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Abstract

This article deals with the differential equations of fractional order on the half-line. By
the recent Leggett-Williams norm-type theorem due to O'Regan and Zima, we
present some new results on the existence of positive solutions for the fractional
boundary value problems at resonance on unbounded domains.
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1 Introduction

In this article, we are concerned with the fractional differential equation

D§,u(t) =f (¢,u(t)), te[0,+00), L)

w0)=u/(0)=u"(0)=0,  Df;'u(0)= lim Df'u(®), ‘
where Dj, is the Riemann-Liouville fractional derivative, 3 < o < 4, and f : [0, +00) x R —
R satisfies the following condition:

(H) f:[0,+00) x R — R is continuous and for each [ > 0, there exists ¢; € C[0, +00) N
L0, +00) satisfying Sup;-. [¢i(2)| < +00 and ¢(t) > 0, t > 0 such that

|u| <! implies V(t, (1 + t""l)u)| <¢i(t), ae t>0.

The problem (1.1) happens to be at resonance in the sense that the kernel of the linear
operator Dj, is not less than one-dimensional under the boundary value conditions.

Fractional calculus is a generalization of the ordinary differentiation and integration.
It has played a significant role in science, engineering, economy, and other fields. Some
books on fractional calculus and fractional differential equations have appeared recently
(see [1-3]); furthermore, today there is a large number of articles dealing with the frac-
tional differential equations (see [4—15]) due to their various applications.

In [8], the researchers dealt with the existence of solutions for boundary value problems
of fractional order of the form

Dgy(6) = f(£,y(0), te[0,+00),
¥(0) = y9, ¥ is bounded in [0, +00),
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where 1 <o <2andf: [0,+00) x R — Ris continuous. The results are based on the fixed
point theorem of Schauder combined with the diagonalization method.

In [9], Su and Zhang studied the following fractional differential equations on the half-
line using Schauder’s fixed point theorem

Dy, u(2) :f(t, u(t),Dgzlu(t)), te(0,+o00),l<a <2,

u(0) =0, tl_i}rg}Dg;lu(t) = Ugo.

Employing the Leray-Schauder alternative theorem, in [12], Zhao and Ge considered the
fractional boundary value problem

Dg, u(t) +f(t,u(t)) =0, te€(0,+00),1<a<2,

u(0) =0, Jlim D& u(t) = Bu(®).

However, the articles on the existence of solutions of fractional differential equations on
the half-line are still few, and most of them deal with the problems under nonresonance
conditions. And as far as we know, recent articles, such as [4, 6, 7], investigating resonant
problems are on the finite interval.

Motivated by the articles [16—20], in this article we study the differential equations (1.1)
under resonance conditions on the unbounded domains. Moreover, we have successfully
established the existence theorem by the recent Leggett-Williams norm-type theorem due
to O’Regan and Zima. To our best knowledge, there is no article dealing with the resonant
problems of fractional order on unbounded domains by the theorem.

The rest of the article is organized as follows. In Section 2, we give the definitions of
the fractional integral and fractional derivative, some results about fractional differential
equations, and the abstract existence theorem. In Section 3, we obtain the existence result
of the solution for the problem (1.1) by the recent Leggett-Williams norm-type theorem.
Then, an example is given in Section 4 to demonstrate the application of our result.

2 Preliminaries
First of all, we present some fundamental facts on the fractional calculus theory which we
will use in the next section.

Definition 2.1 ([1-3]) The Riemann-Liouville fractional integral of order v > 0 of a func-
tion /1 : (0,00) — R is given by

I8, h(t) = Dy ht) = ﬁ /0 (t —5)"Lh(s) dis, 2.1)

provided that the right-hand side is pointwise defined on (0, 00).

Definition 2.2 ([1-3]) The Riemann-Liouville fractional derivative of order v > 0 of a
continuous function /4 : (0, 00) — R is given by

v _ 1 i " ! _ oypv-1
D0+h(t)—7r(n_v)( dt) /0 (t - )" h(s) ds, (2.2)

where n = [v] + 1, provided that the right-hand side is pointwise defined on (0, 00).
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Lemma 2.1 ([1, 9]) Assume that h(t) € L'(0,+00). If v, vy, v > 0, then

LA h() = I h(2), Dy Iy, h(t) = h(®). (2.3)
Lemma 2.2 ([9]) Assume that Dy, h(t) € L'(0, +00), v > 0. Then we have

LDy h(t) =h(t) + Cit" 7+ Cot" 2 4+ + "™, t>0, (2.4)
forsome C; € R, i=1,2,...,N, where N is the smallest integer greater than or equal to v.

Now, let us recall some standard facts and the fixed point theorem due to O’'Regan and
Zima, and these can be found in [16, 17, 21-23].
Let X, Z be real Banach spaces. Consider an operation equation

Lu = Nu,

where L : domL C X — Z is a linear operator, N : X — Z is a nonlinear operator. If
dimKerLZ = codimImL < +0o and ImL is closed in Z, then L is called a Fredholm map-
ping of index zero. And if L is a Fredholm mapping of index zero, there exist linear con-
tinuous projectors P: X — X and Q: Z — Z such that KerL =ImP, ImL = KerQ and X =
Ker L@ KerP, Z =Im L ®Im Q. Then it follows that Lp = L|gom znKerp : dom LNKer P — Im L
is invertible. We denote the inverse of this map by Kp. For ImQ is isomorphic to KerZ,
there exists an isomorphism J : Im Q — Ker L.
It is known that the coincidence equation Lu = Nu is equivalent to

u=(P+JQN)u + Kp(I - Q)Nu.

A nonempty convex closed set C C X is called a cone if
(i) kxe Cforallx € Cand k > 0;
(i) »,—x € C implies x = 0.

Note that C induces a partial order < in X by

x =<y ifandonlyif y-xeC.
The following lemma is valid for every cone in a Banach space.

Lemma 2.3 ([17, 23]) Let C be a cone in the Banach space X. Then for every u € C \ {0},
there exists a positive number o (u) such that

lloe + ull = o () |11,

forallx e C.

Let y : X — C be a retraction, i.e., a continuous mapping such that y (x) = x forallx € C.
Denote

W := P+ JQN + Kp(I — Q)N,
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and
v, =Woy.

Theorem 2.1 ([16, 17]) Let C be a cone in X and let 21, Q25 be open bounded subsets of X
with Q1 C Qg and CN(Q, \ Q1) # 0. Assume that:

1° L is a Fredholm operator of index zero;

2° QN : X — Z is continuous and bounded and Kp(I — Q)N : X — X is compact on every
bounded subset of X;

3° Lu#ANu forallu € CN Q2 NdomL and X € (0,1);

4° 'y maps subsets of Q into bounded subsets of C;

5° dp([I — (P +JQN)y]|kerr, Ker L N Q,,0) # 0, where dg stands for the Brouwer degree;

6° there exists ug € C\ {0} such that |u|| < o (uo)||Vul| for u € C(ug) N2, where C(up) =
{ue C: puy < uforsome u >0} and o (ug) is such that ||u + ug|| > o (uo)||u|| for every
uecC

7° (P+JQN)y(0€22) C G

8° W, (2 \ ) CC

Then the equation Lx = Nx has a solution in the set C 0 (22 \ Q1).

Let

X= {x’x e C[o, +oo),tlim
—+

x(t) )
exists
ool 4 el

with the norm

x(t
ll%[l,c = sup KO )
t>0 1+t06—1

and

Z = {z}z € C[0, +00) N L0, +00), sup|z(t)| < +oo},

£20

equipped with the norm

llzll, = sup’z(t)’ +/ |z(t)‘ dt.

>0 0
Remark 2.1 It is easy for us to prove that (X, || - ||,) and (Z, || - ||,) are Banach spaces.
Set
domlL = {u € X{D&u(t) € C[0, +00) N L0, +00), u(0) = #/(0) = «”'(0) = 0,
D% 1y(0) = lim Dgglu(t)}.
t—+00

Define

L:domL — Z, u — DY, u(t), (2.5)
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and

N:X— Z, u— f(t,u(t)). (2.6)
Then the multi-point boundary value problem (1.1) can be written by

Lu = Nu, u edomlL.

Definition 2.3 u € X is called a solution of the problem (1.1) if # € dom L and u satisfied
Equation (1.1).

Next, similar to the compactness criterion in [12, 24], we establish the following crite-

rion, and it can be proved in a similar way.

Lemma 2.4 U is a relatively compact set in X if and only if the following conditions are
satisfied:
(a) U is uniformly bounded, that is, there exists a constant R > 0 such that for each
uel, |lull, <R
(b) The functions from U are equicontinuous on any compact subinterval of [0, +00),
that is, let ] be a compact subinterval of [0, +00), then Ve > 0, there exists § = §(¢) >0
such that for ty,t, € ], |t) — t5] <6,

u(ty) u(ty)

~ - —| <& Vuel.
1+ 1+t

(c) The functions from U are equiconvergent, that is, given € > 0, there exists
T = T(g) > 0 such that

usy) — ulsy)
T+s¢70 148577

forsy, s> T, Vuel.

3 Main results
In this section, we will present the existence theorem for the fractional differential equa-

tion on the half-line. In order to prove our main result, we need the following lemmas.

Lemma 3.1 Let g € Z. Then u € X is the solution of the following fractional differential

equation:

D, u(t) =g(t), tel0,+00),
u(0) =/ (0) = u”(0) = 0, D'u(0) = lim D 'u(y),

t—>+00

if and only if

_ -1 L ! A
u(t) = ct +F(o¢)/0(t s)*"gls)ds, ceR,
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and
/ gt)dt=0.
0

Proof In view of Lemmas 2.1 and 2.2, we can certify the conclusion easily, so we omit the
details here. O

Lemma 3.2 The operator L is a Fredholm mapping of index zero. Moreover,
KerL = {ulu:ct“‘l,tZO,CGR} cX, (3.1)

and
ImL:{geZ‘/ g(t)dt:O} cz. (3.2)
0

Proof It is obvious that Lemma 3.1 implies (3.1) and (3.2). Now, let us focus our minds on
proving that L is a Fredholm mapping of index zero.
Define Q: Z — Z

Q) =" /0 gs)ds, £>0, (3.3)

where g € Z. Evidently, KerQ =ImL, InQ = {glg=ce™’,t > 0,ceR},and Q: Z — Z is a
continuous linear projector. In fact, for an arbitrary g € Z, we have

2 ~ ~ » +00 ~ » +00 ~ » +00 ~
Qg—Q(Qg)—Q(e fo g(s)ds)-o(e ) /0 gs)ds=e /0 ¢)ds - Qg,

that is to say, Q: Z — Z is idempotent.

Letg=g—-Qg+Qg = (I-Q)g+Qg, where g € Z is an arbitrary element. Since Qg € ImQ
and (I - Q)g € Ker Q, we obtain that Z = Im Q + Ker Q. Take zo € ImQ N Ker Q, then zy can
be written as zo = ce™, c € R, for zg € Im Q. Since zo € Ker Q = ImL, by (3.2), we get that
Q(z0) = Qce™) = cQ(e™) = ce™* = 0, which implies that ¢ = 0, and then zy = 0. Therefore,
ImQNKerQ={0},thus, Z=ImQ® KerQ=ImQ & ImL.

Now, dimKerZ =1 = dimIm Q = codimKer Q = codimImL < +o0o, and observing that
ImL is closed in Z, so L is a Fredholm mapping of index zero. d

Let P: X — X be defined by
1 +00
(Pu)(t) = (— / e~*u(s) ds) L t>0,ueX. (3.4)
I'(e) Jo
It is clear that P: X — X is a linear continuous projector and
ImP = {ulu =ct*Lt>0,ce ]R} =KerlL.

Also, proceeding with the proof of Lemma 3.2, we can show that X = ImP @ KerP =
KerL & KerP.
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Consider the mapping Kp : ImL — dom L N Ker P

(Kpg)(t ( a)f ds)"‘l a)/ (t—s)""'g(s)ds, gelmL.

Note that

(KpL)u = Kp(Lu) =u, Yu e domL NKerP,
and

(LKp)g = L(Kpg) =g, VgelmlL.

Thus, Kp = (Lp)~", where Lp = L|gom rkerp : dom L N Ker P — Im P.
Define the linear isomorphism / : Im Q — KerL as

](ce’t) =ct*t, t>0,ceR

Thus, JON + Kp(I — Q)N : X — X is given by

o1 +00
[JON + Kp(I - QN ]u(t) = @ ) G(t,9)f (s, uls))ds, >0, (3.5)
where
0, t=0;
1 t t— a-1 t— ) 1
MNa)+=-—-e* - 7( ‘f_)l “Tdt + 7( as_)l s
Git,s) = 2 ¢ t
t#0and 0 <s <t<+00;
1 t t— a-1
IMNa)+=-—-e* - ie”dr, 0<t<s<+00.
2 tot—l
Then, it is easy to verify that
1 3
0<I(a) - 5 <G(t,s) <T'(x) + 5 (3.6)

Now, we state the main result on the existence of the positive solutions to the problem
(1.1) in the following.

Theorem 3.1 Let f : [0,+00) X R — R satisfy the condition (H). Assume that there exist
six nonnegative functions o;(t) (i=1,2,3), B;(t) (j = 1,2) and ju(t) such that

ft,u) < - @)|f(t, u)| + az(t) s toaz(f), >0, (3.7)

and

—M(t)1 - =f(Lu) =-pi(¢t ) — +h(), t=0, (3.8)
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where 0 < # <R, R > Ry, and Ry is defined by (3.12), a;(t) is bounded on [0, +00),
Bi(t) >0, £ > 0, ax(t), a3(2), Bu(2), Ba(t) € L'[0, +00),

g = zngal(t) >0, / t)dt >0, / Ba(t)dt >0, (3.9)
z 0
—t a-1
[g:= 3 sup %(b) + age (1 +£77)/2 < +00, (3.10)
g >0 Bi(t)
and
o0 MNa) +1 14271
t)dt , ‘() <« ——. 3.11
/0 wodt< S m e inr@sn” MO T@ran (3.11)

Then the problem (1.1) has at least one positive solution in dom L.

Proof For the simplicity of notation, we denote

) C(a)+3/2 [+ Y alﬁl(s)
AT +12 T T +1 /0 uls)ds <1, ’3""/0 Trse1 &

and

._ i +00
Ro := max { @) /0 Ba(s)ds otoF(ot) f s)ds, ,80/ Ba(s) ds} (3.12)

Consider the cone
C={ulueX,u(t) >0,t>0}.

Set

Q = {u & X|eolul < % <Ry t> 0}, Q = {u e Xully <Ryt >0},
where R; € (Ro,R),R; € (0,Ry), €o € (£1,1). Clearly, 2; and 2, are an open bounded set
of X.

Step 1: In view of Lemma 3.2, the condition 1° of Theorem 2.1 is fulfilled.

Step 2: By virtue of Lemma 2.4, we can get that QN : X — Z is continuous and bounded
and Kp(I - Q)N : X — X is compact on every bounded subset of X, which ensures that the
assumption 2° of Theorem 2.1 holds.

Step 3: Suppose that there exist " € C N 3Q, NdomL and A" € (0,1) such that Lu" =
AN

Since

u =(-Pu +Pu =KpL(I-P)u' +Pu’ =KpLu +Pu,

we have

u'(t) ! .
7 = —SDOI Da
T4 ze a)/ bW ds s F(a)/ 1+t0‘ T Do, (s)ds

Page 8 of 13
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1 +00 . o1
/ eu (s)ds- B (3.13)

F(a 1421

F(oe)/ | oL U s) ds+m e*u (s)ds.

From (3.7) and (3.8), we get that

Dyu (£) =2 f(tu () < -2 ea@)|f (t,u @))] + A*ag(t)% "3 (t)
" (3.14)
155, O] + @O o),
and
D,u () =xf(tu (£)) <-A ,31(1?) ( ) =+ A Ba(0). (3.15)

On account of the fact that
+oo * . *
/ Dj,u (s)ds = / D(Dg;lu (s)) ds = tlim Dg‘:lu“(t) —D‘(’)‘;lu (0)=0,
—+00

and considering (3.14) and (3.15), we have

/ D, u'(s)ds

. +00 I/l»(S) +00
< —/ al(s)|D‘(’)‘+u' (s)| ds + / ar(s) ———ds + / a3(s)ds,
0 0 1+ Sa71 0

and

+00 . +oo M*(S) +00 .
= / D§,u (s)ds < —/ A Bi(s) ds +f A Ba(s)ds.
0 0 1+ Sa71 0

Thus,

*

+00 . 1 +00 1 +00
DS u(s)|ds < — oez(s)u—(s) ds + — az(s)ds,
0+
0 a0 Jo 1+s oo Jo

o—1

and

+00 u'(s) +00
./o Bi(s) 1 < /(; Bo(s) ds.

By (3.9), (3.10) and (3.13), we obtain that

u(t)
1+t

2 +00 R 1 +00 R
<= Dy, u (s)|ds + / e’u (s)ds
el Pl g [ e

2 +00 I/l»(S) 2 +00 1 00 L
= aol(a) Jo O52(5)1 +se1 ds + ool (@) /0 as(s)ds + m/o e’u (s)ds

Page9of 13
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+00 =S -1 . oo
:L/ (10‘2(3)"'0!06 (d+s )/2>ﬂ1(S) u () ds + 2( )/0 as(s)ds

I«) Qg Bi(s) 1+s21 aol (o
Iy oo u (s) 2 oo
sro [ aofe s s [

= F( )/ Ba(s)ds + wl @ )/ 3(s)ds <Ry < Ry,

which is a contradiction to " € C N 92, N dom L. Therefore, 3° is satisfied.
Step 4: Let (y u)(¢) = |u(t)|, then we can verify that y : X — Cis a retraction and 4° holds.
Step 5: Let u € KerL N Q,, then u(t) = ct*, t >0, ce R. Inspired by Aijun and Wang

[5], we set

(et 0) = [1- p(P+ QNI )(et) = (e= el [ flole)ds)ee,

where ¢ € [-Ry,R;] and p € [0,1].
Define homeomorphism J; : Ker L N Q5 — R by /;(ct* ) = ¢, then

dg(H(ct“™, p),KerL N 2,0) = dg(hH ()¢, p), (Ker L N 22),/1(0))
= dB(]lH(]l_lcr p)r]l(KerL N Sz2)1 O)
It is obvious that /;H(J; !¢, p) = 0 implies that ¢ > 0 by (3.8) and (3.11).

Take co € Ji(KerL N d2), then |co| = Ry. Suppose that 1H(J;'c, p) = 0, p € (0,1], then
we have that ¢y = Ry. Also, in view of (3.8),

Ry = ,o(R2 - /0 h f(s,sto‘"l)ds>

<p(R2+R2 / Fi6) oy s + / 52<s)ds)

< PRy < Ry.

It is a contradiction. Besides, if p = 0, then R, = 0, which is impossible. Hence, for c €
]1(KCI'L N 892)) ]1H(]1_IC, 10) 7{0) pE [01 1]
Therefore,

dp([I- (P +JQN)y]| . KerL N 2,0) = dg(H(-,1), Ker L N Q,,0)
=dp(LH (/7 ¢, 1), i(Ker L N ©5),0)

=dp(hH(J{'¢,0),/i(KerL N ,),0)

=dg(I,1(KerLN £,),0) =10,

which shows that 5° is true.
Step 6: Let ug = 1+ t*~ € C\ {0}, then we have

1nf

Cluo) = {

ut) > 0}.

01+l
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And we can take o (1) = 1.
Let £y > 0 such that

2! o) +1/2
> .
1+£717 T(a)+1

For u € C(ug) N 32, we have that

u(t)

luly SR <Ry 2 = sollully,

Therefore, combining (3.6), (3.8) and (3.11), we get that

(Wu)(to)
1+£27!
= 1ﬁ(l’u(to) + [JQN + Kp(I — Q)N ulto))
+ Ly
_ t(o)z—l 1 +00 L 1 +00
=T tg‘l (m/o e*u(s)ds + @) /0 G(to,s)f(s,u(s)) ds)
T(a)+1/2 1o lull, [*°
>W<80Hu|lxm/0 e*(1+s* ) ds— r@ )y G(to,s)u(s)ds>
I'a)+1/2 Ma)+1 T(a)+3/2 [+
W (o v, #0%)
= [lull

Thus, |lull, < o(uo)l|Wull, forall u e C(up) N 3. So, 6° holds.
Step 7: For u € 32, from (3.8) and (3.11), we have

1 +00 B} +00
(m/o e |u(s)|a,'s+/0 f(s,

- Jrooe_51+s°‘_1 u(s) |(S)| ds >0,
| e - nol;

>
~ I'(w)

u(s) |) ds) T

(P +JON)(yu)(z)

which implies that (P + JQN)y (0€2;) C C. Hence, 7° holds.
Step 8: For u € Q5 \ Q1, by (3.6), (3.8) and (3.11), we obtain that

W, u(t) = [P+JQN + Kp(I - QN]|u(t)]

1 +00 1 +00
<mf e |u(s |ds+ F(a)/o G(t,s)f(s,

1o 1
>
" Ia)

(0
5l e (o

Thus, ¥, (2, \ ©1) C C, that is, 8° is satisfied.
Hence, applying Theorem 2.1, the problem (1.1) has a positive solution in the set C N

(22 \ Q). O

u(s)|) ds) g1

1+s 1) G(t, s),u(s) 1 )

<)
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4 Examples

To illustrate our main result, we will present an example.

Example 4.1

DY, u(t) =f(¢,u(t)), tel0,+00),

(4.1)
u(0) =/ (0) = ”(0) = 0, D 'u(0) = ) EEnOOD‘(’)‘Ilu(t),

where « = 3.5, and for (t,u) € R?,

f(t,u) = =p1(t) —— + pa(t),

1421
and

1
1+

fud)= o (14t Bl =

It is easy for us to certify that f satisfies the condition (H).

Noting that
ftu) < - @)|f(t, u)| + ozz(t) +as(t), t>0,
and
~HO e Sfew) = -pO) g + Ba(0), 120,

for u > 0, where

a(t) =2, ay(t) = Bu(1), as(t) = 3B8:(2), w(t) = Bu(t).

Evidently, () satisfies (3.11).

Meanwhile, by simple computation we can get that

+00 377 +00 P
0 =2, / ws()dt = 2%, / Byde=",  Ty=-4l
0 2 0 2

Thus, to sum up the points which we have just indicated, by Theorem 3.1, we can con-
clude that the problem (4.1) has at least one positive solution.
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