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Via the linking theorem, the existence of nontrivial solutions for a nonlinear elliptic Dir-
ichlet boundary value problem with an inverse square potential is proved.
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1. Introduction

This paper is concerned with the existence of nontrivial solutions to the following prob-
lem:

” (1.1)
u(x) =0 onoQ,

where 0 € Q c RN (N > 3) is a bounded domain with smooth boundary, 0 <y < =
((N —2)/2)?, and @ is the best constant in the Hardy inequality:

2
c| <] Ivurax (12)
Ry |x]? RN
(cf. [3, Lemma 2.1]), 2 < p < 2*, where 2* = 2N/(N — 2) is the so-called critical Sobolev
exponent and A > 0 is a parameter.
Finally, in Theorem 1.3 we prove, for small A > 0, the existence of a solution to

Au—H oy —ur i in Q\ {0},
[x|2
u(x)>0 inQ\ {0}, (1.3)

u(x) =0 onodQ.
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2 Solutions for a nonlinear elliptic Dirichlet BVP

In the case y = 0, problem (1.1) has been studied extensively. For example, when p =
2%, Capozzi et al. [1] have shown that (1.1) has at least one positive solution for N >
5. When 2 < p < 2%, the existence of positive solutions of (1.1) has been shown in [5,
Chapter 1].

Our results are the following.

THEOREM 1.1. Let 0 € Q C RN (N > 3) be an open bounded domain. If 0 < u < @, then for
any A >0, problem (1.1) possesses a nontrivial solution.

Remark 1.2. We mention that when p = 2*, the existence of nontrivial solutions of (1.1)
has been proved in [2, Theorem 1.3].

THeEOREM 1.3. Let 0 € Q C RN (N > 3) be an open bounded domain. If 0 < u < i, prob-
lem (1.3) has a positive solution for 0 < A < Ay, where A, denotes the first eigenvalue of the
operator — A — u/|x|>.

This paper is organized as follows. In Section 2, we give some preliminaries. Section 3
is devoted to the proof of Theorem 1.1. The proof of Theorem 1.3 is contained in Section
4.

2. Notations and preliminaries

Throughout this paper, ¢, ¢; will denote various positive constants whose exact values are
not important. H} (Q) will be denoted as the standard Sobolev space, whose norm || - ||
is deduced by the standard inner product. By | - |,, we denote the norm of L7 (). All
integrals are taken over Q unless stated otherwise. On H{ (Q2), we use the norm

||u||2=J(|w|2—Lu2)dx. 2.1)
t |x|2
It follows from the Hardy inequality that the norm | - ||, is equivalent to the usual norm

| - Il of Hy(€2). Hy(€2) with the norm || - ||, is simply denoted by H.
By using the critical point theory, we define the action function on H:

Ju(w) = %f (|W|2 - ﬁﬁ) dx— %dex— % J ) dx. (2.2)

It is well known that a weak solution u € H} (Q) of (1.1) is precisely a critical point of Ju-
That is,

(J(w),) = J (VuV(p - ﬁugﬂ) dx — J Iulp‘2u¢dx—AJu¢dx =0 (2.3)

holds for any ¢ € H}(Q). The following definition has become standard.
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Definition 2.1 (see [6, Definition 1.16]). Let ¢ € R, let E be a Banach space, and let I €
C'(E,R). Say that I satisfies (PS), condition if any sequence {u,} in E such that I(u,) — ¢
and || (u,)|lg1 — Ohasa convergent subsequence. If this holds for every ¢ € R, I satisfies
(PS) condition.

Now we will prove that J, satisfies (PS) condition, which is contained in the following
two lemmas.

LeMMA 2.2. If0 < u < = ((N —2)/2)?, then any sequence {u,} C H;(Q) satisfying
Ju(un) — ¢ T, (un) — 0, n— oo, (2.4)

is bounded in H} (Q)).

Proof. Since

]#(un)=%J(|Vun x |2 ,,)dx—;f|un|de—%J|un|2dx,

(2.5)
(]l;(un),q)) = J (Vuan)— ﬁunq)) dx—J |, |P72un<pdx—)LJ'un<pdx.

Choose 2 < g < p, and let ¢ = u, in (2.5). For n large enough,

c+1+o(1)||un||ﬂ

= ],u(un) - <]/;(un)aun>

(3t (1)t (a0
= (5 ol (5= 5) | ol (3 = 5 )aclunll

It follows from p > 2 that {u,} is bounded in H(} Q). O

LEMMA 2.3. Under the assumption of Lemma 2.2, {u,} possesses a convergent subsequence
in H.

Proof. By Lemma 2.2, going if necessary to a subsequence, we can assume that

u, —u inH,

2.7
u, — u inL(Q)forl<r<2* 2.7)

Let f(u) = |ul?%u, [5, Theorem A.2] implies that f(u,) — f(u) in L*, where s = r/(r —
1). Observe that

ot = 1l = (T (1) = T (1), 0 — 10) +H(f(un) — f () (= 1) + My — )| dx.
(2.8)
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It is clear that
(T (1) = J (), 1t — 1) — 0, 11— oo, (2.9)

It follows from the Holder inequality that

[ 107 o) = F0) (= )1 < 1 f ) = @)Lt =], — 0, 71— o
(2.10)

Thus we have proved that ||u, — ull, — 0, n — . O

3. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1 via the following linking theorem from Rabi-
nowitz [5, Theorem 5.3] (see also [6]).

ProrosITION 3.1. Let E be a Banach space with E = Y & X, where dimY < co. Suppose that
I € C'(E,R) and satisfies that
(i) there exist p,a > 0 such that I [a5,nx> &
(ii) there exist e € 9By (X and R > p such that if Q= (B,(\Y) & {re; 0 <r <R}, then
1 |8Q5 0.
If I satisfies (PS). condition with

c= ,grelgrlfleagl(h(u)), (3.1)
where
I'={he C(QE);hlsp=id}, (3.2)

then c is a critical value of I and ¢ = .

Remark 3.2 (see [5, Remark 5.5(iii)]). Suppose I |y < 0 and there are an e € dB; ()X and
T > p such that I(u) < 0 for u € Y @ span{e} and [lul| = T, then for any large T, Q =
(B,NY) & {te;0 < t < T} satisfies I |30= 0.

To continue our discussion, we may assume that there is k such that Ay <A < Ay,
where A is the kth eigenvalue of the operator (—A — u/|x|?) with Dirichlet boundary
condition (see [2, 4]). Let

Y := Y = span{¢1,¢2,..., P}, (3.3)

here ¢; denotes the eigenfunction corresponding to A;. Decompose Hj () = Y & X (where
X is the topological complement of Y in Hj(Q)). For any y € Y, we have that

J(\Vﬂz—#yz)dxslkfyzdx, (3.4)
J<|Vu|2 - ﬁuz) dx zAkHqudx for any u € X. (3.5)

Now we will show that J, satisfies (i), (ii) in Proposition 3.1 in our situation.
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Propos1TION 3.3. There exist p,a > 0 such that ], |op,nx > a.

Proof. Forany u € X, Ay < A < Ag41, we obtain from (3.5) and Sobolev inequality that

o) =3 [ (19ur - Hou ) dx - jmwd ——j|u| dx

23 AI (1w = gl |
Vu ——u* ) dx — ulPdx 3.6
2 e, [Vul” - P |2 |ul (3.6)
1/lk-#l 2
2 /1 || A C”U”,u
Then we can choose [lull, = p sufﬁciently small and & > 0 such that J, lop,Nx > a. O

ProroOsITION 3.4. ], verifies (ii) of Proposition 3.1.

Proof. First, for any y € Y, we obtain from (3.4) that

Jy(y)=1J(Wyl2—Wy) lelpdx flyl dx
uk A (

2 _ = P
|x|2y>dx me dx (3.7)

_l/\k_ 2Ly
=3 W St

Thus J,(y) < 0 since all norms are equivalent on Y. Let e := ¢+ be the (k + 1)th eigen-
function of (A —u/ | x |2), since for any yey,

Ju(y +tppi1) — —0  ast — co. (3.8)

It follows from Remark 3.2 that we can take T sufficiently large and define Q = (Br(Y) &
{re;0 <t < T'} such that Proposition 3.4 holds. O

The proof in the case of ¢ > « is the same as in the proof of [5, Theorem 5.3], by now
we have completed the proof of Theorem 1.1.

4, Proof of Theorem 1.3

In this section, we will prove Theorem 1.3. Here we define the following Euler-Lagrange
functional of (1.3) on H:

]7,(u)=%J<IVuI2 W )dx—;J " q AJ ) dx, (4.1)

where u* = max{u,0}, and for any ¢ € Cy’ (Q),
¥ _ _ ¥ _ p-1
<]H(u),go> = J (Vqu) ‘xlzugo) dx J(u )Y edx— /\J )pdx. (4.2)

By using the same method in the proof of Theorem 1.1, we obtain that ]NH satisfies (PS)
condition. Next, we just use the mountain pass theorem to prove Theorem 1.3.
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It is easy to check that ]Nﬂ(u) € CI(H}(Q),R), we will verify the assumptions of the
mountain pass theorem. By the Sobolev theorem, there exists ¢; > 0, such that for u €
H, llullre(q) < cllull,. Hence we have

Ju(u) = %J (IVuI2 - Wu )dx , J (u+)pdx—%J(u+)2dx

1 24 p A 2
Zillully—gllully—z—MIIUHM (4.3)

L AN — Sy
3 (1= )i lulf.

So there is r > 0 such that

b:= inf J,(u)>0=7],(0). (4.4)

llull,=r

Let u € H with u >0 on Q, we have, for t > 0,

~ P 7 P At? 2
]M(tu)—EJ<|V |2—Wu)dx S | wras —TJ(u)dx. (4.5)

Since p > 2, there exists e := tu, such that |lel|, > and ]N#(e) < 0. By the mountain pass
theorem, ]74 has a positive critical value, and problem

—Au— Lzu = (u+)p_1 +Aut  inQ\ {0},
|x] (4.6)

ueH}(Q)

has a nontrivial solution u. Multiplying the equation by u~ and integrating over (), we
find

0= J<|Vu Pt )dx—llu 2 (4.7)

Hence u~ = 0, that is, u > 0. A standard elliptic regularity argument implies that u
C2(Q\ {0}), in which case, by the strong maximum principle, u is positive, thus is the
solution of problem (1.3).
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