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Abstract

In this paper, we study the existence of anti-periodic solutions for a second-order
ordinary differential equation. Using the interaction of the nonlinearity with the Fucik
spectrum related to the anti-periodic boundary conditions, we apply the
Leray-Schauder degree theory and the Borsuk theorem to establish new results on the
existence of anti-periodic solutions of second-order ordinary differential equations.
Our nonlinearity may cross multiple consecutive branches of the Fucik spectrum
curves, and recent results in the literature are complemented and generalized.
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1 Introduction and main results
In this paper, we study the existence of anti-periodic solutions for the following second-

order ordinary differential equation:

" =f(t,%), (L1)

where f € C(R%,R), f(t + %, —s) = —f(t,s), Vt,s € R and T is a positive constant. A function
x(t) is called an anti-periodic solution of (1.1) if x(¢) satisfies (1.1) and x(¢ + %) = —x(t) for
all £ € R. Note that to obtain anti-periodic solutions of (1.1), it suffices to find solutions of

the following anti-periodic boundary value problem:

, , (1.2)
x0(0) = —x9(%), i=0,1

In what follows, we will consider problem (1.2) directly.
The problem of the existence of solutions of (1.1) under various boundary conditions

has been widely investigated in the literature and many results have been obtained (see [1—

13]). Usually, the asymptotic interaction of the ratio J@ with the Fu¢ik spectrum of —x”

under various boundary conditions was required as a nonresonance condition to obtain
the solvability of equation (1.1). Recall that the Fucik spectrum of —x” with an anti-periodic
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boundary condition is the set of real number pairs (1., A_) € R? such that the problem

—x" =Xt —Ax,

x9(0) = —x(L), i=0,1

1.3)

has nontrivial solutions, where x* = max{0,x}, x~ = max{0, —«}; while the concept of Fucik
spectrum was firstly introduced in the 1970s by Fuéik [14] and Dancer [15] independently
under the periodic boundary condition. Since the work of Fonda [6], some investigation
has been devoted to the nonresonance condition of (1.1) by studying the asymptotic in-
teraction of the ratio %, where F(t,s) = fos f(t,t)dt, with the spectrum of —x” under
different boundary conditions; for instance, see [10] for the periodic boundary condition,
[16] for the two-point boundary condition. Note that
(t,s) . 2F(t,s) . 2F(t,s)

o . , . f(t,s)
liminf < l1m1nf—2 < lim sup — = lim sup——,
s—>*o0 § s—>+o00 s s—=400 § s—>+o00 N

we can see that the conditions on the ratio 22 (t 2

f

are more general than those on the ratio

2F (t,

. In fact, by usmg the asymptotic mteractlon of the ratio with the spectrum of

f(

', the ratio 7% can cross multiple spectrum curves of —x” In this paper, we are inter-

2F (t’ for the solvability of (1.1) involving

ested in the nonresonance condition on the ratio
the Fucik spectrum of —x” under the anti-periodic boundary condition.

Note that the study of anti-periodic solutions for nonlinear differential equations is
closely related to the study of periodic solutions. In fact, since f(t,s) = —f(¢ + %,—s) =
f(t+T,s), x(t) is a T-periodic solution of (1.1) if x(¢) is a %—anti—periodic solution of (1.1).
Many results on the periodic solutions of (1.1) have been worked out. For some recent
work, one can see [2-5, 8-10, 17]. As special periodic solutions, the existence of anti-
periodic solutions plays a key role in characterizing the behavior of nonlinear differen-
tial equations coming from some models in applied sciences. During the last thirty years,
anti-periodic problems of nonlinear differential equations have been extensively studied
since the pioneering work by Okochi [18]. For example, in [19], anti-periodic trigonometric
polynomials are used to investigate the interpolation problems, and anti-periodic wavelets
are studied in [20]. Also, some existence results of ordinary differential equations are pre-
sented in [17, 21-24]. Anti-periodic boundary conditions for partial differential equations
and abstract differential equations are considered in [25-32]. For recent developments
involving the existence of anti-periodic solutions, one can also see [33—35] and the refer-
ences therein.

Denote by X the Fucik spectrum of the operator —x” under the anti-periodic boundary
condition. Simple computation implies that ¥ = | J; ™ =,,, where

. {(A ) € R? m+)mr mmr T mr (m+)m T EN}
m =1 (Aey A ——— t— = — O — 4 ——— = —, ] .
A Al 2 A A 2

Itis easily seen that the set X can be seen as a subset of the Fu¢ik spectrum of —x” under the
corresponding Dirichlet boundary condition; one can see the definition of the set ¥y;,1,
i € N, or Figure 1 in [12]. Without loss of generality, we assume that ¢,, is an eigenfunction
of(l 3) correspondingto (A,,A_) € ¥, such that ¢,,(0) = 0 and ¢,,(0) = a € R\ {0}. Denote

Sy = {0 h) R T 4 M _ L€ 74} and pp = (o, 1) €R2: 2 4 (UL -
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%, m € Z*}. Then if a > 0, we obtain only a one-dimensional function ¢,,, denoted by ¢,,1,
corresponding to the point (A,,A_) € £,,1, and if 4 < 0, we obtain only a one-dimensional
function ¢,,, denoted by ¢,, 2, corresponding to the point (A,,1_) € ¥,,5.

In this paper, together with the Leray-Schauder degree theory and the Borsuk theorem,
we obtain new existence results of anti-periodic solutions of (1.1) when the nonlinearity
f(t,s) is asymptotically linear in s at infinity and the ratio % stays asymptotically at in-
finity in some rectangular domain between Fuc¢ik spectrum curves X,, and Z,,,;.

Our main result is as follows.

Theorem 1.1 Assume that f € C(R%L,R), f(t + %, —s) = —f(t,s). If the following conditions:
(i) There exist positive constants p, C1, M such that

t,
0 §M <C, YteR,V|s|>M; (1.4)
S

(i) There exist connect subset T C R\ %, constants p1,qu, p2, g2 > 0 and a point of the
type (A, 1) € R? such that

(A 2) € lpuq] x [p2,q2] CT (1.5)

and

: 2F(t,s)
< limsup —— = p,
§—+00 s

.. 2F(t,s)
p1 <liminf

S§—>+00 S

2F(t,s) . 2F(t,s)
5 <limsup o <q,

§—>—00

q1 <liminf
§—>—00 S

hold uniformly for all t € R,

then (1.1) admits a %—anti—periodl’c solution.

In particular, if A, = A_, then problem (1.3) becomes the following linear eigenvalue

problem:

—x" = Ax,

, , (1.6)
x0(0) = —x"(%), i=0,L

Simple computation implies that the operator —x” with the anti-periodic boundary con-
4(2m-1)%72

dition has a sequence of eigenvalues A,, = 2

, m € Z*, and the corresponding

eigenspace is two-dimensional.

Corollary 1.2 Assume that f € C(R2,R),f(t,s) = —f (¢t + %, —s). If (1.4) holds and there exist
constants p, q and m € 7" such that

4(2m -1)*m? 2F(t,s) 2F(t,s) 4(2m +1)*7?

B P =q<

<p <liminf <limsu
T2 Isl>+00  §2 |s]—+00 52 12

. . T . T .
holds uniformly for all t € R, then (1.1) admits a 7 -anti-periodic solution.
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Remark It is well known that (1.1) has a %—anti-periodic solution if

f(t,s) 4r?

<o<—y=h, VR

lim sup
|s]—>+00

f(tS)

for some o7 > 0 (see Theorem 3.1 in [22]), which implies that the ratio stays at infinity

asymptotlcally below the first eigenvalue A; of (1.6). In this paper, th1s requirement on

the ratlo &9 (

can be relaxed to (1.4), with some additional restrictions imposed on the
ratio 2 ”) In fact, the conditions relative to the ratios &2 ( ) and 2£¢ ”) as in Theorem 1.1
and Corollary 1.2 may lead to that the ratio 169 ( 9 oscillates and crosses multlple consecutive
eigenvalues or branches of the Fucik spectrum curves of the operator —x”. In what follows,
we give an example to show this.

(

Denote A,, = % for some positive integer m > 1. Define

2w A + A A + A
f(t,s):cos(7t>+ " 5 m+1s+< “ 5 m+1—8>scoss, VieR,seR,

where § € (0, 100) Clearly,
T 2 T A A A A
f t+ —,—s ) =cos —n t+ — - mt erls+ mt WI—S SCOSS
2 T 2 2 2
= —f(t,s).

In addition,

2

t, cos(==t Am+ A Am + A

f( S) _ ( T ) + m m+1 + m m+1 _s coss,
s S 2 2

2F(t,s) ZCOS(Z%L‘) . Ao + Asl . ()»,,, + Al 8)ssins+coss

2 s 2 2 52

forall £ € R, s € R, which imply that

= limi nff( r9) < f( =X+ A1 — 6, 1.7)
|s|>+00 § |s\—>+oo N
2F(t, Am + A
lim ( S) = Lm + Ams1 (18)

|s|]—+00 52 2

for all ¢ € R. It is obvious that (1.7) implies that the assumption (i) of Theorem 1.1 holds.
M o1, P2 = )W+—;m+1 + 01, g1 = — 02, 42 = — 09 such that
[p1,p2] ql,qz] C R? \ %. Then (1.8) implies that the assumption (ii) of Theorem 1.1

holds. Thus, by Theorem 1.1 we can obtain a —-antl periodic solution of equation (1.1).
ZF(tS

A Amal Amthmal
2 2

Take p; =

Here the ratio stays at infinity in the rectangular domain [p;, p2] X [q1,¢2] between

Fucik spectrum curves X, and %,,,1, while the ratio ! (Zs)

can cross at infinity multiple
Fucik spectrum curves Xq, 2y, ..., L.

This paper is organized as follows. In Section 2, some necessary preliminaries are pre-
sented. In Section 3, we give the proof of Theorem 1.1.

Page 4 of 12
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2 Preliminaries
Assume that T > 0. Define

T
ck = {x e CK(R,R) :x(t + E) =—x(t),Vt € R},
2

Il cx = max |x(t)| +--++ max Vx € Ck([O, T],R),k: 0,1,2,....
te[0,T] t€[0,T]

For x € CX., we can write the Fourier series expansion as follows:
7

00
2 (20 + 1)t C2m(2i+ 1)t
x(t) = Z |:612H1 Cos T + b2i+1 Sin # .
i=0

Define an operator J : CX. — C**1 by
7 7

T b i+
()(0) = / x(s) ds - —sz+11

T I aner . 272+t bojn 27 (2i + 1)t
= — Sin — COS .
2 pars 2i+1 T 2i+1 T

Clearly,

PO w0, 0(0) =~ Z e

dt 2 A~ 2i+1
which implies that
d*(x(t))
—p - x(2). (2.1)

Furthermore, we obtain

: 1
by . ’
Jx(t)| < / |x(s)| ds + — o Z 22+11 < T|lx||cx + —(me) (Z 2l+1)2) )

i=0

Note that

> 1 : b4
(ZO (2i+1>2) T2V2

using the Parseval equality fo x(s)|?ds = £ 305 (a3, + b

21+1] we get

x(@)] < Tl + Z Tyipr + b3 ]

<Tlxllcx + —= W T/ |x(s)|2ds

5T
< T ”x”Ck’ Vt e [0) T]r
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which implies that the operator J is continuous. In view of the Arzela-Ascoli theorem, it
is easy to see that J is completely continuous.
Denote by deg the Leray-Schauder degree. We need the following results.

Lemma 2.1 ([36, p.58]) Let Q2 be a bounded open region in a real Banach space X. Assume
that K : Q — R is completely continuous and p ¢ (I — K)(3R2). Then the equation (I -
K)(x) = p has a solution in Q if deg(I — K, 2,p) #0.

Lemma 2.2 ([36, Borsuk theorem, p.58]) Assume that X is a real Banach space. Let Q
be a symmetric bounded open region with 0 € Q. Assume that K : @ — R is completely
continuous and odd with 0 ¢ (I — K)(0R2). Then deg(I — K, 2,0) is odd.

3 Proof of Theorem 1.1

Proof of Theorem 1.1 Consider the following homotopy problem:

& = —pf (6,x) — (L- w)rx = @, £, x(t)), 3.1

: (T
x(‘)(O)z—x(’)<§), i=0,1, (3.2)

where (A, 1) € [p1,p2] X [q1,42], 1 € [0,1].

We first prove that the set of all possible solutions of problem (3.1)-(3.2) is bounded.
Assume by contradiction that there exist a sequence of number {u,} C [0,1] and corre-
sponding solutions {x,} of (3.1)-(3.2) such that

[|%n ]l c1 — +00. (3.3)

Set z, = . Obviously, ||z,||c1 =1 and z, satisfies

_Xn
lxnll o1

t,x,
- /y: = M + (1 - Mn))\zm (34')
[l 1l c1
. T
29(0) = —z¥ <§> i=0,1 (3.5)

By (1.4), (3.3) and the fact that f is continuous, there exist ng € Z*, C; > 0 such that

EM
< forun>n.
[EAIE

If &%)l ’f(t,xn)

%l c1 X

In view of u, € [0,1], together with the choice of (1, 1), it follows that there exists M; > 0
such that, for all 7 > ny,

/)| <My, Veelo,TI.
It is easily seen that {z,(t)} and {z(¢)} are uniformly bounded and equicontinuous on

[0, T]. Then, using the Arzela-Ascoli theorem, there exist uniformly convergent subse-
quences on [0, T'] for {z,(¢)} and {z,,(¢)} respectively, which are still denoted as {z,()} and
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{z,,(£)}, such that
Fm a0 =0, Jim 20=20) o

Clearly, ||z||c1 = 1. Since x,,(t) is a solution of (3.1)-(3.2), for each n, we get

T 3 7 T
/ x,(t)dt = / x,(t) dt + / x,,<t+ —> dt=0,
0 0 0 2

which implies that there exists ¢, € [0, T] such that x,,(,,) = 0. Then

lim 2,(5,) = lim > _o, 3.7)

n— 00 n— 00 ”xn”CI

Owing to that the sequences {¢,} and {u,} are uniformly bounded, there exist ¢, € [0, T']
and o € [0,1] such that, passing to subsequences if possible,

lim ¢, =ty,  lim fi, = fo. (3.8)
n—0o0

n—00
Multiplying both sides of (3.4) by z,,(¢) and integrating from ¢, to ¢, we get
AU EAOI

2F(t,xu(t)  xy()  2F(t,%(tn)

: n
x5 (2) %117 N9, 1121

+ (1= ) [(2000)? = (2u80)°].

n

Taking a superior limit as n — oo, by (3.3) and (3.6)-(3.8), we obtain

[Z(t)]” - [£(®)] = 120 limsup 2P0 24y (1= po)a20)

n—00 xf,(t)

By the assumption (ii) and the choice of 1, if z(¢) > 0, we have
/ 2 / 2 2
[Z(00)] - [Z®)] < p2’(®).
Similarly, we obtain

[2(t)]" - [£(]" = p2%(®) forz()>0,
[z/(t.‘o)]2 - [z’(t)]2 < q2%(t) forz(t) <0,
[z'(to)]2 - [z’(t)]2 >qz*(t) forz(t) < 0.

Note that z(£) € C![0, T], the above inequalities can be rewritten as the following equiva-

lent forms:

—po[20)] < [Z0O) - [Z 0] <-m[20], z(6) =0, (3.9)
2

~p[z0]) < [Z0] - [Z(t)]’ < -ai[z()]’,  z(¢) <o. (3.10)

Page 7 of 12
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It is easy to see that z'(f) # 0. In fact, if not, in view of (3.7)-(3.10), we get z(t) = 0, Z/(¢) = 0,
Vt € [0, T], which is contrary to ||z||c1 = 1.

We claim that z'(¢) has only finite zero points on [0, T]. In fact, if not, we may assume
that there are infinitely many zero points {¢;} C [0, T] of Z/(£). Without loss of generality, we
assume that there exists ¢y € [0, T] such that lim;_, ¢; = ¢o. Letting ¢ = ¢; in (3.9)-(3.10)
and taking i — oo, we can obtain that z(¢y) # 0. Without loss of generality, we assume
that z(go) > 0. Since z(t) is continuous, there exist 7,8 > 0 such that z(f) > n > 0, Vt €
[to — 8,y + 8]. Then there exists 77 > 0 such that, if # > 11, we have

zu(t) =1, Vtelty-35,to+3] (3.11)

Clearly, z,,(t) = 0, Vt € [ty — 8,1ty + 8]. Take &, ™ € [ty — 8, + 8] with £, < * such that
Z'(¢*) =2 (&) = 0. Integrating (3.4) from ¢, to ¢¥,
* ;—*

Z,(¢) - z,(¢*) = HW# / S(txu(9))ds+ A= pn) [ Azu(s)ds. (3.12)
[l Il c2 x Ok

By (3.3), (3.11), we obtain
xn(t) = za ()l xnll 1 = Nlxnllcr — +00  asn— +00

holds uniformly for ¢ € [¢,, {*]. Thus, using (1.4), we get

S(&,x(2))

) 2" Vi€ [Lwit),

which implies that

S62(0) _f(E5(2)

. Vlt Z . 0’ vt o * .
la ~ am  Wzen> €[¢n 7]

Then, together with (3.6), (3.8) and (3.12), we obtain
0>po-p-n(C* =)+ L—po)-2-n(*=&) >0,

a contradiction.

Now, we show that (3.9)-(3.10) has only a trivial anti-periodic solution. In fact, if not,
we assume that (3.9)-(3.10) has a nontrivial anti-periodic solution z(£). Without loss of
generality, we assume £ = 0. Firstly, we consider the case that Z'(0) > 0. Assume that z1, z,

satisfy the following equations respectively:

0] - [20)] =-p[a®)]’, 20 =0, (3.13)

[£®)] - [0)] = -p1[20)]", 2@ =0 (3.14)
with

z(0) = z1(0) = z2(0), (3.15)

7(0) =Z(0) < 25(0). (3.16)
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Take ¢ as the first zero point of z(¢) on (0, T']. Then by (3.13)-(3.16) it follows that
z21(t) <z(t) < z(t), Vte[0,4] (3.17)

In fact, by (3.15)-(3.16) and the fact that z, z;, 2z, are continuous differential, it is easy to
see that there exists sufficiently small € € (0, #;) such that

z1(t) <z(t) < z(t), te(0,¢),

7)) <Z @) <z,(t), t€(0,¢).

If there is € (¢, 1) such that Z(f) = z1(£), then comparing (3.9) with (3.13), we can obtain
that Z'(£) > Z,(£), which implies that if ¢ > Z, we have z(£) > z;(f). Then z(t) > z(¢) for ¢ €
(0,1]. Similarly, we have z(t) < z,(¢), V¢ € [0, t1]. Hence, (3.17) holds.

Similarly, if z;, z; satisfy

[£0] - [20)] = -@[=©)]", =@ <o, (3.18)
[50) - [40)] =-a[20], «@=<o0 (3.19)

and

zZ(t1) = z21(t1) = z2(t1),
z(t) <7 () < zy(t),
then we obtain
z1(t) <z(t) <=z (¢), Vielt, ),
where t, is the first zero point on (¢, T).
Since Z/(£) has finite zero points, (3.13), (3.14), (3.18), (3.19) can be transformed into the

following equations respectively:

Z'(t) = —paz(2), Z'(t) = —p12(t), z(t) >0, (3.20)

Z'(t) = —qoz(t),  Z'(t) = —quz(t), =z(t) <0. (3.21)
Then there exist A, B, C, D > 0 such that

Asin /pat <Zz(t) < Bsiny/pit, Vte[0,4],

—Csin \/%(t— t1) <z(t) < -Dsin \/a(t— t), Vtelt,t).

It is easy to get

T T
— <H=<—
P2 VP1

T T T T
—t — << —+ —.
Va2 /P2 VA /P
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Since z is anti-periodic and Z'(0) > 0, there exists m € Z* such that

(m+1)r  mm T m+l)mr mn
—+t—=Slpy=T- S —/—+ ——,
NP VP2 2 NG /2%

which implies that there exists a real number pair (p*,q") € [p1, p2] X [41,42] such that

(m+1)mr  mm Z (3.22)

—_— t — =
NN

On the other hand, in view of the assumption (ii), by the definition of ¥ and (p’,q’) €
[p1,p2] X (41, 42], it follows that

m+1)mr mm T

: — 7
VNG

which is contrary to (3.22).

YmeZ",

If Z'(0) < 0, then by the assumption (ii), we can obtain a contradiction using similar ar-
guments.
In a word, we can see that there exists C > 0 independent of x such that

lxllcr < C. (3.23)
Set
Q={xeCh:llxlla <C+1}.
2

Clearly, Q is a bounded open set in C'-. Note that, for x € C'-, using the assumption on f,
2 2

we obtain

T T
<p<u,t+ E,x(t+ 5))
= —Mf<t+ g,x<t+ g)) -(1 —M)Ax<t+ g)

= uf(t, %) + (1= w)rx(t)
=—@ (,LL, t’x(t)):

which implies that ¢ € CY%.
- 7
Define G, : @ — C% by
7

G/A (x(t)) = ]2(p(,un L, x(t))

Clearly, G, is completely continuous, and by (2.1) and (3.1) it follows that the fixed point of
G, in Q is the anti-periodic solution of problem (1.1). Define the homotopy H : Q x [0,1] —
C. as follows:

7

Hx,n) =x—G,(x).
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In view of (3.23), it follows that
H(x,u) #0, V(x,u) €9 x [0,1].

Hence,
deg(I — G1,92,0) = deg(I — Gy, ©2,0).

Note that the operator Gy is odd. By Lemma 2.2 it follows that deg(I — Gy, 2,0) # 0. Thus,
deg(l - G1,9,0) #0.

Now, using Lemma 2.1, we can see that (1.2) has a solution and hence (1.1) has a %—anti—
periodic solution. The proof is complete. d
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