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Though boundary value problems for fractional differential equations have been extensively
studied, most of the studies focus on scalar equations and the fractional order between 1 and
2. On the other hand, delay is natural in practical systems. However, not much has been done
for fractional differential equations with delays. Therefore, in this paper, we consider a boundary
value problem of a general delayed nonlinear fractional system. With the help of some fixed point
theorems and the properties of the Green function, we establish several sets of sufficient conditions
on the existence of positive solutions. The obtained results extend and include some existing ones
and are illustrated with some examples for their feasibility.

1. Introduction

In the past decades, fractional differential equations have been intensively studied. This is
due to the rapid development of the theory of fractional differential equations itself and the
applications of such construction in various sciences such as physics, mechanics, chemistry,
and engineering [1, 2]. For the basic theory of fractional differential equations, we refer the
readers to [3-7].

Recently, many researchers have devoted their attention to studying the existence of
(positive) solutions of boundary value problems for differential equations with fractional
order [8-23]. We mention that the fractional order a involved is generally in (1,2] with the
exception that a € (2,3] in [12, 23] and a € (3,4] in [8, 17]. Though there have been extensive
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study on systems of fractional differential equations, not much has been done for boundary
value problems for systems of fractional differential equations [18-20].

On the other hand, we know that delay arises naturally in practical systems due to the
transmission of signal or the mechanical transmission. Though theory of ordinary differential
equations with delays is mature, not much has been done for fractional differential equations
with delays [24-31].

As a result, in this paper, we consider the following nonlinear system of fractional
order differential equations with delays,

D%u;(t) + fi(t, i (ta(t)), ..., un(Tin())) =0, te€(0,1),
u(©0)=0, j=0,1,....m-2, i=1,2,...,N, (1.1)

w" V(M) =m, i=12,...,N,

where D% is the standard Riemann-Liouville fractional derivative of order a; € (n; — 1,n;]
for some integer n; > 1, 7; > 0 fori =1,...,N,0 < 7;(t) < tfori,j=1,2,...,N,and f; is
a nonlinear function from [0,1] x RY to R, = [0, ). The purpose is to establish sufficient
conditions on the existence of positive solutions to (1.1) by using some fixed point theorems
and some properties of the Green function. By a positive solution to (1.1) we mean a mapping
with positive components on (0,1) such that (1.1) is satisfied. Obviously, (1.1) includes the
usual system of fractional differential equations when 7;;(t) =t for all i and j. Therefore, the
obtained results generalize and include some existing ones.

The remaining part of this paper is organized as follows. In Section 2, we introduce
some basics of fractional derivative and the fixed point theorems which will be used in
Section 3 to establish the existence of positive solutions. To conclude the paper, the feasibility
of some of the results is illustrated with concrete examples in Section 4.

2. Preliminaries
We first introduce some basic definitions of fractional derivative for the readers’ convenience.

Definition 2.1 (see [3, 32]). The fractional integral of order a(> 0) of a function f : (0,00) — R
is defined as

1 (" f(s)
L) Jo (t-s)

I°f(t) = (2.1)

provided that the integral exists on (0, o0), where I'(a) = fgo e~*t*1dt is the Gamma function.
Note that I* has the semigroup property, that is,

I“1P = 1P = IPI* for a >0, > 0. (2.2)
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Definition 2.2 (see [3, 32]). The Riemann-Liouville derivative of order a(> 0) of a function
f :(0,00) — Ris given by

D7 f(t) =

L4 f ) (2.3)

T(n-a)dt" 0 (t—s)*™

provided that the right-hand side is pointwise defined on (0, o), where n = |a| + 1.

It is well known thatif n = 1 < & < n then D*t* % = 0,k = 1,2, ...,n. Furthermore, if
y(t) € L'[0,T] and a > 0 then D*I%y(t) = y(t) for t € (0,T].

The following results on fractional integral and fractional derivative will be needed in
establishing our main results.

Lemma 2.3 (see [10]). Let a > 0. Then solutions to the fractional equation D*h(t) = O can be
written as

h(t) = et L+ ot 2 4o 4 cpt™ ", (2.4)

wherec; €R,i=1,2,...,n=|a] +1.
Lemma 2.4 (see [10]). Let &« > 0. Then
I"D*h(t) = h(t) + et L+ ot 2 4 -+ 4+ ™" (2.5)
forsomec; € R i=1,2,...,n=|a] +1.
Now, we cite the fixed point theorems to be used in Section 3.

Lemma 2.5 (the Banach contraction mapping theorem [33]). Let M be a complete metric space
andlet T : M — M be a contraction mapping. Then T has a unique fixed point.

Lemma 2.6 (see [16, 34]). Let C be a closed and convex subset of a Banach space X. Assume that U
is a relatively open subset of C with0 € U and T : U — C is completely continuous. Then at least
one of the following two properties holds:

(i) T has a fixed point in U;
(ii) there exists u € oU and A € (0,1) with u = ATu.

Lemma 2.7 (the Krasnosel’skii fixed point theorem [33, 35]). Let P be a cone in a Banach space
X. Assume that Qi and Q, are open subsets of X with 0 € € and Qi C ). Suppose that T :
PN(2 \ Q1) — P is a completely continuous operator such that either

(@) ITull < |lu|| for u € PN\ 0L and ||Tul| > ||u|| for u € P (0L
or
(ii) |Tul| > ||u|| for u € P (0L and || Tu|| < ||u|| for u € P 0£2;.

Then T has a fixed point in Q; \ Q.
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3. Existence of Positive Solutions

Throughout this paper, we let E = C([0,1], RV). Then (E, || - ||) is a Banach space, where

lull = max max fui(t)] for u = (u1,...,un)" €E. (3.1)

In this section, we always assume that f = (fi,..., fn)" € C([0,1] x RN, RN).

Lemma 3.1. System (1.1) is equivalent to the following system of integral equations:

1
u;(t) = fo Gi(t,s) fi(s,u1(Tin(s)), ..., un(Tin(s)))ds

(3.2)
it )
+ , i=1,2,...,N,
(ai=1)---(ai —n; +1)
where
ai-1(1 _ o\ M _ (4 _ o\l
(1 s)r (t—1s) C0<s<it<i,
Giltys) =4 on bl (3.3)
L ) 0<t<s<l1
I'(ai) ’ -

Proof. It is easy to see that if (ul,uz,...,uN)T satisfies (3.2) then it also satisfies (3.2). So,
assume that (v, up, ..., u N)T is a solution to (1.1). Integrating both sides of the first equation
of (1.1) of order a; with respect to t gives us

u;(t) = _F(}xi) JZ (t=8)"" fi(s, ur(7i1(8)), - .., un (Tin (s)))ds

(3.4)
+ Clifui_l + Cz,'tui_z + -+ Cn/ifui_ni
for0<t<1,i=1,2,...,N.It follows that
/ o — 1 ! a;—2
u;(t) = - f (t=8)"" fi(s,u1(7i1(8)), ..., un(Tin(s)))ds
L(ai) Jo (3.5)

+ (CX,’ - ].)Clitui_z + (ai - 2)62,'1'“’_3 +e + (CX,’ —-n; + 1)Cn_1/itui_ni
for0<t<1,i=1,2,...,N. This, combined with the boundary conditions in (1.1), yields

en1i=0, i=1,2,...,N. (3.6)
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Similarly, one can obtain

Cn—2i =Cp—3i =" =0C2; =0, (3.7)

m-1) py _ (@ =1)--(ai -
u; (t) = T

D [ - ),

+ (i = 1) (ai —mi + Dent™™,

i=1,2,...,N. Then it follows from (3.8) and the boundary condition u (1) = 7; that

U= e e | (17 O ). (39)

Therefore, fori=1,2,...,N,

ﬂitai71
(ai=1)---(ai—n;+1)

t
u;(t) = _F(}x,-) J. (t- s)“"ilfi(s, u1(7i1(8)), ..., un(tin(s)))ds +

e [ = s o s
= 1 f <t"‘*”1(1 —g)H T — (t—g)"™ >f (s,u1(ti1(8)), ..., un(Tin(s)))ds
[(ai) Jo Y l v

ﬂitaifl
(@i —=1)---(ai—ni +1)

* F(fli) f (L= 8) 7 fi(s, ua (T (), - un (Tin (5)) ) ds +

ﬂitui71
(ai—l)‘-‘(ai—ni+l)'

1
= fo Gi(t,s)fi(s,ui(tin(s)), ..., un(Tin(s)))ds +
(3.10)

This completes the proof. I
The following two results give some properties of the Green functions G;(t, s).

Lemma 3.2. Fori=1,2,...,N,G(t,s) is continuous on [0,1] x [0,1] and G;(t, s) > 0 for (t,s) €
(0,1) x (0,1).

Proof. Obviously, G;(t, s) is continuous on [0, 1] x [0, 1]. It remains to show that G;(t,s) > 0 for
(t,s) € (0,1) x (0,1). It is easy to see that G;(t,s) > 0 for 0 <t < s < 1. We only need to show
that G;(t,s) >0for0<s<t<1l.ForO<s<t<1,let

gi(t,s) = t%71(1 = s)8 ™ — (t— )", (3.11)
hi(t,s) = (1— )% — <1 - i)l (3.12)
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Then

git,s) =t hi(t,s), O0<s<t<l. (3.13)

Note that h;(s,s) > 0 and (8h;/3t)(t,s) = —(a;i = 1)(1 —s/H)* 2st2 <0for0<s <t < 11Tt
follows that h;(t, s) > 0 and hence g;(t,s) >0for0 <s <t < 1.
Therefore, G;(t,s) > 0 for 0 < s < t < 1 and the proof is complete. [

Lemma 3.3. (i) If n; = 2, then G;(t, s) < Gi(s, s) for (t,s) € (0,1) x (0,1).
(ii) If n; > 2, then G;(t,s) < Gi(1,s) for (t,s) € (0,1) x (0,1).

Proof.

(i) Obviously, G;i(t, s) < Gi(s,s) for0 <t < s <1.Now, for 0 < s <t <1, we have

agi(tl S) _
o

(a; - 1)te~2 [(1 -9 - (1-7 )H] <0, (3.14)

where g; is the function defined by (3.11). It follows that G;(t,s) < Gi(s,s) for0 < s <t <1.In
summary, we have proved (i).

(ii) Again, one can easily see that G;(t,s) < Gi(1,s) for0<t<s<1.When0<s<t<1,
we have in this case that

agiégi,S) = (i = 1)t [(1 —5)MM (1 _ i)ai—zl

> (ai _ 1)ttli—2 [(1 _ S)ai*ni _ (1 _ S)aﬁZ] (315)
>0,

which implies that G;(t, s) < Gi(1, s) for 0 < s <t < 1. To summarize, we have proved (ii) and

this completes the proof. ]

Now, we are ready to present the main results.

Theorem 3.4. Suppose that there exist functions \;;(t) € C([0,1],R,),i,j =1,2,..., N, such that
N

|fi(t,u1, ce UN) - f,-(t,vl, .. .,UN)l < Z)Li]'(f)luj - U]'l (3.16)
j=1

forte[0,1],i=12,...,N.If

1 N
X f Gi(1,s) <2Ai,-(s)> ds <1, (3.17)

0 j=1
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1 N
Kirgr]%:zf Gi(s, s) (ZA,-]-(S)> ds <1, (3.18)

0 j=1

then (1.1) has a unique positive solution.

Proof. Let

Q={ueE|u(t)>0forte[0,1],i=1,2,...,N}. (3.19)

It is easy to see that Q is a complete metric space. Define an operator T on Q by

1

Tu(t) = f

0

ita,-fl
G(t,5)g(s)ds + diag<. S — o LI > (3.20)

where G(t, s) = diag(Gi(t,s), Ga(t,s),...,Gn(t,s)) and
filt, ur (11 (t)), ua(Ti2(t)), . .., un(Tin(t)))
fo(t, ur (121 (t)), ua(m22(t)), . .., un(T2n (t)))
o(b) = ' . (3.21)

N ur(tni (1)), ua(t(no (), - - -, un (TN (1))

Because of the continuity of G and f, it follows easily from Lemma 3.2 that T maps Q into
itself. To finish the proof, we only need to show that T is a contraction. Indeed, for u,v € Q,
by (3.16) we have

|(Tu(t)); = (To(®)),l

1
J. Gi(t, s)(fi(s,u1(tin(s)), ..., un(tin(s))) — fi(s, v1(7i1(s)), ..., vn (Tin(5))) ) ds
0

1
< J. Gi(t,s)|fi(s, u1(7i1(s)), ..., un(Tin(s))) = fi(s,v1(Ti1(8)), ..., onN(Tin (5))) | ds
0

1 N
< fo Gi(t,s) <ZA,-]-(S) |u; (73 (s)) — v (T3 (s)) |> ds.

j=1
(3.22)

This, combined with Lemma 3.3 and (3.17) and (3.18), immediately implies that T : Q — Q
is a contraction. Therefore, the proof is complete with the help of Lemmas 3.1 and 2.5. Il

The following result can be proved in the same spirit as that for Theorem 3.4.
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Theorem 3.5. For i = 1,2,...,N, suppose that there exist nonnegative function A;(t) and
nonnegative constants g;1,q;2, ..., q;N such that Zﬁl gij = land

N
|fitt,ur, ..., un) = filt, o1, on) | S MO Ty — o] (3.23)
j=1

fort € [0,1], (1, u, ..., un)’, (v1,02,...,00) € RN.If

1 1
max f Gi(1,s)Xi(s)ds < 1, max J. Gi(s,s)Ai(s)ds < 1, (3.24)
1<i<N,n>2 ) 1<i<N,m=2 }

then (1.1) has a unique positive solution.

Theorem 3.6. For i = 1,2,...,N, suppose that there exist nonnegative real-valued functions
m;, Ny, ..., nin € L[0,1] such that
N

filtu, ..., un) <mi(t) + D nig(t)u; (3.25)

j=1

for almost every t € [0,1] and all (w1, uy, . ..,uN)T eRN. If

1 N

1Sirsrll\?);§,~>2{ fo Gillre) <]-§1nij(5)> ds} <b
1 N

151‘211\%?1(,:2 fo Gi(s,s) ,;nij(S) ds ¢y <1,

then (1.1) has at least one positive solution.

(3.26)

Proof. Let Qand T : Q — Q be defined by (3.19) and (3.20), respectively. We first show that
T is completely continuous through the following three steps.

Step 1. Show that T : Q — Q is continuous. Let {1* ()} be a sequence in Q such that u*(t) —
u(t) € Q. Then Qg = [0,1] x {u(t) | u*(t), u(t) € Q,t € [0,1],k > 1} is bounded in [0,1] x RYN.
Since f is continuous, it is uniformly continuous on any compact set. In particular, for any
€ > 0, there exists a positive integer Ky such that

|fi<t1 ulf(Til(t))/‘-‘/u,f\](TiN(t))> = filt, ua(Ta(t)), ..., un(Tin(t)))

i (3.27)
< 1
maxi<i<y Maxefo,1] f, Gi(t, s)ds
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forte [0,1]and k > Ko,i=1,2,...,N. Then, for k > K;, we have

|(Tut®) - (Tu),|

i

1
[ Gut )i (s (o). i)

~fi(s,ui(tin(s)), ..., un(tin(s)))|ds

1
<[ Gt ols(s @, ..k (re)
—fi(s,u1(7i1(s)), ..., un(Tin(s))) |d5
€

1
< . f Gi(t,s)ds < e
maxi<j<n maxeo,1] f, Gi(t, s)ds Jo

fork>Kpandt € [0,1],i=1,2,..., N. Therefore,

”Tuk(t) - Tu(t)” <e fork > Ky,

which implies that T is continuous.

(3.28)

(3.29)

Step 2. Show that T maps bounded sets of € into bounded sets. Let A be a bounded subset of
Q. Then [0,1] x {u(t) | t € [0,1],u € A} C [0,1] x RY is bounded. Since f is continuous, there

exists an M > 0 such that

fi(t/ul(Til(t)),...,uN(TiN(t))) <M forueA, te[0,1], 1<i<N.

It follows that, foru € A,t € [0,1]and 1 <i < N,

1 .
(Tu(t)), =f0 Gilt, $)fi(s, 11 (T (5)), -, un (Ting(5)))dls + (ai—1)---7g;,-—ni+1)
1
Hi
<M G0 e
1 i
< s g [, 6 99+ |

Immediately, we can easily see that T A is a bounded subset of Q.

(3.30)

(3.31)
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Step 3. Show that T maps bounded sets of Q into equicontinuous sets. Let B be a bounded
subset of Q. Similarly as in Step 2, there exists L > 0 such that

fi(t,ul("l'il(t)),.. Lun(Tin(t)) <L forueB, te[0,1], 1<i<N. (3.32)

Then, forany u € Band t1,f, € [0,1] and 1 <i < N,

i <t§i_1 - ftfi_l>

(ai—=1)---(ai —ni +1)

[(Tu(tz)); = (Tu(t));| =

1
+ f (Gi(ta, 8) = Gi(t1, 9)) fi(s, u1(7i1(5)), . . . , un(Tin(5)))ds
0 (3.33)

A L‘l,‘*l _ L‘l,‘*l
ni|t t |

<
(@i (-

1
ey + f0|Gi(t2, s) — Gi(t1, s)|Lds

< t tgiil_t?ﬁl' Gi(t Gi(t1,s)L
+ i -G; .
T (ai-1)-(ai-ni+1) 52%' i(t2/5) = Gi(t, 5)

Now the equicontituity of T on B follows easily from the fact that G; is continuous and hence
uniformly continuous on [0, 1] x [0, 1].
Now we have shown that T is completely continuous. To apply Lemma 2.6, let

maX1sigN,n,->2{f3 Gi(1,s)ymi(s)ds +ni/(ai = 1) -+ (at; — n; + 1)}
‘[/[ =
1 - maxsian,no2{ [y Gi(1, ) (SN mij(5) ) ds |

(3.34)
maxlSiSN,nizz{jé Gi(s,s)mi(s)ds +ni/(ai—=1) -+ (@i —n; + 1)

1 — maxi<i<n, n=2 {f; Gi(s,s) (Zj\il nij (s)> ds}

Vv =

Fix r > max{u, v} and define

U = {ueQul <r). (3.35)
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We claim that there is no u € 0U such that u = ATu for some A € (0,1). Otherwise, assume
that there exist A € (0,1) and u € 0U such that u = A\Tu. Then

|ui(B)] = [A(Tu(t));] < [(Tu(t))l

1 qai—1
< fo Gi(t, s) fi(s, ur(Tin(t)), u2(7i2(t)), ..., un(7in(t)))ds + @@= ?it(ai T A1)

1 N i
: J.O Gilt,s) <mi(s) * Znij(s)u,- (Tij(s))> ds+ (ai=1)---(aj—m; +1)

=1
1 1 N 1i
< | Gi(t,s)m;(s ds+rf Gi(t,8) > n;i(s)ds + ! .
fo (& 8)mi(s) 0 ( ),-; i) (@i =1)--(ai—m+1)
(3.36)
If n; = 2, then
1 i 1 N
ui(t)| < | Gi(s,s)m;(s)ds + ! +rJ. Gi(s,s) ) n;i(s)ds
)] < | Guts, symte)ds + e s [ Gl DI

1 N 1 N
<wv <1 - 1Si1£1}1\;]a31<i:2{ fo Gi(s,s) <,-=Zlnij(5)> ds }) +r J; Gi(s, S)len,-]-(s)ds
1 N 1 N
<r <1 - 1Silg}\‘?/)7§i:2{J.0 Gi(s,s) (;nﬁ(s)> ds }> +r fo Gi(s, s);nij(s)ds <r.

(3.37)

Similarly, we can have |u;(t)| < r if n; > 2. To summarize, ||u|| < r, a contradiction to u € oU.

This proves the claim. Applying Lemma 2.6, we know that T has a fixed point in U, which is
a positive solution to (1.1) by Lemma 3.1. Therefore, the proof is complete.

Il
As a consequence of Theorem 3.6, we have the following.

Corollary 3.7. Ifall f;,i=1,2,...,N, are bounded, then (1.1) has at least one positive solution.
To state the last result of this section, we introduce

1
M = T /
maxigisn fy Gi(1,s)ds (3.38)
— 1 . 1 .
N = max{ 131'211\%31(1->2 Jo Gi(1,s)ds, 1sirsr11\?);§,:2 Jo Gi(s,s)ds }

Theorem 3.8. Suppose that there exist M, € (0,1/N) and positive constants 0 < r; < 1, with
r2 > maxi<ien {7/ (i = 1) -+ (a; —n; + 1)} /(1 = MaN) such that
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(1) fi(t,ul,...,uN) < MszfO?’ (t,ul,...,uN) € [O,l] XBrz,i =12,...,N
and
(ii) fi(t,u1, ..., un) > Myry, for (t,uy,...,un) € [0,1] xB,,i=1,2,..., N,

where By, = {u = (ul,...,uN)T € RY | maxycienu; < 7i},i=1,2. Then (1.1) has at least a positive
solution.

Proof. Let Q be defined by (3.19) and €; = {u € E | |lu|| < r;}, i = 1, 2. Obviously, Q is a
cone in E. From the proof of Theorem 3.6, we know that the operator T defined by (3.20) is
completely continuous on Q. For any u € Q N 08, it follows from Lemma 3.3 and condition
(ii) that

ITulle = max max(Tu(t)); 2 max (Tu(1)),

1
= max{f Gi(1,s)fi(s,u1(7i1(s)), u2(ti2(5)), - - . , un(Tin(s)))ds
1<i<N 0
3.39
+ ni } (3.39)
(i =1)--(ai—m; + 1)
1 .
z 11221)\(]{_[‘0 Gi(l, )My + (i =1)--(aj—n; +1) } 211 = [lullg,
that is,
ITully > |[ully for ue Qo (3.40)

On the other hand, for any u € QN 0Q,, it follows from Lemma 3.3 and condition (i) that, for
te[0,1],

1

i
< .
(Tu(t)); < fo Gi(1,s)Myrods + @-1)  (@-m+1)
1 1
< ; ! 3.41
- Mzrzlsirs%ﬁpz fo Gi(l,s)ds + 11221)\(1 (a¢i=1)---(ai—ni+1) (3.41)

1
< Myr, max f Gi(1,5)ds+ (1 = MoN)r <1 = ||ulg
1<i<N,n;>2 )

if n; > 2, whereas

1

Hi
Tu(t)); < | Gi(s,s)Marod
(Tu( >>l_f0 (8 S )Manads + oy T D) (3.42)
1 Hi |
< i l =
< Mo, _max [ Gils,s)s + e s < =
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if n; = 2. In summary,

|Tu|| <|lullp for u e QNoLy,. (3.43)

Therefore, we have verified condition (ii) of Lemma 2.7. It follows that T has a fixed point in
QN (Q \ Q1), which is a positive solution to (1.1). This completes the proof. I

4. Examples
In this section, we demonstrate the feasibility of some of the results obtained in Section 3.

Example 4.1. Consider

et (x1(t/2) + xp(sint)) 0, te(0,1),

/
D>2xy(t) + O +eh(1+x1(t/2) + xa(sint))

t2(x1(#?) + x2(sint)) 0, te (), 4.1)

5/2
D XZ(t) + 10(1 n (.X'1(t2) + xz(sint)) B

1
x1(0) = 22(0) = ,(0) = %(0) = 0,/(1) = x3(1) = .

Here

5 1
Tll=n2=t3, m=m=,, m=m=,,
T11 (t) = 2, le(t) = Tzz(t) = sin t, T21(t) = tz, (42)
e t(x; +x (x] +x
filt, x1,x2) = (1 + x2) fo(t, x1,x2) = (1 + x2)

O+e)(1+x1+x) 10(1 + x1 + x2)°

One can easily see that (3.16) is satisfied with

o 5
A (t) = ha(t) = ﬁ, Aot () = Ao (t) = I_O (4.3)

Moreover,

(1-s)2 - (1-5)32

TG/2) , 0<s<1 (44)

Gl(ll S) = GZ(ll S)
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and hence

1 2 1 -1/2 3/2 2
. B (1-5s) -(1-5s) 2s 2
oy L Gi(l,s) <]§)‘”(S)>ds < L T(5/2) M) 107 @ ren) [P

< 1 J-1 (1 _ S)71/2 _ (1 _ 5)3/2
=5), T'(5/2)
_2-@/p) 2
" 5-(B3/4)/r 751

s (4.5)

It follows from Theorem 3.4 that (4.1) has a unique positive solution on [0, 1].

Example 4.2. Consider

txl(t) .‘sz(t) t 1 _
20 "0 Tt Y O

x1(1)  txot) 21 46
0 0 +10+10_0, te(0,1), (4.6)

D>2x(t) +

D32x,(t) +

1
x1(0) = x2(0) = x{(0) = 0,x], (1) = x3(1) = ,.

Here
5 3 1
= = 2 = = = =
ny =3, ny =2, a =, a =, m=m=,,
) 4.7)
filt, x1,30) = mi(t) + D mij(t)x;, i=1,2,
j=1
where
t 1 21
M) = 4= mat) = o,
10 10 10 10 (4.8)
t 1
m(f) =nn(t) =55, mat) =na(t) = 5.
Hence, f1 and f; satisfy (3.25). Moreover, simple calculations give us
1 1
32 8
f Gi1(1,s)ds = ——, J. Gy(1,s)ds = ——,
15/ 3/
‘ ‘ (4.9)

1 1
f G (s, 8)ds = \/271-, f G(s,s)ds = +/or.

0 0
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Then M; = 3+/or/8 and

1 1
N = max{f Gl(l,s)ds,f Ga(s, s)ds} =/ (4.10)

0 0

Choose M; = +/xr/10 € (0,1/N) = (0,1/+/), r1 = +/or/12 and

B 1/2 1/2 T 10
& ‘max{(5/2—1)(5/2—3+1)' (G/2-2+1) }/<1_ 10 */”) “0-x (11)

Then, for ||(x1,x2)T|| <ryandt € [0,1], we have

f(tx x):ﬁ+ﬂ+i+l<2+l:#+l
BWA22) =50 720 10 1010 10 10— 10
< 0.24581 < 0.2584 < Myr, (4.12)
2
2(L, X1, X2 =ﬂ+tx2+t—+l<M21’2,‘
fa(t )

20 20 10 10

for || (x1,x2)"|| < 71 and ¢ € [0,1], we have

1
fi(t, x1,x2), fo(t, x1,x2) > 0> 3 My (4.13)
By now we have verified all the assumptions of Theorem 3.8. Therefore, (4.6) has at least one
positive solution x = (x3, x)T satisfying /o /12 < ||x|| < 10/(10 - o).
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