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Abstract

In this article, the regularity of the global solutions to atmospheric circulation
equations with humidity effect is considered. Firstly, the formula of the global
solutions is obtained by using the theory of linear operator semigroups. Secondly, the
regularity of the global solutions to atmospheric circulation equations is presented by
using mathematical induction and regularity estimates for the linear semigroups.
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1 Introduction

This paper is concerned with the regularity of solutions to the following initial-boundary
problem of atmospheric circulation equations involving unknown functions (&, T, q, p) at
(x, ) = (x1,%9,2) € 2% (0,00) (2 = (0,27) x (0,1) is a period of C* field (—o0, +00) x (0,1)):

9 -

a—L: = P(Au—Vp—ou)+ P,(RT - Rg)i — (u- V)u, (L.1)
aT

== AT+ - (V)T +Q (1.2)
dq

i L Agq+uy—(u-V)g+G, (1.3)
divu =0, (1.4)

where P, >0, R>0, R, L, > 0 are constants, u = (1, u2), T, q, p denote velocity field, tem-
perature, humidity and pressure respectively, Q, G are known functions, and o is a con-

stant matrix

(o1} w
o = .
w o1

The problems (1.1)-(1.4) are supplemented with the following Dirichlet boundary con-

dition at x; = 0,1 and the periodic condition for x;:

(uy T; q) = O! Xy = Oy 1; (1'5)

(, T,q)(0,x2) = (u, T, q) (27, %2), (1.6)
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and initial value conditions
(u, T,q) = (uo, To,q0), t=0. L)

Partial differential equations (1.1)-(1.7) are presented in atmospheric circulation with
humidity effect [1]. Atmospheric circulation is one of the main factors affecting the global
climate so it is very necessary to understand and master its mysteries and laws. Atmo-
spheric circulation is an important mechanism to complete the transports and balance of
atmospheric heat and moisture and the conversion between various energies. Moreover,
it is also the important result of these physical transports, balance and conversion. Thus,
it is of necessity to study the characteristics, formation, preservation, change and effects
of the atmospheric circulation and master its evolution law, which is not only the essential
part of human’s understanding of nature, but also a helpful method of changing and im-
proving the accuracy of weather forecasts, exploring global climate change, and making
effective use of climate resources.

The atmosphere and ocean around the earth are rotating geophysical fluids, which are
also two important components of the climate system. The phenomena of the atmosphere
and ocean are extremely rich in their organization and complexity, and a lot of them can-
not be produced by laboratory experiments. The atmosphere or the ocean or the couple
atmosphere and ocean can be viewed as initial and boundary value problems [2-5], or an
infinite dimensional dynamical system [6—8]. We deduce atmospheric circulation models
which are able to show the features of atmospheric circulation and are easy to be studied
from the very complex atmospheric circulation model based on the actual background and
meteorological data, and we present global solutions of atmospheric circulation equations
with the use of the T-weakly continuous operator [1]. In [9], the steady state solutions to
atmospheric circulation equations with humidity effect are studied. A sufficient condi-
tion of the existence of the steady state solutions to atmospheric circulation equations
is obtained, and the regularity of the steady state solutions is verified. In this article, we
investigate the regularity of the solutions to atmospheric circulation equations (1.1)-(1.7).

The paper is organized as follows. In Section 2, we present preliminary results. In Sec-
tion 3, we present the formula of the solution to the atmospheric circulation equations. In
Section 4, we obtain the regularity of the solutions to equations (1.1)-(1.7).

| - lIx denotes the norm of the space X, and C, C; are variable constants.

2 Preliminaries
We consider the divergence form of the linear elliptic equation

Lu = -Dj(ayDu) + b;Diu + cu =f, (2.1)

where a;, b;,c € L®(R), f € L*(Q), a; = aj;, (ay) is uniformly elliptic, i.e., there exist con-
stants 0 < A; < A, such that

Mg < ayWE; < halE”, VEER"xEQ
The problem (2.1) is supplemented with the following Dirichlet boundary condition:

ulyq = @. (2.2)


http://www.boundaryvalueproblems.com/content/2012/1/143

Luo Boundary Value Problems 2012, 2012:143 Page 3 of 19
http://www.boundaryvalueproblems.com/content/2012/1/143

Lemma 2.1 [10] (Theory of linear elliptic equations) Let 2 C R" be a C? field, a; € C°(Q),
bi,c € L®(Q), f € IP(RQ), p € W*P(Q). If u € W?? is a solution of Egs. (2.1), (2.2), then

lellwar < C(llullr + I1f e + l@llwze),
where C > 0 depends on n, p, A, Q and C%_porm or L®-norm of the coefficient functions.

We consider the Stokes equation

—plu+ Vp =f(x),
divu =0, (2.3)

ulae = ¢.
Lemma 2.2 [11, 12] (ADN theory of the Stokes equation) Let f € W*?(Q,R"), ¢ €

Wk2P(Q, R"), k > 0. If (u, p) € W*P(Q,R") x W' (RQ) (1 < p < 00) is a solution of Eq. (2.3),
then the solution (u,p) € WK2P(Q,R") x W*12(Q), and

lullwirzp + 121l waar < CIf ko + | @ D) 5 + ll@llwarzs ),
where C > 0 depends on |, n, k, a, Q.

Let X be a linear space, X7, X, be two separable reflexive Banach spaces, and H be
a Hilbert space. X, X5, and H are completion spaces of X under the respective norm.
X1, X, C H are dense embedding. F : X, x (0,00) — X; is a continuous mapping. We con-
sider the abstract equation

%:Fu, 0<t<oo,

u(0) = ¢,
where ¢ € H, u: [0, +00) — H is unknown.

Definition 2.3 Let ¢ € H be a given initial value. u € LP((0,T),X2) N L*((0,T),H)
(0 < T < 00) is called a global solution of Eq. (2.4) if u satisfies

t
(u(t),V)H = / (Fu,v)dt + (p,v)y, VveX; CH.
0

Definition 2.4 Let u,,u € L?((0, T), X3). u,, — uy is called uniformly weak convergence
in LP((0, T), X>) if {u,} € L*((0, T), H) is bounded, and

U, — ugy, inL?((0,7),X,),

- (2.5)

lim,,— o [ [ty — 1o, V)|*dt =0, VveH.
Definition 2.5 A mapping F: X, x (0,00) — X; is called 7-weakly continuous if for p =
(p1,---»Pm), 0 < T < 00 and u,, uniformly weakly converges to ug, we have

T T
lim (Fu,, v) dt :/ (Fug,v)dt, VveXi.
0

n—00 0
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Lemma 2.6 [3] Assume F: X, x (0,00) — X; is T-weakly continuous and satisfies:
(A1) there exists p = (p1,...,Pm), pi >1 (1 <i < m), such that

(Fu,u) < —Cyllullf, + Collully, +f(8), VuelX,
where C1, Cy are constants, f € L}(0,T) (0< T < 00), || - ||1f(2 =Y liisa

seminorm of Xa, || - lx, = D1y | - lis
(A2) there exists 0 <a <1 forany 0 < h <1 and u € C([0,00), X),

t+h
/ (Fu,v)dt| < Ch*, VYveXand0<it<T,
t

where C > 0 depends only on T, ||v] x,, fot ||u||‘;(2 dt, and supy ., ||ully.
Then for any ¢ € H, Eq. (2.4) has a global weak solution

ueL®((0,T),H) NIP((0,T),X;), 0<T <oo,pin(Al).

If F: X, x (0,00) — XI is Frechét differentiable, then the regular solution can be pre-
sented under some condition.

We introduce a space sequence
XCHCXsCX,CH CH,

where X, Xj, H are such as in Lemma 2.6, X3 is a Banach space, H; is a Hilbert space, and
H; C H are compact including. There exist a constant C; > 0 and a nonnegative function
a e L}0,T) (0 < T < 00) such that

(DF@)v,v) < alvlf - GilIvIF,, Yu,veX, (2.6)

Fu,v)| < Hv|% + ew), veX,ucXs,
I{ N < 5lvilF +g(u) 3 2.7)

g: X3 — [0,00) is a bounded continuous functional.
Lemma 2.7 In addition to the assumptions about the existence of a global solution in
Lemma 2.6, if F: X5 x (0,00) — X is Frechét differentiable and satisfies (2.6), (2.7), then
Egq. (2.4) has a unique global solution
ue Wh((0,T),H) N W"((0,T),H,), 0<T <oo,

forall ¢ € X3.

Lemma 2.8 [13] Let L be a generator of a strongly continuous semigroup ®(t). If u(-,¢) €
LY(0,T),Y) is a weak solution to the equation

%:Lu+F(u), 0<t<oo,

u(0) = ¢,

(2.8)
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and F(u(-, ¢)) € L}((0, T), X), then the solution u(t,¢) can be read as
t
u=>e(t) +/ O(t-1)Fu)dr, 0<t<T.
0

Note that we used to assume that the linear operator L in (2.8) is a sectorial operator
which generates an analytic semigroup ®(z). It is known that there exists a constant A > 0
such that L — A generates the fractional power operators £* and fractional order spaces
H, for o € R, where L = —(L — AI). Without loss of generality, we assume that £ generates

the fractional power operators £ and fractional order spaces H, as follows:
L%=(-L)*:Hy—H, ackR,

where H, = D(L*) is the domain of L*. By the semigroup theory of linear operators (Pazy

[13]), we know that Hg C H, is a compact inclusion for any 8 > «.
Lemma 2.9 [13-15] (Imbedding theorem of factional order spaces) Let 2 C R” be a Lip-

schitz field, L : WP — LP(Q2) be a sectorial operator, m > 2, and 1 < p < co. Then for
0 <« <1, the fractional order spaces H, = D(L®) satisfy the following relations:

Hyc Wk, k-2 <ma -2,
q V4

n
H, c CkP, ifo<k+pB<ma——,
p

and the inequalities

. n n
lullwia < Cllulln,, — ifk— 7 < ma ~

n
lullcrs < Cllstllp, 0 <k+p <ma T

For sectorial operators, we also have the following properties which can be found in [13].

Lemma 2.10 LetL: H, — H be asectorial operator which generates an analytic semigroup
T(t) = €. If all eigenvalues ) of L satisfy Re A < —Aq for some real number Ay > 0, then for
LY(L =-L), we have

(1) T(t): H — H, is bounded for all « € R* and t > 0,

(2) TO)L = LT (t)x, Vx € Hy,

(3) foreacht>0, LYT(t): H— H is bounded and

|£4T(@®)| < Cat™e™,

where some § > 0, Cy > 0 is a constant only depending on a,
(4) the Hy-norm can be defined by

%Il = || L]

(2.9)

H’
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(5) if L is symmetric, for any o, B € R, we have
(Lou,v), = (L Py, L’Sv)H.

3 Formula of global solutions

We introduce the spaces
X={¢=,T,q) e C°(QR")|(x,T,q) satisty (1.4)-(1.6)},
H={¢=u,T,q) € L*(QR")|(u, T,q) satisfy (1.4)-(1.6)},

Hy={¢=u,T,q) € H(QR")|(u, T,q) satisfy (1.4)-(1.6)}.

Let
Li(¢,p) P, (Au—Vp)
L(g,p) = | Ly(¢sp) | = AT )
L3(¢,p) LeAg
Fi(¢,p) —P,ou+P(RT — Rq)k — (u - V)u
F(¢,p)= | F2(¢,p) | = uy— (- V)T +Q
F3(¢,p) uy—(u-V)g+G

Then Egs. (1.1)-(1.7) can be rewritten as an abstract equation

¢
I =Lo + F(¢).

Theorem 3.1 If ¢ = (1o, To,q0) € H, Q, G € L*(2), then the global solution ¢ of Egs. (1.1)-
(1.7) can be read as

B(x,t) = D(t)po + fo (¢t - T)P(F(¢)) dr, (3.1)

where ®(t) is an analytic semigroup generated by L, and P : L*(Q, R*) — H is a Leray pro-
jection.

Proof As ¢ = (u, T,q) € L>°((0, T), H) N L*((0, T), H,) is a weak solution to Egs. (1.1)-(1.7)
[1], from the Holder inequality and the Sobolev imbedding theorem, it follows that

/(;T|:_/Q}(M~V)M|%dxi|§dt§/OT|:/Q|M|%|VM|%dx:|§dt
(e ()

T
< c/ / \Dul? dxdt < Cllull32g 74p)-
0 Q

Then (- V)u € L((0, T), L% ($2)). Hence,

—P,ou+ PART — Rq)it — (u- V)u € L((0, T), L3 (R)). (3.2)

Page 6 of 19
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From the Holder inequality and the Sobolev imbedding theorem, we see

[l Ku.vm%dxfdtf [l Wmdxfdt
[ T(foe) (o) J
cof [Ura) () Jo
cof [ ) ([ frvece)

< ClIT |l 20,36 14l 220, 7501)-
Then (u- V)T € LY((0, T), L (R)). Thus,
uy — (- V)T + Qe L'((0,T), L3 (R)). (3.3)
Similarly, we have
Uy — (u-V)q + G e L((0, T), L3 (). (3.4)
According to the ADN theory and the theory of linear elliptic equations, we have that
P,(Au—Vp)
L(¢,p) = AT
L.Aq
is a sectorial operator and

L:W*(Q,R*) x WH(Q) — L1(Q,R*), Vl<g<oo.

Therefore, L generates the analytic semigroup ®(t).
It follows from (3.2), (3.3), and (3.4) that

F(¢) € L'((0, T),L? (2, RY)).

Applying Lemma 2.8 yields

t
#0) = D00 + [ Ble-DP(F@)dr. 0
0
Remark 3.2 The analytic semigroup ®(t) generated by L can be read as

D4(t)
O(t) = | Do(2)
D3(t)

Page 7 of 19
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Remark 3.3 The semigroup generated by Egs. (1.1)-(1.7) can be rewritten as

1(t)(¢o) + [ P1(t - T)P(F) dt
() (o) + [y ot - T)P(F>) dt

u
T =
q D3(8) (o) + [y 3(t - T)P(F3)dt

4 Regularity of global solution

Theorem 4.1 If ¢y = (19, To, q0) € H*(Q2, RY) N Hy, Q, G € L*(Q), then Egs. (1.1)-(1.7) have
a unique solution (¢,p) = (u, T,q,p), and

¢ =, T,q) € L((0, T), H*(2,R*) N Hy),
¢ = (u, T,q): € L((0, T), H) N L*((0, T), Hy),

peL™((0,7),H(Q))

forall0<T < oo.

Proof Let X, = X; = Hy and X3 = H*(Q,R*) N H;. Define F : H; — H, as

(Fé, ) = / [-P,.VuVv-P.ou-u+P.(RT - Rq)vy — (- V)u-v-VTVS
Q

+upS—(u-V)TS+QS - L. VqgVz+uyz—(u-V)qz + Gz] dx,
forVy¢ = (v,S,z2) € Hy.

Then

(Fp, ) = /Q[P,Au —P,ou+P.(RT - Rq)i — (u - Vulv+ [AT +uy - (u- V)T + QJS

+ [LeAq+ uy — (u-V)g+ G]zdx

1
< =

< 2/(|v|2+|5|2+|z|2)dx+c/(|Au|2+|T|2+|q|2+|u.Du|2+|AT|2
Q Q
+|ua|* + lu- DT> +1Q* + |Agl* + |u - Dg|* + |G|*) dx

1
< 5||¢f||121+g(¢)

for any ¥ € H; and ¢ € X3. Then (2.7) holds.
We prove (2.6).

(DF(p)yr, )

= / [—P,VVVV—P,UV +P.(RS—R2)kv—(v-Vu-v—(u-V)v-v
Q

—VSVS+1S—W - VTS —(u-V)SS-L,VzVz+vyz
- (v-V)gz - (u-V)zz]dx

5-(71/(|w|2+|v5|2+ |Vz|2)dx+C2f(|sz| + |zvo|) dx
Q Q

Page 8 of 19
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+ C3/ (|(V~V)u-v| + |(V- V)TS| + |(v- V)qz|)dx
Q
< —clf(ww2 +|VS]* +1Vz|*) dx + sz (V1> +1S1? + |21%) dx
Q Q
+ Cs/ (Iv*|Dul + [V|IDT||S| + [v||Dq||2|) dx
Q

<-G / (IVV* + VS| +|Vz|*) dx + CZ/ (V1> +1SI% + |21?) dx
Q Q

ral([ |v|4afx)%< [ |Du|2dlx>% (e d) ( |DT|2fx);
+ (/9 |5|4dx>j (/Q |DT|2azx)17 N (/Q |V|4dx)7</9 lede)z
+</Q|z|4dx)7</g|Dq|2dx)7]'

By the interpolation inequality [16], we see

11
Vi, =1vil 3 < CIvIL VI - (4.1)
4

By the imbedding theorem of factional order spaces, we have

1
4
( / |v|4dx) = Clvilx, - (4.2)
Q 4

Then it follows from (4.1) and 4.2) that

(DE(p)yr, ¥)

< —C1/Q(|Vv|2 + VS| +|Vz|*) dx + CZ/Q(MZ +SI? + |2I%) dx
+ C (VI vl el + IV VI DT g+ USHENS L I T N
+ VIl gl + 120z 2l gl )

< —%(nvniﬂ + 118170 + 2l 70) + Co (VI + ISIF + lzllz;)
+ C(IVIZ el 7 + VI T2 + USIE T2, + (vIF gl + 121 llqll2s)

<= S I + @I I

Since ¢ = (u, T,q) € L*((0, T), Hy) is a weak solution to Egs. (1.1)-(1.7), a(¢) = C(||ul|?, +

T2, + llqll?, +1) € LY(0,T), 0 < T < o0. Then (2.6) and (2.7) hold. From Lemma 2.7, we

deduce that the solution ¢ is unique and

¢v = (u, Tpoqr) € L°((0, T),H) N L*((0, T), Hy). (4.3)


http://www.boundaryvalueproblems.com/content/2012/1/143

Luo Boundary Value Problems 2012, 2012:143
http://www.boundaryvalueproblems.com/content/2012/1/143

Multiplying (1.1) by u and integrating over 2, we get

P,/ |Vu|2dx+P,/ ou-udx:/[P,(RT—i%q)féu—utu]dx.
Q Q Q

Using the Young inequality, we obtain

P,/ |Vu|2dx+P,5/ uzdxfe/ |u|2dx+Ce_1/[|T|2+ |q|2+|ut|2]dx,
Q Q Q Q

where ¢ > 0 is a real constant satisfying P,6 > ¢. Then there exists a constant C > 0 such
that

/;2 \Vul*dx < C(ITI72 + I qll72 + lluell72)-
Thanks to (4.3), we have
ueL™((0,T),H' (Q,R%)). (4.4)
We consider the Stokes equation

~Au+Vp=gxt), g=-ou+(RT-Rgk - ﬁ(u -Vu - uy,
divu =0,

u:0, x2:0:1;

(4.5)
u(0,x9) = u(2m,x,).

From (4.3), (4.4), and the Sobolev imbedding theorem, we find that g(x,¢) € L1(, R?),
V1< g < 2. By the ADN theorem, Eq. (4.5) has a solution

ueL®((0,T), W>(Q,R?)).
Then (u - V)u € L2(R, R?) and g(x, £) € L?(R, R?). Using the ADN theorem, we obtain

u e L*((0, T), H*(, R?)),
peL>((0,T), H ().

(4.6)
Multiplying (1.2) by T and integrating over 2, we get
/ IVT|?dx = /(u2T+ QT - T.T)dx
Q Q
< s/ |T)? dx + Cs’lf [lul” + QP + |T¢*] dx,
Q Q

where ¢ > 0 is a constant. Then there exists a constant C > 0 such that

/ IVT>dx < C(lullfs + QI + 1 Tel17)-
Q

Page 10 of 19
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Using (4.3), we have
T eL%((0,T),H"). (4.7)
We consider the elliptic equation

-AT=fi, fiza—u-V)T+Q-T,
T=0, x=0,1, (4.8)
T(0,x0) = T(2m,x5).

It follows from (4.3), (4.7), and the Sobolev imbedding theorem that fi (x, £) € L7(2), V1 <
q < 2. Using the theory of linear elliptic equations, Eq. (4.8) has a solution

T e L>((0, T), W>*(R)).

Then (u - V)T € L*(R2, R?) and fi(x, t) € L*(R2, R?). Using the theory of linear elliptic equa-

tions, we have that
T € L™((0, T), H*(R)). (4.9)

Multiplying (1.3) by g and integrating over 2, we get

/ |Vq|2dx = / (u2g + Gq — q¢) dx
Q Q
< 8/ g dx + Cs’lf [lu|2 +|G* + |qt|2] dx,
Q Q

where ¢ > 0 is a constant. Then there exists a constant C > 0 such that

/ IVgl*dx < C(llull2, + 1QI7, + lIgel72).-

Q

Using (4.3), we have

q€L®((0,T),H"). (4.10)

We consider the elliptic equation

-Agq=fo, fr=us—(u-V)q+G-gqp
q=0, x=01, (4.11)
q(zn!x2) = Q(O,xz)

Using the arguments similar to those for (4.8), we get

q € L™((0, T), H*(Q)). (4.12)
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It follows from (4.6), (4.9), and (4.12) that

¢ =, T,q) € L>((0,T),H* (2, R*) N H,),
peL>((0,T),H (). O

Theorem 4.2 If ¢ = (10, To, q0) € H***(Q,R*) N Hy, Q,G € HX(RQ), then Egs. (1.1)-(1.7)
have a higher regular solution (¢,p) = (u, T, q,p) and

¢ =, T,q) € L>((0, T), H**(Q,R*) N Hy) N C([0, T], H***(2,R*) N Hy),
¢ =, T,q); € L*((0, T), H* (2, R*) N Hy) N C((0, T), H* (2, R*) N Hy),
p € L®((0,T), H*(2)) N C((0, T), H*'(R))
forv0 < T < oc0.
Proof We prove the theorem using mathematical induction.
If k = 1, (f)o = (Mo, To, qo) S HB(Q,R4) n Hl, Q, G € HI(Q), then ¢)0 = (u(), To,qo) S
H2(Q,R*) NHy, Q,G € L2(Q). Using Theorem 4.1, we find that ¢ = (4, T, q) € H*(R2, R*).

Thanks to the Sobolev imbedding theorem, H2(Q2) — W*(Q) — C%(Q) if n = 2. We
obtain

f|V(u-V)u{2dx
Q
< c/ IVul* + | Au?|u)? dx
Q

4 2 2 4
= C(lullyns + suplullul,) < Cllulfp.
Q

Then (1 - V)u € HY(2) and F,(¢) € HY(Q).
We have from the formula (3.1)

t
U = Llcbl(t)l/to + / L1q>1(t— 'L')Fl(d)) drt + Fl(CD)
0

Then there exists o satisfying 0 < & < 1 such that

ltell o =

Ll(bl(t)l/to + /(;tLlcbl(t — T)Fl(q)) dt + FI(CD)

Hl-o

=< HLlcbl(t)uo ||H1—a +

t
/ Llcbl(t - T)Fl(q)) dr
0

A E@

H!
L 3

§C+/ 1L, @1t - 0)Fi(®)] o dT
0

¢ _a 1
< C+f 1L % @yt - )| |LE Ei(@)] o dr < C.
0

Thus, u, € H*(Q). Then g € H~*(Q) in Eq. (4.5). By the ADN theory, u € H>%(Q2). Thus,
(u-Vu e H=%(Q) and Fi(¢) € H>*(RQ).
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We have

le)l(t)bto + / le)l(t— ‘L')Fl(q))dl' +F1(d>)
0

llotell = ’
HL

< |L1 @1 @)uo |, +

/tLlcbl(t - T)Fl(cb)df
0

+ |R(@)] 0
H!
t o3
<C+ / |23 @1t - )F(®)]
0
L lia _a
§C+/ 1% @t - 0| |2 F(@)] pdr < €,
0

which implies u#; € H'(2). Then g € HY(Q) in Eq. (4.5). Using the ADN theory, u €

H3(Q) and p € HX(Q). Thus, u € L*((0, T), H*(,R?)) and p € L>((0, T), H*(R)). Then

u e C([0, T],H*(22,R*) N H,) and u; € C((0, T], HY(L2, R?)) from the formula (3.1).
Similarly,

/|V(u.v)T|2dx§ c/ IVul* + |AT)?|u)? dx
Q Q

4 2 2
= (Il + sup I T,
Q
4 2 2
= C(lulfp + 1l I TI)-

Then (- V)T € HY(Q) and F»(¢,p) € H(RQ).
We have from the formula (3.1)

t
Tt = de)z(t)l/lo + / qu)z(t - T)Fz((b) dr + Fz(cb).
0
Then there exists o satisfying 0 < & < 1 such that

t
| Tl 1o = ’de’z(t)To +/ Ly®y(t — 1)Fo(P) dt + Fo(P)
0

Hl-«

< ||La@2(8) To | e + /0 Ly®y(t - 1)Fo(®) dr

+ [ (@)
Hl-«

L3
<C+ / 12,7 @yt - )E(@)]) , dr
0
¢ 1-¢ 1
< C+/ 1S @y - )| | L2 E(@)] o dr < €,
0
which implies T; € H%(R2). Then f; € H"%(R) in Eq. (4.8). It follows from the linear el-
liptic equation T € H>%(R2). Thus, (u - V)T € H>*(Q2) and F,(¢) € H*%(RQ).

Then

t
1Tl = ‘chbz(t)To +/ Ly®y(t — 1)Fo(P) dt + Fo(P)
0

H!

< || Ly @2 To | 0 + + |E(@)]0

t
/ Lz(bz(t - ‘L’)Fg((p)df
0 H!
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t o3
§C+/ |L3 @2t — T)Fo(®)|| - dr
0

f 1l _a
<C+ / 1% (¢ - )5 E Ex(@)] o dr < C,
0

which implies T; € H'(2). We obtain that f; € H'(S2) in Eq. (4.8). Then T € H3(R2) from
the theory of linear elliptic equations. Thus, T € L*((0, T), H*(2, R?)). From the formula
(3.1), T € C([0, T), H3(R2)) and T; € C((0, T], HX()).

Similarly,

/|V(u . V)q|2dx < C/ IVul* + | Aq|*|ul* dx
Q Q
< (s + sup gl )

4 2 2
< C(llullza + llulzpllqllFn )-

Then (u - V)g € HY(Q) and F3(¢, p) € HY(Q).
We have from the formula (3.1)

t
q: = Lgcbg(t)Q() + / L3<D3(t — ‘E)Fg((b) drt + Fg(q))
0

Then there exists « satisfying 0 < & <1 such that

Ly ®3(t)qo + /0 Ly ®;3(t — 7)F3(P) dt + F3(P)

gell o = ‘
Hl-«

=< ||L3q>3(t)u0 ”Hl—a +

/tLgcpg(t - '()Fg(q)) dt
0

+ |B(@)] e
Hl—ot
L 3w
§C+/ |L3* ®3(t - T)F3(®)| , dr
0

¢ _a 1
< C+/ 125 @a(t - )| |LEEs(@)] o dr < €,
0

which implies q; € H'™*(Q). Then f, € H'™*(Q) in Eq. (4.11). Thus, g € H>*(RQ2) from the
theory of linear elliptic equations. Then (« - V)g € H*%(R2) and F3(¢) € H**(Q).
Thus,

gell =

L3q)3(t)qO + / L3q)3(t— ‘L')Fg(q))df +F3(q>)
0

H1

< |Ls®s(B)qo ] + /0 L3 ®3(t - 7)F3(P) dr

+|[Es(@)] 1
Hl
L3
< C+/ |L3 @3t — T)F3(®)|| > dt
0

LI Ev _a
< C+/ 12,2 ®s(t— )| |5 T Ey(@)] o dr < C,
0
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which implies g; € H(Q2). We see fo € H'(Q) in Eq. (4.11). Then g € H3(R) from the theory
of linear elliptic equations. Thus, g € L>((0, T), H3(R2)). We have g € C([0, T], H3(£2)) and
q: € C((0, T], HY(R2)) from the formula (3.1).

It follows from Eq. (4.5) that

~ 1
Vp=Au-ou+ (RT - Rq)k — IT(M -Vu - u;.
r
Clearly, the right-hand side of the above equality is continuous in H*($2). Thus,
p € C((0,T), H*()).

If k = m, ¢o = (uo, To, qo) € H"2(,R*) N H, and Q, G € H™(R), then ¢ = (1, To, g0) €
H™Y(Q,R*) N Hy and Q, G € H"}(Q). From the hypothesis of mathematical induction,
we see ¢ = (u, T, q) € H"(Q,RY).

By the Sobolev imbedding theorem, we have H"™*1(Q) — W™4(Q) — C"(Q) if n = 2.
Then it follows from the Sobolevimbedding theorem and the interpolation inequality that

/‘Vm(u.V)u‘deSC/ [Z‘viu‘Zyvm+1_iu‘2i| dx
Q Q

i=0

m
< c/ |:Z|Viu|2|vm+1‘iu|2 + |u|2|vm+lu|2] dx
Q

i=1

5c[i(/{zwiuy‘*dx)%(/Q}v'"“-iuy‘*dx)%

i=1

+sup |u|2/ |V”’+1u|2dxj|
Q Q

2 2 2 2
= C(l s Nt By + s0p L1 ),
Q

4
S C||u||Hm+l

Then (u - V)u € H"(2) and F(¢) € H™(R2).
We have from the formula (3.1)

t
U = L1q31(t)140 + / Llcbl(t— 'L')Fl(q)) dr + Fl(cb)
0

Then there exists « satisfying 0 < & <1 such that

le>1(t)u0 + /th@l(t— ‘L')Fl(q)) dt +F1(q>)
0

el e = ‘
Hm-a

t
< | L@ (et e + / Lidy(t - D)F(®)dr
0

+ [ F(@)]| e
HWI7(1
t 2+m—a
5(3+f Ly * @iz =T)Fi(D)|| o dr
0

¢ Y .
: C+/ “Li_j@l(t_ D)L Fu(®)] . dT < C.
0
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Then u; € H"*(RQ). We see that g € H"*(Q) in Eq. (4.5). Thus, u € H"™*27%(Q) from the
ADN theory. Hence, (- V)u € H™'%(Q) and F,(¢) € H™*1"%(R2). Then

Llcbl(t)l/lo + / L1q31(t - ‘L’)Fl(cp) dr + Fl(q))
0

N4l i =
Hm

< HLICDI(t)MO ||H"” + /0 L ®(t - t)F(P)dT

+ |F(@)]
Hm
t m
< C+/ ||Li*7c1>1(t—r)Fl(cp)HL2 dt
0
LN £ mrl-a
§C+/ 1L - O | @), dr < G,
0

which implies u, € H”(2). Then g € H"(Q2) in Eq. (4.5). Using the ADN theory, u €
H™2(Q), and p € H"™1(Q), we get

uel®((0,T),H"*(Q,R%)),  pel™®((0,T),H"(Q).
From the formula (3.1), we have
ueC([0,TL,H™*(QR%),  u €C((0,T],H"(Q,R?)).

Similarly,
/ V" (- V)T dx
Q

<c f [Z|Viu|2|vm“-"T|2} dx
Q

i=0

i=1

< C[i(/gwiur}dx)%(/$2|Vm*1‘iT|4dx>%

i=1

+ sup |u|2/ |V”‘*1T|2dx
Q Q

m
2 2 2 2
< C(Z 1l ia I T W ynoia + sup ||T||Hm+1>,
Q

i=1

m
< cf {Z|viu\2|vm+l-iﬂ2 + |u|2|V’”+1T|2i| dx
Q

2 2
= C”u”Hnu-l ” T||Hm+l'

Then (z- V)T € H"(2) and F,(¢) € H™(R).
We have from the formula (3.1)

t
Tt = qu)z(t)To + / qu)z(t— ‘L’)Fz(d)) dr +F2(<I))
0
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Then there exists o satisfying 0 < & <1 such that

I Tl e =

qu)z(t)To + /thq)z(t— ‘L')Fz(cp) dt +F2(CI))
0

Hm-a

< |Lo®2(0) To + | Fa(@) ] e

Hm-a

t
— / Ly®y(t — T)F> (@) dt
0

2+m
2

t —a
< C+/ Ly 7 @2t = T)Fa(P)|| n dt
0
t 1-¢ mn
<C+ / 125 2 @y — )| |LE Fa(@) | o dr < C,
0
which implies T; € H™ %(2). Then f; € H™ %(R2) in Eq. (4.8). It follows from the linear

elliptic equation T € H™*27%(Q) that (u - V)T € H™'%(Q) and F,(¢) € H"*17*(RQ). We
obtain

I Tl = ‘

Lchz(t)To + /:Lz(pz(t - 'C)Fz(q)) dt + Fz(@)‘

HmM

< [ La®@2(@)uo | +

/thq)g(t - ‘E)Fz((b) dr
0

+ [ Ea(@)]]
Hm

t m
<Cr [ F o= @) e
0
t Lo m+l-a
= C+/ IL, st - )| |L, 2 Eo(®)]pdr <C.
0

Then T; € H"(R2). We have f; € H"(Q) in Eq. (4.8). Then T € H"*%(2) from the theory of
linear elliptic equations. Thus,

T € L((0, T), H"*()).
From the formula (3.1), we induce
T e C([0, T, H™*(R)), u, € C((0,T],H"(R)).

Similarly,

/ ‘V"‘(u . V)q|2dx
Q

<c| |:Z|Viu|2|vm”_iq|2:| dx
Q

i=0

< C/sz|:2|viu‘2|vm+liq|2 + |u|2|V'”+1q’2:| dx
i=1

< c[i( fﬂ |Viu|4dx>%( /Q |vm+1—fq|4dx>%

i=1

+ sup |u|2/ |V”’+1q|2dx:|
Q Q
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m
2 2 2 2
< C( E ol yia Gl ygmii-ia + sup |u IIqIIHm+1>,
- Q
i=1

2 2
S C||u||Hm+1 ”q“HWHl‘

Then (u - V)q € H"(2) and F3(¢) € H™(R2).
We have from the formula (3.1)

t
gi = L®s (o + / Ly®s(t - 1)E5(®) dt + F5(P),
0

Then there exists « satisfying 0 < « < 1 such that

t
L3q>3(t)q0 + / L3q)3(t - ‘L')F3(CD) drt + Fg(CI))
0 Hm-a

gl pm-e = ‘

/tLgd)g(t - ‘E)Fg(q))df
0

< |Ls @3 (8)uso]| o + + [ Es(@)]
HWI*Q

t +m—o
5C+/ ||L;Td>3(t—r)F3(cb)||L2dr
0
t o m
<C+ / 125 2 @s(c - )| |L2 Ex(@)] o dr < C,
0

which implies q; € H"%(2). Then f, € H"%(R) in Eq. (4.11). Thus, g € H"*>%(Q) from
the theory of linear elliptic equations. Then (u - V)q € H"*17%(Q) and F3(¢) € H"™'~*(Q).
Thus,

t

Lgd)g(t)q() + / L3<I>3(t — ‘L’)Fg(q)) d‘L’ + Fg(q))
0

lgellpm = ‘
HM

/tqu)g(t - ‘L’)Fg(cb) dr
0

< |Ls®3(6)g0 | 1w + + | Es(@)]
HWI
t m
< C+/ |15 2 @3t - 0)E5(@)] , d
0

t e miloa
=C+ f |25 @t -] L5 * Fs(®@)] 2 dr <C,
0

which implies ¢q; € H"(2). We find f, € H"(Q) in Eq. (4.11). Then q € H"*2(Q) from the

theory of linear elliptic equations. We have
q €L>((0, T), H"*(R)).
From the formula (3.1), we see
q€C([0, TLH™*(Q),  q.€C((0,T),H™(Q)).
It follows from Eq. (4.5) that

~ 1
Vp=Au-ou+ (RT - Rq)k — F(u-V)u—ut.
r
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Clearly, the right-hand side of the above equality is continuous in H"”(2). Then
p€C((0,T), H"(Q)).
The proof is completed. d

Since the differentiability of time and of space can be transformed into each other, we
obtain

Remark 4.3 If ¢ = (uo, To,q0) € H**(,R*) N Hy, Q,G € H¥(Q), then Egs. (1.1)-(1.7)
have a higher regular solution (¢,p) = (4, T, g, p), and

¢=w,T,q) eC(0,T),H (2R)NH),

p€C*((0,7), H(Q))

for VO < T < oo, where [, r, o, B are positive integers satisfying 2/ + r =k + 2 and 2« + 8 =
k+1.
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