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Abstract

In this article, a solution of the Dirichlet problem for the Schrédinger operator on a
cone is constructed by the generalized Poisson integral with a slowly growing
continuous boundary function. A solution of the Poisson integral for any continuous
boundary function is also given explicitly by the Poisson integral with the generalized
Poisson kernel depending on this boundary function.
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1 Introduction and results

Let R and R, be the set of all real numbers and the set of all positive real numbers re-
spectively. We denote the n-dimensional Euclidean space by R” (n > 2). A point in R” is
denoted by P = (X, x,), where X = (x1,%3,...,%,-1). The Euclidean distance between two
points P and Q in R” is denoted by |P — Q|. Also |P — O| with the origin O of R” is simply
denoted by |P|. The boundary and the closure of a set S in R” are denoted by 3S and S
respectively.

We introduce a system of spherical coordinates (r,®), ® = (61,05,...,0,.1), in R” which
are related to Cartesian coordinates (x1, %3, ...,%,-1,%,) by x, = rcos 6;.

The unit sphere and the upper half unit sphere in R” are denoted by S”! and S"~,
respectively. For simplicity, a point (1, ®) on $"™! and the set {©;(1,®) € Q} for a set
Q, Q C §"7}, are often identified with ® and , respectively. For two sets E C R, and
Q C "L, the set {(r,®) e R";r € E,(1,0) € Q} in R” is simply denoted by E x Q.

For P € R” and r > 0, let B(P,r) denote an open ball with a center at P and radius r
in R". S, = 3B(O,r). By C,(2), we denote the set R, x © in R” with the domain  on
S"-L. We call it a cone. We denote the sets I x © and I x 92 with an interval on R by
Cn(2;1) and S,,(€2;1). By S,,(2; r) we denote C,,(2) N S,.. By S,,(€2) we denote S,,(€2; (0, +00))
which is 9C,(€2) — {O}. We denote the (1 — 1)-dimensional volume elements induced by
the Euclidean metric on S, by dS,.

Let 4, denote the class of nonnegative radial potentials a(P), i.e., 0 < a(P) = a(r), P =
(r,®) € C,(R2), such thata € Lﬁ)C(C,,(Q)) with some b > n/2if n >4 andwithb=2ifn=2
ornm=3.

This article is devoted to the stationary Schrodinger equation

Sch, u(P) = —Au(P) + a(P)u(P) = 0, (1.1)
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where P € C,(R2), A is the Laplace operator and a € +4,. These solutions called a-harmonic
functions or generalized harmonic functions are associated with the operator Sch,. Note
that they are (classical) harmonic functions in the case 2 = 0. Under these assumptions, the
operator Sch, can be extended in the usual way from the space C§°(C,(£2)) to an essentially
self-adjoint operator on L%(C,(R2)) (see [1-3]). We will denote it Sch, as well. This last one
has a Green’s function G(£2,a)(P, Q). Here G(2,4)(P, Q) is positive on C,(2) and its in-
ner normal derivative dG(£2,4)(P, Q)/dng > 0. We denote this derivative by P(Q2, 2)(P, Q),
which is called the Poisson a-kernel with respect to C,(2). We remark that G(£2,0)(P, Q)
and P(€2,0)(P, Q) are the Green’s function and Poisson kernel of the Laplacian in C,(£2)
respectively.

Given a domain D C R” and a continuous function « on 3(D), we say that / is a solution
of the Dirichlet problem for the Schrodinger operator on D with u if Sch, /=0 in D and

peim Qh(P) =u(Q)

for every Q € 9(D). Note that / is a solution of the classical Dirichlet problem for the
Laplacian in the case a = 0.

Let A" be a Laplace-Beltrami operator (the spherical part of the Laplace) on Q C $"
and 4 (=1,2,3,...,0 <A; <Ay < A3 <---) be the eigenvalues of the eigenvalue problem
for A" on Q (see, e.g., [4, p. 41])

A'p(@®) +1p(®) =0 in€,

9(®)=0 onadQ.

Corresponding eigenfunctions are denoted by ¢;, (1 < v <v;), where v; is the multiplicity
of A;. We set Ao = 0, norm the eigenfunctions in L%(R) and ¢; = @1 > 0. Then there exist
two positive constants d; and d; such that

d18(P) < ¢1(®) < dr,5(P) (12)

for P = (1, ©) € Q (see Courant and Hilbert [5]), where §(P) = infgeyc, @) IP - QI

In order to ensure the existences of A; (j = 1,2,3,...). We put a rather strong assumption
on Q:if n > 3, then Q is a C>*-domain (0 < @ < 1) on S"7! surrounded by a finite num-
ber of mutually disjoint closed hypersurfaces (e.g., see [6, pp. 88-89] for the definition of
C?*-domain). Then ¢;, € C2(Q) (j=1,2,3,...,1 <v <v;) and d¢;/dn > 0 on IS (here and
below, /91 denotes differentiation along the interior normal).

Hence well-known estimates (see, e.g., [7, p. 14]) imply the following inequality:

u 093 (®) .
> op(©) = < M), (1.3)
v=1 8}’lc[>
where the symbol M(n) denotes a constant depending only on 7.
Let Vj(r) and Wj(r) stand, respectively, for the increasing and nonincreasing, as r — +00,

solutions of the equation

-Q'(r) - nT_lQ’(r) + (i—; + a(r)) Q(r)=0, O0<r<oo, (1.4)
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normalized under the condition V;(1) = W;(1) = 1.

We shall also consider the class 8B,, consisting of the potentials a € #, such that there
exists a finite limit lim,_, o, 72a(r) = k € [0, 00); moreover, r™'|r?a(r) — k| € L(1,00). If a €
B,, then the solutions of Equation (1.1) are continuous (see [8]).

In the rest of the article, we assume that a € 8, and we shall suppress this assumption
for simplicity. Further, we use the standard notations #* = max(u, 0), = = —min(x, 0), [d]
is the integer part of d and d = [d] + {d}, where d is a positive real number.

Denote

2-n+ =22 + 4k + A
Ljik: n \/(}’l ) + ( + }) (].:0,1’2,3’.”).
» 2

It is known (see [9]) that in the case under consideration the solutions to Equation (1.4)
have the asymptotics

Vi(r) ~ dgr[;k, Wij(r) ~ durik,  asr— oo, (1.5)

where dj and d, are some positive constants.
If a € A,, it is known that the following expansion for the Green function G(2,a)(P, Q)
(see [10, Ch. 11], [1, 11])

G(Q,a)(P,Q):Z 1(1) (min(r, £)) W;(max(r, ) (Z%" @iy CD))
j=0 v=1

where P = (r,®), Q = (¢,®), r #t and x'(s) = w(W1(r), V1(r))|,=s, is their Wronskian. The
series converges uniformly if either r <stort <sr (0 <s<1).
For a nonnegative integer m and two points P = (r, ®), Q = (¢, ) € C,(R2), we put

if0<t<1,

K(2,a,m)(P,Q) =13 _
K(Q,a,m)(P,Q) ifl<t<oo,

where

R(@.am(P,Q)= Y~ VOW, t)(Zw,v ga,v(cb))
j=0

X v=1
We introduce another function of P = (r, ®) € C,(2) and Q = (¢, ) € C,(R2)
G($2,a,m)(P, Q) = G(2,a)(P, Q) - K(2,a,m)(P, Q).

The generalized Poisson kernel P(2,a, m)(P, Q) (P = (r,®) € C,(R2), Q = (¢, D) € S,(2))
with respect to C,(R2) is defined by

0G(2,a, m)(P, Q)

P(2,a,m)(P, Q) = org

In fact,

P(2,4,0)(P, Q) = P(2,a)(P, Q).

Page 3 of 11
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We remark that the kernel function P(£2, 0, #1)(P, Q) coincides with the one in Yoshida
and Miyamoto [12] (see [10, Ch. 11]).
Put

LS, @, m;4)(P) = /5 ., F@am(P.QuQdoo,

where 1#(Q) is a continuous function on dC,(2) and doy is a surface area element on S,,(2).
With regard to classical solutions of the Dirichlet problem for the Laplacian, Yoshida
and Miyamoto [12, Theorem 1] proved the following result.

Theorem A Ifu is a continuous function on dC,(2) satisfying

/ O o,
Sn

@ 1+ ghmro*l

then U(S2,0, m;u)(P) is a classical solution of the Dirichlet problem on C,(Q2) with g and
satisfies

lim im0 U(S2, 0, m; u)(P) = 0.
r—00,P=(r,0)eCy,(R2)

Our first aim is to give growth properties at infinity for U (<2, a, m; u)(P).

Theorem 1 Let y > 0 (resp. y <0), Lfy],k +{y} >y, + 1 (resp. —Lf'_y]yk —{~vi>-yq;+1)
and

Ut =n+ 1= <ty -n+2

(resp. s— Lf_y]'k —{yv}-n+1=<y, 4, < —Lf_y]’k —{-y}-n+ 2).

If u is a measurable function on 3C,(Q2) satisfying

t, o +{-
/ LG dog < 00 (resp. / lult, ®)| (1 + 5 ) dorg < oo), (1.6)
s Sn(@)

(@) 1+ £t

then

oplim Qs u)(P) = 0 (17)

(resp, lim Pkt Y g s u)(P) = O). (1.8)
r—00,P=(r,0)eCy,(R2)

Next, we are concerned with solutions of the Dirichlet problem for the Schrédinger
operator on C,(2).

Theorem?2 Lety andi},,,  beasin Theorem 1. Ifu is a continuous function on 9 C,(2) sat-
isfying (1.6), then U(2, a, m; u)(P) is a solution of the Dirichlet problem for the Schrédinger
operator on C,(Q2) with u and (1.7) (resp. (1.8)) holds.

If we take ¢, +{y} =1 + n — 1, then we immediately have the following corollary,

;rn+l,k
which is just Theorem A in the case a = 0.

Page 4 of 11
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Corollary Ifu is a continuous function on 3C,(2) satisfying

/ M dog < 00, 1.9)
Sn

(@ 1+ omik 1

then U(S2, a, m; u)(P) is a solution of the Dirichlet problem for the Schriodinger operator on
C,(2) with u and satisfies

lim rmek (S, @, m; ) (P) = 0. (1.10)
r—00,P=(r,0)eCy(R2)

By using Corollary, we can give a solution of the Dirichlet problem for any continuous
function on 9C,(2).

Theorem 3 Ifu is a continuous function on dC,(2) satisfying (1.9) and h(r, ®) is a solution
of the Dirichlet problem for the Schrodinger operator on C,(2) with u satisfying

lim }"_L:”+l'kh+(P) =0, (1.11)
r—00,P=(r,0)eCy(R)

then

h(P) = U(Q,a,m;u)(P) + ) (Z d;vgajv(®)) Vi(r),

Jj=0

v=1

where P = (r,0) € C,(Q2) and d;, are constants.

2 Lemmas
Throughout this article, let M denote various constants independent of the variables in
questions, which may be different from line to line.

Lemma 1
|P(2,a)(P, Q)| < Mrixtis™! 2.1)
(resp. |IP’(Q,a)(P, Q)| < Mr‘ikt‘ikfl) (2.2)

Sorany P = (r,0) € C,(Q) and any Q = (t, D) € S,(Q) satisfying 0 < £ < 2 (resp. 0 < < %);

PQ,0)P, Q| <M— + M—"

o1 Mo (23)

forany P =(r,0) € C,(Q2) and any Q = (¢, P) € S,,(X; (%r, %r)).

Proof (2.1) and (2.2) are obtained by Kheyfits (see [10, Ch. 11]). (2.3) follows from Azarin
(see [13, Lemma 4 and Remark]). O

Lemma 2 (see [1]) For a nonnegative integer m, we have

(@)3%@) (2.4)

Wm+1(t)
%1
3n¢

|]P)(Q:"l) Wl)(P, Q)| = M(l’l, Wl,S) Vm+1(r)
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for any P = (r,®) € C,(Q2) and Q = (t, D) € S,(Q) satisfying r < st (0 < s < 1), where
M(n, m,s) is a constant dependent of n, m and. s.

Lemma 3 (see [2, Theorem 1]) Ifu(r, ®) is a solution of Equation (1.1) on C,(2) satisfying
/ ut(r,®)dS; = O(r‘;ka), asr — 0o, (2.5)
Q

then

u(r,®) = Z (Z djv¢/v(®)) Vj(r).

j=0 \v=1
Lemma 4 Obviously, the conclusion of Lemma 3 holds true if (2.5) is replaced by

lim rmkyt (r, ©) = 0. (2.6)
r—00,(r,0)eCy(2)

Proof Since
Vi (1) ~ Fmilk asr— 00

from (1.5) and

[:n+l,k = L:n,k’
(2.6) gives that (2.5) holds, from which the conclusion immediately follows. O

3 Proof of Theorem 1
We only prove the case y > 0, the remaining case y < 0 can be proved similarly.
For any € > 0, there exists R, > 1 such that

/ &)lm dog <e. (3.1)
Su((R

(Re00) 1 + £1rIK*
The relation G(2,4)(P, Q) < G(£2,0)(P, Q) implies this inequality (see [14])
P(Q,a)(P, Q) < P(,0)(P, Q). 3.2)
For 0 < s < £ and any fixed point P = (r,®) € C,(Q2) satisfying r > %Re, let I; =

SH(Q; (01 1))1 [2 SH(Q; [lﬁRE])) 13 = SH(Q; (Re) %r]): 14 = Sn(Q; (%73 %Y’)), 15 = Sn(Q; [%r: g))r
Is = Sy(%[1, %)) and I = S,,(Q; [£, 00)), we write

[T

7
U(Qr a, m; L{)(P) S Z UQ,u,i(P)r
i=1

where

U ai(P) = /1 IP(Qa)P,Q)||u(Q)]dog (i=1,2,3,4,5),
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Ugys(P) = /I IP(2 4, m)(P, Q)||u(Q)| dog,

AK(Q,a,m)(P, Q)

uQ,a,7(P) = / BnQ

I7

‘ ’u(Q)! dog.

By Lfy],k +{y}>—4; +1,(1.6), (2.1) and (3.1), we have the following growth estimates

U ua(P) < Mris / #1571 1(Q)] dorg

I
- {y}+if -1
< My R (3.3)
Ug,q1(P) < Mr'ix, (3.4)
Uo,43(P) < Mertnx* V1!, (3.5)
We obtain by ¢, ., >t/ +{r} —n+1,(2.2) and (3.1)
Ug,5(P) < M”LI"‘/ ttik71|u(Q)| doq
Sn($%5((5/4)r,00))
< M}”Lik / ttfy],k+{y}+LI,k_1 |+M(Q)| dO'Q
Sn(Qi[(5/4)r,00)) Aot
< Merbxrt1=1, (3.6)

By (2.3) and (3.2), we consider the inequality

Ugau(P) < Uqoa(P) < Ug o4 (P) + UG o 4(P),

where
u
UpoaP) =M | £7|u(Q)|dog, Uy, (P) = Mr QI
E f a 1 1P - QI
We first have
UgoaP) = M | 11647 |u(Q)] dog
Iy
< s | 157! |u(Q)| dog
Sn(£2;((4/5)r,00))
< Merlryl,k"{y}*”*l, 57)

which is similar to the estimate of Ug ,5(P).
Next, we shall estimate U, , ,(P). Take a sufficiently small positive number ds such that
I, C B(P, %r) for any P = (r, ®) € I[1(ds), where

M(ds) = {P= () € C(); inf |(1,6) - (1,2)| < s, 0 < r < 00}

and divide C,(£2) into two sets I1(ds) and C,(2) — I1(d5).

Page 7 of 11
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If P = (r,®) € C,(2) — I1(ds), then there exists a positive di such that |P — Q| > dir for
any Q € S,(2), and hence

UgoaP) <M / " u(Q)| dog
Iy
< Mer'tnatri=mt (3.8)

which is similar to the estimate of U, ; ,(P).
We shall consider the case P = (r, ©) € [1(ds). Now put

Hy(P) = {QeI;;27"8(P) < |P- Q| < 2'8(P)}.

Since S$,,(2)N{Q e R": |P - Q| < 8(P)} = &, we have

i(P
ug;M(p):M(X):/ LI
" = Juwpy IP-QI"

where i(P) is a positive integer satisfying 2/"-1§(P) < 2 < 2/P)§(P).
Since we see from (1.2)

rg1(©) < MS(P)

for P = (r, ®) € C,(S2). Similar to the estimate of U, , ,(P), we obtain

/ lu(Q)]
r dog
ey [P —Ql”

Q)|
= /H,.(m sy o

< MR0-in / 7" u(Q)| dog
P

H;(P)

< Merer],k+{y}_n+l

fori=0,1,2,...,i(P).
So

UL, o 4 (P) < Mer'tnxttVi=ml, (3.9)

We only consider Ug ,6(P) in the case m > 1, since Ugq ,6(P) = 0 for m = 0. By the defi-
nition of K(,a, m), (1.3) and Lemma 2, we see

M

Ug,q6(P) < g (r),
Qa,6 ) ;1 q;

where

WOQ

gj(r) = Vj(r) ;
Is

Q-

Page 8 of 11
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To estimate g;(r), we write

q;(r) < qi(r) + g} (r),

where

WOl

Q.
Sn(S%(Re 115)) t

W
%®=Wﬂﬂ—£¥EMwo q/(r) = V(r)

Notice that

Vina1(t) < Viner (1)

Vi(r) Ve =

r
< My'mik! (t >1,R, < —).
S

Thus, by ¢, 4 < Lfry],k +{y}-n+2,(1.5) and (1.6) we conclude

/ [u(Q)]
70 =00 | Ve 40
Vm+1(t) |M(Q)| d
= ————do,
I ttm+l,/< ‘/j(t)tn_l

< MV(r)
Analogous to the estimate of g;(r), we have
j e Hri-ntl
g (r) < Mer't. '

Thus we can conclude that

+ —
4/(r) < Mer'ina' v,

which yields
Ug,6(P) < Mer'ink* V171, (3.10)
By L:ml’k > t[*y],k +{y}-n+1,(1.5), (2.4) and (3.1) we have
lu(Q)]
U, P) <MV, 1(r _
Q,O,7( ) < i ( )/17 Vo (151 0Q
SMGI"LE’]J‘H}/}_”H. (3.11)

Combining (3.3)—(3.11), we obtain that if R, is sufficiently large and € is sufficiently small,
then U (2, a, m; u)(P) = o(r‘frv],k*{”}‘"”) asr — 0o, where P = (r,®) € C,(€2). Then we com-

plete the proof of Theorem 1.
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4 Proof of Theorem 2
For any fixed P = (r,®) € C,(), take a number satisfying R > max(1, ) (0 < s < %). By
L;HL,( > Lf'yLk +{y}-n+1,(1.4), (1.6) and (2.4), we have

/ [P, @, m)(P, Q)||u(Q)] dog
Su($%(R,00))

[u(Q)I
= MVm+1(’”)</’1(®) o anl do
Sn(Q(R,00)) ik
< Mr'merk 01 (®) ttfy],kﬂy}—t;lﬂ,k—ml |:4(Q)| do
Sn(Qi(r/s,00)) £t

QI

T

+ —
SMrl[V],k*{V} n+1¢)1(®) QL
Su((r/s,00)) £k

< Mg, (@)

< OQ.

Thus U(2, a, m; u)(P) is finite for any P € C,(2). Since P(Q2,a, m)(P, Q) is a generalized
harmonic function of P € C,(2) for any fixed Q € S,(2), U(2,a, m; u)(P) is also a gen-
eralized harmonic function of P € C,(£2). That is to say, U(S2,a, m; u)(P) is a solution of
Equation (1.1) on C,(£2).

Now we study the boundary behavior of U(S2,a, m; u)(P). Let Q' = (t/, ') € IC,(Q2) be
any fixed point and [ be any positive number satisfying / > max(¢’ + 1, %R).

Set xs() is a characteristic function of S(/) = {Q = (t, ®) € 3C,,(2), £ <[} and write

U(Q,a,m;u)(P)=U'P)-U"(P) + U"(P),
where

w®=f P(Q,a)(P, Qu(Q) dog,
Sn(€2;(0,(5/4)1])

oK (2, a,m)(P,
Su((L,(5/4)1) nqQ

U’ (P) = / P(2, a, m)(P, Q)u(Q) doyg.
Sn(£2((5/4)1,00))

Notice that U'(P) is the Poisson a-integral of u(Q)xs(s/ay, Wwe have
limp_, ¢ pec, @ U'(P) = u(Q"). Since limg_, ¢ ¢,(®) =0 (j=1,2,3,..; 1 <v<vy) as P =
(r0) = Q =, ') € S,(R2), we have limp_, g pec, (@) U"(P) = 0 from the definition of
the kernel function K(2,a, m)(P, Q). U"(P) = O(rtfﬂ:kﬂy}_ml(pl(@)), and therefore tends
to zero.

So the function U(S2, a, m; u)(P) can be continuously extended to C,() such that

lim  U(Qamu)P)=u(Q)
P—Q,PeCy(Q)

for any Q' = (¢, ®’) € 3C,(Q2) from the arbitrariness of /. Thus we complete the proof of
Theorem 2 from Theorem 1.
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5 Proof of Theorem 3

From Corollary, we have the solution U(2, a, m; u)(P) of the Dirichlet problem on C,(£2)
with u satisfying (1.9). Consider the function 4(P) — U($2, a, m; u)(P). Then it follows that
this is the solution of Equation (1.1) in C,(€2) and vanishes continuously on aC,(2).

Since
0 < (h-U(Q a,mu) (P) <k (P) + (U(,a,m;u)) (P)
for any P € C,(£2), we have

lim rmenk (b= U(R, a, m; 1)) (P) = 0
r—00,P=(r,0)eCy,(R2)

from (1.10) and (1.11). Then the conclusions of Theorem 3 follow immediately from

Lemma 4.
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