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By employing upper and lower solutions method together with maximal principle, we establish a
necessary and sufficient condition for the existence of pseudo-C?[0,1] as well as C2[0, 1] positive
solutions for fourth-order singular p-Laplacian differential equations with integral boundary
conditions. Our nonlinearity f may be singular at f = 0, = 1, and u = 0. The dual results for

the other integral boundary condition are also given.

1. Introduction

In this paper, we consider the existence of positive solutions for the following nonlinear
fourth-order singular p-Laplacian differential equations with integral boundary conditions:

(¢p (x"()))" = f(t,x(t),x(t), 0<t<1,

1
x(0) = fo g(s)x(s)ds, x(1)=0,

1
203 0) = gy (' (D) = [ By (' (5)ds,

(1.1)
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where ¢, () = [tf2-t,p > 2,9, = (p;1, 1/p+1/qg=1,f € C(J xR, xR,,R"), ] = (0,1),
R, = (0,+00), R* = [0,+0), I = [0,1], and g, h € L'[0,1] is nonnegative. Let oy = f;(l -
s)g(s)ds, oo = fol h(s)ds. Throughout this paper, we always assume that 0 < fol g(s)ds < 1,
0< f& h(s)ds < 1 and nonlinear term f satisfies the following hypothesis:

(H) f(t,u,v) : J xRy xR, — R* is continuous, nondecreasing on u and nonincreasing
on v for each fixed t € J, and there exists a real number b € R* such that, for any
rej,

f(t,u,ro) < r‘bf(t, u,v), VY(tuv)e]xR,xR,, (1.2)

there exists a function ¢ : [1,+o0) — Ry, &(I) < land ¢(I)/I? is integrable on (1, +o0)
such that

F(tlu,0) <D f(tu,0), Y(tuv) €] xR, xR,, 1 €[1,+00). (1.3)

Remark 1.1. Condition (H) is used to discuss the existence and uniqueness of smooth positive
solutions in [1].

(i) Inequality (1.2) implies that

f(t,u,co)> c"bf(t, u,v), ifc>1. (1.4)

Conversely, (1.4) implies (1.2).

(ii) Inequality (1.3) implies that

f(t, cu,v)> <§<c‘l>>_1f(t,u,v), if0<c<1. (1.5)

Conversely, (1.5) implies (1.3).

Remark 1.2. Typical functions that satisfy condition (H) are those taking the form f (¢, u,v)
=" ai(hut + Z]-"il bij(t)u™i, where a;,bj € C(0,1),0 < A; <1, p; >0 (i =1,2,...,m
i=12,...,m).

Remark 1.3. Tt follows from (1.2) and (1.3) that

§<g>f(t,v,v), ifu>v>0,
ftuu) < (1.6)

<§>bf(t,v,v), ifo>u>0.
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Boundary value problems with integral boundary conditions arise in variety of
different areas of applied mathematics and physics. For example, heat conduction, chemical
engineering, underground water flow, thermoelasticity, and plasma physics can be reduced
to nonlocal problems with integral boundary conditions. They include two point, three point,
and nonlocal boundary value problems (see [2-5]) as special cases and have attracted much
attention of many researchers, such as Gallardo, Karakostas, Tsamatos, Lomtatidze, Malaguti,
Yang, Zhang, and Feng (see [6-13], e.g.). For more information about the general theory of
integral equations and their relation to boundary value problems, the reader is referred to the
book by Corduneanu [14] and Agarwal and O’Regan [15].

Recently, Zhang et al. [13] studied the existence and nonexistence of symmetric
positive solutions for the following nonlinear fourth-order boundary value problems:

(pp (X" )" =w(t) ft,x(t)), 0<t<]l,

1
x(0) = x(1) = fo g(s)x(s)ds, (1.7)

1
90 (2(0)) = gy (x"(1)) = jo h(s)g, (x"(s))ds,

where ¢, (t) = [t - t,p > 1,95 = $,', 1/p+1/q = 1, w € L[0,1] is nonnegative, symmetric
on the interval [0,1], f : [0,1] x [0,+c0) — [0,+00) is continuous, and g, h € L[0,1] are
nonnegative, symmetric on [0, 1].

To seek necessary and sufficient conditions for the existence of solutions to the
ordinary differential equations is important and interesting, but difficult. Professors Wei
[16, 17], Du and Zhao [18], Graef and Kong [19], Zhang and Liu [20], and others have
done much excellent work under some suitable conditions in this direction. To the author’s
knowledge, there are no necessary and sufficient conditions available in the literature for the
existence of solutions for integral boundary value problem (1.1). Motivated by above papers,
the purpose of this paper is to fill this gap. It is worth pointing out that the nonlinearity
f(t,u,v) permits singularity not only at t = 0, 1 but also at v = 0. By singularity, we mean that
the function f is allowed to be unbounded at the points t = 0,1 and v = 0.

2. Preliminaries and Several Lemmas

A function x(t) € C?[0,1] and ¢, (x"(t)) € C2(0,1) is called a C?[0,1] (positive) solution of
BVP (1.1) if it satisfies (1.1) (x(t) > 0 for t € (0,1)). A C?[0,1] (positive) solution of (1.1) is
called a psuedo-C°[0,1] (positive) solution if ¢, (x"(t)) € C'[0,1] (x(t) > 0, =x"(t) > O for
t € (0,1)). Denote that

E= {x . x € C2[0,1], and @, (x"(t)) € c2(0,1)}. 2.1)



4 Boundary Value Problems

Definition 2.1. A function a(t) € E is called a lower solution of BVP (1.1) if a(t) satisfies

(pp(a"(1))" < f(t,a(t),a(t)), 0<t<T1,

1
a(0) —f g(s)a(s)ds <0, «a(1)<0,
0
1 (2.2)
[ ) - [ o @onas] <o

1
- I:(,o}U («"(1)) - -[0 h(s)gpy (a"(s))ds] <O0.

Definition 2.2. A function B(t) € E is called an upper solution of BVP (1.1) if () satisfies

(pp(B'(H))" > f(t, (), (), O0<t<1,

1
ﬂm—Lg@mﬁﬁza B(1) >0,
! (2.3)
—Pﬁﬁw»—khwWAwwnw]za

1
—PAW@»—Lh@WAW@»m]za
Suppose that 0 < ax < by < 1, and

by
Fr = {x (X € Cz[ak,bk],(pp(x"(t)) e C?*(ax, by), x(ax) - f g(s)x(s)ds > 0,x(bk) >0,

by by
—[(p,,(x"(ak)) - h(s)(pp(x”(s))ds] > 0,—|:(pp(x”(bk)) - h(s)(pp(x”(s))ds:I > 0}.
(2.4)

To prove the main results, we need the following maximum principle.

Lemma 2.3 (Maximum principle). If x € Fy, such that [p,(x"(t))]" > 0, t € (ax, bx), then
x(t) >0, -x"(t) >0, t € [ax, bx].
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Proof. Set

=xX"(t) = y(t), te€ [ax bk,

[op(x" ()] =0(t), tE€ (ax,br),

by
x(ak) = | g(s)x(s)ds =1, x(bk) =1,

ak

bk
—[(Pp(x”(ak)) - h(s)‘Pp(x"(S))dS] =13,

ak

b

thenr; >0,i=1,2,3,4,0(t) >0, t € (ax,bx) and
_(pp(y)"(t) = G(t)! te (ak/ bk)/

by
9p(y)(ax) = | h(s)pp(y(s))ds =13,

by
9p(y) (k) = | h(s)gp(y(s))ds = rs.

Let
wp(y)(t) = z(t),
then

~Z"(t) = o(t), te€ (ax by),

bk bk

z(ag) — h(s)z(s)ds = r3, z(by) — h(s)z(s)ds = ry.

ag ak

By integration of (2.12), we have
t
Z'(t) = 2/ (ax) —f o(s)ds.
ak

Integrating again, we get

t
z(t) = z(ax) + z'(ax) (t — ax) — f (t—s)o(s)ds.

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Let t = by in (2.15), we obtain that

! _ Ty —T13 1 b _
Z'(ax) = E—— + E— Lk (bx —s)o(s)ds. (2.16)

Substituting (2.13) and (2.16) into (2.15), we obtain that

_ bk by
2 =r+ 2B g+ | Gt s)o(s)ds +J h(s)z(s)ds, (2.17)
by — ax a a
where
1 (b —t)(s—ax), 0<s<t<],
Gk(t,s) = (2.18)
by — ax (be—s)(t—ax), 0<t<s<1
Notice that
by by Ty —13 bx by
h(s)z(s)ds = ’[ h(s)|rs + (s — ax) +I Gi(s,T)o(r)dt + | h(s)z(s)ds|ds
aj ay bk - ak ay aj
by Ta—T3 bk by by
=r;| h(s)ds+ —— I (s —ax)h(s)ds + h(s) [f Gk (s, T)O(T)dT] ds
ag bk - ak ag ayg ag
bi bi
+ h(s)ds - h(s)z(s)ds,
ag ak
(2.19)
therefore,
b bx _ by
h(s)z(s)ds = — [r3 h(s)ds + L j (s —ax)h(s)ds
a 1- [Xh(s)ds | "/ a bk —ak J o
(2.20)

bi bi
+’[ h(s)<f Gk(S,T)O'(T)dT>dS].
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Substituting (2.20) into (2.17), we have

Ty —13
t—ag)+
bk—ak( k)

bi bi
z(t) =13 + h(s)[ Gk (s, T)O'(T)dT] ds

1- [ h(s)ds Lk ar

by

1 bi rg—ry (™
R r3j h(s)ds + b _[ (s —aw)h(s)ds| +| Gk(t,s)o(s)ds
1-[Fh(s)ds| Ja k= ak Ja, %

b -t t—ax 1 O bp-s fbk S —ag
= h(s)d h(s)d
bk_akr3+bk_akr4+1_02k[ I (s)dsrs + I (s)dsry

by
+ Ki(t,s)o(s)ds

ak

by —t 1 br b -s t—ag 1 fbk S — ag
= + h(s)ds|r; + + h(s)ds|r
[bk—ak 1—0'2k akbk—ak () ]3 [bk—ak 1—0'2k akbk—ak () 4

by
+ Ki(t,s)o(s)ds,

ak

(2.21)

where

by

by
Gk(s,T)h(T)dT, O = h(s)ds. (2.22)

ak ak

Ki(t,) = Ge(t,5) + 7=

Obviously, Gk(t,s) > 0, Ki(t,s) > 0, ook > 0. From (2.21), it is easily seen that z(t) > 0 for
t € [ak, bx]. By (2.11), we know that ¢, (y)(t) > 0, that is, y(t) > 0. Thus, we have proved that
-x"(t) > 0,t € [ak, br]. Similarly, the solution of (2.5) and (2.7) can be expressed by

b -t b -t ’[bk b —s
t) = + §)——|r
x(®) [bk_ak (1 - o1k) (bic — ax) akg( )bk_ak !

(2.23)
[ t—ag b -t
+

by s — ax bi .
§)T—— |+ Hi(t,s)y(s)ds,
by — ax (1_O'1k)(bk_ak).[ 8 )bk—ak 2 k(t,8)y(s)

ak ak

where

_ by 1 by
Hi(t,s) = Gk(t,s) + bt I Gk(s,7)g(T)dr, O = —— g(s)(bx —s)ds. (2.24)
1-01k J o b —ax ),

By (2.23), we can get that x(t) > 0, t € [ak, bk]. O



8 Boundary Value Problems

Lemma 2.4. Suppose that (H) holds. Let x(t) be a C?[0,1] positive solution of BVP (1.1). Then there
exist two constants 0 < I < I, such that

L(1-t)<x(t)<hL(1-t), telo1]. (2.25)

Proof. Assume that x(t) is a C?[0,1] positive solution of BVP (1.1). Then x(t) can be stated as

1 1
x(t) = Io G(t,s)(=x"(s))ds + 11__(:1 JJOG(T, s)g(T)(—x"(s))drds, (2.26)
where
{t(l—S), 0<t<s<l,
G(t,s) = (2.27)
s(1-t), 0<s<t<l1
It is easy to see that
1
x(0) = 1_1—01’”0G(T, $)g(1)(=x"(s))dr ds > 0. (2.28)
By (2.26), for 0 < t < 1, we have that
1
x(t) > 11__; IIOG(T’ )g(1)(=x"(s))drds = (1 -1t)x(0) > 0. (2.29)

From (2.26) and (2.27), we get that

0<x(t)<(1-1) U: s(-x'(s))ds + 7 _101 jj:c(r, 5)g(7)(~x"(s))dr ds]. (2.30)
Setting

L=x(0), L= j: s(=x"(5))ds + 5 _101 II:G(T, 5)g(7)(~x"(s))dr ds, (2.31)

then from (2.29) and (2.30), we have (2.25). O

Lemma 2.5. Suppose that (H) holds. And assume that there exist lower and upper solutions of BVP
(1.1), respectively, a(t) and p(t), such that a(t),p(t) € E, 0 < a(t) < p(t) fort € (0,1),a(1) =
B(1) = 0. Then BVP (1.1) has at least one C?[0, 1] positive solution x(t) such that a(t) < x(t) < p(t),
t € [0,1]. If, in addition, there exists F(t) € L'[0,1] such that

|f(t,x,x)| SF@®), for a(t) < x(t) < (D), (2.32)
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then the solution x(t) of BVP (1.1) is a pseudo-C>[0, 1] positive solution.

Proof. For each k, for all x(t) € Ex = {x : x € C*[ax, bx], and ¢,(x"(t)) € C*(ax,bi)}, we
defined an auxiliary function

ft,at),at), ifx(t) <a(t),
Fie()(t) = q f(t,x(8), x(1), if a(t) < x(t) < p(), (2.33)
ft,B(t), Bt)), if x(t) > ().

By condition (H), we have that F : Ex — [0, +o0) is continuous.
Let {ax}, {bx} be sequences satisfying 0 < -+ < apy1 < ap <---<a; <b; <--- <bg <
by <---<1,ar = Oand by — lask — oo, and let {ry;}, i = 1,2,3, be sequences satisfying

br by
a(aw—f g(s)a(s)ds < iy < Plax) - f g(s)(s)ds,

ay ak

a(by) <1 <Pbi), 11 —0, 12 — 0, as k — oo,

ag (423

by b
—[V’p(“"(ak)) - h(s)‘l’p(“"(s))ds] STk < —[tpp(ﬁ"(ak)) - h(S)#’p(ﬁ"(S))dS]f (2.34)

1 b
—[%(“"(bk)) - IO h(S)<Pp(“"(S))dS] STr < —[% (B" (b)) = | h(s)gp (ﬂ"(s))ds]/

73— 0, 14 — 0, as k — co.

For each k, consider the following nonsingular problem:

(pp (X" (D))" = Fi(x) (), t€ [ax, b,

by
x(ak) = | g(s)x(s)ds =1, x(bx) =12,
be (2.35)
- I:‘Pp (x”(ak)) _f h(s)pp (xll(s))ds:I = Tk3,

b
- [(pp (x"(b)) = | h(s)gpp (x"(s))ds] = T't4.
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For convenience, we define linear operators as follows:

Bix(t) = [bik_‘;k - _102k b bik__:kh(s)ds] s
' [bk f a1 —1sz :: bsk—_LZ(kh(s)dS:I ryt Z Ki(t, s)x(s)ds,
(2.36)
Arx(t) = I:bik—_t:k + = Gik) (_bi 3 J‘:: g(s)lik_—_;{:l 1
' [btk_—aakk T ofkkx_bi ~ap) J b 8(5) sz_—ifk]“ * b Hi(t, $)x(s)ds.

By the proof of Lemma 2.3, x(t) is a solution of problem (2.35) if and only if it is the
fixed point of the following operator equation:

x(t) = [Ax (9 (BeFi) ) |x (). (2.37)

By (2.33), it is easy to verify that Ak(¢;1(Bka)) : Ex — Eg is continuous and Fi(Ey) is
a bounded set. Moreover, by the continuity of Gk(t,s), we can show that Ax ((p;,l(Bk)) is a
compact operator and Ak((P;,l (Bk))(Ek) is a relatively compact set. So, Ak((,o][‘,1 (BxFy)) : Ex —
Ej is a completely continuous operator. In addition, x € Ej is a solution of (2.35) if and
only if x is a fixed point of operator Ak((p;,l(Bka))x = x. Using the Shauder’s fixed point
theorem, we assert that Ak((p,‘,1 (BkFi)) has at least one fixed point xj € C?[ax, bi], by x(t) =
Ak(," (BiFx))xk(t), we can get ¢ (xkr) € C*[ay, b].
We claim that

a(t) <x(t) < P(t), te€[ak, brl. (2.38)
From this it follows that
(@p (X1 (0))" = f(t,x(B), 2k (1)), t€ [ax, b]. (2.39)
Indeed, suppose by contradiction that xx (t)£f(t) on [ak, bi]. By the definition of F, we have
Fie(xi)(t) = f(£, 1), (1)), t€ [ak, br]. (2.40)
Therefore,

(pp (X} ()" = f (£, B(1), B(t)), € [ak, byl (2.41)
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On the other hand, since f(t) is an upper solution of (1.1), we also have
(@p(B'(1))" 2 f (£, p(), BD)), ¢ € [ax, bil.
Then setting
2(6) = 9y (") ~ 9 (-4(D)), € [ax, by
By (2.41) and (2.42), we obtain that

-Z'(t) >0, t€ (akbr), x € C*ay, by,

bk bk

z(ax) - h(s)z(s)ds >0, z(by) — h(s)z(s)ds > 0.

ag ak
By Lemma 2.3, we can conclude that

z(t) >0, te[ak, byl

Hence,

=[B"(H) - x3(D] 20, t € [a, bl.
Set

u(t) = B(t) - xi(t), € [ag, byl
Then

-u"(t) >0, te€ (ax bk), x € C*ak, bk,

by
u(ag) - g(s)u(s)ds >0, wu(bx) >0.

ak
By Lemma 2.3, we can conclude that

u(t) >0, t€/[agbyl,

which contradicts the assumption that x () £f(t). Therefore, x (t)£p(t) is impossible.
Similarly, we can show that a(t) < xk(t). So, we have shown that (2.38) holds.

11

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

Using the method of [21] and Theorem 3.2 in [22], we can obtain that there is a C?[0,1]
positive solution w(t) of (1.1) such that a(t) < w(t) < p(t), and a subsequence of {x(t)}

converging to w(t) on any compact subintervals of (0,1).

In addition, if (2.32) holds, then |[g, (x"(t))]"| < F(t). Hence, [¢,(x"(t))]" is absolutely
integrable on [0, 1]. This implies that x(t) is a pseudo-C3[0, 1] positive solution of (1.1). O
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3. The Main Results

Theorem 3.1. Suppose that (H) holds, then a necessary and sufficient condition for BVP (1.1) to
have a pseudo-C3[0, 1] positive solution is that the following integral condition holds:

1
0< I f(s,(1-5),(1-s))ds < +oo. (3.1)
0

Proof. The proof is divided into two parts, necessity and suffeciency.

Necessity. Suppose that x(t) is a pseudo-C>[0,1] positive solution of (1.1). Then both
¢, (x"(0)) and ¢, (x"(1)) exist. By Lemma 2.4, there exist two constants 0 < I; < I; such that

L-t)<x(t)<L(1-1t), te[o1]. (3.2)

Without loss of generality, we may assume that 0 < I; < 1 < I. This together with condition
(H) implies that

! ! 1 1 1 !
fo f(s,(1=5),(1-s))ds < fo f<s,1—1x(s), I—zx(s)> < §<I—1>I§ jo f(s,x(s),x(s))ds .
1
= 5(1_1)15 . ((p;,(x"(l)) - (p;,(x"(O))> < +o0.
On the other hand, since x(t) is a pseudo-C>[0, 1] positive solution of (1.1), we have
ft,x(t),x())#0, te€(0,1). (3.4)

Otherwise, let z(t) = ¢, (x"(t)). By the proof of Lemma 2.3, we have that z(t) = 0, t € (0,1),
that is, x”(t) = 0 which contradicts that x(t) is a pseudo-C?[0, 1] positive solution. Therefore,
there exists a positive ¢y € (0,1) such that f(ty, x(to), x(t9)) > 0. Obviously, x(ty) > 0. By (1.6)
we have

g(f(—t()t?))f(t()rl_to’l_t())’ if x(tO) = 1_t0’

0 < f(to, x(to), x(to)) < (3.5)

1-1\"? .
x(t0;> f(to,1—to,1-ty), if x(to) <1-ty.

Consequently, f(ty,1—to,1 - to) > 0, which implies that

J.: f(s,1-s,1-5)ds > 0. (3.6)
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It follows from (3.3) and (3.6) that
1
0<J f(s,1-5,1-5)ds < +o0o, (3.7)
0

which is the desired inequality.

Sufficiency. First, we prove the existence of a pair of upper and lower solutions. Since ¢(I)/I?
is integrable on [1, +o0), we have

lim inf @ =0. (3.8)

I—+o0

Otherwise, if lim;_, ., inf(¢(l) /1) = my > 0, then there exists a real number N > 0 such that
¢()/1? > my/21 when I > N, which contradicts the condition that ¢(I)/I? is integrable on
[1,+00). In view of condition (H) and (3.8), we obtain that

ft,ru,0) 2 () f(tu,0), 1€ (O,1), (3.9)
-1
rlijlol+ sup ﬁ = Plirilw sup # = pl_i)rzlm inf @ =0, (3.10)

where h(r) = &)™
Suppose that (3.1) holds. Firstly, we define the linear operators A and B as follows:

Bx(t) = Jl G(t,s)x(s)ds + 1 10_ leG(S,T)h(T)x(S)dT ds, (3.11)
0 —02JJo
Ax(t) = fl G(t,s)x(s)ds + 11 _; fflG(s, 7)g(T)x(s)drds, (3.12)
0 —01JJo
where G(t, s) is given by (2.27). Let
bi(t) = Ag,'Bf(t,1-t,1-1t), te[0,1]. (3.13)

It is easy to know from (3.11) and (3.12) that ¢, (-b"(t)) € C'[0,1]. By Lemma 2.4, we know
that there exists a positive number k < 1 such that

1
ki(1-¢) <bi(t) < k—(l -t), te]0,1]. (3.14)
1
Take 0 < I; < k; sufficiently small, then by (3.10), we get that I1k; /h(lik1) < ky, that s,

h(hky) -1 >0, g(ﬁ) - % <0. (3.15)
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Let
1
a(t) =hLb(t), p(t) = Ebl(t), te[0,1]. (3.16)
Thus, from (3.14) and (3.16), we have

hki(1-t) <alt) < (1-1) <ﬂ(t)gﬁ(1—t) te[o0,1]. (3.17)

Considering p > 2, it follows from (3.15), (3.17), and condition (H) that
fta(),a(t) = f(t,liki(1-t), (1~ 1) 2 (k) f (¢, (1= 1), (1~ 1))
>Lf(t(1-H,0-0) 217 f(t,1-1),(1-1)
= [pp(@'®)]", te @),

1 1
F(8B(E), B(1)) < f(t, g d-na- ”) < §<m)f(t’ (-0, 1-8) (3.18)

s(l)fuxl—nml—ﬂ)

IN

(3 ) £t (=), 1-1)
= e, (B"®)]", te(0,1).

From (3.13) and (3.16), it follows that
1 1
x0) = [ ghawdt, pO) = gpOI, a)=0, pO)-
0 0
1
¢p(a"(0)) =, (a’(1)) = 4[0 h(s)py(a’(s))ds, (3.19)
1
00 (F'0)) = (B D) = [ 1(s)py (5 (5)) .

Thus, we have shown that a(t) and f(t) are lower and upper solutions of BVP (1.1),
respectively.
Additionally, when a(t) < x(t) < B(t), t € [0,1], by (3.17) and condition (H), we have

0< f(t,x(t), x(t) <f<t -0, llkl(l—t))
(3.20)

b _
sg<mg)ﬂna—wamr4»sg(EE)awn £t (- 1), (1= 1) = F(@).
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From (3.1), we have j; F(t)dt < +o0. So, it follows from Lemma 2.5 that BVP (1.1) admits a
pseudo-C3[0, 1] positive solution such that a(t) < x(t) < B(t). O

Remark 3.2. Lin et al. [23, 24] considered the existence and uniqueness of solutions for some

fourth-order and (k, n — k) conjugate boundary value problems when f(t,u, v) = q(t)(g(u) +
h(v)), where

g :[0,+00) — [0, +00) is continuous and nondecreasing,

(3.21)
h:(0,+00) — (0,+00) is continuous and nonincreasing,
under the following condition:
(P1) forte (0,1) and u, v > 0, there exists a € (0, 1) such that
g(tu) > t*g(u),
(3.22)

h(t‘lv> > t*h(v).

Leietal. [25] and Liu and Yu [26] investigated the existence and uniqueness of positive
solutions to singular boundary value problems under the following condition:

(P2) f(t,Au, 1/ M)v) > A*f(t,u,v), for all u,v > 0, L € (0,1), where a € [0,1) and
f(t,u,v) is nondecreasing on u and nonincreasing on v.

Obviously, (3.21)-(3.22) imply condition (P;) and condition (P;) implies condition
(H). So, condition (H) is weaker than conditions (1) and (I;). Thus, functions considered in

this paper are wider than those in [23-26].

In the following, when f(t, u, u) admits the form f(t, u), that is, nonlinear term f is not
mixed monotone on u, but monotone with respect u, BVP (1.1) becomes

(pp(x"(1)))" = f(t,x(t), O0<t<1,

1
x(0) = fo g(s)x(s)ds, x(1)=0, (3.23)
1
0o 0) = (1)) = [ ), (' (5))ds:

If f(t, u) satisfies one of the following:

(H") f(t,u) : J xR, — R*is continuous, nondecreasing on u, for each fixed t € (0,1),
there exists a function ¢ : [1,+o00) — Ry, &(I) < land ¢(I)/I? is integrable on (1, +o0)
such that

F(tlu) <EDf(tu), Y(u)€JxR,, 1€[1,+0). (3.24)
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Theorem 3.3. Suppose that (H") holds, then a necessary and sufficient condition for BVP (3.23) to
have a pseudo-C3[0, 1] positive solution is that the following integral condition holds

0< Il f(s,1-s)ds < +oo. (3.25)
0

Proof. The proof is similar to that of Theorem 3.1; we omit the details. O

Theorem 3.4. Suppose that (H") holds, then a necessary and sufficient condition for problem (3.23)
to have a C2[0, 1] positive solution is that the following integral condition holds

1
0< f s(1-35)f(s, (1 -s))ds < +oo. (3.26)
0

Proof. The proof is divided into two parts, necessity and suffeciency.

Necessity. Assume that x(t) is a C?[0, 1] positive solution of BVP (3.23). By Lemma 2.4, there
exist two constants I and I, 0 < I; < I, such that

L-t)<x(t)<L(1-t), tel[o,1]. (3.27)

Let ¢1 be a constant such that ¢;I, <1,1/¢; > 1. By condition (H), we have

flt,x(t) = f<f,cllcix_(? (1- t)> > f(t, Cix—_(?(l - t))

st f00-02 T 00 O
>clf(t,(1-1), te(0,1).
By virtue of (3.28), we obtain that
ft,(1=1) < (erh) ' f(tx(t) = (c1l) e (X" (1)]", te€(0,1). (3.29)
By boundary value condition, we know that there exists a ty € (0,1) such that
[y (x")] (ko) = O (3.30)

For t € (tp, 1), by integration of (3.29), we get

t

f(s,(1=8))ds < (c1I1) epp ()] (1), t€ (o, 1). (3.31)

to
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Integrating (3.31), we have

1 pt 1
L L f(s,(1=5s))dsdt < (c; ;)" L [0, (x")]'(t)dt

(3.32)
= () pp (x") (1) = pp (x") (£0)] < +o0.
Exchanging the order of integration, we obtain that
1 ot 1
f f(s,(1=s))dsdt=] (1-5)f(s,(1-5))ds < +oo. (3.33)
to / to to
Similarly, by integration of (3.29), we get
to
f sf(s,(1-s))ds < +oo. (3.34)
0
Equations (3.33) and (3.34) imply that
1
f s(1-5)f(s,(1-s))ds < +co. (3.35)
0

Since x(t) is a C?[0, 1] positive solution of BVP (1.1), there exists a positive t, € (0,1) such
that f(to, x(tp)) > 0. Obviously, x(tp) > 0. On the other hand, choose ¢, < min{1,1;,1/1},
then c,1, < 1. By condition (H), we have

0< (o xtto) = £ (1, - 20 1 - 1)) )

Consequently, f(to, t) > 0, which implies that
K s(1-5)f(s, (1-s))ds > 0. (3.37)
It follows from (3.35) and (3.37) that
0< f: s(1-5)f(s, (1-s))ds < +oo, (3.38)

which is the desired inequality.
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Sufficiency. Suppose that (3.26) holds. Let

ba(t) = Ap,'Bf(t,1-1), te[0,1]. (3.39)

It is easy to know, from (3.11) and (3.26), that

1
Bf(t,1-t) < 1 _102 fo G(s,s)f(s,1—-s)ds < +o0. (3.40)

Thus, (3.12), (3.39), and (3.40) imply that 0 < b,(t) < +o0. By Lemma 2.4, we know that there
exists a positive number k; < 1 such that

ka(1-1) < bo(t) < %(1 ~#), te[o,1]. (3.41)
2

Take 0 < I, < k; sufficiently small, then by (3.10), we get that Lk, /h(lzkz) < k, that is,

h(bky) -1, >0, §<i> - % <0. (3.42)
Let
a(t) = Lby(t), p(t) = %bz(t), te[0,1]. (3.43)

Thus, from (3.41) and (3.43), we have
Lko(1-t)<a(t) <(1-t) <pt) < %(1 -t), te]0,1]. (3.44)
2k2

Notice that p > 2, it follows from (3.42)«3.44) and condition (H) that

f(t,a(t)) > f(t,Lka(1-1)) > h(lky) f(t, (1 -1¢))
>Lf(L A1) 257 f(t (1-1)
= [pp(a"(®)]", te(0,),

Fopw) < (b ea-0) <o )ft.a-)

1 1\P1!
< <E>f(t,(1—t)) < (E) ft,1-1)
= [p,(B'®)]", te€(0,1).

(3.45)
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From (3.39) and (3.43), it follows that

1 1
«0)= [ sawa, pO)= [ g0pna, =0, p=o
1
0o 0)) = 9, (1) = [ By (o' (9)ds, (3.46)

%WWD=%WHD=LM@%W%D®~

Thus, we have shown that a(tf) and f(t) are lower and upper solutions of BVP (1.1),

respectively.
From the first conclusion of Lemma 2.5, we conclude that problem (1.1) has at least
one C2[0,1] positive solution x(t). O

4. Dual Results

Consider the fourth-order singular p-Laplacian differential equations with integral condi-
tions:

(pp(X"())" = f(t,x(t),x(t)), 0<t<]1,

1
x(0) = .[0 g(s)x(s)ds, x(1) =0, (4.1)

1
wAﬂw»=LhwwAﬂ@»@,an=a
(o, (X" (D))" = f(t,x(t), 0<t<l,

1
mm=Lg@n@@,xm=a W

1
¥p(x"(0)) = J‘o h(s)p,(x"(s))ds, x"(1)=0.

Firstly, we define the linear operator B; as follows:

1-t
1- [, (1-s)h(s)ds

1 1
Bix(t) = fo G(t,s)x(s)ds + IIOG(S,T)h(T)x(S)dT ds, (4.3)

where G(t, s) is given by (2.27).
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By analogous methods, we have the following results.
Assume that x(t) is a C?[0,1] positive solution of problem (4.1). Then x(t) can be
expressed by

x(t) = Ay,'Bif (8, x(1), x(t)). (4.4)

Theorem 4.1. Suppose that (H) holds, then a necessary and sufficient condition for (4.1) to have a
pseudo-C®[0, 1] positive solution is that the following integral condition holds:

0< r f(s,(1-5s),(1-s))ds < +oo. (4.5)
0

Theorem 4.2. Suppose that (H*) holds, then a necessary and sufficient condition for problem (4.2) to
have a pseudo-C3[0, 1] positive solution is that the following integral condition holds:

0< Il f(s,1-s)ds < +oo. (4.6)
0

Theorem 4.3. Suppose that (H*) holds, then a necessary and sufficient condition for problem (4.2) to
have a C?[0, 1] positive solution is that the following integral condition holds:

1
0< f s(1-5s)f(s,(1-s))ds < +oo. (4.7)
0

Consider the fourth-order singular p-Laplacian differential equations with integral condi-
tions:

(pp (X" (1)) = f(t,x(t),x(t)), 0<t<1,
1
x(0)=0, x(1)= fo g(8)x(s)ds, (48)
1
¥y (x"(0)) = fo h(s)p,(x"(s))ds, x"(1) =0,
(9o (x"(1)))" = f(t,x(t), O0<t<1,

1
x(0)=0, x(1)= fo g(s)x(s)ds, (4.9)
1
¢p(x"(0)) = Io h(s)p,(x"(s))ds, x"(1) =0.
Define the linear operator A; as follows:

Aqx(t) = J‘l G(t,s)x(s)ds + !

1
—— || G(s, drds. 4,
. . jg Sg(o)ds —Uo (s,7)g(T)x(s)dT ds (4.10)
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If x(t) is a C2[0, 1] positive solution of problem (4.8). Then x(t) can be expressed by
x(t) = Avg,' Bif (¢, x(t), x(t)). (4.11)

Theorem 4.4. Suppose that (H) holds, then a necessary and sufficient condition for problem (4.8) to
have a pseudo-C3[0, 1] positive solution is that the following integral condition holds:

1
0< j f(s,s,5)ds < +co. (4.12)
0

Theorem 4.5. Suppose that (H*) holds, then a necessary and sufficient condition for problem (4.9) to
have a pseudo-C3[0, 1] positive solution is that the following integral condition holds:

1
0< J f(s,s)ds < +co. (4.13)
0

Theorem 4.6. Suppose that (H*) holds, then a necessary and sufficient condition for problem (4.9) to
have a C[0, 1] positive solution is that the following integral condition holds:

1
0< j s(1-s)f(s,s)ds < +o0. (4.14)
0

Consider the fourth-order singular p-Laplacian differential equations with integral condi-
tions:

(‘PP (x"(t)))" = f(t,x(t),x(t), O0<t<l,

1
x(0)=0, x(1)= L g(s)x(s)ds, (4.15)

1
() =0, g (D) = [ (' (5)ds,
(pp(x" (D))" = f(t,x(1), 0<t<1,

1
x(0)=0, x(1)= :[0 g(s)x(s)ds, (4.16)
1
P () =0, (1) = [ Bls) (4 (5)) .

Define the linear operator B, as follows:

t

1
Box(t) = | Gt 5)x(s)ds + —————
0 fo (hox(e)ds s 17 o sh(s)ds

fflG(s, T)h(T)x(s)dt ds. (4.17)
0
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If x(t) is a C2[0, 1] positive solution of problem (4.15). Then x(t) can be expressed by
x(t) = A1, Baf (, x(t), x(t)). (4.18)

Theorem 4.7. Suppose that (H) holds, then a necessary and sufficient condition for problem (4.15)
to have a pseudo-C®[0, 1] positive solution is that the following integral condition holds:

1
0< j f(s,s,5)ds < +co. (4.19)
0

Theorem 4.8. Suppose that (H") holds, then a necessary and sufficient condition for problem (4.16)
to have a pseudo-C>[0, 1] positive solution is that the following integral condition holds:

1
0< J f(s,s)ds < +co. (4.20)
0

Theorem 4.9. Suppose that (H*) holds, then a necessary and sufficient condition for problem (4.16)
to have a C?[0, 1] positive solution is that the following integral condition holds:

1
0< j s(1-s5)f(s,s)ds < +oo. (4.21)
0
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