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Assume that g is a positive continuous function in RN and satisfies the suitable conditions. We

prove that the Dirichlet problem —Au + u = q(z)|u|”’2u admits at least three positive solutions in
an exterior domain.

1. Introduction

For N >3and 2 <p <2* =2N/(N -2), we consider the semilinear elliptic equations

~Au+u=qz)ufu inQ,
(1.1)
u € Hy(Q),

—Au+u=qguluf*u inQ,
(1.2)
u € Hy(Q),

where Q is an unbounded domain RV . Let g be a positive continuous function in RN and
satisfy

lim q(z) =4 >0,  4(2) #Geo- (q1)

|z[— o0
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Associated with (1.1) and (1.2), we define the functional a, b, b*, J,and J*, foru € H& (Q)

au) = f9<|Vu|2 +1?)dz = |[ulfy,

b(u) = fQ q(z)uPdz,

b*®(u) = f gouPdz, (1.3)
Q
) = yatw - b(w.),
I = jatn) - b,

where 1, = max{u,0} > 0. By Rabinowitz [1, Proposition B.10], the functionals a, b, b*, ],
and J* are of C2.

It is well known that (1.1) admits infinitely many solutions in a bounded domain.
Because of the lack of compactness, it is difficult to deal with this problem in an unbounded
domain. Lions [2, 3] proved that if g(z) > g, > O, then (1.1) has a positive ground state
solution in RN . Bahri and Li [4] proved that there is at least one positive solution of (1.1)
in RY when lim;—»q(z) = 9o > 0 and q(z) > g, — Cexp(-6|z|) for 6 > 2. Zhu [5] has
studied the multiplicity of solutions of (1.1) in RV as follows. Assume N > 5, lim-|_, ,q(z) =
Jw, 4(z) > goo > 0, and there exist positive constants C, y, Ry such that g(z) > go, + C/|z|"
for |z| > Ry, then (1.1) has at least two nontrivial solutions (one is positive and the other
changes sign). Esteban [6, 7] and Cao [8] have studied the multiplicity of solutions of —Au +
u = q(z)lulpfzu with Neumann condition in an exterior domain RN \ D, where D is a C'!
bounded domain in RV . Hirano [9] proved that if ||g — g, is sufficiently small and g(z) >
Goo[1 + Cexp(-6|z|)] for 0 < 6 < 1, then (1.1) admits at least three nontrivial solutions (one
is positive and the other changes sign) in R . Recently, under the same conditions, Lin [10]
showed that (1.1) admits at least two positive solutions and one nodal solution in an exterior
domain. Let g(z) = a(z)+ub(z). Wu [11] showed that for sufficiently small y, if a and b satisfy
some hypotheses, then (1.1) has at least three positive solutions in RV .

In this paper, we consider the multiplicity of positive solutions of (1.1) in an exterior
domain. If g satisfies the suitable conditions (||g — ge ||, is sufficiently small and g(z) > g +
Cexp(-06]z|) for 0 < 6 < 2), then we can show that (1.1) admits at least three positive solutions
in an exterior domain. First, in Section 3, we use the concentration-compactness argument of
Lions [2, 3] to obtain the “ground-state solution” (see Theorem 3.7). In Section 4, we study
the idea of category in Adachi-Tanaka [12] and Bahri-Li minimax method to get that there
are at least three positive solutions of (1.1) in RV \ D (see Theorems 4.10 and 4.15).

2. Existence of (PS)—Sequences

Let Q be an unbounded domain in RN. We define the Palais-Smale (denoted by (PS))
sequences, (PS)-values, and (PS)-conditions in Hé(Q) for J as follows.
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Definition 2.1. (i) For p € R, a sequence {u,} is a (PS)ﬁ—sequence in H& (Q) for J if J(u,) =
B +0,(1) and J'(u,) = 0,(1) strongly in H1(Q) asn — co.
(ii) p € Ris a (PS)-value in H& (Q) for J if there is a (PS)ﬂ—sequence in H& (Q) for J.
(iii) J satisfies the (PS)g-condition in H}(Q) if every (PS) p-sequence in H;(Q) for |
contains a convergent subsequence.

Lemma 2.2. Let u € HO1 (Q) be a critical point of ], then u is a nonnegative solution of (1.1).
Moreover, if u#0, then u is positive in Q.

Proof. Suppose that u € HO1 (Q) satisfies (J'(u), ) = 0 for any ¢ € H&(Q), that is,
f (VuVe +up) = J. g(z)u ' for any ¢ € HY(Q). (2.1)
Q Q

Thus, u is a weak solution of —Au + u = q(z)u’:1 in Q. Since g > 0 in RV, by the maximum
principle, u is nonnegative. If u#0, we have that u is positive in Q. [l

Define

a(Q) = ué&fm] (), (2.2)

where M(Q) = {u € Hy(Q) \ {0} | a(u) =b(u,)} and

a®(Q) = uehidr;ﬁ Q)] *(u), (2.3)

where M®(Q) = {u € Hy(Q) \ {0} | a(u) = b*(u,)}.
Lemma 2.3. Let p € Rand let {u,} bea (PS)ﬂ—sequence in H& (Q) for J. Then,

(i) {un} is a bounded sequence in H(} (Q),
(ii) a(un) =b(uy) +0,(1) = 2p/(p-2))p+0,(1) asn — ocoand > 0.

By Chen et al. [13] and Chen and Wang [14], we have the following lemmas.

Lemma 2.4. (i) For each u € Hol(Q) \ {0} with u, #£0, there exists the unique number s, > 0 such
that s,u € M(Q) and sup.,J (su) = J(s,u).

(ii) Let B > 0 and {u,} a sequence in H& (Q) \ {0} for J such that u, #0, J(u,) = p+ on(1)
and a(u,) = b(u};) + 0,(1). Then, there is a sequence {s,} in R* such that s, =1+ 0,(1), {syu,}in
M(Q) and ] (spun) = p+0,(1) asn — oo.

Lemma 2.5. There exists a positive constant ¢ such that ||u||gn > ¢ > 0 for each u € M(Q). Moreover,
a(Q) > 0.

Lemma 2.6. Let Q4 ; Q. If ] satisfies the (PS)yq,)-condition or a(C1) is a critical value, then
K(Qz) < K(Ql).

Proof. See Chen et al. [13] or Lin et al. [15]. I
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Remark 2.7. The above definitions and lemmas hold not only for J* and M*(£2) but also for
a®(Q).

Lemma 2.8. Every minimizing sequence {u,} in M*(Q) of a®(Q) is a (PS) . q)-sequence in
H&(Q) for J. Moreover, a* (Q) is a (PS)-value.

3. Existence of Ground State Solution

From now on, let Q = RN \ D be an exterior domain, where D is a C"! bounded domain in
RN . By Lions [2, 3], Struwe [16], and Lien et al. [17], we have the following decomposition
lemmas.

Lemma 3.1 (Palais-Smale Decomposition Lemma for J). Assume that q is a positive continuous
function in RN and limz|q(2) = o > 0. Let {uy} be a (PS)g-sequence in Hy(Q) for J. Then,
there are a subsequence {uy }, a nonnegative integer 1, sequences {z, }f:l in RN, functions uin H& (Q),
and w#0 in HY(RN) for 1 <i < such that

i
Zy = Zn

— OO0 fOVlSl/]Sl/Hé]'

“Au+u=q@=)ufu inQ,

p-2

i i i i . mN
—Aw+w:qm|w w' in RY,

(3.1)
1

Uy = U+ Zw1< - z’n> +0n(1) strongly in H1<RN>,

i=1

1
J () = J ) + 3, T2 () + 0u(1),
i=1

Lemma 3.2 (Palais-Smale Decomposition Lemma for J*). Let {uy} be a (PS)g-sequence in

H&(Q) for J. Then, there are a subsequence {un}, a nonnegative integer 1, sequences {z;}f:l in
RN, functions u in Hy(Q), and w'#0 in H'(RN) for 1 <i <1 such that

)

i
Zy—Z

— oo for1<i, j<I, i#j,
—Au+u=golufu, in Q,

. . P2
—Aw’+w’=qw|w’|p w in RN,
(3.2)

Uy = U+ Z wi<. - z;) +0n(1) strongly in H' <]RN>,

i=1

1
T2 un) = J2 @) + T2 () + 0a(1).

i=1
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Lemma 3.3. (i) a®(Q) = a®(RN) (denoted by a*).

(i1) Let {u,} Cc M(Q) be a (PS)ﬂ—sequence in H& (Q) for Jwith0 < f < a®.
Then, there exist a subsequence {u,} and a nonzero uy € H(} (Q) such that u, — ug strongly in
Hol(Q), that is, ] satisfies the (PS)ﬁ—condition in H& (Q). Moreover, uy is a positive solution of (1.1)
such that J(up) = p.

Proof. (i) Since Q is an exterior domain, by Lien et al. [17], Q is a ball-up domain (for any
r > 0, there exists z € Q such that BN(z;r) ¢ Q) and a®(Q) = a* (RN).

(ii) Since {u,} C M(Q) is a (PS)ﬁ-sequence in H(}(Q) for J with 0 < g < a®, by
Lemma 2.3, {u,} is bounded. Thus, there exist a subsequence {u,} and uy € HO1 (Q) such
that u, — up weakly in H}(Q). It is easy to check that u is a solution of (1.1). Applying
Palais-Smale Decomposition Lemma 3.1, we get

a® > f=J(uy) >la*. (3.3)

Then, | = 0 and up#0. Hence, u, — ug strongly in H}(Q) and J(ug) = p. Moreover, by
Lemma 2.2, u is positive in Q. [

It is well known that there is the unique (up to translation), positive, smooth, and
radially symmetric solution w of (1.2) in RN such that J®(w) = a®. (See Bahri and Lions
[18], Gidas et al. [19, 20] and Kwong [21]). Recall the facts

(i) for any € > 0, there exist constants Cy, C6 > 0 such that for all z € RN

w(z) < Coexp(-|zl), |Vw(z)| < Coexp(=(1-¢)lzl), (3.4)
(ii) for any ¢ > 0, there exists a constant C, > 0 such that
w(z) > Ceexp(—(1+¢)|z]) VzeRN. (3.5)

Suppose D ¢ BN(0;R) = {z € RN | |z| < R} for some R > 0. Let ¢sg : RN — [0,1] be
a C®-function on RN such that 0 < ¢g < 1, |Vgg| < c and

1 for|z|>R+1,
¢r(z) = (3.6)
0 for |z]| <R
We define
w;(z) = gpr(z)w(z—-z) forze RN, (3.7)

Clearly, w.(z) € Hy(Q).

We need the following lemmas to prove that sup,,,J(tw:) < a® for sufficiently
large |z|.
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Lemma 3.4. Let E be a domain in RN If f : E — R satisfies

dz < oo for some o >0, (3.8)

[ e
E

then

(f f(z)e""z’z|dz>e°|z| = f f(z)e? =21 dz + 0(1) as |z| — co. (3.9)
E E

Proof. Since o|z| < o|z| + 0|z - z|, we have

|f(z)efo'|zfz|eo|z|

<|f(2)e). (3.10)

Since —0|z - z| + 0lz| = 0({z,z)/|z|) + o(1) as |z| — oo, then the lemma follows from the
Lebesque-dominated convergence theorem. Il

Next, assume that q is a positive continuous function in RN and satisfies (q1) and

q(z) > goo + Cexp(-06|z|) for some C>0and 0< 6 <2. (92)

Then, we have the following lemmas.

Lemma 3.5. (i) There exists a number to > 0 such that for 0 <t < ty and each w, € H&(Q), we have

J(tw;) < a®. (3.11)

There exists a number t; > 0 such that for any t > t; and |z| > R + 2, we have

J(tw;) <0. (3.12)

Proof. (i) Since a® > 0 = J(0), ] is continuous in H&(Q) and {w.} is bounded in H& (Q), then
there exists ty > 0 such that for 0 < t < ty and each w. € H&(Q)

J(tw;) < a®. (3.13)
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For |z| > R+2:since 0 < ¢r < 1, |Vygg| < cand q(z) 2 g, we have that

2
J(tw,) = tz f [|V(qu(z)w(z -z)) |2 + (pr(z)w(z - z))z]dz
Q
s — )P
» fQ q(z) (pr(z)w(z - z)) dz

< i J.RN [| (Vyr)w(z - z) + grVw(z - 2)|* + w(z - z)z]dz (3.14)

P
—t f Joow(z — z)Pdz (" ¢r(z) =1 for z € B(z;1))
p B(z;1)

2

< t2 IRN{ [cw(z) + |[Vw(z)|]* + w(z)z}dz - ’;: IB(M) Goow(2)Pdz.

Hence, there exists t; > 0 such that

J(tw;) <0 foranyt>ty, |z|>R+2. (3.15)
|l

Lemma 3.6. There exists a number Ry > R + 2 > 0 such that for any |z| > Ry, we obtain

supJ (tw;) < a®. (3.16)

t>0

Proof. Applying the above lemma, we only need to show that there exists a number R; >
R +2 > 0 such that for any |z| > R,

sup J(tw) < a®. (3.17)

to<t<h
For tg <t <ty, since

|V (prw(z - z)) |2 = |V(,uR|2w(z ~2)* + ¢2|Vw(z - 2)[* + 2¢rw(z - z) VgrVw(z - z),
(3.18)
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then we have

2
J(tw.,) = t2 J‘RN{ |V (gr(z)w(z - z)) |2 + [(gr(z)w(z - z))]z}dz
P
- f 9(z) [pr(z)w(z - z)|"dz (.. the defination of gg)
P Jrn
t> 2 2 tP
< ) J.RN [|Vw(z -2)|"+w(z-2z) ]dz - » IRN Joow(z — z)Pdz
2 J‘ 2 2
+ [|V(pR| w(z - z) +2(;;Rw(z—z)V(pRVw(z—z)]dz
2 RN
t
- f [q(z)qrf\,w(z -z)V - gw(z - z)p]dz (- (318)and 0 < gr<1)
P Jrn

f 2 2
<a® + ) f [|Vq;R| w(z - z) +2|w(z—z)||V<pR||Vw(z—z)|]dz
RN

P
-0 f (9(2) = goo)w(z — z)P dz
P J{jzi=r+1)

P
+ ! f Jow(z —z)dz . supJ®(tw) = a* and the defination of (,uR>.
P J{jzi<r+1) £20
(3.19)
Since the support of Vg is bounded, then
f |quR|2w(z — z)°dz < Cyexp(-2|z]),
supp(VqJR)
(3.20)
f [w(z - 2)|| Vx| |V (z - 2)|dz < Coexp(~(2 — &) z]).
supp(VqJR)

Similarly, we have

f Joow(z — z)Pdz < Cexp(-p|z|). (3.21)
{|zI<R+1}
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Since q(z) > g + Cexp(-6|z]|) for some 0 < 6 < 2, by Lemma 3.4, there exists R} > R+2 >0
such that for any |z| > R}

f (9(z) = goo)w(z — z)Pdz > CLexp(-min{6,p(1 + €) }|z|)
{|zI<R+1} (3.22)

> C.exp(-6]z|).

Choosing 0 < € < 2 - § and using (3.20)—(3.22), there exists Ry > R} such that for |z| > Ry, we
have

sup J(tw:) < a®, (3.23)

to<t<h

that is, sup,,J (fw:) < a*. I

Using the Ekeland variational principle (or see Stuart [22]), there is a (PS),q)-
sequence {u,} ¢ M(Q) for J. Then, we apply Lemma 3.3(ii) to obtain the existence of positive
ground state solution of (1.1) in Q.

Theorem 3.7. Assume that q is a positive continuous function in RN and satisfies (q1) and (q2).
Then, there exists at least one positive ground state solution ug of (1.1) in Q.

Proof. Since w, € H&(Q), by Lemma 2.4(i), there exists s, > 0 such that s,w, € M(Q).
Thus, by Lemma 3.6, a(2) < J(s;w:) < sup,,,J(tw;) < a® for |z| > Ry. Using the Ekeland
variational principle, there is a (PS)M(Q)—sequénce {u,} € M(Q) for J. Apply Lemma 3.3(ii),
there exists at least one positive solution 1 of (1.1) in Q such that J(ug) = a(€). [

4. Existence of Multiple Solutions

In this section, we use two methods to obtain the existence of multiple positive solutions of
(1.1) in an exterior domain. Part I: we study the idea of category to prove Theorem 4.10. Part
II: we study the Bahri-Li minimax method to prove Theorem 4.15.

Lemma 4.1. Assume that q is a positive continuous function in RN. If q satisfies (ql), (q2) and
(m/2)q4e 2 q(z) where m > 2, then there exists mog > 2 such that for m < my, we obtain that
2a(Q) > a™.

Proof. Since q(z) 2 G, by Lions [2,3],letwy € H LRN)bea positive solution of —Awg +wy =

q(z)lwolpfzwo in RN and J(wp) = a(RY). By Lemma 2.4(i) and Remark 2.7, there exists sy > 0
such that sywy € M*®(RN) and J*(spwp) > a® and

2 2 2p
[|V(sow0)| + (s0200) ]dz = | Gu(sowo)Pdz > T a. (4.1)
RN RN p - 2
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Moreover, we have

_ Jan [Vl + W} § [~ [V + W} 2 fRN(m/Z)qmwg m

=S <<— = . (42)
IRN q(z)wg IRN qoowg ’ .[RN qug 2

Hence, using the above inequalities, we get

a(BN) = J (wo) = sup] (swo) > J (soww0)

s>0
1
= = (sows) - f (4(2) - goo) (sow0)P dz
P JrnN

w 1l/m
>a® - » < 5~ 1) IRN Joo (Sowo)P dz (4.3)

e 75(’; -1) IRN(WwOP +uf)dz

o (3 (),

thatis, [1+ ((m-2)/(p - 2))(m/2)2/(’”_2)]a(]RN) > a®. Choose some my > 2 such that for
2 < m < myp, then 2a(RV) > a*. By Lemma 2.6 and Theorem 3.7, 2a(Q) > 2a(RN) > a®. | |

Lemma 4.2. There exists a number &y > 0 such that if u € M*(Q) and J*(u) < a® + 6, then

f =z (IVul? + ) dz £ 0. (4.4)
R

v 2]

Proof. On the contrary, there exists a sequence {u,} in M*(Q) such that J*(u,) = a® + 0,(1)
asn — oo and

f |—§|<|Vun|2+ui)dz -0 vn (4.5)
RN

By Lemma 2.8, {u,} is a (PS),.-sequence in Hé(Q) for J*. Since a®(Q) = a®(RN), Lien et
al. [17] proved that (1.2) does not have any ground state solution in an exterior domain,
that is, infyeme (@) J*(v) = a*(Q) is not achieved. Applying the Palais-Smale Decomposition
Lemma 3.2, we have that there exists a sequence {z,} in RN such that |z,| —» wasn — o
and

Un(2) = w(z - z,) + 0n(1) strongly in H' (]RiN>, (4.6)
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where w is the positive solution of (1.2) in RN. Suppose the subsequence z,/|z,| — zj as
n — oo, where zj is a unit vector in RV. Then, by the Lebesgue dominated convergence
theorem, we have

0= J.R i<|Vun|2 + ui)dz

v 2]

Z+ 2z,
:f — |<|Vw|2+w2>dz+on(1) (4.7)
RN n

2
= <P _P2>a°°zo +0,(1),

which is a contradiction. [

Using the results of Lemma 2.4(i), let K(u) = J(s,u) = sup,,J(su) for each u €
Hj(Q) \ {0} with u, #0. For ¢ € R, we denote

[K<cl={ueX|K@)<c}, (4.8)

where 3 = {u € H}(Q) | u:+ #0 and [|ul|;;n = 1}. Then, we have the following lemma.

Lemma4.3. (i) K € C'(Z,R) and
(K'(w), @) = su(J'(sutt), ¢) (4.9)

forall g € T,E = {9 € Hy(Q) | (¢, u) =0}.
(1) u € X is a critical point of K(u) if and only if s, u € H&(Q) is a critical point of J.

Proof. (i) For u € %, it is easy to check that

d
% ](Su)|s:su - 0/

) (4.10)

e J(su)lsos, = a(u) - (p - 1)sz_2b(u+) =(2-p)a(u) <0.

Then, using the implicit function theorem to obtain that s, € C!(Z, (0, o0)). Therefore, K (u) =
J(suu) € CY(Z, R). Since s,u € M(Q), we can get (J'(s,u), u) = 0. Thus,

<K'(u)/ (P> = <],(5uu)/ Su‘P) + <],(Suu)/ <S;u (P>u>

(4.11)
= 5,(J'(suu), @) Vo e T,=.

(ii) By (i), K'(u) = 0 if and only if (J'(suu), ) = 0 for all ¢ € T,X. Since H&(Q) is a
Hilbert space and (J'(s,u),u) = 0, so it is equivalent to J'(s,u) = 0 in H™1(Q). I
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Lemma 4.4. Assume that q is a positive continuous function in RN and satisfies (q1) and for m > 2
and 0 <6 <2

m-2

?qm 2 q(z) > goo + Cexp(=6|z|) where 0 < C < Joo- (4.12)

We have that there exists a number mgy > my > 2 (my is defined in Lemma 4.1) such that if m < m,
then

f é (|Vu|2 + u2>dz #6 for any u € [K < a®]. (4.13)
RN

Proof. By the assumptions of 4, Lemmas 2.4(i) and 3.6, the set [K < a®] is nonempty. For any
uel[K<a®],ueZ, s,uecM(Q)and J(s,u) <a*, we get J(s,u) > a(Q2) and

2p 2 pf p 2p
——a(Q) <s; =5y, 2)udz < ——a®. 4.14
2@ anddz< F (4.14)

Since 2a(Q) > a® (by Lemma 4.1), then we have

P> 2—Pa(Q) < sz”q”wJ‘ udz
p-2 Q

p-2
ZP >P/2 J< )
< a® u,dz.

By Lemma 4.2 (i) and Remark 2.7, there exists t., > 0 such that t,,u € M*(£2), then by (4.15),
we have

(4.15)

p-2 P-2)/2 4
2 =t f Gootddz > tf;qoo< ) —_—, (4.16)
Q 2pa Moo
that is,
/D [PPE (4.17)
p-2

Since u € [K < a®] and by the definitions of J and J,,

a® > J(syu) = supj(su) > J(tou)

520

= _a(twu) - (z)thouldz 4.1
,a( ) q (4.18)

. _1 _ p P
= = (tn) pfg(q(z) g o dz.
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From (4.17) and (4.18), we have

J®(teut) < a™ + ! f (9(2) = oo )ttt dz
PJa

1 -2
<a”+ —(%)%Ji

Hence, there exists mg > my > 2 such that if 2 < m < my, then

JP(tou) < a® + 6y, where t,u € M*(Q).

By Lemma 4.2, we obtain

IRN Iél [|V(t°ou)|2 T (twu)z] dz#0,

or

z —
IR = (|Vul +u?)dz# 0.

~ 2]

We try to show that for a sufficiently small 0 > 0

cat([K < a® - o]) > 2.

13

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

To prove (4.23), we need some preliminaries. Recall the definition of Lusternik-Schnirelman

category.

Definition 4.5. (i) For a topological space X, we say a nonempty, closed subset A C X is

contractible to a point in X if and only if there exists a continuous mapping

n:[0,1]xA —X

such that for some xy € X and

70, x) =x Vx €A,

n(l,x)=x9 Yx€A.

(4.24)

(4.25)
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(ii) We define

cat(X) = min{k € N | there exist closed subsets Ay, ..., Ax C X such that
(4.26)
k
Aj is contractible to a point in X for all j and UA]- =X .

j=1

When there do not exist finitely many closed subsets Ay, ..., Ax C X such that A; is
contractible to a point in X for all j and U;‘:l Aj =X, wesay cat(X) = co.
We need the following two lemmas.

Lemma 4.6. Suppose that X is a Hilbert manifold and ¥ € C'(X, R). Assume that there are ¢y € R
and k € N,

(i) W(x) satisfies the (PS).-condition for ¢ < co,

(ii) cat({x € X | ¥(x) < c0}) > k.
Then, W (x) has at least k critical points in {x € X;¥(x) < co}.

Proof. See Ambrosetti [23, Theorem 2.3]. [

Lemma4.7. Let N > 1, SN"1 = {z € RN | |z| = 1}, and let X be a topological space. Suppose that
there are two continuous maps

F:SN1 X, G:X — SN (4.27)

such that G o F is homotopic to the identity map of SN7', that is, there exists a continuous map
¢:[0,1] x SN=1 — SN=1 sych that

£(0,2z) = (Go F)(z) for each z € SN,
(4.28)
¢(1,z) =z for each z € SN-1

Then,

cat(X) > 2. (4.29)

Proof. See Adachi and Tanaka [12, Lemma 2.5]. I

From the result of Lemma 4.4, for 2 < m < my, let g satisfy the condition

m2—2qw and 0< 6 < 2. (95)

?qw 2 q(2) 2 goo + Cexp(-6|z|]) where 0<C <

In this section, assume that q is a positive continuous function in RV and satisfies (q1), and
(45). Let Z € SN™! and wy(z) = ¢r(z)w(z - nZ) € Hy(Q) for each n € N. By Lemma 2.4(i),
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there exist unique numbers (n,z) > 0 such that s(n, 2)w, € M(Q). We define a map F, :
SN-1 H&(Q) by

s(n, Z)wn(2)

4 for Z e SN, (4.30)
(1, 2)wn ()|

Fn(z) (z) =

Then, we have the following lemma.

Lemma 4.8. There are ng € N and a sequence {oy,} in R* such that

F, <SN_1> C[K <a®—-o0y,] foreach n > ny. (4.31)

Proof. Since there exists a unique number s(n, Z) > 0 such that s(n, 2)w, € M(Q), and by the
definition of K, then we obtain that there exists t,, > 0 such that

K( s(n, Z)wn(2) ):]<t s(n, Z)wn(2) ) (4.32)

lIs (1, 2)wn (2) || "lis(n, 2)wn ()l

where t, = |s(n,Z)w,(z)| ;. By Lemma 3.6, there is ng € N such that J(s(n, 2)w,) <
sup, J (twy) < a* for each n > ny. Thus, the conclusion holds. [

Applying Lemma 4.4, we obtain

J. = (|Vu|2 + u2>dz #6 for any u € [K € a®]. (4.33)
R 2|
Now, we define
G:[K <a®] — SN (4.34)
by
fon (2/12) (1l + ul? ) dz
Gu) = 5 5 . (4.35)
|Fan(z/12) (IVuP + luP)dz|
Lemma 4.9. For each n > ny, the map
GoF,:SN1 — gN-1 (4.36)

is homotopic to the identity.

Proof. Define

$n(6,2) : [0,1] x SN — SN (4.37)
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by

(1-20)s(n, Z)grw(z - nZ) + 20¢rw(z - n) for 0 € [0 1>
1(1 ~26)s(n, 2)prw(z ~ n2) + 20¢rw (z ~ n2) ||, 2/

gn(e,z)=<c< yrw(z — (n/2(1 - 0))Z) >

1
lprw(z— (n/2(1 - 0)3)|[ 1 for0 e [2’1>’

| Z for 6 =1.
(4.38)
We need to show that limg_,1- {,(6,2) =Z and
lim ¢ (6,2) = G< yrw(z — nZ) > (4.39)
0-1/2" lgrw(z - nZ)||;p
(a) limg_1-¢,(0,2) =Z : for 1/2 < 6 < 1, since
2 2
z no ) no .
IRN H<|V ["’R“’<Z‘ 2(1-0) Z)] “”Rw(Z‘ 2(1-0) Z) >dz

. z+ (n/2(1-0))z 2 2 4.40
_ IRN e (V0 (@) +w(=)?)dz + o(1) (4.40)

2
= <p_p2>a°°2+o(1) as 0 — 17,

and |lgrw(z — (n/2(1 - 9))£)||12L11 =(2p/(p-2))a*+0(1)asO — 17, thenlimy_.1- {,(6,2) = Z.

(b) By the continuity of G, it is easy to check that

lim (,(6,%) = G< yreo(z — nz) > (4.41)
0-1/2" lgrw(z - n2)||
Thus, (6, 2) € C([0,1] x SN-1, SN-1) and
én(or E) = G(Fn(z)) Vze SN?l/
(4.42)

(1,2 =2 vzesN,

provided n > ng. This completes the proof. [l
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Theorem 4.10. Assume that q is a positive continuous function in RN and satisfies (q1) and (q5)-
Then, ] (u) has at least two critical points in

(K <a], (4.43)

and there exists at least two positive solutions of (1.1) in €.

Proof. Applying Lemmas 4.7 and 4.9, we have for n > ny

cat([K < a® —oy]) > 2. (4.44)

Next, we need to show that K satisfies the (PS)4-condition for 0 < f < a® — on. Let {u,} C X
satisfiy K (u,) = p + 0,(1) and

1K' @) |25 = sup{(K'(un), ¢) | ¢ € Ty, = and ||| s = 1)

(4.45)
=0,(1) asn— oo.
Since K (uy) = J(spity) = f+ 0,(1) asn — oo and s,u, € M(Q), then
s% = %p +0,(1). (4.46)
Using (4.9) and (J'(snun), un) = 0 to obtain that
|J' (suttn) || fy-2 = 0n(1) as n — oo. (4.47)

Hence, {s,u,} ¢ M(Q) is a (PS)ﬁ-sequence for J. By Lemma 3.3(ii), K satisfies the (PS)4-
condition for 0 < < a® — on,. Now, we apply Lemma 4.6 to get that K has at least two critical
points in [K < a®]. Moreover, by Lemmas 4.3(ii) and 2.2, there are at least two positive
solutions of (1.1) in Q. |

Recall that there exist a unique s, > 0 and a unique s > 0 such that s, u € M(Q2) and
syu € M*(Q). Then, we have the following results.

Lemma 4.11. For each u € X, we have that

(%) J=(s%u) < J(suut) < J=(sPu), where m > 2. (4.48)
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Proof. Since (m/2)qe 2 4(2) 2 goo, Where m > 2, we obtain that for each u € X and

J(suu) < J*(syu) < SUOP]w(SH) =J*(siu),

1 1
J(suu) =sup](su) > J(syu) = 2||Si',°ullfp— f q(z) (syu. ) dz
0 PJa

52|

) : (4.49)
> 5 fQ Joo (S5 us)Pdz - » fQ T;qw(s;“’m)pdz
_(1_m o _(P=M\ o e
-(3-3) |, etz = (=3 )1z )
Let
K(u) = max J(su) = J(s,u) >0,
- (4.50)

K*(u) = max J<(su) = J(s;;u) >0,

where s,u € M(Q) and sjyu € M*(Q). Bahri-Li’'s minimax argument [4] also works for K.
Let

_ (z) _
r= {g € C<Br(0), Z) |g|aB,(0) = ||¢i1;z)zwu£iz— y})/|)| - } for large r = |y|. (4.51)

Then, we define
y(Q) = inf sup K(g(v)),
gel’

y€B,(0)

y*(€) = inf sup K*(g(y))-
< yeB, )

(4.52)

Lemma 4.12. a*® < y*(Q) < 2a®.

Proof. Bahri and Li [4] proved that (1.2) admits at least one positive solution u in Q and
J*(u) = y*(Q) < 2a*. Lien et al. [17] proved that (1.2) does not have any positive ground
state solution in Q and a®(Q) = a®(RY) = a®. Hence, a® < y*(Q) < 2a*. I

The following minimax lemma is given in Shi [24] to unify the mountain pass lemma
of Ambrosetti and Rabinowitz [25] and the saddle point theorem of Rabinowitz [26].

Lemma 4.13. Let V' be a compact metric space, Vo C V a closed set, X a Banach space, x € C(Vp, X)
and let us define the complete metric space M by

M={geC(V,X)|g(s)=x(s) if s € Vo} (4.53)
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with the usual distance d. Let ¢ € C*(X, R) and let us define

°= HnyeEe). a=naxe (454

If ¢ > c1, then for each € > 0 and each g € M such that

max 9(g(s)) <c+eg, (4.55)

there exists v € X such that
c—e < ¢(v) <maxg(g(s)),
EiS
dist(v, g(V)) <€'/?, (4.56)

lly'@)] < &2

Lemma 4.14. Assume that q is a positive continuous function in RN . If q satisfies (q1) and (q2).
Let {u,} ¢ M(Q) be a (PS)ﬁ—sequence in H(}(Q) for J with a® < p < a® + a(Q). Then, there
exist a subsequence {u,} and a nonzero uy € HO1 (Q) such that u, — ug strongly in H& (Q), that
is, J satisfies the (PS) ﬁ—condition in HO1 (Q). Moreover, ug is a positive solution of (1.1) such that
J(uo) = p.

Proof. The proof is similar to Lemma 3.3(ii). Applying Palais-Smale Decomposition
Lemma 3.1, we get

a” +a(Q) > pf = J(u,) >1a” +a(Q) (or >Ila™). (4.57)

Since w is the unique (up to translation), positive solution of (1.2) in RN and J*(w) = a*® >
a(Q), then I = 0 and ug #0. Hence, u,, — ug strongly in HO1 (Q) and J(up) = p. Moreover, by
Lemma 2.2, u is positive in Q. [

Theorem 4.15. Assume that q is a positive continuous function in RN . If g satisfies (ql) and there
exists a number m' > 2 such that for any 2 < m < m/,

m—2
2

?qw 2 q(z) > goo + Cexp(-6|z|), where 0 < C < Goo and 0 < 6 <2, (9y)

then (1.1) admits at least three positive solutions in Q.

Proof. Applying Lemma 4.11(iii) to obtain

p-m 9 0
< <
(p—Z)a <a(Q) <a®,

(p_nl ) ] (4.58)
ﬁ)y (L) <y(Q) <y™(Q).
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Since a® < y*(Q) < 2a®, given 0 < € < (2a® — y*(Q))/2, there is a number min{m;y,p} >
my > 2 such that for any 2 < m < my, we have

Y*(Q) < a® +a(Q) < 2a%. (4.59)
Choosing some min{my, p} > m' > 2 such that for any 2 < m < m', we get
a” <y(Q) <y®(Q) <a® +a(Q) < 2a%. (4.60)

By Lemma 3.6, for any t > 0, we have

J(tgr(z)w(z-y)) <a® +o(1) as |y| — oo. (4.61)
Then,
(e ) i
lgr(z)w(z - y) | lgr(z)w(z - )|y (4.62)

<a®+o0(1) as|y| — oo,

that is, y(Q) > K(¢r(z)w(z - y)/|lgr(z)w(z — y)|l ;1) for large r = |y|. Applying Lemma 4.3
and the minimax Lemma 4.13 to obtain that y(Q2) is a (PS)-value in Hé(Q) for J. Hence, by
Lemmas 2.2 and 4.14, we have that there exists a positive solution u of (1.1) in Q such that
J (1) = y(&). From the result of Theorem 4.10, (1.1) admits at least three positive solutions in
Q. [
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