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1 Introduction
Consider the following boundary value problemwith integral boundary conditions on the
half-line of an infinite interval of the form


p(t)

(
p(t)z′(t)

)′ + f
(
t, z(t), z′(t)

)
= , t ∈ (,∞), (.)

az() – b lim
t→+

p(t)z′(t) =
∫ ∞


g

(
z(s)

)
ψ(s)ds,

a lim
t→+∞ z(t) + b lim

t→+∞p(t)z′(t) =
∫ ∞


g

(
z(s)

)
ψ(s)ds, (.)

where f ∈ C((,∞)× [,∞)×R, [,∞)), f may be singular at t = ; g, g : [,∞)→ [,∞)
are continuous, nondecreasing functions and for  ≤ t < ∞, z in a bounded set, g(z),
g(z) are bounded; ψ : [,∞) → (,∞) is a continuous function with

∫ ∞
 ψ(s)ds < +∞;

p ∈ C[,∞) ∩ C(,∞) with p(t) >  on (,+∞) and
∫ +∞


ds
p(s) < +∞; a + a > , bi >  for

i = ,  with D = ab + ab + aaB(,∞) >  in which B(t, s) =
∫ s
t

ds
p(s) .

Boundary value problems on an infinite interval appear often in applied mathematics
and physics. There are many papers concerning the existence of solutions on the half-line
for boundary value problems; see [–] and the references therein.
At the same time, boundary value problems with integral boundary conditions are of

great importance and are an interesting class of problems. They constitute two, three,
multi-point, and nonlocal boundary value problems as special cases. For an overview of
the literature on integral boundary value problems, see [–] and the references therein.
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Yan Sun et al. [] studied the existence of positive solutions for singular boundary value
problems on the half-line for the following Sturm-Liouville boundary value problem:


p(t)

(
p(t)z′(t)

)′ +μf
(
t, z(t), z′(t)

)
= , t ∈ (,∞),

az() – b lim
t→+

p(t)z′(t) = ,

a lim
t→+∞ z(t) + b lim

t→+∞p(t)z′(t) = ,

where μ is a positive parameter; f is a continuous, non-negative function and may be sin-
gular at t = ; p ∈ C[,∞)∩C(,∞) with p(t) >  on (,+∞) and

∫ +∞


ds
p(s) < +∞; ai, bi ≥ 

for i = , . Wang et al. [] investigated the existence theorems for the boundary value
problem given by

(
p(t)z′(t)

)′ + λ
(
f
(
t, z(t)

)
– kz(t)

)
= , t ∈ (,∞),

αz() – β lim
t→+

p(t)z′(t) = ,

α lim
t→+∞ z(t) + β lim

t→+∞p(t)z′(t) = ,

where f is a continuous, non-negative function andmay be singular at t = ; p ∈ C[,∞)∩
C(,∞) with p(t) >  on (,+∞) and

∫ +∞


ds
p(s) < +∞; αiβi ≥  for i = , . Also, Feng []

considered the following boundary value problem with integral boundary conditions on
a finite interval:

(
g(t)z′(t)

)′ +w(t)f
(
t, z(t)

)
= , t ∈ (, ),

az() – b lim
t→+

g(t)z′(t) =
∫ 


h(s)z(s)ds,

az() – b lim
t→–

g(t)z′(t) =
∫ 


h(s)z(s)ds,

where a,b > ; g ∈ C([, ], [,∞)),w ∈ Lp[, ], ≤ p≤ ∞, and h ∈ L[, ] are symmetric
functions; f : [, ]× [,∞) → [,∞) is continuous. The author obtained the existence of
symmetric positive solutions by using the fixed point index theory in cones.
Motivated by the above works, we consider the existence of one and three positive so-

lutions for the BVP (.), (.). However, to our knowledge, although various existence
theorems are obtained for Sturm-Liouville boundary value problems with homogeneous
boundary conditions, problems with nonhomogeneous boundary conditions, especially
integral boundary conditions on an infinite interval have rarely been considered. There-
fore, our boundary conditions are more general.
The rest of the paper is organized as follows. In Section , we present some necessary

lemmas that will be used to prove our main results. In Section , we apply the Schauder
fixed point theorem to get the existence of at least one positive solution for the nonlinear
boundary value problem (.) and (.). In Section , we use the Leggett-Williams fixed
point theorem [] to get the existence of at least three positive solutions for the nonlinear
boundary value problem (.) and (.).
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2 Preliminaries
In this section, we will employ several lemmas to prove the main results in this paper.
These lemmas are based on the following BVP for h ∈ C((,∞)):


p(t)

(
p(t)z′(t)

)′ + h(t) = , t ∈ (,∞), (.)

az() – b lim
t→+

p(t)z′(t) =
∫ ∞


g

(
z(s)

)
ψ(s)ds,

a lim
t→+∞ z(t) + b lim

t→+∞p(t)z′(t) =
∫ ∞


g

(
z(s)

)
ψ(s)ds. (.)

Define ϕ(t) and θ (t) to be the solutions of the corresponding homogeneous equation


p(t)

(
p(t)z′(t)

)
= , t ∈ (,∞), (.)

under the initial conditions,

θ () = b, lim
t→+

p(t)θ
′
(t) = a,

lim
t→+∞ϕ(t) = b, lim

t→+∞p(t)ϕ
′
(t) = –a.

(.)

Using the initial conditions (.), we can deduce, from equation (.) for θ (t) and ϕ(t), the
following equations:

θ (t) = b + a
∫ t



dτ

p(τ )
, (.)

ϕ(t) = b + a
∫ ∞

t

dτ

p(τ )
. (.)

Let G(t, s) be the Green function for (.), (.) is given by

G(t, s) =

D

⎧⎨
⎩

θ (t)ϕ(s), ≤ t ≤ s < ∞;

θ (s)ϕ(t), ≤ s ≤ t < ∞,
(.)

where θ (t) and ϕ(t) are given in (.) and (.) respectively.

Lemma . Suppose the conditions
∫ +∞


ds
p(s) < +∞ and D >  hold. Then for any h ∈

C((,∞),R), the BVP (.), (.) has the unique solution

z(t) =
∫ ∞


G(t, s)p(s)h(s)ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds +

θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds,

where G(t, s) is given by (.).

Furthermore, it is easy to prove the following properties of G(t, s):
() G(t, s) is continuous on [, +∞)× [, +∞).
() For each s ∈ [, +∞), G(t, s) is continuously differentiable on [, +∞) except t = s.
() ∂G(t,s)

∂t |t=s+ – ∂G(t,s)
∂t |t=s– = – 

p(s) .

http://www.boundaryvalueproblems.com/content/2012/1/127
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() |G′(t, s)| ≤ c
p(t)G(s, s), for t ∈ [,∞), where

c =
max{a,a}
min{b,b} . (.)

() For each s ∈ [, +∞), G(t, s) satisfies the corresponding homogeneous BVP (i.e.,
h(t)≡  in the BVP (.)) on [, +∞) except t = s.

()  ≤ G(t, s)≤ G(s, s) for t, s ∈ [,∞) and

G(s) := lim
t→+∞G(t, s) =

b
D

θ (s)≤ G(s, s) < +∞.

() For any t ∈ [a,b]⊂ (,∞) and s ∈ [, +∞), we have

G(t, s)≥ γG(s, s),

where

γ =min

{
b + aB(b,∞)
b + aB(,∞)

,
b + aB(,a)
b + aB(,∞)

}
.

Obviously,  < γ < .
It is convenient to list the following conditions which are to be used in our theorems:
(H) f ∈ C((,∞) × [,∞) × R) and also, u(t)h(x, y) ≤ f (t,x, y) ≤ v(t)h(x, y),  < t < ∞,

where h ∈ C([,∞)×R, (,∞)); and for  ≤ t < ∞, x, y in a bounded set, h(x, y) is bounded
and u, v : (,∞)→ (,∞) is continuous and may be singular at t = ; and also, there exists
 < k <  such that u(t) ≥ kv(t) for t ∈ (,∞).
(H) g, g : [,∞) → [,∞) are continuous, nondecreasing functions, and for  ≤ t <

∞, z in a bounded set, g(z), g(z) are bounded.
(H) ψ : [,∞)→ (,∞) is a continuous function with

∫ ∞
 ψ(s)ds < +∞.

(H)
∫ ∞
 G(s, s)p(s)v(s)ds < +∞ and

∫ ∞
 G(s, s)p(s)u(s)ds < +∞.

Consider the Banach space

B =
{
z ∈ C[, +∞) : lim

t→+∞ z(t) <∞, sup
t∈[,∞)

∣∣z′(t)
∣∣ < ∞

}

with the norm ‖z‖ =max{supt∈[,∞) |z(t)|, supt∈[,∞) |z′(t)|}.
From the above assumptions, we can define an operator A : B → B by

Az(t) =
∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds, t ∈ (,∞), (.)

where G(t, s) is given by (.).

Lemma . ([]) Let B be defined as before and M ⊂ B. Then M is relatively compact in
B if the following conditions hold:
(a) M is uniformly bounded in B;

http://www.boundaryvalueproblems.com/content/2012/1/127
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(b) The functions belonging toM are equicontinuous on any compact interval of [,∞);
(c) The functions fromM are equiconvergent, that is, given ε > , there corresponds a

T(ε) >  such that |f (t) – f (+∞)| < ε for any t ≥ T(ε) and f ∈M.

Definition . An operator is called completely continuous if it is continuous and maps
bounded sets into relatively compact sets.

3 Existence of at least one positive solution
In this section,wewill apply the following Schauder fixed point theorem to get an existence
of one positive solution.

Theorem . (Schauder fixed point theorem) Let B be a Banach space and S be a
nonempty bounded, convex, and closed subset of B. Assume A : B → B is a completely
continuous operator. If the operator A leaves the set S invariant, i.e., if A(S) ⊂ S, then A has
at least one fixed point in S.

For convenience, let us set

m :=min
{
ϕ(∞), θ ()

}
,

M :=max
{
ϕ(), θ (∞)

}
,

and

B(R) =
M
D

[
g(R) + g(R)

] ∫ ∞


ψ(s)ds.

Theorem . Assume conditions (H)-(H) are satisfied. In addition, let there exist a
number R >  such that

max

{
, sup

t∈[,∞)

c
p(t)

}
sup

z∈[,R],z∈[–R,R]
h(z, z)

(∫ ∞


G(s, s)p(s)v(s)ds

)
+ B(R)≤ R,

where c is defined by (.).
Then the BVP (.), (.) has at least one solution z with

 ≤ z(t) ≤ R, t ∈ [,∞).

Proof Let A : B → B be the operator defined by (.). We claim that A is a completely
continuous operator. To justify this, we first show thatA : B → B is well defined. Let z ∈ B,
then there exists r >  such that ‖z‖ ≤ r and from conditions (H) and (H), we have

Sr := sup
{
h(x, y) :  ≤ x≤ r, –r ≤ y≤ r

}
< +∞,

Tr := sup
{
g(x) :  ≤ x≤ r

}
< +∞,

and

T
′
r := sup

{
g(x) :  ≤ x ≤ r

}
< +∞.

http://www.boundaryvalueproblems.com/content/2012/1/127
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Let t, t ∈ [,∞), t < t, then

∫ ∞



∣∣G(t, s) –G(t, s)
∣∣p(s)v(s)ds≤ 

∫ ∞


G(s, s)p(s)v(s)ds < +∞. (.)

Hence, by the Lebesgue dominated convergence theorem and the fact that G(t, s) is con-
tinuous on t, we have

∣∣(Az)(t) – (Az)(t)
∣∣ ≤

∫ ∞



∣∣G(t, s) –G(t, s)
∣∣p(s)f (s, z(s), z′(s)

)
ds

+
|θ (t) – θ (t)|

D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
|ϕ(t) – ϕ(t)|

D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤
∫ ∞



∣∣G(t, s) –G(t, s)
∣∣p(s)v(s)h(z(s), z′(s)

)
ds

+
|θ (t) – θ (t)|

D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
|ϕ(t) – ϕ(t)|

D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤ Sr
∫ ∞



∣∣G(t, s) –G(t, s)
∣∣p(s)v(s)ds

+

D
max

{∣∣ϕ(t) – ϕ(t)
∣∣, ∣∣θ (t) – θ (t)

∣∣}

×
∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

≤ Sr
∫ ∞



∣∣G(t, s) –G(t, s)
∣∣p(s)v(s)ds

+

D
max

{∣∣ϕ(t) – ϕ(t)
∣∣, ∣∣θ (t) – θ (t)

∣∣}(Tr + T
′
r

)∫ ∞


ψ(s)ds

→  as t → t. (.)

Also, by (H) and (H), we get

∣∣(Az)′(t) – (Az)′(t)
∣∣ ≤ a

D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ t


θ (s)p(s)f

(
s, z(s), z′(s)

)
ds

+
a

Dp(t)

∫ t

t
ϕ(s)p(s)f

(
s, z(s), z′(s)

)
ds

+
a
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞

t
ϕ(s)p(s)f

(
s, z(s), z′(s)

)
ds

+
a

Dp(t)

∫ t

t
θ (s)p(s)f

(
s, z(s), z′(s)

)
ds

+
a
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞


g

(
z(s)

)
ψ(s)ds

+
a
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞


g

(
z(s)

)
ψ(s)ds

http://www.boundaryvalueproblems.com/content/2012/1/127
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≤ aSr
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ t


θ (s)p(s)v(s)ds

+
aSr
Dp(t)

∫ t

t
ϕ(s)p(s)v(s)ds

+
aSr
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞

t
ϕ(s)p(s)v(s)ds

+
aSr
Dp(t)

∫ t

t
θ (s)p(s)v(s)ds

+
aTr
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞


ψ(s)ds

+
aT ′

r
D

∣∣∣∣ 
p(t)

–


p(t)

∣∣∣∣
∫ ∞


ψ(s)ds

→  as t → t. (.)

So, Az ∈ C[,∞).
We can show that Az ∈ B. Notice that

lim
t→+∞(Az)(t) =

∫ ∞


G(s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds < +∞.

In addition, we have

∣∣(Az)′(t)∣∣ ≤
∫ ∞



∣∣G′(t, s)
∣∣p(s)v(s)h(z(s), z′(s)

)
ds

+
a

Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds +

a
Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤ c
p(t)

∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds

+
max{a,a}

Dp(t)

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

≤ Sr
c

p(t)

∫ ∞


G(s, s)p(s)v(s)ds

+
(
Tr + T ′

r

)max{a,a}
Dp(t)

∫ ∞


ψ(s)ds.

Therefore, sup |(Az)′(t)| < ∞.
Hence, A : B → B is well defined.
Next, for any positive integer m, we denote the operator Am : B → B by

(Amz)(t) =
∫ ∞


m

G(t, s)p(s)f
(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds, t ∈ [,∞), (.)
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and prove that Am : B → B is completely continuous for each m ≥ . Let ‖zn – z‖ →  as
n→ +∞. We will show that ‖Amzn –Amz‖ →  as n→ ∞ in B. We know that

∫ ∞


m

G(t, s)p(s)
∣∣f (s, zn(s), z′

n(s)
)
– f

(
s, z(s), z′(s)

)∣∣ds

+
ϕ(t)
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
θ (t)
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

≤
∫ ∞


m

G(s, s)p(s)
(∣∣f (s, zn(s), z′

n(s)
)∣∣ + ∣∣f (s, z(s), z′(s)

)∣∣)ds

+
ϕ()
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
θ (∞)
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

≤
∫ ∞


m

G(s, s)p(s)
(
v(s)h

(
zn(s), z′

n(s)
)
+ v(s)h

(
z(s), z′(s)

))
ds

+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

≤ Sr*
∫ ∞


m

G(s, s)p(s)v(s)ds

+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds,

where r* >  is a real number such that r* ≥ maxn∈N {‖z‖,‖zn‖}, N is a natural number set,
Sr* := sup{h(x, y) :  ≤ x ≤ r*, –r* ≤ y≤ r*} < +∞.
Therefore, for any ε > , there exists a sufficiently large K (K > 

m ) such that

Sr*
∫ ∞

K

G(s, s)p(s)v(s)ds <
ε


. (.)

From the fact that ‖zn – z‖ →  as n → ∞, we can see that for the above ε > , there
exists a sufficiently large natural number N ∈N such that if n >N, for any s ∈ [,∞), we
have

∣∣zn(s) – z(s)
∣∣ ≤ ‖zn – z‖ < ε



(
M
D

∫ K


m

G(k,k)p(k)dk
)–(∫ ∞


ψ(s)ds

)–

and

∣∣z′
n(s) – z′(s)

∣∣ ≤ ‖zn – z‖ < ε



(
M
D

∫ K


m

G(k,k)p(k)dk
)–(∫ ∞


ψ(s)ds

)–

.
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On the other hand, by the continuity of f (t,x, y), for the above ε > , there exists a δ > ,
for any t ∈ [ 

m ,K], x,x ∈ [, r*], y, y ∈ [–r*, r*] such that if |x– x| < δ, |y– y| < δ, we have

∣∣f (t,x, y) – f (t,x, y)
∣∣ < ε



(∫ K


m

G(k,k)p(k)dk
)–

. (.)

From the fact that ‖zn – z‖ →  as n → ∞, there exists a natural number N >N such
thatwhen n >N, for any s ∈ [ 

m ,K], zn(s), z(s) ∈ [, r*], z′
n(s), z′(s) ∈ [–r*, r*] if |zn(s)–z(s)| <

δ, |zn′(s) – z′(s)| < δ, we have

∣∣f (s, zn(s), z′
n(s)

)
– f

(
s, z(s), z′(s)

)∣∣ < ε



(∫ K


m

G(k,k)p(k)dk
)–

. (.)

In addition to this, by the continuity of g(x) and g(x) on [,∞), for the above ε > ,
there exists a δ >  for any t ∈ [,∞), x,x ∈ [, r*], such that if |x – x| < δ, we have

∣∣gi(x) – gi(x)
∣∣ < ε



(
M
D

∫ ∞


ψ(s)ds

)–

, for i = , . (.)

From ‖zn – z‖ →  as n → ∞, there exists a natural number N > N such that when
n >N, for any s ∈ [,∞), zn(s), z(s) ∈ [, r*] if |zn(s) – z(s)| < δ, we have

∣∣gi(zn(s)) – gi
(
z(s)

)∣∣ < ε



(
M
D

∫ ∞


ψ(s)ds

)–

, for i = , . (.)

Hence, if N =max{N,N}, then
∣∣(Amzn)(t) – (Amz)(t)

∣∣ =
∣∣∣∣
∫ ∞


m

G(t, s)p(s)f
(
s, zn(s), zn′(s)

)
ds

–
∫ ∞


m

G(t, s)p(s)f
(
s, z(s), z′(s)

)
ds

+
ϕ(t)
D

∫ ∞



[
g

(
zn(s)

)
– g

(
z(s)

)]
ψ(s)ds

+
θ (t)
D

∫ ∞



[
g

(
zn(s)

)
– g

(
z(s)

)]
ψ(s)ds

∣∣∣∣
≤

∫ K


m

G(s, s)p(s)
∣∣f (s, zn(s), z′

n(s)
)
– f

(
s, z(s), z′(s)

)∣∣ds

+
∫ ∞

K

G(s, s)p(s)
(
f
(
s, zn(s), z′

n(s)
)
+ f

(
s, z(s), z′(s)

))
ds

+
ϕ()
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
θ (∞)
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

≤
∫ K


m

G(s, s)p(s)
∣∣f (s, zn(s), z′

n(s)
)
– f

(
s, z(s), z′(s)

)∣∣ds

+ Sr*
∫ ∞

K

G(s, s)p(s)v(s)ds

http://www.boundaryvalueproblems.com/content/2012/1/127
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+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

+
M
D

∫ ∞



∣∣g(zn(s)) – g
(
z(s)

)∣∣ψ(s)ds

= ε.

Similarly, we can see that when ‖zn – z‖ →  as n → +∞, |(Amzn)′(t) – (Amz)′(t)| →  as
n → +∞. This implies that Am : B → B is a continuous operator for each natural num-
berm.
Choose PR to be a bounded, convex, and closed set by

PR =
{
z ∈ B : ‖z‖ ≤ R, z(t) ≥  for each t ∈ [,∞)

}
.

We must show that there exists a positive constant R such that for each z ∈ PR, one has
‖Az‖ ≤ R.
Let z ∈ PR. Then for each t ∈ [,∞), we have G(t, s) ≥ . Since f , g, g are positive

functions, Amz(t) ≥ , t ∈ [,∞). Furthermore, for t ∈ [,∞)

∣∣(Amz)(t)
∣∣ ≤ sup

z∈[,R],z∈[–R,R]
h(z, z)

(∫ ∞


m

G(s, s)p(s)v(s)ds
)

+
ϕ()
D

∫ ∞


g

(
z(s)

)
ψ(s)ds +

θ (∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤ sup
z∈[,R],z∈[–R,R]

h(z, z)
(∫ ∞


m

G(s, s)p(s)v(s)ds
)

+
M
D

[
g(R) + g(R)

] ∫ ∞


ψ(s)ds

≤ sup
z∈[,R],z∈[–R,R]

h(z, z)
(∫ ∞


G(s, s)p(s)v(s)ds

)
+ B(R)

≤ R (.)

and

∣∣(Amz)′(t)
∣∣ ≤

∫ ∞


m

∣∣G′(t, s)
∣∣p(s)v(s)h(z(s), z′(s)

)
ds

+
a

Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds +

a
Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤ c
p(t)

sup
z∈[,R],z∈[–R,R]

h(z, z)
∫ ∞


G(s, s)p(s)v(s)ds

+
max{a,a}

D
sup

t∈[,∞)


p(t)

[
g(R) + g(R)

] ∫ ∞


ψ(s)ds

≤ sup
t∈[,∞)

c
p(t)

[
sup

z∈[,R],z∈[–R,R]
h(z, z)

∫ ∞


G(s, s)p(s)v(s)ds

+
M
D

[
g(R) + g(R)

]∫ ∞


ψ(s)ds

]

≤ R. (.)
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Inequalities (.) and (.) yield that ‖Amz‖ ≤ R. Hence,Am is uniformly bounded. Using
the similar proof as (.) and (.), we can obtain that for any t, t ∈ [,∞), z ∈ PR,

∥∥Amz(t) –Amz(t)
∥∥ →  as t → t.

Thus, AmPR is equicontinuous. It follows from

∣∣(Amz)(t) – (Amz)(∞)
∣∣

≤
∫ ∞


m

∣∣G(t, s) –G(s)
∣∣p(s)v(s)h(z(s), z′(s)

)
ds

+
|ϕ(t) – ϕ(∞)|

D

∫ ∞



∣∣g(z(s))∣∣ψ(s)ds

+
|θ (t) – θ (∞)|

D

∫ ∞



∣∣g(z(s))∣∣ψ(s)ds

≤ SR
∫ ∞


m

∣∣G(t, s) –G(s)
∣∣p(s)v(s)ds

+

D
max

{∣∣ϕ(t) – ϕ(∞)
∣∣, ∣∣θ (t) – θ (∞)

∣∣}(TR + T
′
R
)∫ ∞


ψ(s)ds

→  as t → ∞ (.)

and

∣∣(Amz)′(t) – (Amz)′(∞)
∣∣

≤ 
D

[∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣
∫ t


m

aθ (s)p(s)v(s)h
(
z(s), z′(s)

)
ds

+
∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣
∫ ∞

t
aϕ(s)p(s)v(s)h

(
z(s), z′(s)

)
ds

+max{a,a}
∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣
∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

]

≤ 
D

[∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣SR
∫ t


m

aθ (s)p(s)v(s)ds

+
∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣SR
∫ ∞

t
aϕ(s)p(s)v(s)ds

+max{a,a}
∣∣∣∣ 
p(t)

–


p(∞)

∣∣∣∣(TR + T ′
R
)∫ ∞


ψ(s)ds

]

→  as t → ∞. (.)

Therefore, AmPR is equiconvergent. Hence, by Lemma . and the above discussion, we
conclude that for each natural numberm, Am : P → P is completely continuous.
Finally, observe that

∣∣(Az)(t) – (Amz)(t)
∣∣ =

∣∣∣∣
∫ 

m


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds

∣∣∣∣

≤ Sr
∫ 

m


G(s, s)p(s)v(s)ds < ∞ (.)
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and

∣∣(Az)′(t) – (Amz)′(t)
∣∣ =

∣∣∣∣
∫ 

m


G′(t, s)p(s)f

(
s, z(s), z′(s)

)
ds

∣∣∣∣

≤ Sr sup
t∈[,∞)

c
p(t)

∫ 
m


G(s, s)p(s)v(s)ds < ∞. (.)

Hence, inequalities (.) and (.) imply that supt∈[,∞) |(Az)(t) – (Amz)(t)| < ∞ and
supt∈[,∞) |(Az)′(t) – (Amz)′(t)| < ∞. Then by the assumption (H) and the absolute con-
tinuity of the integral, we get

lim
m→∞

∫ 
m


G(t, s)p(s)v(s)ds = .

Therefore, the operatorA : B → B is completely continuous andmaps the set PR into itself.
Hence, the Schauder fixed point theorem can be applied to obtain a solution of the BVP
(.), (.). The theorem is proved. �

Example . Consider the following boundary value problem:


et

(
etz′(t)

)′ + f
(
t, z(t), z′(t)

)
= , t ∈ (,∞), (.)

z() – lim
t→+

etz′(t) =
∫ ∞



z(s)


ds
 + s

, (.)

lim
t→+∞ etz′(t) =

∫ ∞



z(s)


ds
 + s

,

where f (t, z(t), z′(t)) = e–t (+t)


√
t (z + |z′|), a = , a = , b = , b = , p(t) = et , ψ(s) = 

+s ,
g(z(s)) = g(z(s)) = z(s)

 .
It is clear that f : (,∞) × [, +∞) × R → (, +∞) is continuous and singular at t = .

Set v(t) = e–t (+t)√
t and h(z, z′) = z+|z′|

 , it follows from a direct calculation that M = , c = ,
and there exists R =  such that the following inequality holds:

max

{
, sup

t∈[,∞)


et

}
sup

z∈[,],z∈[–,]
h(z, z)

(∫ ∞


G(s, s)p(s)v(s)ds

)
+ B()≤ .

Then by Theorem ., the boundary value problem (.)-(.) has at least one positive
solution.

4 Existence of at least three positive solutions
Definition . Let B be a Banach space, P ⊂ B be a cone in B. By a concave nonnegative
continuous functional ϕ on P , we mean a continuous functional ϕ :P → [,∞) with

ϕ
(
tx + ( – t)y

) ≥ tϕ(x) + ( – t)ϕ(y) for all x, y ∈P and t ∈ [, ].

For K ,L,R >  being constants with P and ϕ as above, let

PK =
{
x ∈P : ‖x‖ < K

}
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and

P(ϕ,L,K) =
{
x ∈P : L≤ ϕ(x),‖x‖ ≤ K

}
.

Theorem. (Leggett-Williams fixed point theorem []) LetB be aBanach space,P ⊂ B
be a cone of B, and R >  be a constant. Suppose A : PR → PR is a completely continuous
operator and ϕ is a nonnegative, continuous, concave functional on P with ϕ(y) ≤ ‖y‖ for
all y ∈PR. If there exist r, L, and K with  < r < L < K ≤ R such that the following conditions
hold:

(i) {y ∈P(ϕ,L,K) : ϕ(y) > L} 
= ∅ and ϕ(Ay) > L for all y ∈P(ϕ,L,K);
(ii) ‖Ay‖ < r for all ‖y‖ ≤ r;
(iii) ϕ(Ay) > L for all y ∈P(ϕ,L,R) with ‖Ay‖ > K .

Then A has at least three positive solutions y, y, and y in PR satisfying

‖y‖ < r, y ∈ {
y ∈P(ϕ,L,R) : ϕ(y) > L

}
,

and

y ∈PR –
{
P(ϕ,L,R)∪P r

}
.

Theorem . Assume that (H)-(H) are satisfied and there exists c ∈ (, ) such that
m ≥ cM holds. Then the boundary value problem (.), (.) has at least three positive
solutions if the following conditions hold:
(H) There exists a constant r >  such that

h(z, z) <min

{
,


supt∈[,∞)

c
p(t)

}
r – B(r)∫ ∞

 G(s, s)p(s)v(s)ds
,

for t ∈ [,∞) and z ∈ [, r], z ∈ [–r, r];
(H) There exist L > r and an interval [a,b]⊂ [,∞) such that

h(z, z) >
L

γok
∫ ∞
 G(s, s)p(s)v(s)ds

,

for t ∈ [a,b] and z ∈ [L,K], z ∈ [–K ,K];
(H) There exist  < r < L < K < γkmin{, supt∈[,∞)

c
p(t) }[R – B(R)], N–L ≤ max{,

supt∈[,∞)
c

p(t) }K , where N =min{c,γk} such that

h(z, z) <min

{
,


supt∈[,∞)

c
p(t)

}
R – B(R)∫ ∞

 G(s, s)p(s)v(s)ds
,

for t ∈ [,∞) and z ∈ [,R], z ∈ [–R,R].

Proof The conditions of the Leggett-Williams fixed point theorem will be shown to be
satisfied. Define the cone P ⊂ B by P = {z ∈ B : z(t) ≥  for each t ∈ [,∞)} and the non-
negative, continuous, concave functional ϕ :P → [,∞) by ϕ(z) =mint∈[a,b] |z(t)|.
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Then we have ϕ(z) ≤ ‖z‖ for all z ∈P . If z ∈PR, then ‖z‖ ≤ R and from (H) we have

∣∣Az(t)∣∣ =
∣∣∣∣
∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

∣∣∣∣
≤

∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

ϕ()
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

M
D

[
g(R) + g(R)

]∫ ∞


ψ(s)ds

≤ R.

Furthermore,

∣∣(Az)′(t)∣∣ ≤
∫ ∞



∣∣G′(t, s)
∣∣p(s)v(s)h(z(s), z′(s)

)
ds

+
a

Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds +

a
Dp(t)

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤ c
p(t)

∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds

+
max{a,a}

Dp(t)
[
g(R) + g(R)

] ∫ ∞


ψ(s)ds

≤ sup
t∈[,∞)

c
p(t)

[∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds + B(R)

]

≤ R. (.)

Therefore, we get ‖Az‖ ≤ R, and this implies that A :PR →PR.
Now we show that condition (i) of Theorem . is satisfied. Let z(t) = L+K

 for t ∈ [,∞).
By the definition of P(ϕ,L,K), z ∈ P(ϕ,L,K). Then {z ∈ P(ϕ,L,K) : ϕ(z) > L} 
= ∅. If z ∈
P(ϕ,L,K), then by (H) we get

ϕ(Az) = min
t∈[a,b]

(∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

)

≥ min
t∈[a,b]

(∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds

)

≥ γ

∫ ∞


G(s, s)p(s)u(s)h

(
z(s), z′(s)

)
ds

≥ γk
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds

> L.

Therefore, condition (i) of Theorem . is satisfied.
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If ‖z‖ ≤ r, then by (H) we have

∣∣Az(t)∣∣ =
∣∣∣∣
∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

∣∣∣∣
≤

∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

ϕ()
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

M
D

[
g(r) + g(r)

] ∫ ∞


ψ(s)ds

< r.

In a similar way as (.), we can see that for each t ∈ [,∞),

∣∣(Az)′(t)∣∣ ≤ sup
c

p(t)

[∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds + B(r)

]
< r.

Hence, condition (ii) of Theorem . holds.
Finally, we show that condition (iii) of Theorem . is also satisfied. If z ∈ P(ϕ,L,R), we

get

∣∣Az(t)∣∣ ≤
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

ϕ()
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≤
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

M
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

and

∣∣(Az)′(t)∣∣ ≤ sup
c

p(t)

[∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds

+
M
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

]
.

Hence, we have

‖Az‖ ≤ max

{
, sup

c
p(t)

}[∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds

+
M
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

]
.

Therefore, for z ∈P(ϕ,L,R) and ‖Az‖ > K , we have

ϕ(Az) = min
t∈[a,b]

(∫ ∞


G(t, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ (t)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

)
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≥ γ

∫ ∞


G(s, s)p(s)f

(
s, z(s), z′(s)

)
ds +

ϕ(∞)
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

+
θ ()
D

∫ ∞


g

(
z(s)

)
ψ(s)ds

≥ γ

∫ ∞


G(s, s)p(s)u(s)h

(
z(s), z′(s)

)
ds +

m
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

≥ γk
∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

cM
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

≥ N
[∫ ∞


G(s, s)p(s)v(s)h

(
z(s), z′(s)

)
ds +

M
D

∫ ∞



[
g

(
z(s)

)
+ g

(
z(s)

)]
ψ(s)ds

]

≥ N


max{, supt∈[,∞)
c

p(t) }
‖Az‖ > NK

max{, supt∈[,∞)
c

p(t) }
≥ L.

Therefore, condition (iii) is also satisfied. Then the Leggett-Williams fixed point theorem
implies that A has at least three positive solutions z, z, and z which are solutions to the
problem (.)-(.). Furthermore, we have

‖z‖ < r, z ∈ {
z ∈P(ϕ,L,R) : ϕ(z) > L

}
,

and

z ∈PR –
{
P(ϕ,L,R)∪P r

}
. �
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