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Abstract

The article deals with approximate solutions of a nonlinear ordinary differential
equation with homogeneous Dirichlet boundary conditions. We provide a scheme of
numerical-analytic method based upon successive approximations constructed in
analytic form. We give sufficient conditions for the solvability of the problem and
prove the uniform convergence of the approximations to the parameterized limit
function. We provide a justification of the polynomial version of the method with
several illustrating examples.
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1 Introduction

In studies of solutions of various types of nonlinear boundary value problems for
ordinary differential equations side by side with numerical methods, it is often used an
appropriate technique based upon some types of successive approximations con-
structed in analytic form. This class of methods includes, in particular, the approach
suggested at first in [1,2] for investigation of periodic solutions. Later, appropriate ver-
sions of this method were developed for handling more general types of nonlinear
boundary value problems for ordinary and functional-differential equations. We refer,
e.g., to the books [3-5], the articles [6-12], and the series of survey articles [13] for the
related references.

According to the basic idea, the given boundary value problem is replaced by the
Cauchy problem for a suitably modified system of integro-differential equations con-
taining some artificially introduced parameters. The solution of the perturbed problem
is searched in analytic form by successive iterations. The perturbation term, which
depends on the original differential equation, on the introduced parameters and on the
boundary conditions, yields a system of algebraic or transcendental determining equa-
tions. These equations enable us to determine the values of the introduced parameters
for which the original and the perturbed problems coincide. Moreover, studying solva-
bility of the approximate determining systems, we can establish existence results for

the original boundary value problem.
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In this article, we introduce the Chebyshev polynomial version of the known
numerical-analytic method based on successive iterations. At the beginning, we fol-
low the ideas presented by Ronté and Ronté [14] and by Ronté and Shchobak [15],
which contains existence results for a system of two nonlinear differential equations
with separated boundary conditions. In order to avoid some technical difficulties, we
deal in this article, for simplicity, with nonlinear differential equations with homoge-
neous Dirichlet boundary conditions. On the other hand, our basic recurrence rela-
tion has the same general form as it is presented in [15]. In Section 2, we state the
studied problem and the corresponding setting. Sections 3 and 4 contain the con-
struction of the sequence of successive approximations, its convergence analysis, the
properties of the limit function, and its correspondence to the solution of the origi-
nal boundary value problem. The existence questions are discussed as well. Main
results of the article are in Section 5, which contains a justification of the Chebyshev
polynomial version of the introduced method with corresponding convergence analy-
sis and error estimates. Results in Section 5 allow us to construct the Chebyshev
polynomial approximations of the solution of the nonlinear boundary value problem,
which essentially simplify the computations of successive approximations in analytic
form and simplify also the form of the determining equation. In Section 6, we illus-
trate the applicability of our approach to three Dirichlet boundary value problems:
the linear one, the semilinear one, and the quasi-linear one containing the p-Laplace
operator. Finally, let us note that presented polynomial version of the numerical-
analytic method in this article can be extended to more general nonlinear boundary
value problems studied in [14].

2 Problem setting and preliminaries
We consider the following system of two nonlinear differential equations with Dirichlet
boundary conditions

dx
dtl =fi(t,x1,%2), t€(0,7),

1
dt2 =f2(trx1/ xz), ( )
X1 (0) =X1 (T) =0.
In the vector form, we have
dx
dt =f(t,x), t € (0,T), @)
Ax(0) + C1x(T) =0,
where x = col(xy, x,), fit, x) = col(fi(%, x), f2(¢, x)) and
10 00
Az[oo] Cl:[lo}
Let the function f{t, x) be defined and continuous in the domain
[O, T] xD, D= [—611,611] X [az,bzl C [Rz. (3)

To avoid dealing with singular matrix C; in (2), which does not enable us to express
explicitly x(7), it is useful to carry out the following parametrization
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x(T) =2, (4)
where
rLeA - [dz,bz]. (5)

Thus, instead of (2) we use the equivalent problem with two-point parameterized
boundary conditions

dx
dt = f(t, x), te(0,7), ©)
Ax(0) + Cx(T) =d(2), x2(T) =2,

where

C=[?é}, d(3) = col (%, 0).

The two-point parameterized boundary conditions in (6) allow us to write
x(T) = C7td(x) — C~1Ax(0),

which will be used in the sequel for the construction of the iterative scheme.

Throughout the text, C([0, T], R?) is the Banach space of vector functions with con-
tinuous components and L,([0, T], R?) is the usual Banach space of vector functions
with Lebesgue integrable components.

Moreover, the signs |-|, <, 2, max, and min operations will be everywhere understood
componentwise. Let us define the vector

1
Sp(f);= _ | maxf(t,u) —minf(t,u) |, (7)
2 | (Lu)e[0,TIxD  (t:u)e[0,T]xD
for which the following estimate is true (cf. [5,16])
dp(f) = max|f(z, u)]. (8)
(tu)el0,T|xD

For z e R? of the form

z=0c01(0,2;), =z, € [a,, bS] C [a, by] 9)

and A € A we define the vector y : D x A — R?
T
v =v(&2) = o(f) +ICT1d() — (CT'A+D)zl, (10)

where I, is the unit matrix of order 2. In the sequel, we use the following
assumptions.

(A1) The function f: [0, T] x D — R? is continuous.

(A2) The function f satisfies the following Lipschitz condition: there exists a nonne-
gative constant square matrix K of order 2 such that

Vie [0, T]Vu, ve D : |f(t,u) —f(t,v)] <Klu—v|.
(A3) The subset

D, :={z=col(0,z;) e D: B(z,y¥(z,1)) C Dforall A € A}
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is non-empty, where B(z, %z, 1)) := {u e R*: |u - z| < Uz, A)}.
(A4) The greatest eigenvalue (Q) of the non-negative matrix
3T

K

Q=1

satisfies the inequality r(Q) <1.
Remark 1. The history and possible improvements of the constant 130 in the defini-

tion of Q can be found in [5,17,18].
We will use the auxiliary sequence {c,,} of continuous functions o, = ,,(?), t € [0,
T1], defined by

Ol()(t) =1,
t

T
a1 (L) = (1 — ;) fam(s)ds+ ;/am(s)ds, m=0,1,2,...
0

t

It is obvious that, in particular,

al(t)=(1—;>jds+;f$=2t<1—;>, telo,T].

According to [[16], Lemma 4] or [[5], Lemma 2.4], we have the following estimates

3T

ame () < 1me(t), m=23,..., (12)
10 /3T\"

et (1) < 0 (10) ai(t), m=0,1,2,... (13)

3 Successive approximations and convergence analysis
To investigate the solution of the parameterized boundary value problem (6) let us

introduce the sequence of functions defined by the recurrence relation
¢ T
t
Xme1(t, 2, A) =2+ /f(s, Xm (s, 2, A))ds — /f(s, Xm (s, 2, A))ds
T
0 0 (14)

. ;[C‘ld(k) _(C'A+ L),

where d(1) = col(4, 0) and xo(t, z, A) = 2z, z € D, Let us note that for m =0, 1, 2, ..,,
we have x,,(¢, z, A) = col (x,,,1(¢, z, 1), x,,2(¢, 2, A)). Moreover, all the functions x,,

x,,(t, z, 1) are continuously differentiable and satisfy the initial condition x,,(0, z, 1)

z as well as the boundary conditions in (6).
Let us establish the uniform convergence of the sequence (14) and the relation of the
limit function to the solution of some additively modified boundary value problem.
Theorem 2. Let the assumptions (Al)-(A4) be satisfied. Then for all z e D, and A €
A, the following statements hold



1. The sequence {x,,} converges uniformly in t € [0, T] to the limit function

x*(t,z, A) = m1~i>IPoo Xm(t 2, 1),

which satisfies the initial condition x*(0, z, A) = z and the boundary conditions
in (6).
2. For all t € [0, T), the limit function x* satisfies the identity

t T
W (t2h) =2+ / F(s % (5,2 1) )ds — ; / F(s, % (5,2 1)) ds -
0 0

. ;[C*ld(x) —(C'A+ D).

Moreover, x* is continuously differentiable and it is a unique solution of the
Cauchy problem for the additively modified differential equation

T
{ d);(:) =fLx(0) + ;[C‘ld(/\) —(C'A+L)e] - ; Jf(s x(9)ds 1€ (OT), )
x(0) =z.

3. The following error estimate holds
10
[x*(t, 2, 1) — xm(t, 2 1) < 9 Q" 'K(I, — Q) 'yay(t), te]0,T]. (17)

Remark 3. We emphasize that the first component of the vector z is fixed and coin-
cide with the value of x;(0) in the first boundary condition in (1), while its second
component z, is considered as free parameter. Thus, the expression “for all z“, actually
means “for all z,“.

Proof (of Theorem 2). First, we show that for all (¢, z, 1) € [0, T] x D, x A and m
e N, all functions «x,, = x,,(¢, z, 1) belong to D. Indeed, using the estimate in [[19],
Lemma 2], an arbitrary continuous function « : [0, 7] — R satisfies

t T

/ u(s) — ;/u(r)dr ds| < ;al(t) |:trer[15>T<]u(t) — min u(t):|. (18)

te[0,T)]
0 0

Thus, we have

lx1(t 2, 1) — x0(t, 2, A)| = |x1(t, 2, 1) — 2]
t

/ |:f(s,z) - ;/Tf(r,z)dri| ds
0

0
<a1(t)8p(f) +1C1d(1) — (CT'A + 1)z

=

+]C71d(A) — (CT'A + 1)z

(19)

< st(f) +|C7ld(M) = (CT'A+ Ih)z| =y.

Therefore, we conclude that x,(t, z, 1) € D, whenever (¢, z, A) € [0, T] x D, x A. By
induction, we obtain that for all m € N, we have

lxm(t, 2, 2) —x0(t, 2, 1) <y,

i.e., all functions x,, are also contained in D.
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Form =0, 1, 2, ..., let us define
Tms1 (62, 1) i= X1 (6,2, 1) — xm (8, 2, ).

Due to the assumption (A2), we have

et (6,2, 1) = (1 _ ;)/[f(s,xm(s,z,k))—f(s,xm1(s,z,)»))]ds
0

T
- ; / [f (s, xm(s, 2, 1)) — f(s, xm—1(s, 2z, 1))]ds (20)
t T
t t
<K|[|1l- Tm(s,z, 2)|ds| + [Tm (s, z, X)|ds

Relation (19) yields
Ir(tzA) <y

and thus using (20), we obtain
t) & t T
Ir2(t,z, )| <K (1 - )fyds+ Jyds| =Ky ().
T)) T

By induction, we obtain for m = 1, 2, ... that
|rm+1 (tl zZ, )\')| < Km)’am(t)

Using (12) and (13), we have

10 /37 \™! 10
[rme1 (L2, A)] < 9 (1OK) Kyoa(t) = 9 Q" 'Kyai(t),

and thus, for all (¢, z, 4) € [0, T] x D, x A and j, m € N, we obtain

j
|xm+j(trzr )\) - xm(tlzl )\)l =< Z |Tm+i(t:zr }")l
i=1
10§ i 10 1N 1)
9 > QM Ky (1) = 5 Q Ky Qyei(1)

i=1 i=0

10 Sy 10
=y Q’"’IKZQ’VM(I) =, Q" 'K(I, — Q) 'y (1).

i=0

Due to the assumption (A4), the sequence {Q™} converges to the zero matrix for
m — +o. Hence, (21) implies that {x,,} is a Cauchy sequence in the Banach space C
([0, T1, R?) and therefore, the limit function x* = x*(¢, z, A) exists. Passing to the limit
for j — +eo in (21), we obtain the final error estimate (17).

The limit function x* satisfies the initial condition x*(0, z, 1) = z as well as the
boundary conditions in (6), since these conditions are satisfied by all functions x,, =
x%,,(t, z, 1) of the sequence {x,,}. Passing to the limit in the recurrence relation (14) for
%, we show that the limit function x* satisfies the identity (15). If we differentiate this
identity, we obtain that x* is a unique solution of the Cauchy problem (16).



Let us find a relation of the limit function x* = x*(¢, z, 1) of the sequence {x,,} and
the solution of the parameterized boundary value problem (6). For this purpose, let us
define the function A : R* — R>

T
Az 1) = ;[C’ld(k) — (C'A+ L)e] — ; / F(s,x* (5,2, 1))ds.

Theorem 4. Let the assumptions (Al)-(A4) be satisfied. The limit function x* of the
sequence {x,,} is a solution of the boundary value problem (6) if and only if the value of
the vector parameters z € Dy, and A € A are such that

Az, 1) = 0.

Proof. It is sufficient to apply Theorem 2 and notice that the equation in (16) coin-
cides with the original equation in (6) if and only if the relation A(z, 1) = 0 holds.

Remark 5. The function A = A(z, A) is called the determining function and the equa-
tion A(z, 1) = 0 is called the determining equation, because it determines the values of
the unknown parameters zl Dyand A € A involved in the recurrence relation (14).

4 Properties of the limit function and the existence theorem
Let us investigate some properties of the limit function x* of the sequence {x,,} and the
determining function A.

Lemma 6. Under the assumptions (A1)-(A4), the limit function x* satisfies the follow-
ing Lipschitz condition for all t € [0, T], all z, y € Dyand A € A

10
Ix*(t,z, 1) —x*(t, 7, A)| < [12 oy a1 (DK — Q)l] Rlz —yl,

R:= sup |, — ;(C_1A+Iz)|'

where
te[0,T]

Proof. Using the assumption (A2), we obtain

|x1 (tl Z, )\') — X1 (tl )’/ A')'

&—ﬂ+/v@d—ﬂmﬂ¢
0

—p [ W = fs s - (€A L))

T

0
t
1= Y [as+ [ as|Kiz—y)+ Rz -y
T 5+Tszy+zy
0 0

[R + a1 (£)K]lz — yI.

IA

Similarly, using the above estimate, we have

t T
lx2(t, 2, 1) —x2(t, p, A)| < |:R+K(l - ;) / (R+ a1 (s)K)ds + I;t / (R+a1(s)K)dsi| |z —yl
0 t

= [R + KRa1 (t) + K?a»(£)]]z — ¥
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and by induction, we obtain

m—1
[ (t,2, 1) — X (L, 7, )] < [R + Y K'Rey(t) + Kmozm(t)] lz—yl.
i=1
Using the estimates in (13), we get
m—2

10 3T \! 10 /3T \"!
(1,5 2) i (7,2)] = [R{j S kR (Gok) a0+ (oK) al(t)} =

i=

and passing to the limit for m — +co, due to the assumption (A4), we obtain the

final inequality

+00
10 .
Ix*(t,z,1) — x*(t,y,1)| < |:R > 0 KRQ’al(t):| lz—yl,

i=0

< [R N 190KRozl(t)(Iz - Q)_l} Z— .

Lemma 7. Under the assumptions (Al)-(A4), the determining function A is well
defined and bounded in D, x A. Furthermore, it satisfies the following Lipschitz condi-
tion for all z, y € Dyand A € A

1 10
IA(z L) — Ay, 1)) < [T|c-1A+12| + (KR+ 5, TK(I2 — Q)1> R] lz —yl.

Proof. It follows from Theorem 2 that the limit function x* of the sequence {x,,}
exists and is continuously differentiable in D, x A. Therefore, A is bounded and the
assumption (A2) implies

T
[A(z, 1) — Ay, A)| < ; |C*1A + Iz| lz —yl+ ; /le*(s, z,A) — x*(s,y, A)|ds.
0
T

Using Lemma 6 and taking into account that of aq(t)dt = T;, we get

T
1 1 10
182 = AR = g |C bl —yie . [ [m o al(s)K(Iz—Q)‘l]KR dslz — !
0

1 10 _
- [T|c A+ L]+ <KR+ 27T21<(12 -Q) 1R>] lz—7l.

Let us define the mth approximate determining function
T
1 1
Ap(z, A) = T[C’ld()\) —(C'A+1))z] — T /f(s, xm(s,z,A))ds, me NU{0},
0

which has the following property.
Lemma 8. Let the assumptions (Al)-(A4) be satisfied. Then for any ze D, A € A

and me N,

[A(z, 1) — Am(z, 2)] < ;2TQ’”_1K2(12 -Q)ly. (22)
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Proof. Using the assumption (A2) and (17), we have

[A(z,A) — Ap(z A)| = ‘;/U(S,x*(s,z, A)) —f(s xm(s 2z 2))] ds
0

T
K
< T/lx*(s,z,k) — Xm (s, 2, A)|ds
0

110
<

T
10
< QR Q)—ly/al(s)ds - TQ(L - Q).
0

Let us introduce the relation f; Mg f> of two vector functions f; = fi(x) and f5 = fo(x),
which means that for all x € ), at least one component of fi(x) is greater then the
corresponding component of f5(x).

Definition 9. Let Q be an arbitrary non-empty set. For any pair of functions

fi = col(fu(x). fi2(x)),  fa=col(fa(x), f22(x))

we write f; Mg f if and only if there exists a function k : QO — {1, 2} such that for all
xe Q

Sk (%) > fan) (%)

The following statement provides sufficient conditions for the solvability of the
boundary value problem (6).

Theorem 10. Let the assumptions (Al1)-(A4) be satisfied. Moreover, let there exist m
€ N and non-empty set () € D, x A such that the approximate determining function
A, satisfies

| Am(z )] 530 12°7T QKL - Q) y (23)

and the Brouwer degree of A,,, over Q) with respect to 0 satisfies

deg(A,;, ©2,0) #0. (24)
Then, there exists a pair (z*, A*) € Q such that

A(z*,2*) =0
and the corresponding limit function x* = x*(t, z*, A*) of the sequence {x,,} solves the

boundary value problem (6).
Proof. Let us introduce the mapping P : [0, 1] x Q — R?

P(©,z,1);= Am(z,A) + © [A(z, A) — Am(z, A)].

Since the mappings (z, ) » A(z, 1) and (z, 1) » A, (z, 1) are continuous due to the
continuity of x,,, x* and f, the mapping P is continuous as well. Moreover, using
Lemma 8 and (23), we have

P(®,2,1)] = |An(zA)+0 [A(z, A)=An(z A)]| = |An(z A)|—|A(z A)=An(z A)] 500
for all ® € [0, 1] and (2, 1) € 0Q. Thus, the mapping P is the admissible homotopy

connecting A,, and A and the Brouwer degrees deg(A, Q, 0) and deg (A,,, Q, 0) are
well defined. The invariance property of the Brouwer degree under homotopy implies
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that
deg(A, 2,0) = deg(A, 2,0).
The assumption (24) then guarantees the existence of (z*, 1*) € Q such that
Az, A*) = 0.

Applying Theorem 4, we obtain that the limit function x* = x* (¢, z*, 1*) of the
sequence {x,,} is the solution of the boundary value problem (6).

5 Polynomial successive approximations
In order to make the computations of x,, possible or more easier, we give a justifica-
tion of a polynomial version of the iterative scheme (14). At first, we recall some
results of the theory of approximations in [20].

We denote by H, a set of all polynomials of degree not higher than g and by E.(f, P,)
the deviation of the function f from the polynomial P, e H,

Eq(f, Pg)i = max If () — Pq(0)1-

There exists a unique polynomial Pf; € Hy for which
Eq(f, P9) = Pinf Eq(f, Py) =: Eq4(f).
a€Hy

This polynomial P,(; is said to be a polynomial of the best uniform approximation of f
in H, and the number E(f) is called the error of the best uniform approximation. It is

known that
lim E,(f)logq=0.
4—+00

Definition 11. Let f/: [0, 7] — R be a uniformly continuous function and J be a
positive real number. Then we define the modulus of continuity of f as

o(f, 8) == sup [f(t) = f(s)I,

where the supremum is taken over all ¢, s € [0, 7] for which |t - 5| < 0.
Let us note that the modulus of continuity w(f, J) is a continuous non-decreasing

function of the variable o, such that

[%Lr% o(f,8) =0.
Definition 12. We say that the function f: [0, T] — R satisfies the Dini condition if
li (f.8)1 ! 0
imo(f, =0.
§—0 @ 08 1)

Let us note that, e.g., all @-Holder continuous functions on [0, 7] with 0 < o < 1
satisfy the Dini condition.

For a given function f, let us denote by f? the interpolation Chebyshev polynomial of
degree g, g € N, which satisfies

fit)=f(6), i=1,...,q9+1,
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where ¢; are the Chebyshev interpolation nodes in the interval [0, 7]

t~—T . (2i—1)m i1 )
i=, | 1+cos 2q+1) ) i=1,...,4+1.

Lemma 13 (see [20]). If the function f satisfies the Dini condition, then the sequence
{f1} of the corresponding interpolation Chebyshev polynomials converges uniformly on [0,
T] to f and the following estimate holds

If(t) = fI()l < (5 +logq)E,(f) (25)
for all t € [0, T].

Let us introduce the sufficiency for the Dini condition for a composite function
F(#) = fit, x().

Lemma 14. Let the function f = f(t, x) satisfy the Dini condition with respect to t € [0,
T] and the Lipschitz condition with respect to x € D. Then for any continuously differ-
entiable function x = x(t), t € [0, T1, with the values in D, the composite function F(t) =
fit, x()) satisfies the Dini condition in the interval [0, T].

Proof. Taking into account the Lipschitz condition, we obtain

IF(1) = F(s)1 = If (£, x(1)) — £ (s, x(5))]
< If(tx(0)) = (& x())| + 1f (£, x(5)) = £ (5, x(5))
< Kix(t) — x(s)1 + f (&, x(5)) = f (s, x(s))]-

Since f and x both satisfy the Dini condition, we conclude that F satisfies the Dini
condition as well.
For a given function f = fi¢, z), let us define

Ly := (5 +1ogq) SUgEq(f("Z))'

Using Lemmas 13 and 14, the function F(¢) = f(t, x(¢)) and its interpolation Cheby-
shev polynomial FI(¢) = fI(¢, x(¢)) satisfy

IF(1) — FI(1)] < (5 +1og q)Eg(F) < L. (26)

Let us note that ‘}Hrolo Ly =0 and the sequence {F?} uniformly converges to the func-

tion F on the interval [0, T.

Remark 15. In the case of vector functions f; the error of the best uniform approxi-
mation E,(f), the modulus of continuity w(f, J) and L, are vectors as well. The Dini
condition and the construction of the corresponding Chebyshev polynomials are
understood componentwise.

Let us return again to the boundary value problem (6) considered in the domain [0,

T] x D x A. To investigate the solution of the parameterized boundary value problem

q+1

(6), instead of (14), we introduce the sequence {x7'

} of vector polynomials

= COl(xf,:},xf,:;) of degree (g + 1)
xg+1(t, z,h0) =z, z=col(0,z,),
L T
t
x;’y:}l(t,z,)») =z+ /.fq(s,x‘ﬁl(s,z,)\))ds o /fq(S,x’ﬁl(s,z,x)) dss
0 0

t
+ T[C*ld(x) —(C'A+ 1)z, m=0,1,2,...
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where f7 = col(flq, fj ) is the vector of interpolation Chebyshev polynomial of degree g
corresponding to f. Let us point out that the coefficients of the interpolation polyno-
mials depend on the parameters z and A. Moreover, all the functions x‘“l "*1 (t,z, 1)
are continuously differentiable and satisfy the initial condition xq+l(0, z, 1) =z as well
as the boundary conditions in (6).

Let us define the domain

Dy, :={z€ D C R?: B(z, y4(z 1)) c Dforall » € A} C D,,

where
vo= (e 2) = ) (Bo(f) + L) +1C710) — (CA+ L)l (27)

Theorem 16. Let the assumptions (A1)-(A4) be satisfied with Dy, instead of D,, Then
forall z € Dy, A e A, the following statements hold

1. The sequence [x1'\converges uniformly in t € [0, T to the limit function

x*(t, z, A) = lim lim «; (t zZ, L) = hm xm(t z, 1),

q—+00 Mm—>+00

which satisfies the initial condition x*(0, z, A) = z and the boundary conditions

in (6).

2. The following error estimate holds
ol 10 . _ 10 -
Ix*(t,z, ) —x (t,z, )] < 9 Q" 'K(I, — Q) 'y (= AM)a (1) + 9 (L-Q) lar()Ly.  (28)

Proof. We show that for all (t,z,1) € [0,T] x D, x A and m € N, all functions

X L_ xf,:'l(t, z, 1) belong to D. Similarly as in the proof of Theorem 2, we have

q+1 q+l q+l

(tz2) — It z,k)‘

T
= / [f”(s/Z) - ; / fq(t,z)dt:| ds

0 0

(t, z A) —z‘

+ |C’1d()\) — (C’IA +1)z|

t

T
< f[[(f"(SIZ)—f(SrZ))+f(S,Z)] - ;/[(f“(TIZ)—f(r,Z))+f(TIZ)]df} ds
0 0

+C7ld(0) — (CT'A + L)z
< [Lg+8p(f)]on(r) +ICT'd(A) — (CT'A+I)z|

< z[Lq +p(f)] +1C 1) — (CT'A+ L)zl =y,

Therefore, we conclude that xq+1(t, z, 1) € D, whenever (£,z,1) € [0, T] x D,, x A. By
induction, we obtain that for all m € N, we have
qul(t zZ,A) — x’é”(t, M) <vq

q+1

i.e., all functions x/** are also contained in D.
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Forj=1,2, .., mand for all (t,z, 1) € [0,T] x Dy, X A, we estimate

t

[ 763165220 = 16557 520 ] s

0

x(t,2,2) —x]?'”(t,z,x)‘ -

fT [[CERICERS BV {CERS)] FX
0
< <1 - ;) f ‘[f(s,xj_l(s,z,k)) —fq(s,x;’j}(s,z,,\))]‘ds
0

T
" ;/ ‘[f(S,xj—l(S«Zr 1)) = [ 6 (5 2 A))]’

Taking into account that

(651052 0) = 108 (02 2)] = L1002 0)) = fLa] ] (020)]
+ ‘f(t, (2 2) — (L (1 z,/\))‘

and using the assumption (A2) and the estimate (26), we get
t
t
5(t20) = (L2 1)| <K (1 - T) / 5152 2) = 071 (5,2,4) | ds
0

t [T .
+ / ‘x] 1(5zk)—qu(szk)‘ds]
TJ:

¢ T
t
+ (1 — ;)quds+ T/L,,ds.
0 t

In particular, for j = 1 and j = 2 we have

x1(62 1) —x7(t, 2, )| < a1 (0L,
1 q

q+1

a(t,2,2) =28 (42,2)| < ea(OLy + a (DKL,

and by induction

b (£,2, 1) — x (£,2, 1)

IA

[o1 () + @2 (K + - - + @ (K™ L.

Using (12) and (13), we get

. 10 3T 3T \"*
|xm(t,z,k)—xfn1(tz,k)|_ |:Iz+( K>+...+( K) }QI(I)L(]

A

9 10 10

and due to the assumption (A4), we obtain

lem(t,2,2) — xi (4,2, 0)] < 0(12 - Q) a1 (1)L
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By Theorem 2, we can write

Ix*(6,2,1) — X (6,2, M)| = X5(6, 2, 1) — xm(t, 2, A) + xm(t, 2, 1) — x5 (6,2, 1)

< QKL ~ Qe+ (- Qe (0L,

Recall that the sequence {Q™} converges to the zero matrix for m — +e and L,
tends to the zero vector for ¢ — +o, which implies immediately that the sequence
{x#1} converges uniformly to x* on [0, T].

Let us define the mth approximate polynomial determining function

T
Ad(z 1) = ;[C‘ld(/\) —(C'A+1))z] — ; / F(s, x5 (s,2,1)) ds. (29)
0

Lemma 17. Let the assumptions (A1)-(A4) be satisfied with Dy, instead of D, Then,
forallz€ Dy, A e Aand me N,

10T

Az, 2) — Az 2)] <
[A(z, A) — Am(z )I_27

[Qm_le(Iz Q) Yy +K(I, — Q)’qu] L,

Proof. Due to the assumption (A2), (26) and the error estimate (28), we get

|A(z, 1) — Af(z, )] =

T
o [ U522 = 568 (52,
0

f (525 (5,2, 1)) — (5,55 (5,2, 1)) ds‘

T

K

T / Ix* (5,2, A) — X (5,2, ) ds + L,
0

T
10 _ _
9TK[Q'"—1K(I2 —Q) 'y + (L -Q) qu]/al(s) ds+1L,

0

el [ (A R A )

Theorem 18. Let the assumptions (A1)-(A4) be satisfied with Dy,instead of D, More-
over, let there exist m € N and nonempty set Q7 < D, x A such that the approximate

polynomial determining function A}, satisfies
q 10T m—1r1-2 -1 -1 30
A W g QK (= Q) +K(la = Q)7L | + Ly (30)
and the Brouwer degree of A} over Q7 with respect to 0 satisfies
deg(Af, ©9,0) #0.
Then there exists a pair (z*, A*) € Q7 such that
Az, 2*)=0

and the corresponding limit function x* = x*(t, z*, A*) of the sequence {x1*'}solves the
boundary value problem (6).

Proof. Using the same steps as in the proof of Theorem 10, we construct the admis-
sible homotopy P, : [0, 1] x Q7 — R?



Page 15 of 20

Py(©,z,1) := Ah(z A) + O[A(z, 1) — Af(z, 1))

and we get
deg(A, ©27,0) = deg(Af, ©29,0).

The assumption (31) then guarantees the existence of (z*, A*) € Q7 such that
A(z*,A*) = 0.

Applying Theorem 4, we obtain that the limit function x* = x* (¢, z*, 1*) of the

q+1

sequence {xm

} is the solution of the boundary value problem (6).

6 Examples
In this section, we introduce three particular boundary value problems in the form of
the system (1). The first problem is a linear one and enables us to build the sequence
{x,,; directly by the recurrence relation (14). The second problem is nonlinear and it is
impossible to integrate in (14) in a closed form. Thus, we use the Chebyshev interpola-
tion of the integrand to construct the sequence of successive approximations also in
this case. In the last example, we use again the polynomial version of presented
method in order to approximate a solution of the nonlinear Dirichlet problem contain-
ing p-Laplacian.

Example 1. Let us consider the following linear problem with the Dirichlet boundary

conditions
x(1) = xa(1), te(0,1),
() = —Lxi (1) + 37 + L (4 sin(3w0))’, (32)

xl(O) = xl(l) = 0,

which has a unique solution given in a closed form. Let us denote this solution by
x°(1) = col(x5 (1), 5 (1))

All the assumptions (A1)-(A4) are satisfied. Let us take x((¢, z, 1) = col(0, z,) and
construct the successive approximations X, of the exact solution x° for m =0, 1, 2, ...
in the following way:

1. using the recurrence relation (14), evaluate x,,.1(¢ z, A),

2. solve the (m+1)-th approximate determining equation A,,,1(z, A) = 0 (system of
two linear equations) and denote its solution by (z,,:1, A,51),

3. define X,,,,1(8) := %016 Zyms1> Aypast)-

Figure 1 contains both components X,,; and X,,,» of approximations X,,, for m = 1,
2, 11 and also their differences from the exact solution x°. Let us point out that the
maxima of both components of |X;1(¢) - x°(¢)| for £ € (0, 1) are both less then 107°.
p>Example 2. Let us investigate the nonlinear Dirichlet boundary value problem

x'1(t) = sin(x2(t)), te(0,1),
¥a(t) = =2 (1)) + 37 + L (4L sin(3m0))’, (33)
x1(0) =x1(1) =0,

which has a solution in the form x°(t) = col(x{ (1), x5(t)) = (5. sin(37t), 3wt + 7 — 2m).

In this case, it is not possible to construct the sequence {X,,} of approximations using



X1 Xm,2 Xm,l - 51:(1) X — -'L'(Q)
Xl‘l (t) = U ) 1 0.1
—
1 0 0
g
0
0
0.05
2
(]
I 0 0
= —0.01
-1
0
0
8. 10—1[)
- 2
—
1 0 0
g
41 —2.1071°
0
t t t t
Figure 1 The approximations X;, X, and X;; of the exact solution x° of (32).

the iterative scheme as in the previous Example 1. Thus, we use the following polyno-
mial version of the iterative scheme. Choose Xg”(t) and for m = 0, 1, 2, ..., proceed

the steps:

1. define P‘jn(t) = fa(t, an*l (t)) and realize the Chebyshev interpolation,
2. define

¢ T
. t 6o _
Xtz ) :=z+fpi(s) ds — T/F:’n(s)dH [C Yd(x) — (CT'A+1)z),
0 0
3. define F? | (t,z,1) := f9(t, X"} (1,2, 1)) and realize the Chebyshev interpolation

with parameters z and 4

£ (t, X4 (1, x)) = a10(z 1) + a1 (2 W)+ - +a1g(z V)0,

1
£ (r, X (1, A)) = ay0(z A) + axy (2 W)+ -+ axg(z M),
4. solve the (m + 1)-th approximate polynomial determining equation

! [C'd(r) — (CT'A+1))z] — ! fo;’M(s, z,A)ds = 0
T T

and denote its solution by (z,,,,1, A,41),
) 1 1
5. define an*+l(t) = Xn‘ﬁl(t, Zmels Ama1 )
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In Figure 2, it is possible to compare polynomial approximations x¥*! for g = 15,

m =1, 2, 11 and the corresponding differences from the exact solution x°. Let us note

that the maximum of X‘ﬁ']l (1) = x7(t)| for £ € (0, 1) is less then 107 for j = 1 and less

then 2:107 for j = 2.
Example 3. Let us consider the following nonlinear problem with the Dirichlet

boundary conditions
() =9¢ b (x2(1)), te (0,1),

p
x5 (1) = =2 8:(x1 (1)) — (p — 1)) p(siny(mpt)) + 18 (sinp(mpt)),
Xl(O) = Xl(l) = 0,

(34)

where p >1, sin, is the generalized sine function (see [21] for the definition),

2

psin 7

$p(s) := Isl” 'sgns, seR, g (x) =gp(x+e) — e’ e eR, Ty = ,
p

Let us recall that sin, is 27,-periodic function on R, which coincide with the sin
function for p = 2. Moreover, the pair (sin,(m,t), (1, cos,(m,t))” 1) is a solution of the

following initial value problem
xy(1) = ¢> ’ (x2(1)), te(0,1),

x(1) = —(P - 1)ﬂp¢p(xl(t))
X1 (0) 0, xz(O) 7Tp

For ¢ = 0, the problem (34) reads as the Dirichlet boundary value problem with
p-Laplacian

g+1 q+1 q+1 8 atl 0
Xm.l X X - X — Iy

m,1 m,2

ANAW

X

Il
(=

\\\
INE NN

o

m =

4.107°
(]
Il
| \/
~8.1078 0

t t t

o

1077

00

m =11

Figure 2 The polynomial approximations of the exact solution x° of (33) for g = 15.
A\
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For the problem (34), all the assumptions (A1)-(A4) are satisfied in the linear case p
= 2. If p # 2, then there exist bounded domains D = {(a,, a,) x (b1, by) for which the
second assumption (A2) concerning the Lipschitz condition of fis not satisfied. Thus,
we have to take into account the following additional assumptions on D in order to
satisfy the assumption (A2):

1. for 1 < p <2, we have to ensure that -¢ < a; < a, or a; < d, <-g,
2. for 2 < p, we have to ensure that 0 < b; < b, or b; < b, <0.

Let us note that for p >2, the function ¢p ’ > which appears in the first component of

£, is not Lipschitz continuous on any interval containing zero. On the other hand, in
the case of 1 < p <2, the function g, in the second component of f is not Lipschitz

continuous on any interval containing -¢.

1

Thus, all the assumptions (A1)-(A4) are satisfied if we take, e.g., p = g <2e=

and a; = ]11. The polynomial version of the iterative scheme from the previous Example
2 is applicable in this case. Figure 3 shows x%*! for g = 15, m = 1, 2, 11. Their differ-

ences from the exact solution (x3 (), x5(t)) = (siny(7pt), mpcosy(ypt))P~") of the pro-

blem (34) are also available. Let us note that the maximum of X‘ﬁjl (1) —x7(t)| for t e

(0, 1) is less then 7-10™ for j = 1 and less then 6.10™* for j = 2.
Last Figure 4 shows an*l for p = g > 2,¢=0and g = 15, m = 1, 2, 11. In spite of the

fact that the assumption (A2) is not satisfied in this case, we obtain the polynomial

q+1 q+1 g+1 o q+1 o
X X X0 - X, s — x5

m,2

m,1 m,1 m,2

1
X{Hl— (t)=0 0.05

m=1

0.06

NN

m=2

4:1074

m =11

0.0
— 1
0
t
8

Figure 3 The approximations of the exact solution x° of (34) for p=$,¢= | and g = 15.

\
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q+1 q+1 g+1 o q+1 o
X X Xo —af X 5

m,1

1
X{ ()

I
o

PRV

alla @V
<l

=
i

m =

m =11

Figure 4 The approximations of the exact solution x° of (34) for p= 3, ¢ = 0 and g = 15.

*1 which differs from the exact solution x° less than 4-107 in both

approximation X7,

components.
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