into account (4.21) we get with the same manner that

for every 0 < 6, < (A /|cal)pn

e—)t,'pltKu’]_ (t) < 0.28—52/\T2|C2|t, V¢ > 0/ ] > 1, (436)
where
- 1
2= ﬂ ’ 4.37
e((M/leal)pr - 62) 47

and or every 0 < 63 < (J\i_ﬁl/|d1|)pl

e P Ky (1) < ge BNl v >, 2L (4.38)
where
o 1
3= — ’ 4.39
e<()»1 ﬂ1/|d1|>P1—53> (439
e—Ajp1tK22/j(t) < e—)llpltl VE>0, j>1. (4.40)

From (4.34)-(4.40) into (4.12) we get

neAff <dcgoe®, W20, 21, (4.41)
where ¢y is defined by (4.17) and
c=l+0+0m+0; 0<6< min{61,62/\‘1"2|cz|,63/\fl|d1|,)qp1 } (4.42)

Using (4.41) into (4.1) we get that the Co-semigoup {S(t) } 5o generated by —A is exponentially
stable. Expression (4.22) is verfied with ¢ =4coo and 6 is defined by (4.42). O
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4.2. Approximate Controllability

Befor giving the definition of the approximate controllabiliy for the sytem (3.9), we have the
following known result: for all wy € X and f € L?(]0,T[;U), the initial value problem (3.9)
admits a unique mild solution given by

w(t) = S(t)wo + f ;S(t —7)B,f(r)dr, te[0,T]. (4.43)

This solution is denoted by w(%; f).

Definition 4.4. System (3.9) is said to be approximately controllable at time t* whenever the set
Fr = {w(t*; f) | Vf € L2(]0,#*[;U)} is densely embedded in X; that is,

Ywo, wy € X, Ye > 0; 3f € L*(10,°[;U) : ||[w(t; f) —wi|| <e. (4.44)

The following criteria for approximate controllability can be found in [6].

Criteria 1. System (3.9) is approximately controllable on [0, t*] if and only if

B*S*(Hw =0, Vte[0,+] = w =0. (4.45)

Now, we are ready to formulate the third main result of this work.

Theorem 4.5. If the following condition

) = dl =0 (4.46)

is satisfied; then, under hypotheses (H1)—(H5), for all t* > 0 and all open subset w C Q, system (3.9)
is approximately controllable on [0, t*].

Proof. The proof of this theorem relies on the Criteria 1 and the following lemma. O

Lemma 4.6. Let{ai;} {ﬂlj}].>1 and {azj}j>1, {ﬂzj}].>1 be sequences of real numbers such that

j217
a11 > X1p > X913 > =+, A1 > App > Ap3 >+ -+ and ayj > lej,fOi’ ﬂll] >0, thenfor any tr e R: one

has

Z(E“”t,[ﬁj +e™'Pi) =0, Vte[0, ] = Pij=p=0, Vj>1 (4.47)
o1

Proof of Lemma 4.6. By analyticity we get 3172 (e™'Byj + e™i'Bp;) = 0, Vi > 0 and from this we
get i1+ 372, elmimatp, ;4 > e(®i—atp,; = 0, Vt > 0. Under the assumptions of the lemma
we get 32, el@maip, 4 > el@—mig,. — Qas t — ooandso P = 0.If ap > az, we
divide Z;Zz e“lftﬂ1j+z;'§1 e™'Br; = 0by e and we passt — oo we get 12 = 0. If ap; > a1p, we
divide Z;‘Zz e™i' By + Z}‘Zl e™'By; = 0 by e®! and we pass t — oo and get o1 = 0. If a1p = ayy,
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we divide 3172, e/ 1 + 3,721 e = 0 by e**' and we pass t — oo and get 12 + 1 = 0. But
in this we case we can integrate under the symbol of sommation over the intervall [0, {] and
we get froe®! + e = 0. Hence f1, = fr1 = 0. Continuing this way we see that 1; = f; =0,
forall j>1.

We are now ready to prove Theorem 4.5. For this purpose, we observe that

B,=B,, S(w=>e""Plw, weX, t>0, (4.48)

w
=1

where {5(t) } ;5 is the Co-semigroup generated by —A.
Without lose of generality, we suppose that 0 < p; < p>. Hence

) =) o 2
B.,S*(Hw = > BLe"i'Piw = > BLei'Prw =3 3 B,K;(t) (e-*fﬂsfpgj)w, (4.49)
j=1 j=1 j=1 s=1

where Ps; = QsP; = PiQs, s =1,2.
Now, suppose for w € X that B},S*(t)w = 0, for all t € [0, t*]. Then

w 2
B,S (hw =0 > Y B,K!(t) (e_)‘ff'stP:j>w(x) =0, VYxeQ. (4.50)
j=1 s=1

If (4.46) is satisfied, then (4.50) take the form

w 2 [ ipsthent 0
Z Z e‘(ijﬂﬁ)‘?zdz)t <B‘”P57>w(x) =0, VxegQ. (4.51)

j=1 s=1 0

Then, from lemma 4.6 we obtain that for s =1,2and all x € w
m;
D pjic) Lotk (x) 0
* VK Tk * k=1 .
(BwQsP,» w) (x) = Q; = 0>, j>1 (4.52)

mj

D {2, 9ji) Lotpjic (%)

k=1

Since Q1 + Q; = Ip2, we get that all x € w
m;

{1 i) Lok (x)
k=1

0
= 0>, S=1,2, ]21 (453)
m;
(v, ) Lopji ()
k=1
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On the other hand, from Theorem 2.4 we know that ¢jx are analytic functions, which implies
the analticity of Eju = Zzzl (u, 9jk)pjx and Ejv = Z:Zl (v, jk)pjk- Then we can conclude that
fors=1,2and all x € Q

mj
D (1 9jk) @ik (x)
k=1

(0,9 )k (x)

k=1

S 0), i>1. (4.54)

Hence Pjw = 0, for all j > 1, which implies that w = 0. This completes the proof of
Theorem 4.5. .
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