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Abstract

In this paper we deal with the existence of a positive solution for a class of semilinear
systems of multi-singular elliptic equations which involve Sobolev critical exponents.
In fact, by the analytic techniques and variational methods, we prove that there exists
at least one positive solution for the system.
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1 Introduction
We consider the following elliptic system:

Ly = ‘;—fulul"“zlvlﬂ+nu|u|2*‘2+a1u+a2v, Q,
Lv = Lo P2 ul® + awv* 2 + ayu + azv, Q, 11)
u=v=0, 082,

where Q c RN (N > 3) is a smooth bounded domain such that & € Q,i=1,2,...,k k> 2,
are different points, 0 < u; < i1 := (A%)Z, L:=-A- —Zf;l ,uim, n, A0 >0,ay,ay,as3 €
Rl1<a,B<2"-1,0+p=2%

We work in the product space H x H, where the space H := H}(2) is the completion of
C§°(£2) with respect to the norm ([, |V - |* dx)3.

In resent years many publications [1-3] concerning semilinear elliptic equations involv-
ing singular points and the critical Sobolev exponent have appeared. Particularly in the
last decade or so, many authors used the variational method and analytic techniques to
study the existence of positive solutions of systems of the form of (1.1) or its variations;
see, for example, [4-8].

Before stating the main result, we clarify some terminology. Since our method is varia-
tional in nature, we need to define the energy functional of (1.1) on H x H

k
1 wi(u? +v?)
](I/l, U) = §L<|VM|2 + |VU|2 - ;Zl W) dx

1
—E/(alu +2a>uv + azv )dx a—/ 2e|* || dx

<o [ s o [ s
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Then J(u, v) belongs to C'(H x H,R). A pair of functions (1, vy) € H x H is said to be a
solution of (1.1) if (o, vy) # (0, 0), and for all (p, ) € H x H, we have

k
/ (VM() . V({) + VV() . Vd) - Z Ml(|b;0¢—;|];0¢) - (aluo(p + dy@PVvo + a2¢u0 + 613U0¢)
Q i-1 —Si

-2 -2
— o (aeuoluo|**vol? + Bdvolvol’ 2 uol*)

I Y K|V0|2*_2V0¢) dx = (J' (o, vo), (¢, ¢)) = 0.

Standard elliptic arguments show that

w,v € CH(Q\{&r,...,&)) N CHQ\E ..., &)).

The following assumptions are needed:

(H1) n+A+o>0,0§;L1§u25---§uk<,&—1and2f=1m<ﬁ,a+ﬂ>1,a+,6=2*,
ay,an,as >0, ajas — a% >0,

(Ha) 0< A <Ay < Aq(u), where Aj(p) is the first eigenvalue of L, A4, A, are the eigenvalues
of the matrix 4 = (! 77).

ay az

The quadratic from Q(u, v) := (u, v)A(u, v)T = a1u® + 2a,uv + azv? is positively defined and
satisfies

M (2 + ) < aru® + 2aruv + azv® < o (u? +v?)  Vu,v € H. 1.2)
Our main results are as follows.

Theorem 1.1 Suppose (H1) holds. Then for any solution (u,v) € H x H of problem (1.1),
there exists a positive constant Cy such that

v()|} < Cilx— &"VEVIERD Y e B, (8)\ (&),

max{ |u(x) ,

where py > 0 and B, (§;) C Q.

Theorem 1.2 Suppose (H1) holds. Then for any positive solution (u,v) € H x H of problem
(1.1), there exists a positive constant C, such that B,,(&;) C Q and

min{u(x), v(x)} = Colx— & VIV, v e B, (E)\(E),
where py > 0.
Theorem 1.3 Suppose (H1), (H2) hold. Then the problem (1.1) has a positive solution.

2 Preliminaries
On H x H, we use the norm

W),y = (/Q(|Vu|2 + |Vv|2)dx)2.
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Using the Young inequality, the following best constant is well defined:

2
S inf fRN(|Vu|2_lLilew)dx 2.1)
L= m ” ¥ ) .
M ept2@Nngoy (fp 1] dx)2/?

where D"*(RY) is the completion of C5°(RN) with respect to the norm (fpn [V - |2 dx)z.
We infer that S,,, is attained in RV by the functions

_ X —&;
Vj;_g(x)zgzz”um( f’), Ve >0,

where

(2N5_lt; )f/2

u/,l.i(x_gi): E PN .
v — &|WAVER) (1 + [x - & VI )VE

Forall n,A,6 >0, n+A+0 >0, + B >1, a + B =2% by the Young and Hardy-Sobolev
inequalities, the following constant is well defined on D := (D?(RN)\{0})%:

S (IVu? + 190 = 222 ) i

inf .
(meD (Sen (lul® + A2 + o |ul*|v|F) dx)?/>*

n)»cr(//’«z) = (22)

Set
L) = ) VE, () = e Ty @, (225
&

where £ € 2,0 < pu < 1, ¥ € C3°(B,(£)) satisfies 0 <y <land Y =1,Vx e Bg(g), for all
p >0 small. Then for any 0 < i < &, by [9] we have the following estimates:

)2 5 2V -
/Q(|v ou EP)dx st 4 o(e2w),

f |u/§m|2* dx = SE i O(S%ﬁ,ﬂ),
Q

and for any a € R¥\{0},

2 . -
/ |0l |2 Igﬁ Jen Ui () dx +0(e?) ifu<p-1,
27 oy ) _
o lx+§] \$|2 e2|loge| + o(e?) ifu=p-1,
£ 01(g2) if0<pu<p-1,
), |"dx = _
o1(e?|logel) ifu=j-1,

where C,, = (%)¥, wy is the volume of the unit ball in RV,
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3 Asymptotic behavior of solutions

Proof of Theorem 1.1 Suppose (1o, vo) € H x H is a nontrivial solution to problem (1.1).
For all 0 < u; < 1 define

u(x) = |x—&"uo(x) and v(x)=|x—&|"vo(x), wherey = (it —/ii - ).

It is not difficult to verify that u,v € Hy(Q, [x — &|™*) and satisfy

—div(lx - &[™ Vi)
= 22— &7 ulul 2 01P + nle — &7 uluf
+anls— 6wk arle =&V + Y e 61w
—div(jx — &2 V) G0
= Ll — &2 P2l + Alx - &2V vjpP 2
# @l &I aale - &1 + Xl Sl - 6.

Let R > 0 small enough such that Br(§;) C 2 and §; ¢ Br(&;) for j # i. Also, let ¢; €
C§°(Br(&:)) be a cut-off function. Set
2(s-1)

Uy = min{|u|,n}; v, = min{|v|,n}; @1, = ¢; uum 1) ¢, = gol-zvvn

where s, 7 > 1. Multiplying the first equation of (3.1) by ¢;, and the second one by ¢, re-
spectively and integrating, we have

_ oo o _ ok
[ b= vuven = 58 [ wmsr 2o v [ n-s7
Q Q Q

2%_2 -2 -2
x ulu ¢1i+a1/|x—a| yu¢li+a2/|x—sl-| v
Q Q

k
X v¢li + Z x %_ |2 le =&~ 2yu¢1

/#l

Note that Ve, = 2uti” "V, + 92un* OV + 2(s — D2un* V.
Then

fQ lx — &7 VuVey, =2 fQ v — &1 QiuuX VeV + fQ | — &7 @}

X ufl(s_l)|Vu|2+2(s—1)/ |x—$i|_2" 2 23 V| Vu,|%.
Q

By the Cauchy inequality and the Young inequality, we get

’2 f = &I quu Vg Vu

/|x £ 2 2“|Vu|2+2/|x EI |V oiPu2i2D, (3.2)
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The same result holds for Jo 1% = &72 Vpy, V.

By letting ¥ (x) = <p,zmn s-1) , Ualx) = (p,vv,f D we have

fQ|x—sir2V(|wf1|2+ 1V 912)
§C</ e &2 [V P2 /ch—sir”wm,.
/ix &7 Ve PvPvpth /Q|x—a|”vw¢2i)

<C</ |x é_—l|72y|vw| ( 2 ZS 1)+U2v2(s 1))

+ /Q ¢ — §i|_2*’/§0,»2|u|0‘Ivlﬂ(uﬁ(s‘l) + vz(s‘l))

—2* 2 2% 92(s—1 —2% 2 2% 2(s—-1
+/|x—a| Y ul* us )+f v — &1 727 @}y v26D
Q Q

=&l 2,2(s-1) | 1,2,,2(s-1)
+ ‘P u'u, + V7Y
; o g w )
Jj#i
e ] o
Q
Using Caffarelli-Kohn-Nirenberg inequality [10], we infer that
o 2 2
iy "2\ 7 s 1\
w-grr ) T\Jy m—gprr
o lk=&I77 o le—&27
§C</ b= &7 |V (it ™) +flx—§,-| |V (gavf 1’)|>
@ Q
=C/ v = &7 (IVYn ) + |V ?)
Q
<C</ b= 1727 1V (222570 1 v02670)
+/ |x—§i|’2*7(p?|u|a|v|ﬂ(Mi(s—l)+v£(s—1))
Q
A Rl N M
& Q
=&l 2 2(s—1) 2(s-1)
* 90 uu, +v? v,
Z o g )
/%l
(3.4)

+ f b= &2 2 (1 4 0) (1257 vg<s—l>)).
Q

Define

w(x) = max{u(x), v(x)}, wp(x) := min{a)(x),n}.
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Then w,(x) := max{u,(x), v,(x)}. Now, from the Holder inequality, we deduce that

% _ _ x( 2 * 2
/ glof o _ < lpiwoy 2 ) (/ ol )N 35)
o k=& T \g lx—&* Bae) 1 — &7 )
2112, 2(s-1) (s-1) 2%\ =
¢;lol*w lpiwawy |\ 2 2
/ lofon ( 0O TN Brcen| . (3.6)
o lx=&* o k=&

In the sequel, we have
/ e = &17277 @2 |ul” [v]f (u267) 4 v26D)
Q
= / = &1 o o o] (027 + 0267)
Q

—2% 2 2% 2(s—1
:/Q|x—si| Y} wl* w26V

oSV 2\ R
52( M) (f LIZ) , (3.7)
o k=&Y Br&) X —&l*Y
By the choice of ¢;, we obtain

k

=&I™ 5, 2s-1) |, .2, 2(s-1)
> 1 Ix—s|z—9"i(” "+ vE, )
[ 4
i

< C/ |x — “;‘i|_2y<pi2 (uzuﬁ(s_l) + vzvz(s_l))
Q

-2 2 2 2(s-1
s/|x—si| ? R D
Q

S R TN
SZC( QW) |BR(€i)|N~ (3.8)

So, from (3.4) to (3.8) it follows that

2
o _1p2* 2%
(/ - &7 [pwwt | )
Q

<c / = £ [V P25, (3.9)
Q

Take s = % and ¢;(x) to be a constant near the zero. Letting n — 0o, we infer that w €

<2
L°T (Bg(&), lx — &["*7) and so

v e LT (Ba(&y), - &727). (3.10)

Suppose r > 0 is sufficiently small such that 7 + [ < R and ¢; is a cut-off function with the
properties |Vg;| < % and ¢;(x) =1 in B,(&)).
2
Sett:= ﬁ §:=2pt—2%y(t-1).

Page 6 of 14
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Then we have the following results:

/|x £ |V P

* * t—1
501_2/ o= &7 D D gy 7D
Q

(s=1), 2t \ &L 1

_ lww, “|FT ¢ 1 t
([ YR
Bty %= &% Bate) 12— &l°

(s-1), 2t \ &L
w -1 t
< Cl‘z( f %) , (3.11)
By (&) |x Ell 4

where we used the Holder inequality. From (3.9) in combination with (3.11), it follows that

1 1
(/ |x—a|2*y|w|2*3) sc%l%(/ |x—sl~|“|w|f’03> , (312)
Br-v-l(éi) Br+l(si)

where po = 75 < 2%,

Denotes-x’ X =4 andl—p’ j>1, where x >1,2*y <N and pox’/ = px/. Using
(3.12) recursively, we get

1 ) N\ =

% * o] R w * o]

(/ |w|2X;)zXSM,</ |o] . )zx

By(&) B.(&) 1¥ —&il*Y
i 1
oy i . <\ 2F
<rd CZ’ ! ZX’ i3 (/ e — &% o] > )
Br+p(§i)

we have x/ — 0o as j — o0o. Note that the infinite sums on the right-hand side converge,
then we obtain that w € L*°(B,(§;)), particularly, we have u,v € L*°(2). Thus,

uo(x) =[x — & ulx) < Milx - & forx € B.(§)\{&:},
where M; = max{||ul| @, ¢),1 <i<k}.
vo(x) =[x — &7 v(x) < Mlx - &I forx € B, (§)\{&),
where M; = max{||v||zes,@)),1 < i < k}. The proof is complete. O

Proof of Theorem 1.2 Suppose (1o, Vo) € H x H is a positive solution to problem (1.1). For
all 0 < u; <[, set

ux) =[x —&"up(x) and v(x) = |x - & vo(x).
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—div(lx - &7 Vi)

= 22| x— &2 ut P 4 plx— £ U

rarlx—E M ut arlx— &I v+ Y Ll - &1 u,
A (3.13)
—div(|x - &|™* Vv)
= Pl =& vP T A - g2
+ ol &I aalx - &1 + X Sl - 67,
j#i
Choose 0 < pg < p and define #(t) = miny,_g, -, u(x) for po <t < p. Let
n(po) = Apy AHiy B, n(p)=Ap 2V + B, where
W =y W=
A M) = nlpo) 5 P — n(p)og o
prJm _ IOO—Z»,/IZ—ML‘ ’ p,z\/m _ p(;Z«/ll—l/-i ’
It is easy to verify that
—div(|jx - &[VEVERY (Alx - & 2VER £ B)) =0 Vx e Q\(&) (3.14)

Combining (3.13) with (3.14), we get

—div(|x - & 2VEVERIY (14— Ajx - £ 2VEH 4 B)) > 0, Vx € By(£)\B,y (&),

u(x) - (Alx— &7V 1 B) > 0, Vx € 9(B,(:)\Bp (&))-
Therefore, by the maximum principle in B, (£)\B,, (&), we obtain

u(x) — (Alx— &>V £ B) > 0, Vx € B,(&)\Bp, (&).
Thus, for all x € B,(£)\B,, (&),

u(x) > Alx— &2V 4 B
Wy o= 2=t W=
3 et o)+ D0 i _ | — |2V
p(;zx/ A=k _ p—zm 10(;2 Vi1t — p‘zv H—=ki

n(p)

v
> e — &3PVIH — oV o
I A N TR e N P NN

Taking po — 0, we conclude u(x) > n(p) = minj,_g, -, u(x) > 0 for all x € B, (&)\{&;}.
Similar result also holds for v(x). Therefore, we have

ug(x) = |x — &7 ulx) > |x - & | néi‘n ux) = lx - &7 C
x—Eil=p

,,,,,

Page 8 of 14
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For any x € B,(&)\{&:},
volx) = =&l V() = e - &7 min v(x) = k- &7,
x=§il=p

> x=&7 min Ci=|x—&|7N,.
i=1,2,..,k
For any x € B,(£;)\{£;}. This proves the theorem. O

4 Local (PS).-condition and the existence of positive solutions
We first establish a compactness result.

Lemma 4.1 Suppose that (H;) holds. Then ] satisfies the (PS).-condition for all

N ¥ g 1
c<cti= ﬁmm{Sn,A,g(m),...,Sn,m(uk), (S0)2 } = =82, (k).

Proof Suppose that {(u,,v,)} C H x H satisfies J(u,,v,) = ¢ < ¢* and J'(u,,v,) — 0. The
standard argument shows that {(u,, v,)} is bounded in H x H.
For some (i, v) € H x H, we have

(¢4, V) = (u,v) weaklyin H x H,

(b vn) = (,v)  weakly in L*(, |x = &) x L*(, |x - &),
(¢4, vy) = (u,v) weakly in L¥(Q) x L¥(Q),

(thny V) = (u,v)  strongly in L7(Q) x L®(),q1, g2 € [1,2%),

(um Vn) — (l/l, U) a.e.in Q.

Therefore, (u,v) is a solution to (1.1). Then by the concentration-compactness principle
[11-13] and up to a subsequence, there exist an at most countable set .7, a set of different
points {x;};c7 C Q\Sifil, nonnegative real numbers ij, ﬁxj,j e J,and Ty, Vg, V5, (1 < i< k)
such that the following convergence holds in the sense of measures:

k
2 2 ~ 2 2 = ot
Vatn|* + [Vou|* = d = |Vul + |Vo]* + > .8, + > 0,
jeJ i=1
up vy v’ > 5
V=5 T V0%
lx — &2 lx—&>

Nlnl> + Aval> + 0ot |* |0l — D
= nlu” + 2
k
+olul*v)? + Zf)ijxj + Z Ve, O,
jeg i=1
By the Sobolev inequalities [10], we have

2

SuVe < T —wive, 1<i<k (4.1)
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We claim that 7 is finite, and for anyj € 7, Vy; =0 or by, > SO%

In fact, let & > 0 be small enough for any 1 <i < k, &; ¢ B,(x;) and B, (x;) N B,(x;) = @ for
iZj,i,jeJ. Let qﬁ] be a smooth cut-off function centered at x; such that 0 < ¢/ <1,¢, =
for |x —uj| < 2,(]51 =0 for |x —x;| > & and |V¢£| < 2, Then

e—=>0n—>00

lim lim (|Vu,q|2 + |an = l1mf q}’ dt

> lim </ (IVul> +Vv*) gl + ij)
Q

=0

= Ty,
x/,

ut+v? u+v?
lim lim . 11m dy / ——¢ =0,
Ho»«»oofg PECRG /‘ﬂ 7= o oer?

lim lim /(n|un|2 + Mal* + 0 lu ¥ valP) @l
Q

e—>0n—>o0

:lim/gbédf)

e—~>0 Jo

= 1in(1)</ (n|u|2* + A +a|u|a|v|ﬂ)¢>/s' + f)xj)
£— Q

= Vy.
x/;

lim lim /(unvun + ‘)nvvn)vd =0.

e—>0n—o00 Q

Then we have

0= ;g% nlingo<lx(unx Vn), (Mn¢>é, Vn(z)é)) > 'Ex/ - f)xi'

By the Sobolev inequality, Sy \7}% < fx/,; and then we deduce that f)xj =0or f)x/, >So 5 , which
implies that 7 is finite.

Now, we consider the possibility of concentration at points &; (1 <i < k), for ¢ > 0 small
enough that x; ¢ B.(§;) for allj € 7 and B.(§) N B,(§) =@ fori #jand 1 <i,j < k. Let ¢
be a smooth cut-off function centered at & such that 0 < ¢! <1, ¢! =1 for |x - &]| > ¢ and
|Vgi| < 2. Then

lim lim (|Vu,,| + |Vu,, ‘— hmf gpgdr
e—=>0n—>00

> lim (/ (IVul® + Vv [*) gl + fgl.)

e—0 Q
:fét’
ui+vd o, u* +v?

lim 1 U oi = lim = —— 7 ) =V,
s%n'ﬂo/@ FEG R /%dy alo</g |x—si|2"’5+ya> s

. . 2* 2* .
lim lim (n|u,,| + Al +a|u,,|"‘|v,,|’3)gof8
Q

e—>0n—o0

= lim / oL dv
e—=0 Jo
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&—>

= lin3)</ (n|u|2* + Av]¥ +a|u|a|v|5)§0é + f)a)
Q

= Vg

2 2
u,+v,

li li i: ) f . .’
sl Pt Q|x_gi|2(p5 0, fori7j

lim lim /(unVu,, + vann)Vgoé =0.
Q

e—=>0n—>00

Thus, we have

0 = lim 1im {J; (s, V), (0l v l)) = Te, — b, — Vs, (4.2)

e—=>0n—o0

2
From (4.1) and (4.2) we derive that S, 7;." < ¥, 1 < i < k, and then either ¥, = 0 or bz, >

N
Si,- On the other hand, from the above arguments, we conclude that

Cc= n]l)n(;lo (](un; Vn) - %(]/(un) Un)’ (um Vn)))

_ ; B
= Nnhm /Q(r)|u,,| + Avul? 4o ug|¥|val )dx

k
- %(/ (el + AP + o lul®v)P) dx+ ) Dy + 2‘7‘5)
Q

jed i=1
1 k
=5 (Z ~x; + Z \7&,) +J(u,v).
jeJ i=1

If Vg, = f)x], =0forallie{l,...,k} andj € J, then c = 0, which contradicts the assumption
that ¢ > 0. On the other hand, if there exists an i € {1,..., k} such that U, # 0 or there exists
aj € J with i, #0, then we infer that

1 . 1
c=> ﬁ mln{ (Sn,k,a (0))N/2, (ST],)\.,U (Ml))Nﬂ, e (Sn,k,a (H'/())N/Z } = ﬁ (Sn,k,a (Mk))N/Zx

which contradicts our assumptions. Hence, (i, v,) — (#,v),asn — ocoin H x H. O
First, under the assumptions (#;), (H2), we have the following notations:

@+ 758, S

ﬁ],k,a(f) = o 2
(n+oth +A12)2
Joio (Tmin) :=minf,; 5(7) >0, o >0,
K >0 K
where Ty, > 0 is a minimal point of £, »(t), and therefore a root of the equation

aot? —oprP?—2at¥ 242" n=0, 1>0.

Lemma 4.2 Suppose that (H,) holds. Then we have
(i) Sn,)»,zr (n) =f;],A,a (Tmin)

Page 11 of 14
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(i) Syao () has the minimizers (V;is (%), Trmin Vi,s(x)), Ve > 0, where Vi,s(x) are the
extremal functions of Sy, » () defined as in (2.2).

Proof The argument is similar to that of [6]. O

Lemma 4.3 Under the assumptions of (H1), we have

1 N2
SUP](tus,uk: t(fminue,p_k)) <c'= ﬁ (Sn,)»,a (Mk)) .

Proof Suppose (H;) holds. Define the function

g(t) ::](tue,uk» t(Tminus,uk))» t> 0.

Note that lim;_, ;o g(t) = —0c and g(¢) > 0 as ¢ is close to 0. Thus, sup,.., g(¢) is attained at
some finite ¢, > 0 with g’(¢;) = 0. Furthermore, ¢’ < t. < ¢”, where ¢’ and ¢” are the positive

constants independent of ¢. By using (1.2), we have

2 5 2 ug,nk 2
gt) < E(l + Toin) (/Q<|Vu8,ﬂk| T aug,, | dx

" . i
- 2—*(at£in 0+ )"tr%ﬁn)/ |6,y |* .
Q
Note that
£ " 1 .
max(EBl - ng) = (BB, )2, Bi>0,B,>0, (4.3)

and0<pu<p-landso2<2.ji—u.
From (4.3), Lemma 4.2 and Lemma 4.3, it follows that

2
Ue,
)< <(1 + Tain) Jo I Vite | = i Zels = Ml ) dx)m
8t

) S 7 * * %
N ((orﬁin + 0+ AT20) S ey |* dx)?/?

L <f(fmin) y (SN2 + O(e2ViH) — C82>
TNASG) Sy NP2+ Oe2ViH)

< %(f(tmin))]w2 + O(szm) - Cég?

1 N2,

ﬁ (Sn,A,a (/’Lk)) =C,

A

so g(t.) < ¢*. Hence, g(t.) < c*, Vt > 0 and
supg(t) = sup](tug,uk, t(rminug,uk)) <c*, ifu<p-1 (4.4)
>0 £20

Proof of Theorem 1.3 Set ¢ := infjer maxsc(o17J(h(t)), where

I ={he C([0,1],H x H)|h(0) = (0,0),] (h(1)) < 0}.
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Suppose that (#;) holds. For all (#,v) € H x H\{(0,0)}, from the Young and Hardy-
Sobolev inequalities, it follows that

J@,v) = C(lul® + [v1?) = C(llull* + vI1*)

= Clw )| - Ccla v,
and there exists a constant p > 0 small such that

b:= inf J(u,v)>0=]J(0,0).
I@v)ll=p

Since J(tu,tv) — —o0 as t — 00, there exists o > 0 such that ||(fou,tov)| > p and
J(tou, tyv) < 0. By the mountain-pass theorem [14], there exists a sequence {(u,,v,)} C
H x H such that J(u,,v,) — cand J'(4,, v,) — 0, as 1 — o0.

From Lemma 4.2 it follows that

0 <c < sup J(ttoue,uy toTminlhe ;)
te[0,1]

=< Sup](tua,uk ’ tTminus,Mk)
t>0

<c’.

By Lemma 4.1 there exists a subsequence of {(u,, v,)}, still denoted by {(u,, v,)}, such that
(¢4, vs) = (1, v) strongly in H x H. Thus, we get a critical point (u, v) of J satisfying (1.1),
and c is a critical value. Set " = max{u, 0}.

Replacing respectively u, v with #* and v* in terms of the right-hand side of (1.1) and
repeating the above process, we can get a nonnegative nontrivial solution («, v) of (1.1). If
u =0, we get v =0 by (1.1) and the assumption a; > 0. Similarly, if v = 0, we also have
u = 0. There, u, v # 0. From the maximum principle, it follows that #,v > 0 in Q. O
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