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We consider the initial-boundary value problem for a nonlinear partial differential equation with
module-fractional derivative on a half-line. We study the local and global in time existence of

solutions to the initial-boundary value problem and the asymptotic behavior of solutions for large
time.

1. Introduction

We study the local and global existence and asymptotic behavior for solutions to the initial-
boundary value problem:

up+ M) +0,|"u=0, t>0, x>0,
(1.1)
u(x/ 0) = uO(x)/ x > 0/

where NV(u) = [u|”u, 0 > 1, and |0,|" is the module-fractional derivative operator defined by

|0x|"u(x, ) = G(x)zim.f eP*|p|*u(p, t)dp, ae <1 1), (1.2)
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2 Boundary Value Problems

where i(p, t) is the Laplace transform for u(x, t) with respect to x and 6(x) is the Heaviside
function:

1, x>0,
0(x) = (1.3)
0, x<0.

The Cauchy problem for a wide class of nonlinear nonlocal dissipative equations has been
studied extensively. In particular, the general approach for the study of the large time
asymptotics to the Cauchy problem for different nonlinear equations was investigated in the
book [1] and the references therein.

The boundary value problems are more natural for applications and play an important
role in the contemporary mathematical physics. However, their mathematical investigations
are more complicated even in the case of the differential equations, with more reason to the
case of nonlocal equations. We need to answer such basic question as how many boundary
values should be given in the problem for its solvability and the uniqueness of the solution?
Also it is interesting to study the influence of the boundary data on the qualitative properties
of the solution. For examples and details see [2-12] and references therein.

The general theory of nonlinear nonlocal equations on a half-line was developed in
book [13], where the pseudodifferential operator K on a half-line was introduced by virtue of
the inverse Laplace transformation. In this definition it was important that the symbol K (p)
must be analytic in the complex right half-plane. We emphasize that the pseudodifferential
operator |0y|*u in (1.1) has a nonanalytic nonhomogeneous symbol K(p) = |p|* and the
general theory from book [13] cannot be applied to the problem (1.1) directly. As far as we
know there are few results on the initial-boundary value problems with pseudodifferential
equations having a nonanalytic symbol. The case of rational symbol K(p) which has some
poles in the complex right half-plane was studied in [14, 15], where it was proposed a new
method for constructing the Green operator based on the introduction of some necessary
condition at the singular points of the symbol K(p). In [16] there was considered the initial-
boundary value problem for a pseudodifferential equation with a nonanalytic homogeneous
symbol K (p) = [p|'/?, where the theory of sectionally analytic functions was implemented for
proving that the initial-boundary value problem is well posed. Since the symbol K (p) = |p|'/?
does not grow fast at infinity, so there were no boundary data in the corresponding problem.

In the present paper we consider the same problem as in [16] but with symbol K (p) =
Ip|", where a € (1/2,1). The approach used in this paper is more general and simple than the
one used in [16]; however to get the same result are necessary more accurate estimates than
the ones obtained here for the Green operator.

To construct Green operator we proposed a new method based on the integral
representation for a sectionally analytic function and the theory of singular integro-
differential equations with Hilbert kernel (see [16, 17]). We arrive to a boundary condition of
type Q*(p) = W(p)Q (p) + g(p), where —ico < p < +ioco. The aim is to find two analytic
functions, Q* and Q~ (a sectionally analytic function Q), in the left and right complex
semi-planes, respectively, such that the boundary condition is satisfied. Two conditions are
necessary to solve the problem: first, the function W must satisfy the Holder condition both in
the finite points and in the vicinity of the infinite point of the contour and, second, the index
of function W must be zero. In our case both conditions do fail. To overcome this difficulty, we
introduce an auxiliary function such that the Holder and zero-index conditions are fulfilled.



Boundary Value Problems

3

To state precisely the results of the present paper we give some notations. We denote
(t) =1+t, {t} =t/(t). Here and below p* is the main branch of the complex analytic function
in the complex half-plane Rep > 0, so that 1* = 1 (we make a cut along the negative real axis
(=o0,0)). Note that due to the analyticity of p* for all Rep > 0 the inverse Laplace transform
gives us the function which is equal to 0 for all x < 0. Direct Laplace transformation £, ., is

u(p) = Lepfu} = fo e P u(x)dx,

-1

and the inverse Laplace transformation £, _, , is defined by

w0 =4, i) = 5 [ e

Weighted Lebesgue space is L*#(R*) = {¢ € S; ||¢|| {.x < oo}, where

+00 1/s
LsH = (-[O x,usl()o(x)l dx>

el

forpu>0,1<s<ooand

p(x)]-

Il = esssupcg.
Now, we define the metric spaces
Z = LY(R*") nLY(R*) NL*(R"),
where p € (0,1), with the norm

I¢llz = 9l + ¢l + N1l

X = €([0,00); L*(R*) ) () €((0, o0); L (R") N L¥#(R*) N L= (R*)),

where s > 1 and u € (0,1), with the norm

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

91l = S::(lf”‘i’”m + stu(?{t}y/”<<t>r/“||¢||v + (OO ]| Lo + (t)l/”‘||¢>||Lm>, (1.10)

ly—pl<a,y=1-1/s.
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Now we state the main results. We introduce A(s) € L*(R*) by formula

ico
N
—ioo

. , ) P (/) (1.11)
i(r/4)a pioo ico o (p, _ a/e _ —i(r/4)a
_ el )2 é §f epse o (P/(P 1)) e dP,
(20ri)" J-io —ioo Ip|" +¢
where
R B N A R VT B A
rO(plé) - %11}}72_‘72-1 oo q_zln{ qa_,_é <q+1> dq (112)
Re z<0
We define the linear functional f:
+0oo
F@ = oy 113)

Theorem 1.1. Suppose that for small y > 0 the initial data uy € Z are such that the norm ||ugl|z < €
is sufficiently small. Then, there exists a unique global solution u € X to the initial-boundary value
problem (1.1). Moreover the following asymptotic is valid:

u(x,t) = At’”"‘A(xt’”"‘) + O(t’(l/"‘)(“")>, (1.14)

fort — oo in L®(R*), where k € (0, u) and
A= f(up) - fow f(N(u))dr. (1.15)

2. Preliminaries

In subsequent consideration we shall have frequently to use certain theorems of the theory
of functions of complex variable, the statements of which we now quote. The proofs may be
found in all text-book of the theory. Let L be smooth contour and ¢(gq) a function of position
on it.

Definition 2.1. The function ¢(q) is said to satisfy on the curve L the Holder condition, if for
two arbitrary points of this curve

(2.1)

19(q1) - d(q2)| < Cla1 - qa]*

7

where C and A are positive numbers.
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Theorem 2.2. Let ¢(g) be a complex function, which obeys the Holder condition for all finite q and
tends to a definite limit ¢(oo) as g — oo, such that for large q the following inequality holds:

|$(q) - p(0)| <Clq| ™", >0 2.2)

Then Cauchy type integral

L. - qu (2.3)

constitutes a function analytic in the left and right semiplanes. Here and below these functions will be
denoted by F*(z) and F~(z), respectively. These functions have the limiting values F*(p) and F~(p)
at all points of imaginary axis Rep = 0, on approaching the contour from the left and from the right,
respectively. These limiting values are expressed by Sokhotzki-Plemelj formulae:

£ lim 1 ( ¢q) 1 ( ¢(q), 1
T iR i =5—1 — = . 2.4
F (p) +Re zz() Z.ﬂ'l —ioo q -z ZJTI i q _ P dq + 2¢(p) ( )

Subtracting and adding the formula (2.4) we obtain the following two equivalent
formulae:

10 9,

2.
7i) q-p 29

F'(p)-F(p)=¢(p), Fp)+F(p)=

which will be frequently employed hereafter.
We consider the following linear initial-boundary value problem on half-line:

U+ |0.|"u=0,t>0, x>0,

(2.6)
u(x,0) =up(x), x>0.
Setting K(q) = |9|%, K1(g) = g%, we define
609 [ 6w 0p)dy, @7)
where the function G(x, y,t) is given by
Z ()=t [ L ey 29

Re z>0
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forx >0, y >0, t > 0. Here and below Y* = e w*, where I'"(p,¢) and I'"(p,¢) are a left and
right limiting values of sectionally analytic function I'(z, ¢) given by

I(z,8) = — =1 ln{(K(q)+§>w_(q)}dq, (2.10)

T 2mi) -z Ki(q) +¢ /) w*(q)

where for some fixed real point zy > 0,

th/Z . Za/Z
)11/2/ w (Z) =

w(z) =
(z + 2o

—. (2.11)

(z - 20)

All the integrals are understood in the sense of the principal values.

Proposition 2.3. Let uy(x) € Z. Then there exists a unique solution u(x, t) for the initial-boundary
value problem (2.6), which has an integral representation:

u = G(t)uy, x>0, t>0. (2.12)

Proof. In order to obtain an integral representation for solutions of the problem (2.6) we
suppose that there exist a solution u(x, t), which is continued by zero outside of x > 0:

u(x,t) =0, Vx<O0. (2.13)

Let ¢(q) be a function of the complex variable g, which obeys the Holder condition for all g,
such that Re g = 0. We define the operator P by

~ 1 ioo 1
2w ), q-z

Pyz{¢(q)} $(q)dg, Rez#0. (2.14)

Using the Laplace transform we get
Py q{K(p)ii(p,t)} = Lo g{10«"ulx, 1) }. (2.15)
Since 1i(q, t) is analytic for all Re g > 0, we have
Ppqli(p,t)} =1(qt). (2.16)

Therefore, applying the Laplace transform with respect to x to problem (2.6) and using (2.15)
and (2.16), we obtain for ¢ > 0

Ppqlis(p,t) + K(p)i(p,t)} =0,
u(p,0) =ty (p).

(2.17)
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We rewrite (2.17) in the form

u(p,t) + K(p)u(p,t) = @(p,t),

_ _ (2.18)
(p,0) = o (p),
with some function @(p, t) such that
Ppq{@(p,t)} =0, Rep>0, (2.19)
|o(p,t)| <Clp|"", |p|>1. (2.20)
Applying the Laplace transform with respect to time variable to (2.18), we find
iu(p,&) = L (ﬁo (p) + &)(p,é)), (2.21)
K(p)+¢

where Re p = 0 and Re ¢ > 0. Here, the functions ﬁ(p, ¢) and &J(p, ¢) are the Laplace transforms
for 1i(p, t) and D(p, t) with respect to time, respectively. In order to obtain an integral formula
for solutions to the problem (2.6) it is necessary to know the function ®(p,t). We will find
the function @(p, {) using the analytic properties of the function i in the right-half complex
planes Re p > 0 and Re ¢ > 0. Equation (2.16) and the Sokhotzki-Plemelj formulae imply for
Rep=0

~ 1 ico 1
M) =3 ap

u(q,¢)dq. (2.22)

In view of Sokhotzki-Plemelj formulae via (2.21) the condition (2.22) can be written as
O (p,¢) =-A"(p,¢), (2.23)

where the sectionally analytic functions O(p,¢) and A(p,¢) are given by Cauchy type
integrals:

1 (™ 1 1

R e e T (224
1 (>~ 1 1

A(Z/ é) = E f_ioo Emuo (q)dq (225)

To perform the condition (2.23) in the form of a nonhomogeneous Riemann-Hilbert problem
we introduce the sectionally analytic function:

Q(z,é)=ﬁ } q%zw(q,g)dq, (2.26)
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where

K(p)

¥(q,¢) =
Taking into account the assumed condition (2.19), we get

o (p,¢) = —%9* (p,¢). (2.28)

Also observe that from (2.24) and (2.26) by Sokhotzki-Plemelj formulae,
K(p)(©"(p,¢) -0 (p.8)) =¥(p,&) = Q" (p,§) - (p.)- (2.29)
Substituting (2.23) and (2.28) into this equation we obtain for Re p = 0
Q(p,§) =W(p, ) (p.¢) +8(p.4), (2.30)

where

K(p) +¢

W(p,¢) = ;

. 8(pé) =-K(p)A (p &) (2.31)

Equation (2.30) is the boundary condition for a nonhomogeneous Riemann-Hilbert problem.
It is required to find two functions for some fixed point ¢, Re ¢ > 0: Q*(z,¢), analytic in
the left-half complex plane Rez < 0 and Q7 (z,¢), analytic in the right-half complex plane
Re z > 0, which satisfy on the contour Rep = 0 the relation (2.30).

Note that bearing in mind formula (2.27) we can find the unknown function (i)(p, $),
which involved in the formula (2.21), by the relation

0p8) - @ (0 -2 () 23

The method for solving the Riemann problem F*(p) = ¢(p)F~(p) + ¢(p) is based on
the following results. The proofs may be found in [17].

Lemma 2.4. An arbitrary function ¢(p) given on the contour Rep = 0, satisfying the Holder
condition, can be uniquely represented in the form

p(p) =U"(p) -U (p), (2.33)

where U*(p) are the boundary values of the analytic functions U*(z) and the condition U*(c0) = 0
holds. These functions are determined by

1 (™ 1
U(z) = 5—
2rwi ) o 42

¢(q)dqg. (2.34)
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Lemma 2.5. An arbitrary function ¢(p) given on the contour Rep = 0, satisfying the Holder
condition, and having zero index,

ind ¢(p) := ZLyrz ’[ljow ding(p) =0, (2.35)

is uniquely representable as the ratio of the functions X*(p) and X~ (p), constituting the boundary
values of functions, X*(z) and X~ (z), analytic in the left and right complex semiplane and having
in these domains no zero. These functions are determined to within an arbitrary constant factor and
given by

. 1 (> 1
Xz) =", T()= o f e (2.36)

In the formulations of Lemmas 2.4 and 2.5 the coefficient ¢(p) and the free term ¢(p)
of the Riemann problem are required to satisfy the Holder condition on the contour Rep =
0. This restriction is essential. On the other hand, it is easy to observe that both functions
W(p,¢) and g(p,¢) do not have limiting value as p — +ioo. So we cannot find the solution
using InW(p, ¢). The principal task now is to get an expression equivalent to the boundary
value problem (2.30), such that the conditions of lemmas are satisfied. First, we introduce the
function

a/2

w*(p) = —F 2 (2.37)

[ K({p)+é&\w (p)
b0, - ( )w @, R

Ki(p) +¢

where K(p) = |p|*, Ki(p) = p*, and z; > 0. We make a cut in the plane z from point zj to point
—oo through 0. Owing to the manner of performing the cut the functions w™(z) and K;(z) are
analytic for Re z > 0 and the function w*(z) is analytic for Re z < 0.

We observe that the function ¢(p, &), given on the contour Re p = 0, satisfies the Holder
condition and K (p) + ¢ does not vanish for any Re ¢ > 0. Also we have

ind¢(p) =5 [ ding(pe) 0. (2.38)

Therefore in accordance with Lemma 2.5 the function ¢(p, {) can be represented in the form
of the ratio

X' (p,§ . ) .
$(p.2) = %, X*(p,¢) =H;EZOEF( ?, (2.39)

where

1 (>~ 1
I(z¢) =5 f_iw - In{¢(q,¢)}dg. (2.40)
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From (2.37) and (2.39) we get

Y*(p.¢) K(p)+¢

- ) 2.41
Y(pd)  Ki(p) e 24

where Y* = e w*. We note that (2.41) is equivalent to
K(P)+§=Y+(p,§)<1<1(rﬂ)+§> -
v eo\ ¢ ) B

Now, we return to the nonhomogeneous Riemann-Hilbert problem defined by the boundary
condition (2.30). We substitute the above equation in (2.30) and add —(¢/Y*)A* in both sides
to get

QA _ (Kl(r’) +§>£ _ <M>A+. (2.43)

Y+ g Y- Y+

On the other hand, by Sokhotzki-Plemelj formulae and (2.25), A* =A™ = (1/(K(p) +¢)) o (p).
Now, we substitute A* from this equation in formula (2.43); then by (2.41) we arrive to

Qf —2A* <K1(p) +§><Q——§A‘

1
o ; 7 ) - Fuo(p). (2.44)

In subsequent consideration we shall have to use the following property of the limiting
values of a Cauchy type integral, the statement of which we now quote. The proofs may be
found in [17].

Lemma 2.6. If L is a smooth closed contour and ¢(q) a function that satisfies the Holder condition
on L, then the limiting values of the Cauchy type integral

1 1
D(z) = —
@ 2rwi ) q-z

¢(q)dq (2.45)

also satisfy this condition.

Since uy(p) satisfies on Re p = 0 the Holder condition, on basis of Lemma 2.6 the
function (1/Y*)uy(p) also satisfies this condition. Therefore, in accordance with Lemma 2.4
it can be uniquely represented in the form of the difference of the functions U*(p,¢) and
U~ (p, ¢), constituting the boundary values of the analytic function U (z, ¢), given by

1 (™ 1 1
U(Z, §) = E J‘_ioo qjmuo (q)dq (2.46)
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Therefore, (2.44) takes the form

Ll Ly <K1(P) +§><Q__‘§A_> +U. (2.47)

Y+ g Y-

The last relation indicates that the function (Q* —¢A*)/Y* + U*, analytic in Re z < 0, and the
function ((K1(p) +¢)/¢)((Q™ —¢A7)/Y™) + U™, analytic in Rez > 0, constitute the analytic
continuation of each other through the contour Re z = 0. Consequently, they are branches of
a unique analytic function in the entire plane. According to Liouville theorem this function
is some arbitrary constant A. Thus, we obtain the solution of the Riemann-Hilbert problem
defined by the boundary condition (2.30):

Q (p,&) =Y (p. &) (A-U"(p,¢)) +¢A (p,€),

(2.48)
Q (p,¢) =

oy POA-U () A ().

Since Q is defined by a Cauchy type integral, with density ¥, we have Q*(z,¢) —
+(1/2)%(o0,¢) = 0, as z — oo for FRe z > 0. Using this property in (2.48) we get A = 0
and the limiting values for Q are given by

Q(p,&) = -Y"(p, U (p,&) +¢A (p,8),

(2.49)
Q (p,é) =- Y~ (p, &)U (p, &) + A (p,¢).

5
Ki(p) +¢

Now, we proceed to find the unknown function &)(p,g) involved in the formula (2.21) for
the solution ﬁ(p,g) of the problem (2.6). First, we represent Q™ (p,¢) as the limiting value
of analytic functions on the left-hand side complex semiplane. From (2.41) and Sokhotzki-
Plemelj formulae we obtain

4

W)=y

Y*(p, U (p,&) + A" (p, ). (2.50)

Now, making use of (2.49) and the above equation, we get

K(p)

Q(p.§) -Q (p,é) = TK(p) +2

Y (p, U (p,¢). (2.51)

Thus, by formula (2.32),

D(p,&) = -Y* (p, U (p,¢). (2.52)
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We observe that (f)(p, ¢) is boundary value of a function analytic in the left-hand side
complex semi-plane and therefore satisfies our basic assumption (2.19). Having determined
the function (i), bearing in mind formula (2.21) we determine the required function ii:

iu(p,¢) = (i (p) = Y*(p,)U* (p.¢)). (2.53)

K()é

Now we prove that, in accordance with last relation, the function ﬁ(p,g) constitutes the
limiting value of an analytic function in Rez > 0. In fact, making use of Sokhotzki-Plemel;
formulae and using (2.41), we obtain

i(p,&) = —————Y (p.OU (p,). (2.54)

K()é

Thus, the function ﬁ(p,g) is the limiting value of an analytic function in Rez > 0. We note

the fundamental importance of the proven fact, the solution ﬁ(p,g) constitutes an analytic
function in Re z > 0, and, as a consequence, its inverse Laplace transform vanishes for all x <
0. We now return to solution u(x,t) of the problem (2.6). Taking inverse Laplace transform
with respect to time and space variables, we obtain u(x,t) = G(t)uy = jgo G(x,y,Hug(y)dy,
where the function G(x,y,t) is defined by formula (2.8). Thus, Proposition 2.3 has been
proved. O

Now we collect some preliminary estimates of the Green operator G(t).

Lemma 2.7. The following estimates are true, provided that the right-hand sides are finite:

(MO EN(OT

IG®OPNl. < ey O (gl + 19]l-).
GOl < (Pl + 1ll.-)
GOl < VD G|, + oV gl

< CctV/a)(l+p) ”‘I)HLW’

(2.55)

where 0 <y <a, [1/r=1/s—pl <a,0< u<2a-1,1<r <s < oo, and f(¢p) and A(s) are given
by (1.13) and (1.11), respectively.

Proof. First, we estimate the function

K _ a/2
I(z,¢) = —fmq—ln{sﬁ(q,é)}dq, P(,8) = ng?;i(gép . (256)

We note that arg{¢$(g,¢)} — —(r/2)a, as g — +ioco, and write I' in the form

ico

I(z,¢) = (1n{ ir/Dag (g g)} + 1n{ "(”/2)”‘}>dq (2.57)

271'1 i =2
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For first integral in (2.57), we obtain the estimate

2ri ) o 4 -2z

lz|* |zt

where 0 < € < 1, and for second integral we have

1 (e 1

271 ) i, g2

ln{ eilr/2)a }dq = i%zx sgn(Re z).

Therefore, substituting (2.58) and (2.59) in (2.57), we get for I’

1-€
I'(z,¢) _iZa sgn(Rez)| < C< 4 + ZO_ >
4 |Z|1 €

|z|*
Now, we estimate function Z defined by

1 (>~ 1 1
= — R —qy
Z(z,¢,y) i I_iw 127 (9,0 e Ydg.

Using (2.60), we get for Y* = ' w* the estimate

Y(Z, g):tl _ e:ti(.n'/4)asgn(Rez)

1-€
Z
<C |§|a+ 01_ ,
lz|* |zt

where Re z#0. Then, by (2.62) and Cauchy Theorem,

1 (> 1 1 .
—f —_— — pllr/Ha dqg=0, Rez>0,
27i ) i -2\ Y*(q,8)

1 i
2ori TR g -z

e Wdg=-e*, Rez>0.

Equations (2.63) imply that we can write Z in the form

Z(z,¢y) = el /Mgy 7, (z,¢,y), Rez>0,

where

1 (™ 1 1 :
Z()(z, ¢, y) = Z_.n'zf < _ ez(zr/4)a> (e—qy _ e‘zy)dq.

Y+(q,¢)

i — 2

€ fw b ln{ei(”/2>”¢(q,§) }dq‘ < c<ﬁ + i)

13

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)
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Thus, for Rep =0,

Z_ (P’ é’ y) = ei(ﬂ-/4)ae_Py + Za (P/ é/ ]/)/ (266)
where Z; satisfies
4 zy°
|Z5(p, ¢ v)| < Cy"(lplu_# + | |$€H>, O<pu<a. (2.67)
14

In fact, we use (2.62) and inequality |e™? — e ?Y| < C|g — p['y*, where Req = Rep = 0 and
0 < pu <1, to obtain

B ico 1 zl—é‘
wetscr [ (e o 29

Making the change of variable g = pz, (2.67) follows. Now, substituting (2.66) in (2.8), for
Green function G, we obtain

1 ico ico Y+ (p, g) ) ~
G(x,y,t) =- f d egtf eP* — 2 i/ ey dp 4 Ry, 2.69
( v ) (2.71'1)2 —ico g —ioo K(P) + é P ’ ( )
where
1 ico ico Y+ (p’ ‘;) ~
Ro(x,y,t) = - d eéfj eP* —~"227-(p, ¢, y)dp. 2.70

The function Ry defined in (2.70) satisfies the estimate

|Ro(x,y,t)| < CV/@WDyr 0 <y <2a-1. (2.71)

In fact, using (2.67) we get

e [ 1 H zy°
|Ro|sc’y”j |déle *'é“f < T e ) lapl. (2.72)
¢ “ioo [K(p) &\ |p|"" |p|"

Here,

C1 = {¢ e (c0e /2, 0) | (w0e'™2,0)}, 1> 0. (2.73)
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We have used inequality |e®f| < e 'lf, where ¢ € C; and A > 0 is some positive constant.
Taking zp = t1/% and making the change of variables: p = gt"'/* and ¢ = g1}, we obtain
(2.71). Now, let us split (2.69):

1 ico ico 1
G 7 /t = - d §tJ px—d
(ey.) (27i)? f—iw e -ioo ¢ K(p) +¢ P

i(or/4)a  pico ico Y+ , _ il /4)a
_e — J- déegtJ‘ ePx (p g) €
(2ri)” Jieo —io K(p) +¢

ei(yr/4)a Iioo dgegt J—ioo pr+(p’§) _e—i(yr/4)u

" @iy w K(p)+e

(2.74)

(e -1)dp

—ioo

1 ioo ico 1
- de‘ﬁtJ‘ e — (e —1)dp + Ro(x,y,1).
(2ri)* J‘_iw ¢ i K(p)+§( )dp + Ro(x,y,t)

By Fubini’s theorem and Cauchy’s theorem, from the first and fourth summands we obtain

e = o [ ety

i(r/4)a pio ico Yt(p,¢&) - —i(r/4)a
S f dge® I A
(2.7['1) —ioo —ico K(P) + é
/) (2.75)
i(r/4)a pico ico Y+ 3 _ (o /4)a
_C > dge‘jtf er* (p.g) —e (e -1)dp
(27i)* J i oo K(p) +¢
1 ico
I px-K(p)t ( ,—py _
+ i) e (e 1)dp + Ro(x, y,t).
Then,
G(x,y,t) =Go(x, t) + Ro(x,y,t) + Ri(x,y,t) + Ro(x,y,t), (2.76)
where
ico i(r/4)a i ico Y*(p,¢&) - —i(r/4)a
Go = L eP*KPt gy — ¢ 5 f dge‘jtJ’ eP* (p.g) —e dp, (2.77)
2ori —ioo (271'1) —ioo —ico K(P) +§
1 ico ico Y+ (p/ g) -
=- de‘itJ‘ e ———=7,(p,¢,v)dp,
(2”1)2 J‘—ioo é i K(P)"'é 0(p g y) p
i(r/4)a pico ioo Y+ 3 _ -i(or/4)a
=L I dgeéff Y Pd) e (e - 1)dp, 2.78)
(i) )i oo K(p) +¢
R, 1 eprK(p)t(efpy -1)dp.

271 ) i
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Now, we show that function Ry defined by (2.78) satisfies
|Ri(x,y,t)| < CtV/@EDyr 0<p<2a-1. (2.79)

In fact, using (2.62) and the inequality [e?¥ — 1| < C|p|f'y*, where Rep =0and 0 < p < 1, we
get

B I¢] |zo|'~*
|R1|§Cy"J |dé|e “é“f 2+ ——— ) |dp|. (2.80)
. o TRG) 2 \Jp e )1

Then, taking zp = t"1/%, € < 1 — a and making the change of variable p = gt"'/* and ¢ = g1t7},

we obtain (2.79). In the same way, we show that function R, defined in (2.78) satisfies the
inequality:

|Ra(x,y,t)| < Ct /@ Dyr 0 <y <2a-1. (2.81)

In fact, using the inequality |e ¥ — 1| < C|p[“y*, where Rep =0and 0 < p < 1, we get

ico ico

[Rae(x,y,1)| <C f e e 1lldp| < Cy f el lapl. @82)
Making the change of variable p = qt™'/%, we arrive to
RoC )] <0/t [ o5l 28)
Thus, (2.81) follows. Finally, we show that
Golx, ) = /A (xt7/), (2.84)

1/a

where A is given by (1.11). Making the change of variable p = t"1/%gy, ¢ = t1g;, and choosing

zp = /%, we get

a/2
Y*(p, &) = el <q o 1) ) (2.85)
-

where

1 (1 K(q) + ¢ (q—1>“/2
T'? (go, = — In dqg. 2.86
0(q0,q1) 271 ) iy 9 qo {<K1(q) +q1 g+1 q (2.86)
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-1/a

Now, making the change of variable p = t"1/%g, and ¢ = t g in equation for G, we obtain

1 (= s
Gy = t"l/“—J eBoxt™ )_K(q‘))d%

e (2.87)
; oo oo T3 (Go.q1) _1)/2 _ il /4 '
_t—l/uel(”/4): 1 dgre® f ot/ € o) (go/qo — 1) et adqo.
@ri)? )i _ico K(q0) +qu

Therefore, (2.84) follows. Finally, using estimates (2.71), (2.79), (2.81), and (2.84), we get the
asymptotic for the Green function G:

'G(x, y.t) - t’l/"‘A<xt*1/“> < Ct /@ yn (2.88)

where A is given by (1.11) and 0 < y < 2a — 1. By last inequality

< CEVDEDp|| e (2.89)

J:oo <G (x,y,t) - LN (xt‘””‘) ) ¢(y)dy

Therefore,

la®g -7 =A(OF) £ (@)

L SCETE gl 290

where f and A are given by (1.13) and (1.11), respectively, and 0 < p < 2a — 1. Thus, the first
estimate in Lemma 2.7 has been proved.

Now, we are going to prove the second estimate in Lemma 2.7. First, for large ¢, using
Sokhotzki-Plemelj formulae, we have for function Z, defined in (2.61),

1
Z (p,é&y) - Z (p.éy) = me”’y : (2.91)

Substituting last equation in (2.8), we get

G(x,y,t) = i(x—y,t) + b(x,y,t), (2.92)
where
Fi(x—yt) = — iw PG Kl gy
’ 27 ) i, ’
. . Y*(p,8) (2.93)
1 100 100 + p/
x,y,t) =— de‘-stJ‘ ePx — 2L 74 (p, &, y)dp.
Ja(x,y,t) (27”')2 f,-oo ¢ e K(p)+¢ (p.&y)dp
1/a

Making the change of variable p = zt™/* we get for J;

|Ji(x -y, t)| <Ct/e (2.94)
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To estimate J,, we consider an extension to the function K(p):

. vc, I 0,
K(p) = { (, lpz nre (2.95)
(ip)", Imp<0,

and we use the contours

C = {g c (Ooe—i(ﬂ/2+€1),0) U(O, Ooei(]r/2+gl))}, £ >0,

‘ ) 2.96
Co = {p € (o0e /2% 0) (0, coei™/2)) ), g, >0, (2.96)
to obtain for J,
1 Y*(p,é)
L(x,y,t) =- f dgeéfj eP*—227%(p,&,v)dp. (2.97)
2(x,y,t) e o Ry +e (p.&y)dp

Let us write the function Z, defined in (2.61), in the form

ico . i(or/4)a pico
z- L 1 L i/ e Wdg+ S — J‘ 1 e ¥dg, (2.98)
27i ) i, =2\ Y*(q,8) 27 ) i q-z

where Re z#0. Then, by Cauchy Theorem, for z < 0 the second summand in last equation is
zero. Thus, using (2.62) we obtain for Rep =0

1-€
|Z*(p.&,y)| <C < |§|a + Z°1_€>- (2.99)
Ipl™  Ip|

From the last inequality and (2.97) we get

|]2|<C’[ |d§|e—C|<§|tJ‘ 1 ( I¢] n Zé_e >|dp|. (2.100)
- e e [K(p)+¢l\Ipl"  |p|"

Taking zo = +"'/% and making the change of variables p = zt"%/® and ¢ = ¢t7, in the last
inequality, we obtain

1/a

|J2(x,y,t)| < Ct/e. (2.101)

From (2.92) and the estimates (2.94) and (2.101) we get the estimate |G(x,y,t)| < Ct™!/4.
Thus,

[ Gty ne@ay| <. @102)

G|l = sup
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Now, for small t, we are going to prove the estimate
1G@@ll,. < DD (], + [1],.), (2.103)
where 1 — a < y < 1. First, we rewrite the Green function G in the form
G(x,yt) = i(x -y, t) + 2(x,y,t), (2.104)

where

1
Ji(r, t) = z—mf e’ KPldp,  4r >0,
Cs

v+ K (2.105)
J2 =~ 1. 3 f déeéff dpe™ (p.%) ! ! < 1(9) + §>e—wdq.
(2‘7”) G G K(P)+§ Cs q—PY‘(q,é) K(q)+§
The contours C; and C; are defined in (2.96) and
Cy: = {p e (c0e™/2%) 0) (0, 0e!/2x))) >0,
+ ={pe( ) U( )} (2.106)

Cs ={q € (00e /2% 0) |J(0, c0e™/2))}, g5 > 0.

Moreover, we have extended the function K(p) as in (2.95). Making the change of variable
p = zt™V/® and using the inequality |e?| < |z|, y > 0, we obtain the estimate |J;(r,t)| <
Ct= /0017 or

[Ji(x -y, t)| < CtV/DAN|x - 4|7, (2.107)

for x,y > 0. Now, we estimate J,. Using e™%Y| < |g| "y, for Req > 0, y > 0, and y > 0, we get

|dp] 1 |dq|

. 2.108
K@) 2l Je. Ta—pl o (2109

12 (x,8)] < ij |d§|e-C'€'ff
Cy C

1/a

Making the change o variables p = zt71/% q = z1t7V/% and ¢ = ¢t7!, into the last inequality, we

obtain
[J2(x,y,t)| < CEV/DUMyY g <cy<1. (2.109)
By (2.104) and the estimates (2.107) and (2.109) we get

|G(x,y,t)| < Ct-V/@0M) <|x -yl T+ y”), l-a<y<l (2.110)
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Thus,

GOl < sup [ 16GwOlIp()Idy
x€R* /0

< Ct—(l/u)(l—Y)f <|x_y|*)’ +y—y>|¢(y)|dy (2.111)
0

<V (llpll + pll-)-

Thus, we get (2.103) and the second estimate in Lemma 2.7 has been proved.
Let us introduce the operators

()¢ =0(x) fo : Ji(x-y,)¢(y)dy, (2.112)
() =0(x) fom J2(x,y,t)p(y)dy, (2.113)

where J; and ], are defined in (2.104). Then, the operator G(t) can be written in the form
G(t) = D1 (t) + Dao(t). (2.114)
Now, we are going to prove the third estimate in Lemma 2.7,

GO < Cllle + 19ll-)- (2.115)

1/a

First, we estimate the operator J;. Making the change of variable p = gt~/%, we get for the

function J;

|J(r, )] < CtV/e. (2.116)

Now, we make the change of variable z = t~1/%r:

-1/a pico
h(r,t)=t2ﬂ_if e K@gg, (2.117)

—ico

Integrating by parts the last equation we obtain

2ri \z/ J)_is 2mi Nz/ ) _i,

“1/a oo -1/a io K
R =t <1> f oK@ gpi= — t_<E> f %eqz«(q)dq_ (2.118)
Then,

e 1 et Ll
et |z|_“”fC |al™" e dg], (2119)
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for +r > 0, where C, are defined as above. Thus, for y < a,

1

-1/a
|J1(r, t)| < Ct |z|_1+Y (2.120)

Therefore, from the inequalities (2.116) and (2.120) we have

-1/a

i, )] < C———,
1+ (EV/ar )

Y <a. (2.121)

We remember some well-known inequalities.

(i) Young’s Inequality. Let f € LP(R) and g € LY(R), where 1 <p,g< o0, 1/p+1/qg> 1.
Then, the convolution h(x) = fR f(x —y)g(y)dy belongs to L"(R), where 1/r =
1/p+1/g -1 and Young’s inequality

Il < N1 £l Nl gl (2.122)

holds.
(ii) Minkowski’s Inequality. Let f,g € LP and 1 < p < oo; then

I1f+ gl < 1F e + N8l (2.123)

(iii) Interpolation Inequality. Let f € LP(R) N L9(R) with 1 < p < g < oo; then f € L"(R)
for any p < r < g, and the interpolation inequality holds:

£l < AN (2.124)

wherel/r=a/p+(1-a)/gand0<a <1,

(iv) Arithmetic-Geometric Mean Inequality. If a and b are nonnegative, then

Vab< 2 er b (2.125)

Then, by (2.121) and Young’s inequality (2.122), we obtain
1210z < IR COIN9llz < Cllpllz (2.126)

since

+oo t—l/a +00 1
GOl < Cf _cC f

— _dr 2.127
N G (2127)

TS
o 1 +-|r| ¥



22 Boundary Value Problems

Finally, using the Interpolation Inequality (2.124) and the arithmetic-geometric mean
inequality (2.125), we obtain

g1l < el Il < 2(||<if>||L1 +[[9ll)- (2.128)
Therefore,
[2:®O¢ |l < Clllle + [[@]])- (2.129)

Now, we estimate the operator 2. First, by Cauchy Theorem we get for Rez < 0

oo gmay 1 1
22 = 5 | mq—z(wq,é)_Y-(q,é>>dq' 0
By (2.41) we get
1 1 1 [Ki(p)+é _ 1 (Ki(p)-K(p)
o (e ) () e

Then, using (2.131) and the inequalities e “11¥ < Cy7|q|™, where Reg > 0 and y > 0, and

1 <C 1
[K(q) +8] = g0 g

<n<l, (2.132)

we obtain

2Gey) s Cis [ i el < oy
z, — L 2133
Wl < Cig o= |q|T 1941 < Clam e (2.133)

Then, using the inequalities (2.132) and |le“PF||;. < C |p|71/ 2, we obtain for J,

o |dg |dp| ~
Iyl <y | e ), o <C (2.134)
Therefore,
1229l < _[O 172Gy, Dl 1@ W) dy < C(l| Pl + D]l )- (2.135)

Thus, the last estimate and (2.129) imply the third estimate in Lemma 2.7.
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Now, we are going to prove the fourth estimate in Lemma 2.7. We use (2.114). First,
we estimate the operator J;, defined in (2.112). Using the inequality x* < |x — y| + y#, where
0 < u £1, and Minkowski’s inequality (2.123), we obtain

+oo , ptoo s 1/s
HB)P||. < x—ylt|Ji(x -yt d dx)
1209l < (j | I -0l 9w sy) ; -
+<f0 (] " v ine=wollpwlay) dx>
Then, Young’s inequality (2.122) implies
121 lpsn < W2 C Ol @l + 1T C O[] s (2137)

where 1/s =1/p+1/r-1,1<p,r <, 1 <1/p+1/r £2,and 0 < u < 1. Then, by the
inequality (2.121) and the change of variables x = t71/%|r|, we get

112G ) lpw < Ccr /e (1-1/p-p) <f_w <W> dx) . (2.138)

Thus, ||J1(:,t)|lpe < CtVDLVP1) provided 1+y —p > 1/p. Using 1/s = 1/p+1/r -1, it
follows that

11 t) g < CE /OO0, (2.139)

where 1/r—1/s—pu+y > 0. We note that —(1/a)((1/7r)—(1/s)—p) < 1, since y < a. Substituting
(2.139) in (2.137), we get

121 ly.p < CEVDD g, 5 CEODI gL, (2140)

where —(1/a)((1/r)-(1/s)-pu) <1,1< 5,7 < o0,and 0 < p < 1. Now, we estimate the operator
2o, defined in (2.113). First, we use that function J, satisfies the following inequality:

e~Cllv|dg]. (2.141)

J2(x,y,t) SCJ‘ |dgle €Il f dp|e Il
| | ¢ Czl | |K(p) +¢l Jes la-pl

Then, by the inequality |22 ()| < fgm |J2(x,y,t)||¢(y)|dy, we obtain

e Clrlx |dq| (=
K(p)+¢| Jes l[a-p] Jo

|2:(H9] < CL EHER L a1, e W|p(y)|dy.  (2142)
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Substituting in the last inequality the estimate

+00 - - By
[ e iplay < -], = Clal™ Il 3)
where 1/1+1/r =1, we obtain
22091 < Cllgll,, | lagte ¥t | el )
a ¢ |K(p) +¢] |p|"!
Then, using ||ePF || .. = Clpl™"**and 1/1+1/r =1, we get
12200l < Cligl, [ 1etle s | s rrlel @)
L L C1 e |K(P) +§| |P|1—1/r+1/s+‘u .
Therefore,
220l . < CEYDWTE=D G, (2:146)

where0<1/r-1/s—pu<a,1<r <s<oo,and 0 < y < 1. Finally, from estimates (2.140) and
(2.146) we obtain the fourth estimate in Lemma 2.7. Then, we have proved Lemma 2.7. O

Theorem 2.8. Let the initial data be ug € Z, with yu € (0,1). Then, for some T > 0 there exists a
unique solution

ue C([o, T];LZ(R+)> N C((0, TI;L*(R*) NL*#(R*) NL*(R")), s> 1, (2.147)

to the initial boundary-value problem (1.1). Moreover, the existence time T can be chosen as follows:
T = Clluo|l;°’~, where x € (0,1).

3. Proof of Theorem 1.1

By the Local Existence Theorem 2.8, it follows that the global solution (if it exist) is unique.
Indeed, on the contrary, we suppose that there exist two global solutions with the same initial
data. And these solutions are different at some time t > 0. By virtue of the continuity of
solutions with respect to time, we can find a maximal time segment [0, T'], where the solutions
are equal, but for t > T they are different. Now, we apply the local existence theorem taking
the initial time T and obtain that these solutions coincide on some interval [T,T;], which
give us a contradiction with the fact that T is the maximal time of coincidence. So our main
purpose in the proof of Theorem 1.1 is to show the global in time existence of solutions.
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First, we note that Lemma 2.7 implies for the Green operator G : Z — X the inequality
1G(#)uollx < Cllugllz- Now, we show the estimate

< Cllu —olix(llullx + I2llx)°, (3.1)
X

t
fo G(t = 7)(N(u(T)) = A(v(7)))dT

for all u, v € X, where N(u) = |u|’u, o > 1. In fact, using the inequality
[|ul”u ~ v|7v| < Clu—v|(jul” + |v]%), (3.2)
we get

@) = A @) llpw < Cllwe =0l (1l oo + 1017000

(3.3)
< C{r) 0/ ()= WDGT0 1y — || (ullx + [2lx)°,

where 0 < p <1, and

V() = (@) < Clt = Dl ([l + 0]1E-) o
< Cr} 0Oy VOO — ol ([ullx + [0lx)?

Then, the estimates (3.3), (3.4), and Lemma 2.7 imply
Gt —7)(N(u(T)) - N(v(T))) |2
< () /DD () WAy )/ ()WDY s — | (ully + [0])°,
G (& —7)(N(u(T)) = N(0(T))||Lon

< C((t _ T)—(l/a)(r—#) {T}f(r/a)(ml) <T>7(1/a)(70+1)

— - 1 — —
+ (= 1)V gD (1) 2D |y (fully + 1ol
(3.5)

where 0 < p <1, and

G (t = 7) (N () (1) = N(0) (7))l

< C<{t—T}_Y/“<t_T)*1/“{T}’Y/“(O'*l) <T>—1/a(ya+1)
(3.6)

+{t _ T}—y/a<t_T>—1/a{T}—y/a(oﬂ) <T>—1/a(o-+1)>

x [lu = ollx(llullx + [[2]x)°.



26 Boundary Value Problems

Now, we integrate with respect to 7, on the interval [0,t], the inequalities (3.5) and (3.6).
Then, we get for y < a/(c +1),

([ 16t ®) - A O
< C( (E}10/®(0s1) (py 11 ety /@@os1) | (y1=(r/@) (o) <t>1—(1/vc)(0+1)(r+1)> (3.7)
x lu = ollx(llullx + 1ollx)” < Cllu = vlix(lullx + 2lx)°
ﬂ Gt —7) (N () (T) = N(@)(T))lILon

< C{t}—Y/a<t>—(1/vc)(Y—ll) ({t}l-(Y/a)((Hl) <t>1—(1/u)(2}’0+1)

(3.8)
+ )70 () QLD o] ([l + [[0l)”
< C{t) () MO0y~ ol (lully + [0llx)°,
where 0 < p <1, and
t
f 1G (= 7) () (7) — M) (1)) o
0
< C{t}fy/a<t>fl/a<{t}1—y/u(m1)<t>171/u(yc;¢1)+{t}lfy/u(ml)<t>171/a(c;¢1)> (3.9)

x lu=ollx(llullx+Il7llx)*

< C () lu - ollx (lullx + 0lx)°

Then, the definition of the norm on the space X and the estimates (3.7), (3.8), and (3.9) imply
(3.1). Now, we apply the Contraction Mapping Principle on a ball with ratio p > 0 in the
space X, X, = {¢p € X : ||§|Ix < p}, where p = 2C||lug||z. Here, the constant C coincides with the
one that appears in estimate (3.1). First, we show that

[ A@)lx < p, (3.10)

where u € X,,. Indeed, from the integral formula

t
M) = G(B)uo - J‘ G(t =) N(u(r))dr (3.11)
0
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and the estimate (3.1) (with v = 0), we obtain

t
1)l < IG(Euolly + fo Gt ) M) (z)dr

X (3.12)

< Clluolly + Cllull§™ < & + o1 < p,

since p > 0 is sufficient small. Therefore, the operator # transforms a ball of ratio p > 0 into
itself, in the space X. In the same way we estimate the difference of two functions u, v € X,:

t
[ () = M(0)]lx < IO G(t = 7)(N(u)(7) = N(v)(7))dT

X (3.13)

l[u = llx,

N =

< Cllu - vllx(lullx + l7llx)” < C(2p)7 <

since p > 0 is sufficient small. Thus, M is a contraction mapping in X,,. Therefore, there exists
a unique solution u € X to the Cauchy problem (1.1). Now we can prove asymptotic formula:

u(x,t) = Atil/"‘A<xt*1/“> + O<t’(1/“)(1“‘)>, xe (0,p), (3.14)

where A = f(uo) - [ f(N(u(T)))dr. We denote Go(t) = +"/*A(xt™1/%). From Lemma 2.7 we
have

G Got) f (@) || < C(t)" VD2, (3.15)

for all £ > 1. Also in view of the definition of the norm X we have

| f ()] < IA@@) < lu(@)lIT="lu@):

(3.16)
< Clz) /WD ()= A/mE Dy g
By a direct calculation we have for ¢ > 1
t/2
' fo (Go(t = 7) = Go(t)) f (N (u(T)))dT
Lee
t/2
< Clall" [ 1Ga(t =) + GalB)lo )07 ) 000D i (317)
0

t/2
< C<t>—1/a||u“§+l’[ {T}—(Y/DC)(O'—l)<T>—(1/Dc)(0'—1)dT < C<t>_(1/a)(l+x)“u”§+l,
0
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where x = 0 — 1 — a, provided that 0 <1+ a/y, and in the same way

< C(t)y” M/ OW g1 941, (3.18)
Loo

Go(t) f:2f</v<u<r>>>dr

provided that o > 1 + a. Also we have

t
f Gt - ) M(u(z))dr
/2

t

t/2
L (Gt = 1) M(u(r) - Golt - ) f(N(u(r)))dz| +
Lo L

/2
<C ft (=) A((r) [ dT (3.19)

0
t

v 2 {t=7)7 %t =) V(A Iy + (A (T)) | )dT

< C(1) /D0y g
for all t > 1. By virtue of the integral equation (3.11) we get

(YD) 1348y = AGo(H)]|-

< (VDN G(Huo — Go(t) f (uo) || v

t/2

+ ()OO (Gt - 1) (u(T)) = Go(t = T) f(N(u(T))))dT
0

Lo

+ <t>(1/a)(1+1€) J‘t G(t—T),/U(M(T))dT (320)
/2

t

Lo

+ (00w gy f:zf(ﬂ(u(f)))df

Lo

t/2
+ (H VD f (Go(t — 7) — Go(B)) f (M(u(7)))dr

0

Lo

All summands in the right-hand side of (3.20) are estimated by C||ug||,+C ||u||§+1 via estimates

(3.17)-(3.19). Thus by (3.20) the asymptotic (3.14) is valid. Theorem 1.1 is proved.
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